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RESUME

Les réseaux de neurones artificiels ont été abondammaeséstians la communauté
de I'apprentissage machine depuis les années 80. Biers @ugiht été étudiés pour la
premiere fois il y a cinquante ans par Rosenblatt [68], ilfunent réellement populaires
gu’apres I'apparition de la rétropropagation du gradient1986 [71].

En 1989, il a été prouvé [44] qu’'une classe spécifique de vésea neurones (les
réseaux de neurones a une couche cachée) était suffisamuoigsdnte pour pouvoir
approximer presque n’importe quelle fonction avec uneipi@earbitraire : le théoreme
d’approximation universelle. Toutefois, bien que ce tikéoe elt pour conséquence un
intérét accru pour les réseaux de neurones, il sembleratiqun effort n’ait été fait
pour profiter de cette propriété.

En outre, I'optimisation des réseaux de neurones a une eocabhée n’est pas
convexe. Cela a détourné une grande partie de la commurerstd'autres algorithmes,
comme par exemple les machines a noyau (machines a veceesupport et régression
a noyau, entre autres).

La premiére partie de cette thése présentera les concegprdhtissage machine
généraux nécessaires a la compréhension des algorithifiessut.a deuxieme partie se
focalisera plus spécifiguement sur les méthodes a noyas gtdeaux de neurones.

La troisiéme partie de ce travail visera ensuite a étudgelingtations des machines
a noyaux et a comprendre les raisons pour lesquelles eligsremlaptées a certains
problémes que nous avons a traiter.

La quatrieme partie présente une technique permettantioiger les réseaux de
neurones a une couche cachée de maniere convexe. Bien tgri¢ecbhigue s’avere
difficilement exploitable pour des probléemes de grandéetailne version approchée
permet d’obtenir une bonne solution dans un temps raisé&nab

La cinquiéme partie se concentre sur les réseaux de neudamnss couche cachée
infinie. Cela leur permet théoriquement d’exploiter la piéig d’approximation univer-
selle et ainsi d’approcher facilement une plus grande eldsgonctions.

Toutefois, si ces deux variations sur les réseaux de nesinme couche cachée
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leur conferent des propriétés intéressantes, ces den@grsuvent extraire plus que des
concepts de bas niveau. Les méthodes a noyau souffrant cdeesiénites, aucun de
ces deux types d’algorithmes ne peut appréhender des preblfaisant appel a I'ap-
prentissage de concepts de haut niveau.

Récemment sont apparus les Deep Belief Networks [39] qui des réseaux de
neurones a plusieurs couches cachées entrainés de mdficaeee Cette profondeur
leur permet d’extraire des concepts de haut niveau et doméalser des taches hors
de portée des algorithmes conventionnels. La sixiemegpétdidie des propriétés de ces
réseaux profonds.

Les problémes que I'on rencontre actuellement nécessitenseulement des algo-
rithmes capables d’extraire des concepts de haut niveas,également des méthodes
d’optimisation capables de traiter I'immense quantité dargtes parfois disponibles,
si possible en temps réel. La septiéme partie est donc l@meion d’'une nouvelle
technique permettant une optimisation plus rapide.

Mots-clefs: méthodes a noyau, réseaux de neurones, convexité, dedesgriadient,

réseaux profonds



ABSTRACT

Artificial Neural Networks have been widely used in the maehliearning community
since the 1980’s. First studied more than fifty years ago, [y became popular with
the apparition of gradient backpropagation in 1986 [71].

In 1989, Hornik et al. [44] proved that a specific class of aénetworks (neural net-
works with one hidden layer) was powerful enough to appraeralmost any function
with arbitrary precision: the universal approximationdahem. However, even though
this theorem resulted in increased interest for neural owdsy few efforts have been
made to take advantage of this property.

Furthermore, the optimization of neural networks with orgglan layer is not con-
vex. This disenchanted a large part of the community whichraed other algorithms,
such as kernel machines (support vector machines and kegrelssion, amongst oth-
ers).

The first part of this thesis will introduce the basics of maeHearning needed for
the understanding of the algorithms which will be used. Téwoad part will focus on
kernel machines and neural networks.

The third part will study the limits of kernel machines angltw understand the rea-
sons of their inability to handle some of the more challeggiroblems we are interested
in.

The fourth part introduces a technique allowing a convexaipation of the neural
networks with one hidden layer. Even though this techniguepractical for medium
and large scale problems, its approximation leads to goludisos achieved in reason-
able times.

The fifth part focuses on neural networks with an infinite leiddayer. This allows
them to exploit the universal approximation property aneréfore to easily model a
larger class of functions than standard neural networks.

However, though these two variations on neural networkis arie hidden layer show
interesting properties, they cannot extract high levelcepts any better. Kernel ma-
chines suffering from the same curse, none of these fanafieégorithms can handle
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problems requiring the learning of high level concepts.

Introduced in 2006, Deep Belief Networks [39] are neuralweeks with many hid-
den layers trained in a greedy way. Their depth allows thesti@ct high level concepts
and thus to perform tasks out of the reach of standard aktgosit The sixth part of this
thesis will present some of the properties of these networks

Problems one has to face today not only require powerfulessprtations, but also
efficient optimization techniques able to handle the enasrguantity of data available,
in real time if possible. The seventh part is therefore agmtgion of a new and efficient
online second order gradient descent method.

Keywords: kernel methods, neural networks, convexity, gradienteets deep net-

works
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CHAPITRE 1

INTRODUCTION A LAPPRENTISSAGE MACHINE

1.1 Lapprentissage chez les humains

Les humains apprennent de deux maniéeres différentes :

— parregles, c’est-a-dire qu’un élément extérieur (liprefesseur, parent, ...) définit
un concept et ce qui le caractérise

— par I'expérience, c’est-a-dire que I'observation du neqdi les entoure leur per-
met d’affiner leur définition d’un concept

Il est intéressant de remarquer que des concepts qui noasaggent élémentaires,
comme de savoir ce qu’est un chien, reposent bien plus sysdfeence que sur des
regles définies. Le Trésor de la Langue Francaise inforengutid p: / /ati |l f.atilf.
fr), par exemple, définit le chien comme umammifere carnivore trés anciennement
domestiqué, dressé a la garde des maisons et des troupdawhasse ou bien élevé
pour I'agréments. Bien gu’exacte, cette définition nous est inutile lorshs’agit de
différencier un chien d’'un chat dans la rue.

Il nous est d’ailleurs quasiment impossible de définir é&aient les critéres défi-
nissant le concept chien» que nous utilisons. Pour s’en convaincre, voyons les trois
exemples suivants :

— un chien a qui on a enfilé un costume d’autruche est-il tagjon chien ?

— un chien a qui on a coupé les cordes vocales et transformé&gioalement pour

gu’il ressemble a une autruche est-il toujours un chien ?

— un chien qu’on a modifié génétiquement pour qu’il resseralbiliee autruche, qu'il
puisse se reproduire avec les autruches mais pas avecédes @sit-il toujours un
chien?

Silaréponse a la premiere de ces questions nous appacdihésjil est plus malaisé

de répondre aux deux derniéres. Nous avons donc, en tanirgaihs, développé une

lles animaux n'apprennent que par I'expérience et par imitaméthode qui peut étre assimilée a de
I'expérience.



conception tres précise de ce qu’est un chien pour faire dagesituations de la vie

courante. Les exemples présentés ci-dessus n’étant pasataples courants (sauf celui
du déguisement dont on connait bien les conséquences),d@inition est tout a coup

prise en défaut.

Cette conception, personne ne nous I'a apprise. La prerftigrgue nous avons vu
un chien, un élément extérieur (livre, professeur, parehfjous 'a nommé comme tel
puis, découvrant le monde, nous avons vu de nombreux chieqg’a en peaufiner une
définition qui est celle que chacun de nous a. Il est d’ailawaisemblable que, dans
différentes parties du monde (et méme peut-étre chez clraguain), la représentation
mentale d’un chien différe, quand bien méme la définitiorsdas dictionnaires serait la
méme . C’est donc bien la succession d’exemples qui nous ont été pentés qui nous
a permis de « définir » trés précisément ce qu’était un chien

De méme, un enfant arrivera a créer des nouvelles phrasesgsanles notions
de sujet, verbe ou complément lui aient été apprises. Cast th simple succession
d’exemples (les phrases qui ont été prononcées devantuug gmené cette compré-

hension de la structure syntaxique d’une phrase.

