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Abstract. This paper surveys the "neurally" inspired problem-
solving approachesto the traveling salesman problem, namely, the
Hopfield-Tank network, the elastic net, and the self-organizing map.
The latest achievementsin the neural network domain are reported
and numerical comparisons are provided with the classical solution
approachesof operations research. An extensive bibliography with
more than one hundred references is also included.

Introduction

The Traveling Salesman Problem (TSP) is a classical
combinatorial optimization problem, which is simple to state but
very difficult to solve. The problem is to find the shortest possible
tour through a set of Nertices so that each vertex is visited exactly
once. This problem is known to be NP-complete, and cannot be
solved exactly in polynomial time.

Many exact and heuristic algorithms have been devised in the
field of operations research (OR) to solve the TSP. We refer readers to
[15, 64, 65] for good overviews of the TSP. In the sections that follow,
we briefly introduce the OR problem-solving approachesto the TSP.
Then, the neural network approachesfor solving that problem are
discussed.

Exact Algorithms

The exact algorithms are designed fiad the optimal solution to
the TSP, that is, the tour of minimum length. They are
computationally expensive because they must (implicitly) consider



all feasible solutions in order to identify the optimum. The exact
algorithms are typically derived from the integer linear
programming (ILP) formulation of the TSP

Min ZiZj dij Xij

subject to:
Zj Xjj =1 ,i=1,...,N
Zi Xjj =1 ,j=1,...,N

(xij) € X
Xjj=0or1l1,

where ¢ is the distance between vertices i and j and thes xare the
decision variables: jxis set to 1 when arc (i,jis included in the tour,
and 0 otherwise. (xjj) £ X denotes the set of subtour-breaking
constraints that restrict the feasibbolutions to those consisting of a
single tour.

Although the subtour-breakingonstraints can be formulated in
many different ways, one very intuitive formulation is

zi,jESV Xjj = 1Sv| -1 (FcV;2<[§]=s N-2),

where V is the set of all vertices, Sy is some subset of V and |S| is
the cardinality of Sy. These constraints prohibit subtours, that is,
tours on subsets with less than N vertices. If there were such a
subtour on some subset of verticeg, $his subtour would containS,|
arcs. Consequently, the left-hand side of the inequality would be
equal to |$|, which is greater than |B1, and the constraint would be
violated for this particular subset. Without the subtour-breaking
constraints, the TSP reduces to an assignment problem (AP), and a
solution like the one shown in Figure 1 would then be feasible.

Branch and bound algorithms are commonly used to find an
optimal solution to the TSP, and the AP-relaxation is useful to
generate good lower bounds on the optimum value. This is true in
particular for asymmetric problems, where djj # dji for some i,j. For
symmetric problems, likethe Euclidean TSP (ETSP),the AP-solutions
often contain many subtours with only two vertices. Consequently,



these problems are better addressed by specialized algorithms that
can exploit their particular structure. For instance, a specific ILP
formulation can bederived for the symmetric problem which allows
for relaxations that provide sharp lower bounds (e.g., the shortest
spanning one-trdé6l]).
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Fig. 1. (a) Solving the TSP, (b) Solving the assignment problem.

It is worth noting that problems with a few hundred vertices
can now be routinely solved to optimality. Also, instances involving
more than 2,000 vertices have been addressed. For example, the
optimal solution to a symmetric problem with 2,392 vertices was
identified after two hours and forty minutes of computation time on
a powerful vector computer, the IBM 3090/6000l76.77] On the other
hand, a classical problem with 532 vertices took five and a half hours
on the same machine, indicating that the size of the problem is not
the only determining factor for computation time. We refer the
interested reader to [64] for a complete description of the state of the
art with respect to exact algorithms.

Heuristic Algorithms

Running an exact algorithnfior hours on an expensive computer
may not be very cost-effective if a solution, within a few percent of
the optimum, can be found quickly om microcomputer. Accordingly,
heuristic or approximate algorithms are often preferred to exact
algorithms for solving the large TSPs that occur in practice (e.g.,
drilling problems).



Generally speaking, TSP heuristics can be classified as tour
construction procedures, tour improvement procedures, and
composite procedures, which are based on both construction and
improvement techniques.

(a) Construction procedures. The best known procedures in this
class gradually build a tour by selecting each vertex in turn and by
inserting them one byne into the current tour. Various metrics are
used for selecting the next vertex and for identifying the best place
to insert it, like the proximity to the current tour and the minimum
detour[88]

(b) Improvement procedures. Among the local improvement
procedures,the k-opt exchange heuristics are the most widely used,
in particular, the 2-opt, 3-opt, and Lin-Kernighan heuristicsl[67,68]
These heuristics locally modify the current solution by replacing k
arcs in the tour by k new arcs so as to generate a new improved
Figure 2 shows an example of a 2-opt exchange. Typically, the
exchange heuristics are applied iteratively until a local optimum is
found, namely a tour which cannot be improved further via the
exchange heuristic under consideration. In order to overcome the
limitations associated with local optimality, new heuristics like
simulated annealing and tabu search are being used[25,39,40,60]
Basically, these new procedures allow local modifications that
increase the length of the tour. By this means, the mettmdescape
from local minima and explore a larger number of solutions.

The neural network models discussedin this paper are often
compared to the simulated annealing heuristic described in [60]. In
this context, simulated annealing refers to an implementation based
on the 2-opt exchangesf Linl67], where an increase in the length of
the tour has some probability of being accepted (see the description
of simulated annealing in Section 3).

(c) Composite procedures. Recently developed composite
procedures, which use both construction and improvement
techniques, are now among the most powerful heuristics for solving
TSPs.Among the new generation of composite heuristics, the most
successful ones are the CCAO heuristic[41] the GENIUS heuristic[38]
and the iterated Lin-Kernighan heuristk3l

For example, the iterated Lin-Kernighan heuristic can routinely
find solutions within 1% of the optimum for problems with up to

tour.



10,000 vertice$93] Heuristic solutions within 4% of the optimum for
some 1,000,000-city ETSPs are reported in [12]. Here, the tour
construction procedure is a simple greedy heuristic. At the start, each
city is consideredas a fragment, and multiple fragments are built in
parallel by iteratively connecting the closest fragments togethetil

a single tour is generated. The solution is then processedby a 3-opt
exchange heuristic. A clever implementation of tlpsocedure solved
some 1,000,000-city problems in less than four hours on a VAX
8550.

I k | K

Fig. 2. Exchange of links (i,k),(j,) for links (i,j),(k,I).

Artificial Neural Networks

Becauseof the simplicity of its formulation, the TSP has always
been a fertile ground for new solution ideas. Consequently,it is not
surprising that many problem-solving approaches inspired by
artificial neural networks have been applied to the TSP.

Currently, neural networks do not provide solution quality that
compares with the classical heuristics of OlRowever, the technology
IS quite young and spectacular improvements have already been
achieved since the first attempts in 1985[51] All of these efforts for
solving a problem that has already been quite successtulgressed
by operations researchers are motivated, in part, by the fact that
artificial neural networks are powerful parallel devices. They are
made up of a large number of simple elemetitat can processtheir
inputs in parallel. Accordingly, they lend themselves naturally to
implementations on parallel computers. Moreover, many neural



network models have already been directly implemented in
hardware as "neural chips."

Hence, the neural network technology could provide a meansto
solve optimization problems at a speed that Imaver been achieved
before. It remains to be seen, however, whether the quality of the
neural network solutions will ever compare to the solutions produced
by the best heuristics in OR.Given the spectacular improvements in
the neural network technology in the last few years, it would
certainly be premature at this time to consider this line of research
to be a "dead end."

In the sections that follow, we review the three basic neural
network approachedo the TSP,namely, the Hopfield-Tank network,
the elastic net, and the self-organizimgap. Actually, the elastic nets
and self-organizing maps appear to be the best approaches for
solving the TSP. But the Hopfield-Tank model was the first to be
applied to the TSP and it hdseen the dominant neural approach for
solving combinatorial optimization problems over the last decade.
Even today, many researchers are still workiog that model, trying
to explain its failures and successes.Because of its importance, a
large part of this paper is thus devoted to that model and its
refinements over the years.

The paper is organized along the following lines. Sections 1 and 2
first describe the Hopfield-Tank model and its many variants.
Sections 3 and 4 are then devoted to the elastic net and the self-
organizing map, respectively. Finally, concluding remarks are made
in Section 5. Each basic model is described in detail and no deep
understanding of neural network technology is assumed. However,
previous exposure to an introductory paper on the subgecid help
to better understand the various modelsl6l] In each section,
computation times and numerical comparisons with other OR
heuristics are provided when they are available. However, the OR
specialist must understand that the computation time for simulating
a neural network on a serial digital computer is not particularly
meaningful, because such an implementation does not exploit the
inherent parallelism of the model. For thisason, computation times
are often missing in neural network research papers.