1.2 Lapprentissage machine

L'apprentissage machine est un domaine & la jonction déstijaes et de l'intel-
ligence artificielle qui a pour but de créer des algorithmagables d’effectuer cette
extraction de concepts a partir d’exemples.

Un algorithme d’apprentissage est une fonction mathématitjqui prend comme
argument un ensemble d’exemplPset qui renvoie une fonctiorf, ou, plus formelle-

ment :

A (xx)V — p¥ (1.1)
D — AMD)=f

ou X est I'espace des entrées)etespace des sorties. Dans I'exemple de la section pré-
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cédenteD représenterait 'ensemble des informations acquisesas cie notre vie (ce
gu’on a vu ou entendu, par exemple)feterait la fonction déterminant si un objet est un
chien ou pasA, au contraire, représente notre patrimoine génétiqueajarihine notre
réaction a la présentation d’exemples et le spectre desidmscengendrées possibles.
Les regles qui nous ont été apprises requiéerent I'extnacteconcepts (la transforma-
tion de ces regles en données sensorielles) pour les appigumonde réel. En ce sens,
elles sont modélisées pax. Toutefois, elles peuvent parfois se présenter sous fotmes
Vérités universelles qui contraindront la fonction finajagels que soient les exemples

vus par la suite, et doivent alors étre modéliséessar

1.2.1 Qu’est-ce qu’'un bon apprentissage ?

On associe souvent un bon apprentissage avec une bonne reé@ela est valide
lorsque la tache a effectuer suit des regles bien établigseetes regles nous sont don-
nées. En revanche, lorsqu’il s’agit de généraliser uneeragbartir d’exemples, cela
devientincongru. Si un humain n’a vu que dix chiens dansealait-il en conclure que
seuls ceux-la sont des chiens et qu’aucun autre élément ddeme peut étre un chien ?
Que dire de ces mémes chiens vus sous un angle différent 2divataur est excellent
pour apprendre par cceur, c'est-a-dire pour réaliser leetdemandée sur les exemples
dont il s’est servi pour apprendre. En revanche, il est biaa pomplexe de développer
un algorithme capable de généraliser la tdche apprise audeaox exemples.

La phase d’apprentissage d’un algorithme s’appelle aagghdse dEntrainement
Lors de cette phase, I'algorithme se voit présenter des gbessur lesquels il doit réali-
ser latache demandée. Ainsi, on lui présentera par exeraplietiges de chiens et d'au-
truches pour ensuite lui demander de faire la distinctidreaeses deux types d’animaux.
Lors de la phase deest, I'algorithme doit réaliser la tAche demandée sur de nawea
exemples. S'il lui est présenté un chien d’'une race jamagsauparavant, saura-t-il dé-
terminer correctement sa nature ?

L'idée sous-jacente de la phase d’apprentissage est duatri/e a effectuer cor-
rectement la tache demandée sur les exemples qui lui sosemiés (les exemples

d’apprentissageou exemples @ntrainemen), il en a extrait les concepts importants
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et sera a méme de l'effectuer sur de nouveaux exemples @gespbas daest). En effet,
ce qui nous intéresse réellement est la capacité de gé&adiah d’'un algorithme, afin
gu'il puisse étre utilisé dans des environnements nouvedakheureusement, il arrive
parfois qu’un algorithme ne fasse aucune erreur sur les ghesnd’apprentissage sans
pour autant en avoir extrait aucun concept. Il suffit poun sendre compte d’'imaginer
un algorithme se contentant d’apprendre par cceur. Si sarpahce sur les exemples
d’entrainement sera parfaite, rien ne nous permet d’affiqu@ sera en mesure d'utili-
ser ses connaissances sur de nouveaux exemples. |l estd@oement important de
garder constamment a I'esprit cette différence entre pedace en entrainement et en
généralisation. Toute la subtilité de I'apprentissaggstique repose sur ce paradigme :
créer des algorithmes ayant une bonne capacité de géaéaaialors méme que nous

n'avons a notre disposition qu’'un nombre limité d’exempl&ntrainement.

1.2.2 Etl'apprentissage par regles ?

Une question subsiste : puisque I'apprentissage humaiaitsgalr des regles et par
I'expérience, peut-on également utiliser des régles papptentissage machine ?

Il est en effet tout a fait possible d’introduire des réglassll’apprentissage machine.
Dans ce cas, le concepteur de I'algorithme joue le r6le déepseur et introduit ses
connaissancea priori en influant sur la structure de l'algorithme. Si cette appeoc
est valide et efficace lorsqu’on veut résoudre un problémpagticulier, elle est plus
problématique si notre but est de créer une vraie inteligesans supervision, et ce pour
plusieurs raisons. Tout d’abord, le nombre total de regteiair augmente linéairement
avec le nombre de taches aréaliser, ce qui devient vitdigadée des lors qu’on souhaite
un algorithme (relativement) général. En outre, les régbed des principes intangibles,
dont la portée est fréquemment limitée par des excepticgsdErniéres rendent encore
plus ardue I'exhaustivité et la cohérence globale de cetrebke. Enfin, I'évolution de
’humain a été majoritairement guidée par son apprentessgge celui-la ait été acquis
ou transmis par la génération précédente. Il semble dosamaable d’espérer parvenir
au méme résultat en utilisant les mémes moyens.

Si les deux visions coexistent au sein de la communauté, mamag étant de dé-
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couvrir I'intelligence la plus générale possible, je lietai au maximum la quantité d’in-

formations manuellement introduite dans mes algorithmes.

1.3 Différents types d’apprentissage

Ce travail portera sur trois catégories de taches qu’ongmagmplir avec des algo-
rithmes d’apprentissage machine :

— l'apprentissage supervisé

— l'apprentissage non supervisé

— l'apprentissage semi-supervisé

Une présentation de ces trois types d’apprentissage preutr-éuvée dans [20, p.3].
Je ne parlerai volontairement pas de I'apprentissage pforocement, domaine a la fois
plus général et plus difficile, mais dont les trois tachesipgés sont des éléments consti-

tutifs.

1.3.1 Apprentissage supervisé

Dans I'apprentissage supervisé, les données fourniesissrgaires : unentrée et
une étiquette. On parle alors dntrées étiquetéesL’'entrée est un élément associé a
une valeur ou a une classe et I'étiquette est la valeur owakselassociée. Le but de
'apprentissage est d’inférer la valeur de I'étiquetteétionnée la valeur de I'entrée.

On peut distinguer deux grands types d’apprentissage\agpenaclassificationet

la régression

1.3.1.1 Classification

Lorqu’on fait de la classification, I'entrée est l'instarttane classe et I'étiquette est
la classe correspondante. En reconnaissance de carap@rexemple, I'entrée serait
une suite de pixels représentant une lettre et la classi Isgedtre représentée (ou son
index).

La classification consiste donc a apprendre une fongtiga de R? dansN qui as-

socie a un vecteur sa classe. Dans certains cas, on poutaar\gue la fonctionfgjass



Figure 1.1 — Exemple de probléme de classification : que septént ces deux images ?

soit a valeurs danf), 1]* telle que chaque élément du vecteur de sortie représente la
probabilité d’appartenance a une classe (la somme desmiesera donc 1).

En reprenant la notation de I'équation 1.1, nous avons
X=R%,Y=N
et donc

fclass:Rd — N

entrée — fuasd €ntrée = classe

1.3.1.2 Régression

Dans le cas de la régression, I'entrée n’est pas associée alagsse mais a une
ou plusieurs quantités continues. Ainsi, I'entrée potiétie les caractéristiques d’'une
personne (son age, son sexe, son niveau d’études) et E&Bgon revenu.

La régression consiste donc a apprendre une fongtigrde R¢ dansR* qui associe
a un vecteur sa valeur associée.

En reprenant la notation de I'équation 1.1, nous avons

X =RLY=R"



et donc

fregr: RY — RF

entrée —  fieq(entrég = valeur

1.3.2 Apprentissage non supervisé

Dans I'apprentissage non supervisé, les données sontameqnt constituées d’en-
trées. Dans ce cas, les taches a réaliser different de €apgsage supervisé. Bien que

de maniére plus implicite, ces taches sont également effestpar les humains.

1.3.2.1 Estimation de densité

Le but de I'estimation de densité est d’inférer la répantities données dans I'espace
des entrées (ou, plus formellement, lelistribution ). Par exemple, si on connait les
points d'impact de 500 boulets tirés par un canon dans un ghpeut-on en déduire la

probabilité de chute d’un boulet en chaque point du chamip figure 1.3.2.1).

Figure 1.2 — Si un canon tire des boulets sur un champ selodistréution fixe mais
inconnue et qu’on connait les points d'impact des 500 prenfieulets, peut-on estimer
cette distribution ?

L'estimation de densité consiste donc a apprendre uneiongis; jensde X' dans

Y telle que/ festdens= 1 Qui associe a un vecteur sa probabilité ASest un espace
X

discret, alorsy = [0, 1]. Si X est un espace continu, algys= R,
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Supposons qué&’ est un espace continu. Alors, en reprenant la notation ded€

tion 1.1, nous avons

etdonc

fest-dens3~)( - RJr

entrée —  festdené€Ntrée@ = probabilité

1.3.2.2 Regroupement (ow clustering »)

Le regroupement est I'équivalent non supervisé de la ¢leggon. Comme son nom
l'indique, son but est de regrouper les données en classetilisant leurs similarités.
La difficulté du regroupement réside dans I'absence de raggémérale de similarité.
Celle-la doit donc étre définie en fonction du probleme adrali’'un des algorithmes de
regroupement les plus couramment utilisés est I'algoriliesk-moyennes

Le regroupement consiste donc a apprendre une fongtige,, de R¢ dansN qui
associe a un vecteur son groupe. Contrairement a la classificle nombre de groupes
n'est pas connu a priori.

Tout comme en classification, la fonctigRgou peut parfois renvoyer un vecteur
d’appartenances dont les éléments sont positifs et somment a 1. Dans ce casnia
composante représente le degré d’appartenance de |'entig®upe.

En reprenant la notation de I'équation 1.1, nous avons
X=R,Y=N
et donc

d
fregroup R* — N

entrée —  fregroud €Ntrég = groupe



1.3.2.3 Réduction de dimensionnalité

Les algorithmes de réduction de dimensionnalité tentertaleser une projection
des données dans un espace de plus faible dimension, touésryant I'information
contenue dans celles-la. Cette projection peut étre limdaomme dans I'analyse en
composantes principales ou ACP) ou non (par exemple lesitlges Locally Linear
Embedding (LLE), Isomap ou 'ACP a noyau). Une étude contparale ces algo-
rithmes peut étre trouvée dans [11]. Certains de ces abgoes ne fournissent que les
coordonnées en basse dimension (appetéesdonnées réduitey des données d’'ap-
prentissage alors que d'autres fournissent expliciterf@finction de projection, ce
gui permet de calculer les coordonnées réduites de nouyeants. Toutefois, Bengio
et al. [18] présentent une méthode permettant de calcidesderdonnées réduites de
nouveaux points a partir de celles des données d’appragéss

La réduction de dimensionnalité consiste donc a apprenaeefanction f de R?
dansR” qui associe a un vecteur sa représentation en faible diowrsi I'algorithme
est linéaire, la fonctiorf sera représentée par une matrice de téille).

En reprenant la notation de I'équation 1.1, nous avons
X=RLY=REk<n
et donc

fdim-red . Rd - Rk

entrée —  fyim-red(€Ntrég = coordonnées réduites

1.3.3 Apprentissage semi-supervisé

Comme son nom l'indique, I'apprentissage semi-supenassitsie entre I'appren-
tissage supervisé et I'apprentissage non supervisé. ikestdonnées sont étiquetées
(c’est-a-dire sont composées d’'une entrée et d’'une étgjuet d’autres ne le sont pas
(seule I'entrée est fournie). Les taches réalisées en ajigsage semi-supervisé sont les

mémes que celles réalisées en apprentissage supeégsesGionet classificatior), a la
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différence qu’il est fait usage des données non étiquetiresxemple ou I'apprentissage
semi-supervisé est adapté est la reconnaissance d’'imbggtsres facile de récolter un
grand nombre d'images (sur Internet, par exemple), mas pleis difficile (que ce soit
en termes de colts ou de temps) de les étiqueter. Des lorsyavalgorithme capable
de tirer avantages des images non étiquetées pour améasgrerformances est sou-
haitable.

1.4 Entrainement, test et co(ts

Dans la section 1.2, je mentionnais les étapes d’entraimieghde test associées a un
algorithme d’apprentissage. Cette section présente pldétail les éléments nécessaires
a ces étapes.

1.4.1 Algorithmes et parametres

La section 1.2 définit un algorithme d’apprentissage comme fonction mathé-
matique.4 qui prend comme argument un ensemble d’exemple=t qui renvoie une
fonction f. Cette section explique plus en détail par quels moyensdbleD influe
sur la fonctionf.

Un algorithme d’apprentissage est un modéle mathématmueasé dparametres
6 dont dépend la fonctioffi finale renvoyée. Le but de I'entrainement est de trouver I'en
semble de parametres qui permet de réaliser au mieux la satHes exemples d’en-
trainement. L'entrainement est donc wpimisation des parametres. Il est intéressant
de noter qu’il existe une autre vision de I'apprentissager pesquels tous les jeux de
parameétres sont possibles, mais avec des probabilit€ésatites. L'entrainement n’est
alors plus une optimisation des parametres maisastienation de cette distribution.
Cette approche, appelépproche bayésienngsera brievement traitée a la section 1.6.2
et le lecteur est renvoyé a [45] pour une introduction cobepdece modéle.

Si tous les algorithmes d’apprentissage dépendent de p&esnon peut en extraire

deux catégories : ledgorithmes parametriqueset lesalgorithmes non-paramétriques
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1.4.1.1 Algorithmes paramétriques

Un algorithme paramétrique est un algorithme dont le nondler@arametres et la
complexité n'augmentent pas avec la taille de I'ensemtaatdainement. Par exemple,
un classifieur linéaire est un algorithme paramétriquequéda fonction modélisée sera
déterminée par I'hyperplan de séparation, quelle queatdille de 'ensemble d’entrai-

nement.

1.4.1.2 Algorithmes non-paramétriques

Un algorithme non-paramétrique est un algorithme dont lmlbve de parametres
et la complexité augmentent avec la taille de I'ensemblatdé@nement. Un exemple
d’algorithme non-paramétrique est celui des k-plus presioésins [20, p.125].

1.4.2 Entrainement et test

Lors de la phase d’entrainement, on veut que 'algorithrakks&une tache prédéfinie
sur un ensemble d’exemplesgisemble d’entrainemeny, c’est-a-dire qu’il renvoie les
bonnes réponses en sortie lorsque les exemples lui sorinpéésen entrée.

Il est donc important de définir :

— ce gu’est une réponse correcte

— ce qu’est une réponse incorrecte

— le colt associé a une erreur commise,
définitions qui sont propres au probléme a résoudre. Airsisde cas de la reconnais-
sance d’'images, confondre un 2 avec un 3 est de méme impeqaece confondre un
4 avec un 7. En revanche, si notre algorithme est utilisé gesmiagnostics médicaux,
détecter une tumeur alors qu’il 'y en a pas est bien moingegyae l'inverse.

Pour apprendre a exécuter une tache, un algorithme d’ajgsage nécessite donc :

— des données d’entrailnement qui peuvent étre des pgaires) (cas supervisé) ou

simplement des entrégs;} (cas non supervisé)

— un co(t qui représente notre définition de I'erreur.
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Le principe le plus simple pour entrainer un algorithme piaptissage est la mini-
misation du co(t sur les données d’entrainement : on pagleedir d’entrainement.

On teste ensuite notre algorithme sur de nouvelles donméesl@ulant le colt associé :
I"erreur de testou erreur de généralisation Cela permet une évaluation réaliste de la
gualité de l'algorithme.

Il estimportant de rappeler qu’on entraine un algorithmengnmisant I'erreur d’en-
trainement alors que sa performance se mesure par son @ergénéralisation. Si ces
deux erreurs sont généralement liées, il existe des ahgoes qui minimisent parfai-
tement I'erreur d’apprentissage tout en ayant une errelgétéralisation élevée (on
parlera alors dsurapprentissagg. La section 1.5 présente des méthodes pour limiter

ce phénomeéne.