A final remark concerns the class of TSPsaddressedby neural
network researchers.Although the Hopfield-Tank network has been
applied to TSPs with randomly generated distance matrices[106]



virtually all work concerns the ETSP. Accordingly, Euclidean
distances should be assumedin the sections that follow, unless it is
explicitly stated otherwise.

The reader should also note that general surveys on the use of
neural networks in combinatorial optimization may be found in
[22, 70]. An introductory paper about the impaafneurocomputing
on operations research may be found in [29].

Section 1. The Hopfield-Tank Model

Before going further into the details of the Hopfield model, it is
Important to observe that the network or graph defining the TSP is
very different from the neural network itself. As a consequencethe
TSP must be mapped, in some way, onto the neural network
structure.

For example, Figure 3a shows a TSP defined over a
transportation network. The artificial neural network encoding that
problem is shown in Figure 3b. In the transportation network, the
five vertices stand for cities and the links are labetedweighted by
the inter-city distancesd;jj (e.g.,dny,LA is the distance between New
York and Los Angeles). A feasible solution to that problemths tour
Montreal-Boston-NY-LA-Toronto-Montreal, as shown by the bold
arcs.

In Figure 3b, the Hopfield network50] is depicted as a 5x5
matrix of nodes or units that are used @acode solutions to the TSP.
Each row corresponds to a particular city and each column to a
particular position in the tour. The black nodes are the activated
units that encode the current solution (namely, Montreal is in first
position in the tour, Boston in second position, NY in third, etc.).

Only a few connections between the units are shown in Figure
3b. In fact, there is a connection between each pair of units, and a
weight is associatedwith each connection. The signal sent along a
connection from unit i to unit j is equal to the weight Tj; if unit i is
activated. It is equal to O otherwise. A negative weight thus defines
an inhibitory connection between the two units. In such a case, it is
unlikely that both units will be active or "on" at the same time,
because thefirst unit that turns on immediately sends an inhibitory
signal to the other unit through that connection to prevent its
activation. On the other hand, it is more likely for bathits to be on
at the same time if the connection has a positive weight. In such a



case, the firstunit that turns on sends a positive excitatory signal to
the other unit through that connection to facilitate its activation.

Montreal
(a) TSP problem ontrea

Toronto

(b) Neural network representation

Boston O Q Q) 0O
Montreal ><><)

NY C

X |
Toronto C/><\/ Q) v><

Fig. 3. Mapping a TSP onto the Hopfield network.
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In the TSP context, the weights are derived in part from the
inter-city distances. They are chosen to penalizieasible tours and,
among the feasible tours, to favor the shorter ones. For example,
TLas,NY5 IN Figure 3bdenotes the weight on the connection between
the units that represent a visit to cities LA and NY both in the fifth
position on a tour. Consequently, that connection shouldinbgbitory
(negative weight), becausetwo cities cannot occupy the same exact
position. The first unit to be activated will inhibit the other unit via
that connection, so as to prevent an infeasible solution to occur.

In Section 1.1, we first introduce the Hopfield model, which is a
network composed of binary "on/off" or "0/1" units, likde artificial
neural network shown in Figure 3b. We will then describe the
Hopfield-Tank model, which is a natural extension of the discrete
model to units with continuous activation levels. Finally, the
application of the Hopfield-Tank network to the TSP will be
described.

1.1 The Discrete Hopfield Model

The original Hopfield neural network model30] is a fully
interconnected network of binary units with symmetric connection
weights between the units. The connection weights are not learned
but are defined a priori from problem data (the inter-city distances
in a TSP context). Starting from some arbitrarily chosen initial
configuration, either feasible or infeasible, the Hopfield network
evolves by updating the activation of each unit in turn (i.e., an
activated unit can be turned off, and an unactivated unit can be
turned on). The update rule of argiven unit involves the activation
of the units it is connected to as well as the weights on the
connections. Via this update process, various configurations are
explored until the networksettles into a stable configuration. In this
final state, all units are stable according to the update rule and do
not change their activation status.

The dynamics of the Hopfield network can be descritbedmally
in mathematical terms. To this end, the activation levels of the
binary units are set to zero and one for "off" and "on," respectively.
Starting from some initial configuration {Vi}i=1,... L, where L is the
number of units and V; is the activation level of unit i, the network
relaxes to a stable configuration according to the following update
rule



set f to 0 if 2,TijVj <6
set f to 1 if 2;TijVj > o
do not change V if ZjTijVj =0; |,

where T is the connection weight between units i and j, &pds the
threshold of unit i.

The units are updated at random, one unit at a time. Since the
configurations of the network are L-dimensional, the update of one
unit from zero to one ofrom one to zero moves the configuration of
the network from one corner to another of the L-dimensional unit
hypercube.

The behavior of the network can be characterized by an
appropriate energy function. The energy E depends only on the
activation levels Vj (the weights Tjj and the thresholds 6; are fixed
and derived from problem data), and is such that it can only
decrease as the network evolves over time. This energy is given

E = -1/ZZiZj TjViVj + Zi iV . (1.1)

Since the connection weights Tj; are symmetric, each term TjV;V;
appears twice within the double summation of (1.1). Hence, this
double summation is divided by 2.

It is easy to show that a unit changesits activation level if and
only if the energy of the network decreasesby doing so. In order to
prove that statement, we must consider the contributiprofa given
unit i to the overall energy E, that is,

Ei = -Zj TijViVj + 6iVi .
Consequently,

if Vi
if Vi

1 then E= -ZjTijVj + 0j
O then E= O.

Hence, the change in energy due to a change AV in the activation
level of unit i is

AEj = - AV, (ZJ TijVj - Gi) .

by
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Now, AV is one if unit i changed itactivation level from zero to
one, and such @&hange can only occur if the expression between the
parenthesesis positive. As a consequence,AEj is negative and the
energy decreases. This same line rehsoning can be applied when a
unit i changesits activation level from one to zero (i.e., AVj = -1).
Since the energy can only decrease over time and the number of
configurations is finite, the network must necessarily converge to a
stable state (but not necessarilythe minimum energy state). In the
next section, a natural extension of this model to units with
continuous activation levels is described.

1.2 The Continuous Hopfield-Tank Model

In [51], Hopfield and Tank extended the original modela fully
interconnected network of nonlinear analog units, where the
activation level of each unit is a value in the interval [OHEnce,the
space of possible configurations {Vi} i=1,...L IS now continuous rather
than discrete, and is bounded by the L-dimensional hypercube
defined by Vi = 0 or 1. Obviously, the final configuration of the
network can be decoded into a solution of the optimization problem
if it is close to a corner of the hypercube (i.e., if the activation value
of each unit is close to zero or one).

The main motivation of Hopfield and Tank for extending the
discrete network to a continuous one was to provide a model that
could be easily implemented using simple analog hardware.
However, it seems that continuous dynamics also facilitate
convergencd47]

The evolution of the units over times now characterizedby the

following differential equations (usually called "equations of motion")

dU;/dt = Zj TV +1i- U, i=1,..L (1.2)

where Ui, I and Vi are the input, input bias, and activation level of
unit i, respectively. The activation level of unit i is a function of its
input, namely

Vi = g(U) = 1/2 (1 + tanh WUp) = 1/ (1+ &2VYi/Vo) = (1.3)

The activation function g is the well-known sigmoidal function,
which always returns aalue between 0 and 1. The parameter Ug is

11
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used to modify the slope of the function. In Figure 4, for example, the
Uo value is lower for curve (2) than for curve (1).

g(Ui)

(1)
(2)

g(Ui) =0
0 Ui

Fig. 4. The sigmoidal activation function.

The energy function for the continuous Hopfield-Tank model is
now
Vi
E= -1222TjViVj-ZiVili + [ g-1(x)dx . (1.4)
0

Note in particular that dUj/dt = -dE/dVj. Accordingly, when the
units obey the dynamics of the equations of motion, the network is
performing a gradient descent in the network's configuration space
with respect to that energy function, and stabilizes at a local
minimum. At that point, dydt = 0 and the input to any given unit i
is the weighted sum of the activation levels of all the other upltss
the bias, that is

Ui = Zj TijVj+ 1.
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1.3 Simulation of the Hopfield-Tank Model

In order to simulate the behavior of the continuous Hopfield-
Tank model, a discrete time approximation is applied to the
equations of motion

{Ui(t+at) - Ui(d} / At = Zj T VM) + li- Ui() ,
where At is a small time interval. This formula can be rewritten as
Ui(t+At) = Uj(t) + At (ZJ TijVij(t) + 1 - Ui(t)) .

Starting with some initial values {Ui(0)}i=1,..L at time t=0, the
system evolves according to these equations until a stable state is
reached. During the simulation, At is usually set to 105 or 106,
Smaller values providea better approximation of the analog system,
but more iterations are then required to converge to a stable state.