1.4.3 Codts et erreurs

Il est primordial de bien choisir le colt qu’on utilise. Eretf c’est par son inter-
médiaire gu’on informe I'algorithme de la tdche qu’on vekdliser. SiI'algorithme doit
faire des compromis entre plusieurs erreurs, c’est le coilldéterminera le choix final.
Les deux sous-sections suivantes présentent les coltsitesgnuemment utilisés.

Nous appelons :

— xz; € X I'entrée de notré-eme donnée d’entrainement

— y; € Y I'étiquette (ou sortie désirée) de notréme donnée d’entrainement, dans

le cas de I'apprentissage supervisé

— fy la fonction induite par notre algorithme d’apprentissagecdes paramétres

— ¢: )Y x Y — R lafonction de codt.

1.4.3.1 Codt pour I'apprentissage supervisé

Pour chaque exemple d’entrainement nous avons une sortie désirgeet une
sortie obtenugy(x;). Le but de I'apprentissage est de trouver les paramétdesnotre
algorithme qui minimisent la dissimilarit€y;, fo(x;)) entrey; et fy(x;). De maniere
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plus formelle, on cherche
0* = argmin, Z c[fo(zi), vil (1.2)

La mesure de dissimilarité (donction de co(f dépend du probléme qu’on souhaite
résoudre. Les plus répandues sont :

— erreur quadratiquec(y,, fo(x:)) = lys — fo(w:)|3

— log vraisemblance negative(y;, fo(z;)) = —log fo(z;),,

— erreur de classificationc(y;, fs(;)) = 1,,7,(,) OU1 est la fonction indicatrice.
L'erreur quadratique est utilisée dans les problemegdeession Sa non-linéarité per-
met de tolérer les faibles erreurs tout en cherchant acéné limiter les erreurs im-
portantes.

Lalog vraisemblance négative (LVN)est utilisée pour les problemes de classifica-
tion. La formule est utilisée pour des algorithmes dont lied) (x;) est un vecteur dont
les composantes sont positives, somment a 1 et sont auskreases que le nombre de
classes. Lg-éme composante (c’est-a-difg(z;);) représente la probabilité que I'en-
tréex; appartienne a la clasgeOn cherche alors a trouver les parametrequi, étant

données les entré¢s; }, maximisent la probabilité des étiquettes assocjées

0 = argmaXQHP(yi\xi)

= argmax, Z log P(y;i|x;)
= argmin, — Z log P(yi|x;)
6" = argming — > fo(x,)y,
L'erreur de classification n’est pas utilisée pour I'appigsage a cause de sa non-

dérivabilité par rapport & On l'utilise toutefois en test comme mesure de la qualité

d’un algorithme de classification.
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1.4.3.2 Codt pour I'apprentissage non-supervisé

Cette section (ainsi que le reste de cette these) ne traigarde la question du re-
groupement. Nous allons donc définir un colt pour I'appssatje non-supervisé dans
le seul cadre de I'estimation de densité.

Une supposition commune est que les données sont génédégeimlamment et
d’une distribution uniqueifd pourindépendantes et identiguement distribuégs Cela
est faux dans certains contextes (données temporellaslepa...) qui ne seront pas
traités dans cette thése. Nous supposerons donc désotrmaissidonnées sont générées
de faconid.

Dans ce cas, la vraisemblance d’'un ensemble de donnéesatstuégroduit des

probabilités des éléments de cet ensemble :
SiD = {xy,...,zn}, alorsp(D) = [ [ p(x:) (1.3)

Pour des raisons de simplicité de calcul, nous allons mgeénialog vraisemblance
négative (LVN) au lieu de maximiser la vraisemblance en notant que celajestaent.

1.5 Reégularisation

Un algorithme d’apprentissagé prend en entrée un ensemble/dexemples d’en-
trainemen® et renvoie une fonctiom (D) = f associée.

Nos exemples d’entrainement sont tirés d’une distribytisaor X x )’ dans le cas
de I'apprentissage supervisé (et dedans le cas de I'apprentissage non supervisé).
Comme mentionné a la section 1.4.3.2, cette distribyti@mduit une distribution sur
les ensembles d’entrainemehtde taille N (appartenant &¥ x V)V dans le cas de
Iapprentissage supervisé &t" dans le cas de I'apprentissage non supervisé) :

SiD={x,...,zn}, alorsp(D) = Hp(:lfi)

Dans le cas o4 n’est pas un algorithme trivial, deux ensembles d’entraig diffé-
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rentsD; et D, donneront deux fonctions différentgset fs.

Appelonsf* la vraie fonction (inconnue) qu’on cherche a approcher leuxipos-
sible. Le choix de notre algorithme d’apprentissage seidégoar deux questions inti-
mement liées :

— en moyenne sur 'ensemble des ensembles d’entrainemssibjes, notre algo-

rithme va-t-il donner la bonne réponse ?

— quelle est la sensibilité de notre algorithme a I'enserdt@etrainement particulier

qui est fourni ?

Mathématiquement, ces deux questions se traduisent patlation de deux quan-
tités : le biaisB et la variancd/. Définissons tout d’abord la fonction moyenne résultant

de notre algorithme d’apprentissage :
f = EpA(D) (1.4)
On obtient alors les formules du biais et de la variance st

B = E |f(2)- @) (1.5)
vz%@MWWMM (1.6)

On peut montrer [20, p.147] que 'erreur de généralisatiemadtre algorithme est
égale a
R=DB*+V +o? (1.7)

oU o représente le bruit, c’est-a-dire la partieydqu’il est impossible de prédire, étant
donnéz.

Pour assurer une bonne généralisation, il est donc imgatéadiminuer a la fois le
biais et la variance. Cette équation nous permet de mieuprdre les défauts de I'ap-
prentissage par coeur. En effet, celui-la aura un biais rai$ mne variance trés élevée
(puisque chaque ensemble d’apprentissage différent datiaa a une fonction trés dif-
férente) avec pour conséquence une grande erreur de géatdval De la méme facon,

un algorithme trop simple possedera une variance faiblenfageu de paramétres, les
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spécificités de chaque ensemble d’entrainement n'aur@pgu d’influence) mais un
biais élevé (si les fonctions générées sont trop simplies, eé pourront bien représenter
la vraie fonctionf™).

L'idée de la régularisation est donc de réduire la variareaatre algorithme tout
en essayant de maintenir un biais le plus faible possiblen&tihode utilisée dépendra
donc du probleme a traiter et la solution finale obtenue seng dn compromis entre
adaptation aux données et simplicité. La figure 1.3 donng eeemples de I'effet d’'une

régularisation sur un algorithme.

Fxs '.:-’..'..
T L S
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o
- Err
- { | ‘
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Figure 1.3 — Exemple de solutions de complexités difféeptair deux problemes d’ap-
prentissage : en haut, de I'estimation de densité et en leds, itgressionGauche:
données d’entrainememdilieu : solution simple (régulariséelproite : solution com-
pliquée (non régularisée).

Cette régularisation peut s’obtenir de plusieurs manjgrasni lesquelles deux se-

ront abordées ici.
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1.5.1 Limitation du nombres de parametres

Les algorithmes parameétriques possedent une structure et un nombre de para-
métres fixés et indépendants du nombre d’exemples d’afgsage. Réduire le nombre
de paramétres d’'un algorithme paramétrique permet d’eiteliia capacité, c’est-a-dire
le nombre de fonctions qu’il peut modéliser. Cela réduirgaidance entre les fonctions
renvoyées pour des ensembles d’apprentissage diffé2ats. un réseau de neurones,
cela reviendrait par exemple a avoir un nombre réduit deamss sur la couche cachée

(voir section 2.2).

1.5.2 Pénalisation des poids« weight decay»)

Plutdt que de supprimer des paramétres afin d’en limiter felme total, on pour-
rait simplement les forcer a prendre la valeur 0. Il en réslifituition qu’'un paramétre
proche de 0 sera moinsactif » qu'un parametre dont la valeur est forte. Si cette intui-
tion a des fondements théoriques (voir par exemple [60f)e smction se contente de
présenter des exemples de régularisation utilisant ceipan

Nous allons donc ajouter au colt d’apprentissage une pésaliles poidsq weight
decay») que nous allons également chercher a minimiser. Le jeu idengdres optimal
sera donc celui qui assurera un compromis entre une bontfigggleamodélisation des
données d’apprentissage (minimisation du colt empiriguahe bonne simplicité (mi-
nimisation de la pénalité). On appetiet régularisé de I'algorithme la somme de des
deux coUts.