In the literature, the simulations have mostly been performed
on standard sequential machines. However, implementations on
parallel machines are discussed in [10, 93]. The authep®rt that it
Is possible to achieve almost linear speed-up with the number of
processors. For example, a Hopfield-Tank netwdok a 100-city TSP
took almost three hours to converge to a solution on a single
processor of the Sequent Balance 8000 computer[10] The
computation time was reduced to about 20 minutes using eight
processors.

1.4 Application of the Hopfield-Tank Model to the TSP

In the previous sectionswe have shown that the Hopfield-Tank
model performs a descent towards a local minimum of the energy
function E. The "art" of applying that model to the TSP is to
appropriately define the connection weights Tjj and the bias Ij so

that the local minima of E will correspond to good TSP solutions.

In order to map a combinatorial optimization problem like the
TSP onto the Hopfield-Tanknodel, the following steps are suggested
in [83, 84]:

(1) Choosea representation scheme which allows the activation
levels of the units to be decoded into a solution of the
problem.



(2)
(3)
(4)
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Design an energy function whose minimucorrespondsto the
best solution of the problem.

Derive the connectivity of the network from the energy
function.

Set up the initial activation levels of the units.

These ideas can easily be applied to the design of a Hopfield-
Tank network in a TSP context:

(1) First, a suitable representation of the problem mustchesen.

(2)

In [51], the TSP is represented as an NxN matrix of units,
where each row corresponds to a particular city and each
column to a particular position in the tour (see Figure 1).

If the activation level of a given unit ) is close to 1, it is then
assumed that city X is visited at the ith positionthe tour. In

this way, the final configuration of the network can be

interpreted as a solution to the TSP. Note that N2 units are

needed to encode a solution for a TSP with N cities.

Second, the energy function must be defined. The following
function is used in [51]

E= A2 (Zx ZiZj-i VxiVx))
+B/2 (Zi Zx Zy«x VxiVyi)
+C/2 (Zx2i Vxj-N)?2
+D/2 (Zx Zy=x 2i dxyVxi (Vvis1 + Vyi-1)) , (1.5)

where the A, B, C,and D parameters are used to weight the
various components of the energy.

The first three terms penalize solutions that oot correspond
to feasibletours. Namely, there must be exactly one activated
unit in each row and column of the matrix. The first and
second terms, respectively, penalize the rows and columns
with more than one activated unit, and the third term requires
a total of N activated units (so as to avoid the trivial solution
Vxi=0 for all Xi). The fourth term ensures that the energy
function will favor short tours over longer ones. This term
adds the distancexd to theenergy value when cities X and Y
are in consecutive positions in the tour (note that subscripts
are taken modulo N, so thatx\W+1 is the same as ).



(3) Third, the bias and connection weights are derived. To do so,

the energy function of Hopfieldand Tank (1.5) is compared to
the genericenergy function (1.6), which is a slightly modified
version of (1.4): each unit has now two subscripts (city and
position) and the last term is removed (since it does not play
any role here)

Consequently, the weights Txjyj on the connections of the
Hopfield-Tank network are identified by looking at the
guadratic terms inthe TSP energy function, while the bias Ix;j
is derived from the linear terms. Hence,

TXiyj =- Adxy (1-&j)
- B §j (1- dxy)
-C
- D dxy (ji+1 + 9ji-1)

Ixi = +CNe,

where &jj=1 if i=j and O otherwise.

The first and secondterms in the definition of the connection
weights stand for inhibitory connectionswithin each row and
each column, respectively. Hence, a unit whose activaterel
is closeto 1 tends to inhibit the other units in the same row
and column. The third term is a global inhibitor term. The
combined action of this ternand the input bias Ixj, which are
both derived from the Cterm in the energy function (1.5),
favor solutions with a total of N activated units. Finally, the
fourth term is called the "data term" and prevents solutions
with adjacent cities that are far apart (namely, the inhibition
IS stronger between two units when they represent two cities
X, Y in consecutive positions in the tour, withlarge inter-city
distance gy).

In the experiments of Hopfielcaand Tank, the parameter Nein
the definition of the biasxi = CNe does not always correspond
exactly to the number of cities N. This parameter is used by
Hopfield and Tank to adjust the level of the positive bias
signal with respect to theegative signals coming through the
other connections, and it is usually slightlgrger than N. Note

15



finally that there are O(N4) connections between the N2 units
for a TSP with N cities.

(4) The last step is to set the initial activation value of each unit
to 1/N plus or minus a small random perturbation (in this way
the sum of the initial activations is approximately equal to N).

With this model, Hopfield and Tank were able to solve a
randomly generated 10-city ETSP, with the following parameter
values: A=B=500, C=200, D=500, Ne=15. They reported that for 20
distinct trials, using different starting configurations, the network
converged 16 times to feasibl®murs. Half of those tours were one of
the two optimal tours. On the other hand, the netwasks much less
reliable on a randomly generated 30-city ETSP (900 units). Apart
from frequent convergence to infeasible solutions, the network
commonly found feasible tours with a length over 7.0, as compared
to a tour of length 4.26 generated by the Lin-Kernighan exchange
heuristic[68]

Three years later, it was claimed in [105] that the results of
Hopfield and Tank were quite difficult to reproduce. For the 10-city
ETSPof Hopfield and Tank, using the same parameter settings, the
authors report that on 100 different trialhe network convergedto
feasible solutions only 15 times. Moreover, the feasible tours were
only slightly better than randomly generated tours. Other
experiments by the same authors, on various randomly generated
10-city ETSP problems, produced the same kind of results.

The main weaknessesof the original Hopfield-Tank model, as
pointed out in [105] are the following.

(a) Solving a TSP with N cities requires O(N2) units and O(N4)
connections.

(b) The optimization problem is not solved in a problem space of

O(N!), but in a space of O(2N2) where many configurations
correspond to infeasible solutions.

(c) Eachvalid tour is represented 2N times in the Hopfield-Tank
model because any one of the N cities can be chosen as the
starting city, and the two orientations of the tour are
equivalent for a symmetric problem. This phenomenon is
referred to as "2N-degeneracy" in neural network terminology.



(d)

(e)

()

(9)

(h)

The model performs a gradiemdescent of the energy function
in the configuration space, and is thus plagued with the
limitations of "hill-climbing"” approaches, where a local
optimum is found. As a consequence,the performance of the
model is very sensitive to the initial starting configuration.

The model does not guarantee feasibility. In other words,
many local minima of the energy function correspond to
infeasible solutions. This is related to the fact that the
constraints of the problem, namely that each city must be
visited exactly once, are not strictly enforced but rather
introduced into the energy function as penalty terms.

Setting the values of the parameters A, B, C, and D is much
more an art than a science and requires a long "trial-and-
error" process. Setting the penalty parameters A, B, and Cto
small values usually leads to short but infeasible tours.
Alternatively, setting the penalty parameters to large values
forces the network to converge to any feasible solution
regardless of the total length. Moreover, it seems to be
increasingly difficult to find "good" parameter settings as the
number of cities increases.

Many infeasible tours produced by the network visit only a
subset of cities. This is due to the fact that the third term in
the energy function (C term) is the onbne to penalize such a
situation. The first two terms (A and B terms), as well asthe
fourth term (D term), benefit from such a situation.

It usually takes a large number of iterations (in the
thousands) before the network converges to a solution.
Moreover, the network can "freeze" far from a corner of the
hypercube in the configuration space,where it is not possible
to interpret the configuration as a TSP solution. This
phenomenon can be explained by the shape of the sigmoidal
activation function which is very flat for large positive and
large negative Uj's (see Figure 2). Consequently, if the
activation level Y of a given unit i is close to zero @me, even
large modifications to Pwill produce only slight modifications
to the activation level. If a large number of units are in this
situation, thenetwork will evolve very slowly, a phenomenon
referred to as "network paralysis.”

Paralysis far from a corner of the hypercube can occur if the
slope of the activatiorfunction is not very steep.In that case,
the flat regions of the sigmoidal function extend further and

17



affect a larger number of units (even those with activation
levels far from zero and one).

(i) The network is not adaptive, because the weights of the
network are fixed and derived from problem datather than
taught from it.

The positive points are that the model can be easily
implemented in hardware, using simple analog devices, and that it
can also be applied to non-Euclidean TSPs, in particular, problems
that do not satisfy the triangle inequality and cannot be interpreted
geometricallyl106] This is an advantage over the geometric
approaches that are presented in Sections 3 and 4.

Section 2. Variants of the Hopfield-Tank Model

Surprisingly enough, the results of Wilson and Pawley did not
discourage the community of researchersbut rather stimulated the
search for ways to improve the original Hopfield-Tank model. There
were also numerous papers providing in-depth analygishe model

to explain its failures and propose various improvements to the
method. [4.5,6,7,17,24,56,86,87,90,108]

The modifications to theoriginal model can be classified into six
distinct categories: modifications to the energy function, techniques
for estimating "good" parameter settings, addition hafrd constraints
to the model, incorporation of techniques to escape from local
minima, new problem representations, and modifications to the
starting configurations. We now describe each category, and
emphasize the most important contributions.

2.1 Modifications to the Energy Function

The first attempts weraimed at modifying the energy function
to improve the performance of the Hopfield-Tank model. Those
studies, which add or modify terms to push the model towards
feasible solutions, are mostly empirical.

(a) In [18, 75, 78, 95], the authors suggesiplacing either the third
term (Cterm) or the three first terms (A, B, and C terms) of the
original energy function (1.5) by

FI2 2x (2 Vxi -1)2 + G/2 2 (2Zx Vxi -1)2.
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This modification helps the model to converge towards feasible
tours, becauseit heavily penalizes configurations that do not have
exactly one active unit in each roand each column. In particular, it
prevents many solutions that do not incorporate all cities. Nb&t a
formulation where the A, B, and C terms are replaced by the two new
terms can be implemented with only O(N3) connections.In [14], the
author proposesan alternative approach to that problem by adding
an additional excitatory bias to each unit so as to get a largenber
of activated units.

(b) In [18], the authors suggestthe addition of a new penalty term
in the energy function (1.5). This term attempts to drive the search
out from the center of the hypercube (and thus towards the corners
of the hypercube) so as to alleviate the network paralysis problem.
The additional term is

FI2 2xi Vxi (1-Vxi) = FI2(N2/4 - Zxi (Vxj - 1/2R) .

In the same paper, they also propose a formulation where the
inter-city distances are only used in the linear components of the
energy function. Hence, the distances are provided to the network
via the input bias rather than encoded into the connection weights.
IS a great advantage for a hardware implementation, like a neural
chip, becausethe connection weights do not change from one TSP
instance to another and can be fixed inte hardware at fabrication
time. However, a new representation of the problemh O(N3) units
IS now required.

Brandt and his colleagueBl8] report that the Hopfield-Tank
model with the two modifications suggested in (a) and (b)
consistently convergedo feasible tours for randomly generated 10-
city ETSPs. Moreoverthe average length was now much better than
the length ofrandomly generated tours. Table 1 shows these results
for problems with 10, 16, and 32 cities. Note that the heading
"Manual" in the Table refers to tours constructed manually by hand.



Average Tour Length
Number of| Number of
Cities Problems| Brandt Manual Random
10 21 2.97 2.92 5.41
16 10 3.70 3.57 9.77
32 4 5.48 4.57 17.12

Table 1. Comparison of Results for Three Solution Procedures
2.2 Finding Good Settings for the Parameter Values

In [44, 45], the authors experimentally demonstralb@t various
relationships among the parameters of the energy function must be
satisfied in order for the Hopfield-Tank model to convergeféasible
tours. Their work also indicates that the region of good settings in the
parameter space quickly gets very narrow as the number of cities
grows. This study supports previous observations about the difficulty
to tune the Hopfield-Tankenergy function for problems with a large
number of cities.

Cuykendall and Rees&8] also provide ways of estimating
parameter values from problem data, as the number of cities
increases. In [4, 5, 6, 7, 27, 57, 58, 74, 86, 87] theoretical
relationships among the parameters are investigated in order for
feasible tours to be stable. The work described in these papers is
mostly based on a closanalysis of the eigenvaluesand eigenvectors
of the connection matrix.

Wang and Tsail02] propose to gradually reduce the value of
some parameters over time. However, time-varying parameters
preclude a simple hardware implementation. Lai and Coghilll63]
propose the genetic algorithm, as described in [49], to find good
parameter values for the Hopfield-Tank model.

Along that line of research, the mostpressive practical results
are reported in [28]. The authors generate feasible solutions for a
165-city ETSP, by appropriately setting thmeas of each unit and the
Uo parameter in the sigmoidal activation function (1.3). Dependmg
the parameter settings, it took between one hour and 10 hours of
computation time on an APOLLO DN4000 to converge to a solution.
The computation times were in a range of 10 to 30 minutes for
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another 70-city ETSP.Unfortunately, no comparisons are provided
with other problem-solving heuristics.

2.3 Addition of Constraints to the Model

The approachesthat we now describe add new constraints to the
Hopfield-Tank model, so as to restrict the configuration space to
feasible tours.

(a) In [81, 97, 98] the activation levels of the units are normalized

so that2; Vx; =1 for all cities X. The introduction of these additional

constraints is only one aspect of the problem-solving methodology,
which is closely related to the simulated annealing heuristic.
Accordingly, the full discussion is deferred to Section 2.4, where
simulated annealing is introduced.

(b) Other approaches aremore aggressiveand explicitly restrict the
configuration space to feasible tours. In [96], the authors calculate
the changesrequired in the remaining units to maintain a feasible
solution when a given unit is updated. The energy function is then
evaluated onthe basis of the changeto the updated unit and all the
logically implied changes to thether units. This approach converges
consistently to feasible solutions on 30-city ETSPs. The taesonly
5% longer on average than those generated by the simulated
annealing heuristic.

In [69], the author updates the configurations using Lin and
Kernighan's exchange heuristk8] Foo and Sz35] usea "divide-and-
conqguer" approach to the problem. They partition the set of cities
into subsetsand apply the Hopfield-Tank model to each subset. The
subtours are then merged back together into a single larger tour with
a simple heuristic. Although their approach is not conclusive, the
integration of classical OR heuristics and artificial intelligence within
a neural network framework could provide interesting research
avenues for the future.

2.4 Incorporation of Techniques to Escape from Local Minima

The Hopfield-Tank model convergesto a local minimum, and is
thus highly sensitive to the starting configuration. Hence, various
modifications have been proposed in the literature to alleviate this
problem.



(a) In [1, 2, 3], a Boltzmann machilfé] is designed to solvéhe TSP.
Basically, a Boltzmanmmachine incorporates the simulated annealing
heuristid25,60] within a discrete Hopfield network, so as to allow the
network to escape from bad local minima.

The simulated annealing heuristic performs a stochastic search
in the space of configurations of a discrete system, like a Hopfield
network with binary units. As opposed to classical hill-climbing
approaches,simulated annealing allows modifications to the current
configuration that increase the value of the objective or energy
function (for a minimization problem). Mor@recisely, a modification
that reduces the energy of the system is always accepted, while a
modification that increases the energy by AE is accepted with

Boltzmann probability ®E/T where T isthe temperature parameter.
At a high temperature, the probability of accepting an increaséh®
energy is high. This probability gets lower as the temperature is
reduced. The simulated annealing heuristic is typically initiated at a
high temperature, where most modifications are accepted, so as to
perform a coarsesearch of the configuration space.The temperature
is then gradually reduced to focus the search on a specific region of
the configuration space.

At each temperature T, the configurations are modified
according to the Boltzmann update rule until the system reachesan
"equilibrium.” At that point, the configurations follow a Boltzmann
distribution, where the probability of the system being in
configuration s' at temperature T is

o -E(s)IT
Pr(sh= . (2.1)
S e EGNT

Here, E(s') is the energy of configuration s', and the denominator is
the summation overall configurations. According to that probability,
configurations of high energy are very likely to be observed at high
temperatures and much less likely to be observed at Ilow
temperatures. The inverse is true for low energy configurations.
Hence, by gradually reducing the temperature parameter T and by
allowing the system to reach equilibrium at each temperature, the

system is expected to ultimately settle down at a configuration of low

energy.
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This simulated annealing heuristic has been incorporated into
the discrete Hopfield model to produce the so-called Boltzmann
machine. Here, the binary unitsbey a stochastic update rule, rather
than a deterministic one. At each iteration, a unit is randomly
selected and the consequenceof modifying its activation level (from
zero to one or from one to zero) on the energy is evaluated. The
probability of accepting the modification is then

1

1+ AE/T

where AE is the modification to the energy.

This update probability is slightly different from the omsed in
simulated annealing. In particular, the probability of accepting a
modification that decreases the energy of tmetwork (i.e., AE<O0) is
not one here, butather a value between 0.5 and one. However, this
new update probability has the same convergenceproperties as the
one used in simulated annealing and, in that sense, the two
expressions are equivalent.

Aarts and Kordt.2,3] design a Boltzmann machine for solvinge
TSP based on these ideas. Unfortunatehgir approach suffers from
very slow convergence and, as a consequence, only 30-city TSPs have
been solved with this model.

(b) In [43], the Boltzmann Machine is generalized to units with
continuous activation levels. A truncated exponential distribution is
used to compute the activatiolevel of each unit. As for the discrete
Boltzmann machine, the model suffers from slow convergence,and
only small 10-city ETSPs have been solved.