Cette méthode de régularisation présente I'avantage deopdtre appliquée tant
aux algorithmes paramétriques qu’aux algorithmes noaspétriques, comme les mé-
thodes a noyau présentées a la section 2.1.

Les sous-sections suivantes présentent les pénalisé&®mpdus fréquemment ren-

contrées dans la littérature.
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1.5.2.1 Normel!

Soit § 'ensemble des parametres de notre algorithme (ou le smaessgble qu’'on
veut régulariser). La régularisation de la norfe(appelée plus simplemerégulari-
sation £') est de la forme\||d||;.

A est appelé coefficient de régularisatiove{ght decay coefficienén anglais) et sa
valeur détermine le compromis entre la simplicité que naudons avoir et la qualité
de la modélisation des données d’apprentissage.

Modifier un parameétre de la valeur 0 a la vale@ugmente le colt de régularisation
de )¢ ; cela n’est intéressant que si la dérivée du colt par ragpod parametre est
supérieur & (en valeur absolue). La régularisatiéh encourage donc les paramétres a
étre nuls. C’est pourquoi on utilise ce type de régula@salbrsqu’on veut encourager
les solutions possédant peu de paramétres non nuls. Teutedonon-dérivabilité en 0

complique parfois le processus d’optimisation.

1.5.2.2 NormecL?

La régularisation de la normé? (ou régularisation £?) est de la forme; ||]|3.
La rigueur voudrait gqu’elle soit appetégularisation de la norme £? au carré, mais
comme personne n'utilise la vraie normé, la simplicité y a gagné ce que la précision
y a perdu. En outre, on utilise souvena la place d%.

Modifier un parametre de la valeur 0 a la vale@ugmente le colt de régularisation
de \e? alors que le colt empirique varie enc’est la raison pour laquelle la régularisa-
tion £2 tend a fournir des solutions dont aucun paramétre n’esfliouitefois, le terme
de régularisation étant différentiable, I'optimisatianab(t est bien plus facile que dans

le cas de la régularisatiofY.

1.5.3 Discussion

Ainsi que nous l'avons dit en préambule de cette sectionyielb la régularisation

est de favoriser les fonctions simples afin de limiter laarace de notre algorithme.
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Toute la difficulté du choix de la régularisation réside ddaas I'analogie entre la mé-
thode choisie et la notion de simplicité induite.

Tout étre humain tend également a favoriser les solutionples, comme en atteste
le rasoir d’Occam :

Pluralitas non est ponenda sine necessitate
qui pourrait étre traduit par
Les multiples ne doivent pas étre utilisés sans nécessité

(http ://fr.wikipedia.org/wiki/Rasoir_d'Occam)

L'une des étapes de notre quéte de l'intelligence artifecie$t donc de découvrir et
de modéliser la notion de simplicité que les humains utilisees deux exemples de la
figure 1.3 semblent exhiber des régularités validant né&res, mais sont-ce les seules ?

Neal [60] montra qu'’il n’était pas nécessaire de limiter tenbre de neurones sur
la couche cachée d’'un réseau de neurones pour se restraiddsesolutions simples,
si tant est qu’on pénalise suffisamment les paramétres de algbrithme. Hinton et al.
[39], LeCun et al. [54] proposent des algorithmes possédilagrand nombre de para-
meétres soumis a des contraintes supplémentaires pouriger liaxcapacité. Les résultats
spectactulaires obtenus par de tels algorithmes laisse@isep que la notion humaine de
simplicité n’émane pas d’'un nombre limité de parameétresréncerveau possede bien
plus de neurones que n'importe quel algorithme créé a choais plutdt de contraintes
supplémentaires restreignant le champ des solutionsippessi

Le travail proposé dans cette thése sera donc axé autogodtaimes possédant un

grand nombre de paramétres contraints de maniere appoprié

1.6 Théoréme de Bayes

Nous allons maintenant présenter un théoreme de grandetanpe en statistiques
et en apprentissage machine. Cela va nous permettre daf@édss concepts de codt et

de régularisation sous un nouveau jour. Soit le problémeaastii

Supposons qu’on connaisse la proportion d’hommes et de é&naun Ca-

nada ainsi que la distribution des tailles des individushdeae sexe. Si un
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Canadien choisi au hasard mesure 1m70, quelle est |la plodabie ce soit

un homme ?

Le théoréme de Bayes permet de répondre a cette questianfdPoellement, il
permet de répondre a la question suivante : soit deux événsrAeet B. Si on connait
a priori la probabilité que I'événement B se produise et tzbpbilité que I'événement
A se produise sachant que B s’est produit, peut-on en détiupeobabilité que B se
produise sachant que A s’est produit ?

Théoreme 1.6.1.

P(A|B)P(B)
P(A)

Dans I'exemple ci-dessus, I'événement B est le sexe deVithd et I'événement A

P(B|A) = (1.8)

est sa taille.
Réécrivons ce théoreme dans le cadre de I'apprentissademaan précisant ce que

sont les événements A et B :

(Do) P(0)

POID) = —pp;

(1.9)

Dans ce cas, hous sommes intéresseés par la probabilitérdiav@u de parameétres

particulierd étant donné que nous avons a notre disposition I'ensemapgpEntissage
D. Nous voyons que pour calculer cette probabilité, nous sbesoin de calculer trois
termes :

— P(D|0) est la probabilité que 'ensemble d’apprentiss@yait été généré sachant
que les parametres de I'algorithme étaiénCette quantité s’appelle laaisem-
blancede I'ensemble d’apprentissage. Cette quantité est défamieqire modéle.

— P(0) est la probabilité a priori d’avoir comme jeu de paramétreSette quantité
s’appelle la priori et représente notre connaissance du monde. Elle peut &tee fix
arbitrairement.

— P(D) estla probabilité d’avoir obtenu cet ensemble d’appreats. Elle sert sim-
plement & s’assurer que le term?é0|D) est bien une probabilité et somme a 1.

Elle s’appelle laconstante de normalisation
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Le termeP(0|D) est appelédostérieur ded sachan®D. Il différe de I'a priori P(0)
par I'information apportée pap. On voit donc que, pour qu’'un jeu de parametfes
soit probable sachant qu’on a a notre disposition un ensedi@pprentissagP, il faut
non seulement qu'il ait pu générer cet ensemble d’appsayges (terme”(D|6)), mais
également qu'’il corresponde a notre vision du monde (tefte).

A partir de ce postérieur, deux stratégies sont possiblesgaiculer la fonctiory :

— on peut utiliser le jeu de parametr#sle plus probable selon le postérieur pour

faire nos prédictions
f(z) = fo(2) 0* = argmax, P(0|D) (1.10)

— on peut utiliser tous les jeux de paramétres possibleslay@mbabilité donnée

par leur postérieur pour faire nos prédictions

fa) = / Jo(2)P(6]D) db (1.11)

La premiére approche s’appelMaximum A Posteriori et la deuxieme approche
s’appelle lapprentissage bayésien

1.6.1 Maximum A Posteriori

L'entrainement d’'un algorithme d’apprentissage par MaximA Posteriori (MAP)
est la procédure la plus couramment utilisée dans la comménaotamment pour sa
simplicité. Elle consiste a trouver 'ensemble de paraesetjui est le plus probable
a posteriori, c'est-a-dire aprés avoir vu I'ensemble dtapissageD. On veut donc
trouver lef qui maximise

P(§|D) = %

En ignorant le dénominateur de I'équation 1.12 (qui ne déges de&)) et en prenant

(1.12)

'opposé du logarithme du numérateur, on obtient qu& leherché est celui qui mini-
mise
L(0) = —log [P(D|6)P(0)] (1.13)
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par rapport &. L'a priori P(f) peut étre choisi arbitrairement et correspond a notre
définition d’un jeu de paramétres probable. Si cela déperidrfeent du probleme, les

a priori les plus fréquemment utilisés seront présentésiayses a la section 1.6.3.
Le termeP(D|0) est la vraisemblance de notre ensemble d’apprentissagedétanés

les parameétres. Les modeles les plus couramment utilisgésgette distribution sont
présentés et analysés dans la section 1.6.3. Si on utiliagriari uniforme, c’est-a-dire
qui ne privilégie pas certaines configurations de paramsefagorocédure MAP revient

a choisir le jeu de parametres pour lequel les données soptus vraisemblables : on
fait alors dumaximum de vraisemblance

Appelonsf* le jeu de parametres qui minimise le codt :
0" = argmingL(0) (1.14)
La sortiey pour un exemple sera alors
y = for () (1.15)

1.6.2 Apprentissage bayésien

L'apprentissage bayésien n’essaye pas de trouver le jeardengtres le plus pro-
bable mais considére l'intégralité du postérieur sur lesupatres. Etant donnée une

entréer, la sortiey vaut :

y= / folw) P(O]D) do (1.16)

Le but de I'apprentissage bayésien est donc de calculersi&peur sur les paramétres
P(6|D) au lieu de simplement considéremlele plus probable, comme c’est le cas lors-
gu’on fait du MAP. On ne parle plus dptimisation des paramétres maisestimation

du postérieur. Cette méthode a été présentée en détail phfGd¢ et, si elle est I'ap-
proche correcte pour réaliser des prédictions, la difiécdlestimation du postérieur né-

cessite généralement des approximations.
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1.6.3 Interprétation bayésienne du colt

Cette section met en correspondance certains des colenf@es la section 1.4.3
avec des termes de vraisemblance, ainsi que les régulamsatésentées a la section 1.5
avec des termes d’a priori. Pour cela, nous allons tout dthbonsidérer le contexte de
'apprentissage par MAP de la section 1.6.1. Nous appe&ldescolt que nous essayons
de minimiser

L(0) = —log [P(D|6)P(0)] (1.17)

par rapport &.
En supposant que les données sont tirées de maniére iid, eartansection 1.4.3.2,

et en utilisant I'équation 1.3, on en déduit
—log P(D|) = = ) _log P((i, y:)|) (1.18)
=1

et le co(t total s’écrit

L(0) = =) log P((x,)|0) — log P(0) (1.19)

i=1

Les deux prochaines sections s’intéressent au terrie: log P((z;,y;)|0) alors que
=1
les deux suivantes s’intéressent au terrieg P(6).

1.6.3.1 Bruit gaussien et erreur quadratique

Soit f* la vraie fonction qui a généré les données. Supposons quimpeges aient
été perturbées par un bruit gaussien isotrope de varigylce’est-a-dire que, pour tout

couple{x, y} appartenant & x )’), ona

ylz ~ N(f*(x), 0a) (1.20)

En appelantfy la fonction générée par notre algorithme, la log-vraisemté néga-
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tive des données sous notre modele est

—;logp(yi\xi,ﬁ) = ;W —log Z (1.21)
ou Z est la constante de normalisation de la gaussienne et esirdtapendante dé Le
lecteur aura remarqué que le terid€ z;, y;)|0) de I'équation 1.19 a été remplacé par un
termeP(y;|x;, 0), c'est-a-dire qu’'on a remplacé la modélisation de la dérneihte des
données par la modélisation de la densité conditionne#lesérre et al. [50] discutent
de la différence entre ces deux modéles et nous invitonscteue a s’y référer pour
une analyse des implications de cette modification. Nowsdisimplement que celle-1a
est valide dés lors que nous voulons effectivement modalisiguement la probabilité
conditionnelle.

Dans ce contexte, la minimisation de la log-vraisemblargative des données est
donc égale a la minimisation de I'erreur quadratique.

1.6.3.2 Interprétation bayésienne de la log-vraisemblamcnégative

Dans le contexte de la classification, supposer un bruitsjausur les étiquettes n'a
aucun sens. Toutefois, si nous définissgnsomme une fonction a valeurs daR$ ot
k est le nombre de classes telle que pour tode X, tous les éléments dg(x) sont

positifs et somment & 1, alors on peut définir
P(y = yilr = ;) = softmax (fp(z:)),, (1.22)

ou la fonctionsoftmax est définie par

exp(u;)

2 exp(uy)

softmax(u); =

On retrouve alors le codt de la log-vraisemblance négative.
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1.6.3.3 A priori de Laplace et régularisation!

Unedistribution de Laplace est une distribution de probabilité de la forme

pi0) = Lo (10521

Nous allons supposer une moyenne nulle sur nos paramegesed’l'analyse faite
a la section 1.5.2 liant la faible valeur des paramétres arlplgité de la fonction en-
gendrée.

Ainsi,

P(6) = 7 exp (_@)

—log P(0) = @ (1.23)

etdonc

et on retrouve la régularisatioff présentée a la section 1.5.2.1 agee . Une valeur
élevée de\, pénalisant grandement les parametres, correspond dana priori sur les
parameétres reserré autour de 0. Il est donc normal qu’ortleber réduire la valeur des

parametres si on croit fermement qu’ils doivent étre preate0.

1.6.3.4 A priori gaussien et la régularisation,?

Supposons un a priori gaussien de moyenne 0 sur nos paranost-a-dire
P(#) =N(6,0,%) (1.24)

Nous allons également considérer une variance isotropst-a-dire pénalisant de ma-
niere égale tous les élémentsti€ette supposition est valide dans tous les algorithmes
ou tous les parameétres jouent un role identique, ce qui secad de ceux présentés

dans cette thése. Nous avons déhe= o/. En supposant une moyenne nulle sur les
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parameétres, comme a la section précédente, nous avons alors

P(#) =N(0,0,01) (1.25)
et donc
—log P(0) = W (1.26)
202

On retrouve la régularisatiofi? présentée a la section 1.5.2.2. La encore, par analo-

gie, on obtient\ = 1. et le méme raisonnement que précédemment peut étre appliqué
g



CHAPITRE 2

METHODES A NOYAU ET RESEAUX DE NEURONES

Ce chapitre a pour but de présenter deux familles d’algoethfréquemment utili-

sées en apprentissage machine et qui posent les fondat@estd thése.

2.1 Les méthodes a noyau

Les méthodes a noyau ont été introduites dans les annéedd@@earhent utilisées
depuis lors. Scholkopf et al. [75] passent en revue de madi&aillée ce domaine. Cette
dénomination recouvre un large éventail d’algorithmed tboparticularité est d’utiliser
une fonction a noyau qui permet d’obtenir des versions non-linéaires d’aldyoniés
autrement linéaires. Les plus populaires d’entre eux sung @utres [20] :

— larégression linéaire a noyau, une extension de la régneléseaire,

— larégression logistique a noyau, une extension de laggigrelogistique,

— les machines a vecteurs de support, une extension desielassa marge maxi-

male.

2.1.1 Principe des méthodes a noyau

Les méthodes a noyaux se fondent sur des algorithmes dootutos peut étre
écrite en fonction de produits scalaires z;,z; > et dont la valeur en un nouveau
point x peut étre écrite en fonction des produits scalaites, x; > ou lesz; sont des
exemples d’apprentissage. Le produit canonique de I'espaclidien est alors remplacé
par un produit scalaire dans eepace de caractéristiqueffeature spacede dimension
supérieure (potentiellement infinie). En pratique, lem@s< z,, z; > sont remplacés
par des terme&(x;, z;) ou K est une fonction symétrique deéfinie positive tlex X
dansR appeléenoyau (parfois égalemerfonction a noyau). Dans de tels algorithmes,

le choix de la fonctionk” est crucial. Les plus populaires sont [77] :
(v — ) "8 (@ — 1)
2

— lenoyau gaussien K(xz;,x;) = exp (— ) ou X estune
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matrice symétrique définie positive appetéatrice de covariancechoisie ma-

nuellement (c’est donc uhyperparametre). La matrice de covariance est sou-

vent un multiple de la matrice identit& (= ¢2I), auquel cas la fonction de noyau

. 2 — ;]|
Sécrit K(z;,z;) = - .
(@i, z;) = exp ( 557

— le noyau polynomial inhomogeéne: K (z;,z;) = (c+ < x;,z; >)” ol c est

dansR et D est dansN. ¢ et D sont des hyperparametres. Ce noyau est parfois

simplement appelgoyau polynomial.
— lenoyau sigmoidal: K (x;,x;) = tanh(x < x;,2; > +v) oUk etr sont dangR.
k etv sont des hyperparametres. Ce noyau n’est pas défini positif.