(c) The research described in [81, 97, 98], which is deritreain the
mean-field theory, is probably the most important contribution to
the literature relating to the Hopfield-Tank model since its original
description in [51]. The term "mean-field" refers to the fact that the
model computes the mean activation levels of the stochastic binary
units of a Boltzmann machine.

This section focuses on the model of Van den Bout and
Miller,[97.98] put the model of Peterson and Soderberéfll is similar.
We first introduce the iterative algorithm for wupdating the
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configurations of the network. Then, we explain the relationships
between this model and the Boltzmann machine.

The neural network model introduced in [9¥ characterizedby
a new simplified energy function

E = dnax2 (2i 2x 2v=x VxiVyi)
+ 2x Zy=x 2i dxyVxi (Vyis1 + Vyi-1) . (2.2)

The first summation penalizes solutions with multiple cities at the
same position, while the second summation computes the tour length.
Note that the penalty value is weighted by the paramefgsx.d

Starting from some arbitrary initial configuration, the model
evolves to a stable configuration that minimizes (2.2), via the
following iterative algorithm:

Set the temperature T.

2. Select a city X at random.

Compute
Uxi = - thax2y=x Vyi - Zy=x dxy(Vyi+1 + Vyi1), i=1,...,N.
4. Compute
eU)(i/T
Vi = , 1=1,...,N
Zj e UXj/T

5. Evaluate the energy E.

6. Repeat Steps 2 to 5 until the energy no longer decreases
(i.e., a stable configuration has been reached).

We note that the activation levels always satisfy the constraints
2 Vxi = 1, for all cities X.

Accordingly, each value ¥ can be interpreted as the probability that
city X occupies position i. When atable configuration is reached,the
activation levels ¥ satisfy the followingsystem of equations (called
the "mean-field equations")



eU)(i/T
Vxi= (2.3)
ZjeUXi/T

where W = - dE/dVk; (see Step 3 of the algorithm).

In order to understand the origin of the mean-field equations,
we must go back to the evolution of a discrete Hopfietwork with
binary units, when those units are governed by a stochastic update
rule like the Boltzmann rule (see the description of the simulated
annealing heuristic and the Boltzmann machine in point (a)).

It is known that the configurations of that network follow a
Boltzmann distribution at equilibrium (i.e., after a large number of
updates). Since the network is stochastic, it is not possible to know
what the exact configuration will be at a given time. On the other
hand, the average or mean activation value of each binary unit at
Boltzmann equilibrium at a given temperature T is a deterministic
value which can be computed as follows

<Vxi>= ZsPr(s)Vxi(s) = Zsy; Pr(sxi) -

In this equation,the summations are restricted to the configurations
satisfying Zj Vx; = 1, for all cities X (so as to comply with the model of
Van den Bout and Miller), Pt(s) is the Boltzmann probability of
configuration s at temperature T,xMs) isthe activation level of unit

Xi in configuration s, and sxj denotes the configurations where
Vxi = 1. Hence, we have

S e—E(%)/T

SXi
<Vxi> =

zj ZSXj e—E(%‘)/T

In this formula, the double summation in the denominator is
equivalent to a single summation over all configurations s, because
each configuration contains exactly one activated unit in {Xj}j=1,..N
(Zj Vx; = 1 and \j is either zero or one).

Now, we can apply the so-called "mean-field approximation" to
<Vxj>. Rather than summing up over all configurations, we assume
that the activation levels of all units that interact with a given ugit
are fixed attheir mean value. For example, rather than summing up
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over all configurations sxj in the numerator (configurations where
Vxi=1), we fix the activation levels of all the other units to their
mean value. In this way, the summation can be removed. By
applying this idea to both the numerator and the denominator, and
by observing that -Uxj is the contribution of unit Xi to the energy
(2.2) when \%j=1, the expression can be simplified to

<UXI>/T
<Vxi> = :
Zj e<ij >/T

where
<Uxi> = - tnax Zy;,:x <Vyi> - Zy¢x dxy (<Vyi+1> + <Vyij.1>) .

These equations are the same as the equations of Van den Bout
and Miller (2.3). Hence, the Vx; values computed via their iterative
algorithm can be interpreted as the mean activation levels of the
corresponding stochastic binarynits at Boltzmann equilibrium (at a
given temperature T). At low temperatures, the low energy

configurations have high Boltzmann probability and they dominate in

the computation of the mean values <Vxj> Hence, the stable
configuration computed by the algorithm &fan den Bout and Miller

Is expected to be of low energy, for a sufficiently small parameter
value T, becausethe stable configuration is composed of those mean
values<V x;>.

As noted in [98], all the activation levels are the same at high
temperatures, that is, Vxj - 1/N when T - oo, As the temperature
parameter is lowered, each city gradually settles into a single
position, because such configurations correspond to low energy
states. In addition, the model also prevents two cities fasoupying
the same position, because a penalty of dmax/2 is incurred in the
energy function. If the parameter dmax is set to a value slightly
larger than twice the largest distance between any two cities, the
network can find a configuration with lower energy simply by
moving one of the two cities into the empty position. Feasible tours
are thus guaranteed through the combined actions ofntwe energy
function and the additional constraints imposed on the activation
levels Vi (once again, for a sufficiently small parameter value T).

It is clear that the key problem is to identify a "good" value for
the parameter T. By gradually decreasingthe temperature, Van den
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Bout and Miller identified a critical value T. where all the energy
minimization takes place. Above the critical valug, The unitsrarely
converge to zero or one and feasible tours do not emerge. Below Tg,

all the tours generated areasible, and the best tours emerge when
T is close to T¢. Obviously, the critical temperature value is highly

dependent on the particular TSP to be solved. In [97, 98], Van den
Bout and Miller describe a methodology for estimating that value
from the inter-city distances. Using various T and dmax parameter
values, their best tour on a 30-city TSP had a length of 26.9, as
compared to 24.1 for a tour obtained with the simulated annealing
heuristic.

Peterson and Soderber{Bl] test a similar model on much larger
problems, ranging in size from 50 to 200 cities. They observe that
the length of the tours generated by the neural network approach
are about 8% longer on average than the tours generated with a
simulated annealing heuristic. Moreover, nour was more than 10%
longer than the corresponding simulated annealing tour. However,
the average tour lengths are not provided (rather, the results are
displayed as small histograms). Also, no computation times are
reported.

It is quite interesting to note that Bilbro et al.[13] have shown
that the evolution of the above model is equivalent to the evolution
of the Hopfield-Tank network governed by the equations of motion
(see Section 1). However, convergence to a stable configuration is
much faster by solving the mean-field equations. This increased
convergence speed explainbe successesof Petersonand Soderberg
who routinely found feasible solutions to the TSP with up to 200
cities, those being the largest problems ever solved with models
derived from the work of Hopfield and Tank.

(d) Mean-field annealing refers to the applicatioh the mean-field
algorithm, as described in (c), with a gradual reduction of the

temperature from high to low values, as in the simulated annealing
heuristic[13,19,80,107]As pointed out in [97], this approach is of little

use if the critical temperature, where all the energy minimization
takes place, can be accurately estimated from problem data. If the
estimate is not accurate, then it can be useful to gradually decrease
the temperature.

(e) In [8, 26, 66], random noise is introduced into the activation
level of the units in order to escapefrom local minima. The random
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noise follows anormal distribution with mean zero, and its intensity
Is modulated by a temperature parameter which is gradually
reduced, as in the simulated annealing heuristic.

(f) Finally, Wells[103] describes a network of neural oscillators. The
network evolves towards sustained oscillations between equivalent
configurations, as opposed to the classical Hopfield-Tank model
which is evolving towards a single stable configuration.

2.5 Using New Problem Representations

In [54, 55], a new problem representation based on an integer
linear programming formulation of the TSP is proposed. Each unit
Vxy now stands for an arc (X,Y) in the graph, and that unit is on
when arc (X)Y) is in the tour. This "adjacency representation”
requires O(N) units and only O(R) connections.Moreover, the inter-
city distancesnow occur in the linear terms of the energy function
and are thus provided to the network via the input bias

E= A2 Zx (Zx:y Vxy - 2)2 + B/ZZY (Zx:y Vxy - 2)2
+ Cl22Zx 2y Vxy dxy

In this new energy function, the first two terms penalize cities that
do not have exactly two neighbors.

Basically, this model solves the assignment problem associated
to the TSP when the subtour-breaking constraints are relaxed.
Accordingly, the network usually ends up with multiple subtour
solutions. Inorder to addressthat problem, a second binary layer is
connectedto the Hopfield-Tank layer, so as to break the stability of
multiple subtour solutions and drive the network towards feasible
solutions.

Xu and Tsail06] yse the same representation and energy
function. However they addressthe multiple subtours problem in a
different way. When the neural network reachesa multiple subtour
solution, they add a higher-order connection between the units
involved in a subtour, so as to forbid any later occurrence of that
subtour (a higher-orderconnection can involve an arbitrary number
of units, as opposed to a standard connection which involves only
two units). Higher-orderconnectionsare incrementally added in this
way, until the network stabilizes with a feasible solution. That



procedure is usually slowo converge.In the worst case,all possible
subtours must be forbidden for a valid solution to emerge!

In practice, the authors often stop the procedure before a
feasible solution is reached, and then merge the remaining subtours
into a single tour via the "patching" heuristic proposed in [59]. This
simple heuristic connectstwo subtours by deleting one link in each
subtour and by introducing two new link® generate a single larger
tour. In Figure 5, for example, the links (i,j) and (k,I) have been
replaced by the links (i,) and (j,k). The links to be replaced are
chosen so as to minimize the length of the new enlarged tour. As
noted by Xu and Tsai, the number of solutions with multiple subtours
tends to increase when the number of cities increases, and the
patching heuristic thus plays an important role in large problems.

Fig. 5. The patching heuristic.

Euclidean problems with up to 150 cities have been addressed
with this approach. However, the authors have shown that better
solutions can be generated by applying 25 distinct runs of a 2-opt
exchange heuristic from different randomly generated initial
solutions, and by taking the best overall solution.

The authors also apply their model to TSPs with randomly
generated distance matrices. In that context, the model provided
better solutions than the 2-opt (30 runs) and the Lin-Kernighan
heuristics (30 runs). These resulése supported by the probabilistic
analysis in [59], where it is shown that solving the assignment
problem first and then applying thpatching heuristic provides near
optimal solutions to TSPs with random distance matrices.
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2.6 Starting from Different Initial Configurations

In [98], the authors suggest starting from a good initial
configuration by forcing cities that are close in distance to be
adjacent in the tour (which means that some units @eset to one).
This technique is called "heuristic seeding." Other authors suggest
starting from the center of the unit hypercube, that is, setting the
initial activation value of all units to 1/#4]

This discussion shows that the Hopfield-Tank model and its
many variants are still restricted to relatively small TSPswith 200
cities or less. The main results with respect to this model are
summarized in Table 2.

Paper Largest TSP Length of TSP Length of
(Number of| Tour from Heuristic Tour from
Cities) Hopfield- TSP
Tank Models Heuristic
Hopfield and
Tank 30 5.07 LK 4.26
(1985)
Brandt et al.
32 MT 4.57
Cuykendall
165 - NA NA
and Reese 9.409-9.933
(1989)
Peterson an(d 200 NA SA NA
Soderberg
(1989)
Xu and 100 592.3 TO 570.%
Tsai
150 LK
(1991) 9.529 9.616

a Computation time of 1 to 10 hours on an Apollo DN4000

Best of 5 runs with post-optimization by Lin-Kernighan
C Best of 25 runs starting from randomly generated tours
Best of 30 runs starting from randomly generated tours

o

o

LK Lin-Kernighan



MT  Manual Tour

NA Not Available

SA Simulated Annealing
TO 2-opt

Table 2. Comparison of Results Produced by Hopfield-Tank Models

and TSP Heuristics

Although the work in [81, 97, 98] has shown that itpessible to
design models that consistently converge to feasible tours ¢(bride
problems with the original formulation), those tours do not yet
compare with the tours generated by other TSP heuristics, like
simulated annealing. Furthermore, the convergence is quite slow
when the model is executed on a sequential computer. These
observations have led individuals to explore new linesragearch,in
particular, elastic nets and self-organizing maps.

Section 3. The Elastic Net

The elasticnet approach32] is fundamentally different from the
approach of Hopfield and Tank. It is a geometrically inspired
algorithm, originating in the work of Willshaw and Von der
Malsburd104]l, and is closely related to the self organizing map, as
described in Section 4.

The elastic net algorithm is an iterative procedure where M
points, with M larger than the number of cities N, are lying on a
circular ring or "rubber band" originally located at the center of the
cities. The rubber band is gradually elongated until it passes
sufficiently near each city to define a tour. During that processtwo
forces apply: one for minimizing the length dfe ring, and the other
one for minimizing the distancéetween the cities and the points on
the ring. These forces are gradually adjusted as the procedure
evolves.

Figures 6a, 6b and 6c¢ sholhow the elastic net typically evolves
over time. In the figure, the small black circlase the points located
on the ring which are migratingowards the cities. The final solution
is shown in Figure 6d.

The elastic netalgorithm will now be introduced more formally.
Let Xj be the position of the ith city, i=1,...,N and lef be the position
of the jth point on the ring, j=1,...,M.In order to get a feasible tour,
one point in the ring should converge to each city. Accordingly, at
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each step, the ring points are updated in parallel according to the
following equations

AYj =a 2 wij (Xi-Yj) +BK (Yj+1 + Yj1 - 2Yj), j=1,..M  (3.1)

where
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Fig. 6. Evolution of the elastic net over time (a) (b) (c)

and the final tour (d).

In equation (3.1), a and B are constant parameters, K is the
"scale” parameter, dx;y; is the Euclidean distance between Xj and Yj,

and w;j is a measure of the "influence" of city i on pointTjhe a term
drives the points on the ring towards the cities, so thatetmech city i
there is at least one ring point j within distance K. The B term is
aimed at keeping neighboring points together so as to produce a

short tour.
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Figure 7 illustrates the two forces that impact point j. The first
force (1), derived from the a term in the update equations, is quite
easy to understand and is aimed at driving point j towards icifyhe
second force (2), derived from the B term, can be more easily
interpreted by considering the equivalence

Yj+1 + Yj_l - 2Yj = (Yj+1 - YJ) + (Yj'l - YJ) :

Accordingly, this force defines a tension on the ring that keeps
neighboring points together.

The update equations can be expressed as the derivatives of an
appropriate energy function E, namely

AYj = -K dE/AY; ,
where
E=-aK2ZjIn2j @(dx;yj K) + B2 2| deYj+12 . (3.2)

Consequently, this algorithm finds a local minimum of the
energy function (3.2) by performing a gradient descent in the
(continuous) two-dimensional Euclidean space. Note also that when
K - 0 and M/N - =, the global minimum of the energy function
solves the TSP. Accordingly, as the algorithm evolves, the scale
parameter K is gradually reduced (like the temperature paramater
the simulated annealing heuristic). When K is 0, the energy reduces
to the sum of the squared distances between the points on the ring.
This is equivalent to minimizing the tour length at the limit M/N -

(=)

city i
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Fig. 7. Forces that impact ring point j.

With this algorithm, Durbin and Willshawi32] solved five
different sets of randomly generated 50-city ETSPs.It took about
1,250 iterations to converge and the tour lengths were, on average,
only 2% longer than those obtained with the simulated annealing
heuristic (average of five distinct runs). The authors report that the
computation times for both the elastic net and the simulated
annealing heuristic are approximately the same. The elastic net
algorithm also solved a 100-city ETSP and generadadur about 1%
longer than the best tour obtained after eight million trials of the
simulated annealing heuristic. In this experiment, the following
parameter settings were used: M = 2.50\;0.2, B=2.0, Knax=0.2, and
Kmin = 0.02.

In a follow-up paper[31] Durbin and his colleaguesanalyze how
the shape of the energy function (3.2) is modified by the valéhe
scale parameter. It is shown that when K - 0, the local mimima of
the energy function aresuch that each city Xjis matched by at least
one Y. Moreover, each Xis matched by exactly one Y if parameters
a and B satisfy the condition a/B < A, where A is the shortest
distance from a point being attractead some city to any other point
not being attracted to that city.

As pointed out by Simmen92], the above conditions ensure that
each city is matched by exactly one point on the ribgt a point can
still match two or more cities, if those cities are sufficiently close.
Although the problem could be solved by using so many points on
the ring that the typical spacing between neighboring points would
be much less than the minimum inter-city distance, Simmen
provides additional conditions on the a/p ratio to achieve the same
result, and avoid the computational burden associatedwith a large
M.

Two variants of this algorithm have been proposed in the
literature.

(a) Burrl23] reports improvements to the convergence speed of the
elastic net algorithm, by using the new update equations
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AYj=o 2 wij (Xi-Y)) + a 2 sj (Xi-Y(Xi)) + BK (Yj+1 + Yj1 - 2Y)) ,
where
Y (Xj) is the closest ring point to X

o(dy(xjyj K)
Sij =

2y ®(dy(xj)y: K)

The first and third terms in the new update equations
correspond to the two original terms in (3.1). The middle term is
added by the author to favor short tours by keeping the points
evenly distributed on the ring. The update equations are applied
with a varying K parameter whose value is computed at each
iteration, and derived from the average squared distance between
each city and its closest point on the tour.

The author reports that on the five sets of 50-city ETSPs
described in [32], the solutions are of similar quality as those of the
original elastic net algorithm. However, it took only 30 iterations on
average to converge to a solution, as compared to li@s@tions for
the model of Durbin and Willshaw.