2.1.2 Espace de Hilbert a noyau reproduisant

Etant donnés un noyald défini positif et un ensembl&, on peut définir un espace

de HilbertH, des fonctionsf de la forme
f=> aK(,z) (2.1)

oum est dans, (ay,...,q,) est danR™ et (z1,...,z,,) est dans¥™. Le produit

scalaire dang{,, est défini par
f = Z OéiK('7 xz)
=1
9 = Y BK(y)
j=1

<f[g>n, = Zz@iﬁjf((ﬂ?u%’) (2.2)

i=1 j=1

Hy est appelé Bspace de Hilbert a noyau reproduisanaissocié au noyal(. Le terme

« reproduisant vient du fait que, pour toute paife;, ;) de X%, nous avons

< K(',IZ‘), K(',ZL’J‘) > = K(Ii,l'j) (23)
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Une méthode a noyau appliguera d’abord une fonckigraux exemples d’appren-
tissage :

Kki.)(' — Hk
v — K(a) (2.4)

puis entrainera un modele linéaire sur les exemples tranéf) tout en maintenant une

régularisation particuliere mettant en jeu les termigs;, ;).

2.1.3 Théoreme du représentant

Le théoréme du représentanta été formulé et prouvé dans [47]. Ce théoreme lie
la forme du terme de régularisation dans la fonction de cdéatfarme de la fonction
minimisant ce codt régularisé. La version de ce théorempgs&e ici est celle trouvée

dans [77], mais d’autres variantes existent.

Theorem 2.1.1 (Théoréme du représentant)Soit(2 : [0, +oo[— R une fonction stric-
tement croissanteY un ensemble; : (X x Y?)™ — R U {+o0}! une fonction de colt
et’H,, un espace de Hilbert a noyau reproduisant.

Toute fonctionf de H,;, minimisant le risque régularisé

C((‘Ib Y1, f($1>>7 R (ZL’m, Ym, f(‘rWI))) + Q(HfHHk)

avec((x1,41), - - (Tm, ym)) dans(X x Y)™ peut s'écrire sous la forme

m
f=) aK(,x) (2.5)
=1
On notera que I'équation 2.5 ne représente pas toutes ledos appartenant’,
puisqu’elle ne fait intervenir que les présents dans la formule du risque.

Ce théoréme permet d’écrire facilement la solution d’urbfme régularisé en fonc-

10n suppose qué(z) et y appartiennent au méme espadeSi cela n'est pas toujours vrai, par
exemple dans le cas de la classification, on peut toujourapiyorter de maniére simple.
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tion des exemples d’apprentissage des lors qu’on utilieenaéthode a noyau. L'équa-
tion 2.5 montre que la seule inconnue est I'ensemblende®éme si I'algorithme est
non-paramétrique et que les élémentg-ie sont de dimension infinie, sa solution op-
timale se trouve et s’exprime facilement. Catt#uce du noyausuggere que le point
de vue d’'un modéele linéaire daftt, ne sert que de justification aux méthodes a noyau

sans avoir de réel intérét pratique.

2.1.4 Processus gaussiens

Les processus gaussiengnt été abondamment expliqués dans [84] et dans [55].
lls sont une généralisation de la distribution gaussienuakivariée aux fonctiong de

R dansR. Cette généralisation se fait en définissant une distdhigir les vecteurs

f(x1)

pour tout ensembléry, ..., z,) de (R?)” de maniére cohérente. Plus préci-
f(xp)
sément, pour tout ensemlle,, ..., z,) deRRP, nous avons
f(x1) 1 (1)
o ~N C | Clary) (2.6)
f(zp) Tp ()

ou 4 est lafonction moyenneet I'elément(i, j) de C(,,,...,) €StK (7, x;). K est ap-
peléfonction de covariance Un processus gaussien est donc une distribution sur les

fonctionsf.

2.2 Réseaux de neurones

Un réseau de neurones artificiel est une approximationnrdtique d’un réseau de
neurones biologique. Il est composé d’unités de calcul éigaires (lesieurones for-
mels) échangeant des signaux entre elles.

Un neurone formel (simplement appelé neurone) recoit uerehke dem signaux

d’entréee; ae,,. Lentrée totale du neurone est la somme de ces entréesngéesdear
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des poidsuv; aw,, ainsi que d’un biaisug.

Le signal d’entréd” du neurone est donc égal a
=1

Le neurone transforme ensuite cette entrée en appliquanfamctiong, appelée

fonction de transfert, sur cette entrée. Le résultat est le signal de sortie dewremne :

Les algorithmes d’apprentissage pour les réseaux de nesiantificiels (simplement
appelés« réseaux de neuroned ont été développés pour la premiéere fois dans [69]
sous le termgerceptrons. Les neurones utilisés dans ces réseaux étaient ceux définis
dans [58] utilisant I'’échelon de Heaviside comme fonctiertréinsfert.

Toutefois, 'optimisation de tels réseaux était ardue eeb’est que dans les années
80, lorsque Rumelhart et al. [71] découvrirent la rétropigation du gradient, que la po-
pularité des réseaux de neurones grandit. lls ont depgigtérutilisés dans toutes sortes
de problemes, de la reconnaissance de caracteres (parlexadanp [51]) au traitement
du langage (par exemple [12]) en passant par la chimie.

Au fil des ans, des architectures diverses et variées deurésiganeurones appa-
rurent. On peut citer en particulier les réseaux a convait 1], les réseaux récurrents,
les réseaux a propagation avant, les machines de Boltzndes machines de Boltz-
mann restreintes [43].

Les sections suivantes seront exclusivement consacrégagsenux a propagation
avant; les machines de Boltzmann restreintes seront queltésatraitées dans le cha-
pitre 9.
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2.2.1 Les réseaux de neurones a propagation avant

Les réseaux de neurones a propagation avant (que I'on appsimplement ré-
seaux de neuroned sont une famille de fonctions linéaires et non-linéaire®d dans
R*. lls sont composés d'un nombre arbitraire de neurones edrlaexion entre deux
neurones est dirigée.

Dans un réseau de neurones quelconque, toutes les pairesrd@es peuvent étre
connectées. Dans un réseau a propagation avant, les ngwamterépartis en couches
ordonnées et les connexions sont dirigées d’'une coucheenfé vers une couche su-
périeure et chaque couche effectue une transformatiosifgesent non-linéaire) de la
sortie des couches précédentes. Tout au long de cette tioesegllons considérer un cas
spécial de réseaux a propagation avant ou chaque couchwieftene transformation de
la sortie de la couche directement inférieure (et non deetoles couches inférieures,
comme dans le cas général). Cette architecture simplifa Birgement prédominante
dans la communauté et la seule étudiée dans cette thésdesappellerons simplement
de tels réseauréseaux de neuronesans risque de confusion.

L'entrée d’un réseau de neurones est un vectalansR?. La sortie de chaque unité
est une transformation (potentiellement non-linéaire) st@ties des unités de la couche
inférieure ainsi que des poids des connexions entre lesamiohes (voir eq. 2.8). Les
parametres d’'un réseau de neurones sont les poids assogiésraexions entre les
neurones ainsi que les biais associés a chaque neuronelelaassau de la figure 2.1 a
donc comme paramétrés, ..., w,, ¢y, . .., Cp, a1, - - -, a,, b). On appellera également
poids d’entréeles poids des connexions entre la couche d’entrée et la remouche
cachéebiais d’entrée les biais des neurones de la premiére couche cagoéds de
sortie les poids des connexions entre la derniere couche cache&teaidhe de sortie et
biais de sortieles biais des neurones de la couche de sortie.

L'optimisation de la transformation effectuée par une ¢mud’'un réseau de neu-
rones se fait par I'apprentissage de ses poids et biaisi@ssoc
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N
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Figure 2.1 — Architecture d’'un réseau de neurones a projpagavant a une couche
cachée et sans fonction de sortie.

2.2.2 Fonction de transfert

Le choix de la fonction de transfeytest critique dans la modélisation d’'un réseau de
neurones. La classe de fonctions la plus fréiguemmentagibst la classe dénctions

écrasantesg est une fonction écrasante si :

1. g est une fonction d& dans[0, 1]
2. g est croissante

3. lim,,_g(x) =0

4. lim, 0 g(z) = 1.