(b) In [16], the ring points are updated by only considering the
cities that have a significant influence on them. The authors report
that this filtering mechanism reducdbe computation times without
affecting the quality of the solution. The authors have solved
problems ranging in size from 100 to 1,000 citiddeir solutions are
about 5% to 10% longer than those of the Lin-Kernighan heuristic.
However, on the 1,000-city problems, the elastic net algorithm took
only half the time of the Lin-Kernighan heuristic.

To summarize this section, a benchmark study in [79] compares
five different problem-solving approacheson randomly generated
ETSPs ranging irsize from 50 to 200 cities. In this study, the elastic
net and the model of Peterson and Soderber{ll, a variant of the
Hopfield-Tank model, are compared. The main results are shown in
Table 3.
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These results clearly indicate that the elastic net is superior to
the model of Peterson and Soderberg. Another comparison in favor of
the elastic net can be established dgymparing the figures in Durbin
and Willshawl32] and in Hopfield and Tank51l. On the same 30-city
ETSP,the best tour generated by the Hopfield-Tank model had a
length of 5.07, while the elastic net found a tour of length 4.26 on a
single trial (the same tour as the one found by the Lin-Kernighan
exchange heuristi€8l).

As a final remark, interesting relationships can be established
between the elastic net model and the Hopfield-Tank network. In
particular, Simicl9l] demonstrates that the elastic net and the
Hopfield-Tank model can botlbe derived from statistical mechanics.
The differences observed between the two approaches stem from
different ways of handling the constraints. The elastic net, by its
very nature, strictly enforces some TSP constraints, while the
Hopfield-Tank model transforms these constraints into penalties.
Yuille[109] provides a similar study relating elastic nets to deformable
templates, which are simple parameterized shapes that dynamically
evolve to fit an image.

Average Tour Length

Number of
Cities EN P
50 5.62 6.61
100 7.69 8.58
200 11.14 12.66

a Best of five runs on each problem

EN Elastic Net
PS Peterson and Soderberg

Table 3. Comparison of Results for the Elastic Net and the Model of
Peterson and Soderberg



Section 4. The Self-organizing Map

The self-organizingmaps are instances of so-called "competitive
neural networks," which are used by many unsupervised learning
systems to cluster or classify datAs opposedto supervised models,
where adesired responseis externally provided to the network, the
unsupervised systems must find useful correlationsthie input data
by themselves. Hence, they are said to be "self-organizing." They
self-organize in an adaptivevay, by gradually adjusting the weights
on their connections (as opposed to the Hopfield model, where the
connection weights are fixed).

Conceptually, this model is closely related to the elastic net. In
both cases,a ring is defined and gradually modified until it passes
sufficiently near each city to define a tour. However, the two
approachesdiffer in the way they update the coordinates of the
points on the ring.

In Section 4.1, we first describe the competitive networks in
general terms. Then, we introduce the self-organizing map and
describe its application to the TSP.

4.1 Competitive Networks

A typical two-layer competitive network with two input units
and M output units is depicted in Figure 8. Since we are considering
two-dimensional TSPsin this paper, we have shown only two input
units. However, there can be large number | of inputs. In Figure 8,
Tim and Topm denote the weights on the connections from the two
input units to output unit M, and Ty = (T1m, T2m) is the weight
vector of unit M.

The aim of the network is to group a set of I-dimensional input
patterns into K clusters (kK M). The classes or clusters are not known
in advance and, consequently, the network must discover by itself
structure in the input data. At the end of the self-organization
process, each cluster is associatedwith a distinct output unit. More
precisely, each output unit gets activated omty a particular subset
of input patterns (defining a cluster).
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Input Output

o1

02

OM

Ty = (Tim - Tom)

Fig. 8. A two-layer network.

The model is quite simple and works the following way. After
initializing the network with small random connection weights Tij;,
the input patterns are presented sequentially to the network. For
each presentation of a given I-dimensional pattern X, the network
initiates the competition among the output units, and the winning
unit j* is the one which maximizes its net input, namely

netx = max net, j=1,...,M
where ngt=2; TjjX;.

The winning unit thus associatesthe current input pattern to
cluster j* and updates its weight vector Tj*= {Tj*}=1,...,, SO asto get
closer to that input pattern. The update rule is

Tj* new = Tj* old + i (X - Tj* oldy |

39



where p is a fractional learning rate. Typically, the otheutput units
do not modify their weight vectors.

In order to get a stable classification, the whole set of input
patterns must be presented many times to the network (referred to
as "passes"or "cycles" through the set of inputs). As the network
evolves, the weight vectors of the output units move in the 1I-
dimensional space and tend to settle after a while into distinct
regions of that space. When this phenomenon occurs, the winning
output unit associated witleach input pattern does not changefrom
one pass through the data to another and the clustering process
stabilizes. The finalweight vector of each unit is then interpreted as
the prototype vector of a cluster (that is, the centroid or "average
pattern” of the cluster).

4.2 The Self-organizing Map

A competitive network groups the inputs on the basis of
similarity, namely via the correlation between the input patterns X
and the weight vectordj. In the TSP context, the input patterns are
the two-dimensional coordinates of the cities, and consequently,the
Euclidean distance must be used as the similarity measure
(maximizing the inner product is equivalent to minimizing the
Euclidean distance only when all input and weight vectors are
normalized to the same length). Moreover, the objective is now to
map these coordinatesnto a ring of output units, so as to define an
ordering of the cities.

Those observations suggestthe use of Kohonen's self-organizing
mapl62] This model is aimed at generating mappings from higher to
lower dimensional spaces, so thdte relationships among the inputs
are reflected as faithfully as possible in the outputs (topological
mapping). As a consequence, topological relationshaps established
among the output units, and those relationships are respected when
the weights are updated. Namelthe output units that are "close" to
the winning unit, according to the topology, also update their weight
vectors so as to move in the same direction as the winning unit.

In the TSP context, a set of two-dimensional coordinates, locating

the cities in Euclidean space, must be mapped onto a set of one
dimensional positions in the tour, so as goeserve the neighborhood
relationships among the cities. Fexample, the competitive network
depicted in Figure 8 can be transformed into a self-organizing map,
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by choosingM = N and by linking the output units to form the ring
01-02-...-Om-0O1 (each output unit has two immediate neighbors).

The evolution of the self-organizing map is quite similar to the
evolution of the competitive network of Section 4.1. However, there
are two main differences. First, the winning output unit is the one
whose weight vector is closestin Euclidean distance to the vector of
coordinates of the current city (current input pattern). Second, the
neighbors of the winning unit also move their weight vector in the
same direction as the winning unit, but with decreasing intensity
along the ring.

As a consequence, the winning unit j* satisfies
dX,Tj* = min dX,Tj R E= N \V/ I

and the connection weights are then updated according to the
formula

Tjnew =T, old + G(djj*) (X - TjOId) ’ (4.1)

where dx Tj is the Euclidean distance between input vector X and
weight vector Tj, and G is a function of the "proximity" of output
units j and j* on the ring. Usually, the units on the ring are indexed
from 1 to M, and g~ is based on that indexing, so that

djp = min (|j - ¥, M- ]j - ),

where |x| denotes absolute valu@. particular, the distance between
a given unit and its two immediate neighbors on the ring is one.

Obviously, the value of G must decrease as the d'jjx value
increases. Moreover, the modifications to the weight vectors of the
neighboring units should ideally be reduced over time. As an
example, the function G suggested in [21] is

G=(1- oy'j*lL)B ,ifdjjx < L
=0 , otherwise ,

where L= N/2, and the value of B is increased after each complete
pass through the set of coordinates. Note that G is always equal to
one for the winning unit j*, and the value decreasesfor the other
units j as di* and B increase.
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Multiple passes through the entire set of coordinates are
performed until there is a weight vector sufficiently close to each
city. Figure 6 is still a good way to visualize tleeolution of the self-
organizing map. However, the little black circles on the ring now
represent the outputnits, and the location of each output unit O;jis
determined by its weight vectorj.T

Different self-organizing maps are described in the literature
based on that scheme.

(a) Fortl36] was one of the first with Angeniol et al.[®] Hueter[52]
and Ritter and Schulten85] to apply Kohonen'sideas to the TSP.Fort
notes, in particular, that the speed of convergence can be increased
by reducing the neighborhood of the winning unit and by reducing
the modification to the weights of the neighboring units over tinre.
his experiments, Fort uses 2butput units and solves problems with
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up to 400 cities. With respect to the 400-city problem, he generates a

tour of length 15.73,as compared to an estimated optimum of 14.98
derived from Stein's formul84l.

(b) The work of Angeniol etal.l®] is based on the distinctive feature
that units in the ring are dynamically created and deleted. A unit is
duplicated if it wins for two different cities after a complete pass
through the set of coordinates.It is deleted, if it does not win after
three complete passes. Starting with a single unit in the ring, the
authors report that up to twice as many units as cities may be
created during the procedure.

In their weight update equations, there is no learning rate
parameter p (it is implicitly set to one), but there is an additional
parameter K in the definition of the function G, namely

' v 20K 2
G(dj*, K) = 1V2 (90 77K

When K-, all units move towards the current city with

strength 1¥2. On the other hand, when KO only the winningunit j*
moves toward the city. Consequently,the K value is decreasedafter

each pass through the set of coordinates according to the formula

K« (1-a) K ,
with O <a < 1.
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The authors report good results on the five sets of 50-city
problems of Durbin and Willshaw [32] Their results also show that a
single run of the elastic net algorithm is superior to a single run of
the self-organizing map (see Table 4). The same kind of results are
reported in [21].

City Average Tour Length
Sets
EN SA SA+3 SOM SOM+
1 5.98 5.88 5.84 6.06 5.84
2 6.09 6.01 5.99 6.25 6.00
3 5.70 5.65 5.57 5.83 5.58
4 5.86 5.81 5.70 5.87 5.60
5 6.49 6.33 6.17 6.70 6.19

EN Elastic Net

SA Simulated Annealing

SA+3 Best solution found by SA and many distinct runs of 3-opt starting
from randomly generated tours

SOM  Self-organizing Map « = 0.2)

SOM+ Best solution found by SOM over 4,000 different runs
(by processing the cities in various orders)

Table 4. Comparison of Results for Five Solution Procedures
on Five Sets of 50-city Problems

The authors also solved a randomly generated 1,000-city ETSP
with their model. It took 20 minutes on a "classical sequential
machine" to solve the problem with o set to 0.2. Slightly better
solutions were found by setting a to 0.02, but the computation time
increased to 12 hours. Unfortunately, no comparisons are provided
with other problem-solving heuristics for the 1,000-city problem.

Fritzke and Wilké37] describe asimilar approach where units in
the ring are dynamically created. They also introduce various
simplifications in order to reduce complexity (e.g.,the neighborhood
of the winning unit only includes its two immediate neighbors). The
authors were able to solve nine problems taken from the OR
literature ranging in size from 8 to 2,392 cities. Since the optimum



for each one of these problems is known, they observed that their
tours were never more than 10% long#an the optimum. However,
the difference increases steadily from tBecity problem (3%)to the
2,392-city problem (10%). It took about three hours to solve the
largest problem on a SPARC 2 workstation.

The authors also observe that better solutions are produced by
constructing a tour with the nearest neighbor heuristic and by
applying the 2-opt exchange heuristic to this initial tour. On the
2,392-city problem, the solution obtained was about 6% larger than
the optimum.

(c) Favata and Walkerl34] add a third "normalizing” dimension to
the coordinates of the cities, so that all the input vectors have the
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same length. In their experiments, the authors note that it sometimes

occurs that two or more cities are mapped to the same unit in the
ring. They interpret that phenomenon as meaning that the network
does not care about the local ordering of those cities in the solution.
For small problems, the use of a local optimization procedure for
defining a complete ordering slightly improved the solutions. On
larger problems, however, an arbitrary insertion proved to be
equally good.

Favata and Walker were able to solve problems with up to
10,000 cities with their approach. On randomly generated 30-city
ETSPs, their solutions are about 5% longer than the solutions
produced by the simulated annealing heuristic. On a 1,000-city
problem, they got a tour of length 26.82 after half an hour of
computation time on a VAX 3600, as compared to a length of 25.95
with the simulated annealing heuristic after one hour of computation.
They report that their approach is 10 times faster than simulated
annealing on the 10,000-city problem, but no additional details are
provided.

(d) In [20, 21], the authors use the "conscience" mechanisiB0l to
solve the problem related to the mapping of multiple cities to the
same unit in the ring. Basically, the conscience mechanism inhibits
units that are winning too often, so thather units also get a chance
to win. The conscience mechanism avoids the artificial
"deletion/duplication"” step of the procedumescribedin [9], and the
number of units on the ring is fixed to the number of cities N



throughout the algorithm. The computational results show that their
approach (called the "guilty net") is better than the Hopfield-Tank
model, but is outperformed by the elastic net on four sets of
randomly generated problems ranging in size from 10 to 100 cities
(see Table 5). The authors also note that tmeadel convergesmuch
faster than the elastic net (500 iterations on the 100-city problems,
as compared to 7,000 for the elastic net).

Number of Average Tour Length
Cities EN GN HT SA Optimumg
10 2.45 2.78 2.92 2.74 2.43
30 4.51 4.81 5.12 4.75 4.21
50 5.58 6.21 6.64 6.13 5.43
100 8.23 8.81 NA 8.40 7.68

a Optimum estimated via Stein's form{$4]

EN Elastic Net

GN Guilty Net

HT Hopfield-Tank

NA Not Available

SA Simulated Annealing

Table 5. Comparison of Results for Five Solution Procedures
on Random Problems

(e) Matsuyam#&’ll adds a new term, previously introduced in
Durbin and Willshaw32] to the weight update equations (4.1)

Tjnew = Told +  G(dj*) (X - Tjold) + B (Tj+1 + Tj-1 - 2Tj) .

As previously noted in the description of the elastic net algorithm,
the last termis aimed at shortening the length of the ring. It actsin
synergy with the secondterm to allow the neighbors of the winning
unit to move in the same direction as the winning unit.
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Table 6 summarizes the main results with respect to the self-
organizing map.
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Paper Largest TSP Length of Tour TSP Length of
(Number of from Heuristic Tour from
Cities) Self-organizing TSP
Map Heuristic
1F90gt8 50 6.035 SA 5.735
( ) 400 15.73 NA NA
Angeniol 1,000 18,036-18,808 NA NA
et al.
(1988)
Fritzke and 2,392 NAP NN+TO NA
Wilke
(1991)
Favata and 1,000 26.8X SA 25.95
Walker
(1991) 10,000 NA NA NA
Burke and 100 8.81 SA 8.40
Damany EN 8.23
(1992)

a Computation time of 20 minutes to 12 hours on a sequential computer (not
identified)

b Computation time of 3 hours on a SPARC 2 workstation

C Computation time of 30 minutes on a VAX 3600

EN Elastic Net

NA Not Available

NN+TO Nearest Neighbor + 2-opt
SA Simulated Annealing

Table 6. Comparison of Results Produced by Self-Organizing Maps

and TSP Heuristics

As a final remark, it is interesting to note that Vden Bout and
Miller[99] describe a way to implement Kohonen's self-organizing
map in hardware with VLSI components (i.e., a neural chip).
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Assuming a clock frequency of 1MHz, they report that their neural
chip could processan input vector each 6.9 microseconds,regardless
of the number of units in the network.

Section 5. Concluding Remarks

In summary, the self-organizing map and the elastic net can
now find good solutions to veryarge ETSPswith up to 10,000 cities.
Both approaches outperform the Hopfield-Tank network, which is
restricted to relatively small problems with 200 cities or less (but
can be applied as well to problems with geometric interpretation).
The results in the literature also indicate that the elasétis better
than the self-organizing map with respect to solution quadif]

On the other hand, the gap between the elastic net or the self-
organizing map and the best heuristics of ORis still quite large. For
example, the study of Fritzke and Wilke[37] shows that the tours
generated by their self-organizing map are 5% to 10% longer than the
optimal tours for ETSPswith 500 to 2,392 cities. These results can
hardly be compared with the tours generated by the heuristics of
Johnson and Bentley[12.53] In the first case, solutions within 1% of
the optimum are reported for problems with 10,000 cities, while in
the second case, solutiongithin 4% of the optimum are reported on
problems with 1,000,000 cities.

However, the rapid evolution of neural network technology can
hardly be overlooked. Just eight years ago, Hopfield and Tank were
struggling on a 10-city problem! The aim of this paper is to inform
the OR community about the rapid progress made in the neural
network field, and to demonstrate its potential for new research
developments, in particular, via harmonious integration of OR and
neural network technologies. As an example, Wacholder and his
colleaguebl00,101] ysed the well-known equivalence between fh®&P
and the multiple traveling salesmanproblem11] to design Hopfield-
Tank models for the latter problem.

Recently, various extensions to the TSP hde=en consideredby
neural network researchers.In [33, 42, 72, 73], multiple rings of
output units are used to solve the multiple traveling salesman
problem and the vehicle routing problem with the self-organizing
map.In [89], an extension of the Hopfield-Tank model for dynamic
TSPs is described. In these problems, the traveling costs change
according to the timeof the day. Finally, in [82], a neural network is



trained to perform a vehicle dispatching task. The network learned
to weight various criteria used by human experts to evaluate
dispatching situations and to assign servieguests to vehicles. This
application is well suited to neural network technology, because
many subjective assessments are made by the dispatcherneunchl
networks are known to be particularly useful for such ill-defined
problems.
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