La fonction écrasante la plus populaire edblaction logistique définie parg(z) =
m. On pourra également remarquer que pour toute distribptitanfonction cu-
mulative dep est une fonction écrasante.

Une classe de fonctions plus large est cellefdastions sigmoidalesLa condition
2 est la méme que pour les fonctions écrasantes mais lessheone remplacées par
deux réelsA et B, A < B. On peut trouver parmi les fonctions sigmoidales la fomctio
logistique, latangente hyperbolique (notéetanh) et I'arctangente (notéearctan ou

tan—1).
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Pour certains auteurs, les fonctions écrasantes et sigiesidoivent étreontinues
ou mémedlifférentiables. Bien que nous n'imposions pas ces restrictions, les fonsti

utilisées dans ce travail les respecteront.

2.2.3 Terminologie

Pour éviter toute confusion a la lecture de ce document, aboss définir ici les

différentes terminologies utilisées pour décrire lesa@gale neurones :

— la couche correspondant aux vecteurs d’entrée n’est giéngent pas comptée
lorsqu’on décrit un réseau de neurones. On considerera giomde réseau de
neurones de la figure 2.1 n’a que deux couches.

— un réseau de neuroneg aouches contient — 1 couches cachées. On pourra
donc décrire un réseau de neurones en utilisant son nontatedéocouches ou
son nombre de couches cachées. Le réseau de la figure 2.Inest tofois un
réseau de neurones a deux couches et un réseau de neuroreaaire cachée.

Dans cette these, par souci de cohérence, nous décrirgagr®un réseau de neurones

en utilisant son nombres de couches cachées.

2.2.3.1 Les réseaux de neurones et la nécessité des couchehées

Un réseau de neurones sans couche cachée, c’est-a-diregaelsles entrées sont
directement connectées aux sorties, ne peut discrimigenieées que de facon linéaire.
En effet, la sortie d’'un réseau de neurones sans coucheecath&ec un seul neurone

de sortie peut s’écrire sous la forme :
flz)=g(b+w-x) (2.9)

oub est le biais du neurone de sortie:€ele vecteur de poids reliant les neurones d’entrée
au neurone de sortie. Dans le cas de la classification, lacgutfe décisiorf(z) = ¢
peut donc étre réécrite sous la forme z + b = g~!(c) (si I'on suppose que est dans
'image deg et queg est une injection), qui est un hyperplan. Pour cette raides,

fonctions simples comme keou exclusify ne peuvent étre représentées. Dans le cas de



35

la régression, s’il N’y a pas de fonction de sortie{lde la formule 2.9), alors la sortie
est également une fonction affine de I'entrée.

Celajustifie I'utilisation de couches cachées dans lesésde neurones classiques.
Au vu des limitations des réseaux de neurones sans coucattesesa deux questions se

posent alors :
1. Quelles sont les limitations des réseaux de neuronesiaa@aches cachées ?

2. Siky couches cachées sont suffisantes pour modéliser n'impoeeteedonction,

est-il utile d’en avoir plus ?

2.2.3.2 Théoréeme de Hornik

Il existe une réponse tres simple a la premiére question @i Bormulée et prouvée
par Hornik et al. [44] :

Theorem 2.2.1.Les réseaux de neurones multicouches a propagation avaat @ve
couche cachée contenant suffisamment de neurones cacheésfenation de transfert
écrasante arbitraire sont capable d’approcher, avec unécsion arbitraire, n'importe
guelle fonction Borel-mesurable d’un espace de dimensioa dians un espace de di-
mension finie. Dans ce sens, les réseaux de neurones malt&oa propagation avant

sont une classe d’approximateurs universels.

Les réseaux de neurones classiques avec une ou plusiegfgesaachées peuvent
donc approcher arbitrairement bien toute fonction comtiflea théoreme prouve cette
propriété pour la classe des fonctions Borel-mesurabliesoqtient strictement la classe

des fonctions continues).

2.2.3.3 Lanécessité de modéles hiérarchiques

Bien qu’une seule couche cachée soit nécessaire pour re@dalimporte quelle
fonction continue, des réseaux de neurones avec plusieuches cachées sont éga-
lement utilisés, réalisant souvent des performances at |t I'art sur de nombreux

problémes. Deux exemples de tels modéles (appékEaux profonds sont les Deep
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Belief Networks [39] et les réseaux a convolutions [51]. Deep Belief Networks se-
ront étudiés au chapite 9.

2.2.4 Loi a priori sur les poids et a priori sur les fonctions

La section 1.5 mentionnait le lien entre la présence d’'umeede régularisation et
les contraintes de simplicité imposées a la fonction apgrés notre algorithme. Subsé-
guemment, les sections 1.6.3.4 et 1.6.3.3 mettaient eemsdle lien entre le terme de
régularisation et I'a priori sur les parametres d’'un modéle

Cela suggere qu'il existe un lien fort entre I'a priori sus f[garamétres d’'un réseau
de neurones et I'a priori sur la fonction engendrée par cearéstoutefois, ce lien n’est
pas évident et [60] a étudié le cas des réseaux de neuronesi@@eouche cachée et
une sortie linéaire. Tous les paramétres du neurones (d@dsée et de sortie, biais
d’entrée et de sortie) ont un a priori gaussien.

Pour clarifier le propos, il est nécessaire de rappeler guanchitecture de réseau de
neurones définit une équivalence entre un jeu de paramétras onction (celle induite
par un réseau de neurones possédant ces parametres). i@ssseaivantes étudient
un réseau de neurones avec un seul neurone d’entrée et umeseohe de sortie. La

fonction induite par ce réseau sera dondd@ansR.

2.2.4.1 Loia priori sur les poids et les biais de sortie

Il'y a peu a dire sur le lien entre I'a priori sur les poids detisogt I'a priori sur la
fonction induite. En effet, celui-la contréle simplemeiinhplitude de la sortie. Toute-
fois, il est important de remarquer que, pour maintenir péituade de la sortie constante
lorsque le nombre d’unités cachées tend vers I'infini, laavare de I'a priori gaussien
sur les poids de sortie doit varier selon la racine carrédriesise du nombre d’unités

cachées et la variance de I'a priori sur le biais de sortierdster inchangée [60].
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2.2.4.2 A priori sur les poids et les biais d’entrée

L'a priori sur les poids d’entrée a une influence bien diffdessur la fonction induite
par le réseau de neurones. En effet, [60] montra qu’un aifjoidi(c’est-a-dire avec une
faible variance) sur les poids d’entrée engendrait degifmmetrés lisses tandis qu'un a
priori faible (permettant aux poids de prendre des valeassélévées) donnait lieu a des

fonctions accidentées (voir figure 2.2).

2.2.4.3 Résumé et exemples

Le lien entre I'a priori sur les paramétres d’'un réseau deares a une couche
cachée avec une sortie linéaire et la fonction induite paieseau peuvent donc étre
résumes ainsi :

1. I'a priori sur les poids de sortie contrble 'amplitudengéale de la fonction in-

duite. Un a priori fort entrainera des valeurs de sortielpesade 0 tandis qu'un a

priori faible entrainera de valeurs de sorties élevées

2. I'a priori sur les poids d’entrée contrdle la rugosité dddnction induite. Un a
priori fort entrainera des fonctions lisses tandis gqu’uniarpfaible entrainera des

fonctions accidentées.

La figure 2.2 présente des fonctions induites par un réseaautenes avec un neu-
rone d’entrée, 10000 neurones cachés et un neurone dedsortikes parametres ont été
tirés selon une loi gaussienne.

— L’a priori sur les poids et le biais de sortie est une gans&ale variance fixe.

— L'a priori sur les poids et biais d’entrée est une gaussemhs variances
1,5,20 and100.
Chaque graphique contient quatre fonctions induites ploaiqge valeur de.

2.2.5 Liens entre les machines a noyau et les réseaux de newee

Neal [60] prouva qu’un réseau de neurones a une couche cdohé& nombre de

neurones cachés tend vers l'infini converge vers un prosegsussien dont la fonction



38

°

- L L L L L L L L L - L L L L L L L L L
“1 -08 -06 -04  -0.2 0 0.2 0.4 0.6 0.8 1 “1 -08 -06 -04  -0.2 0 0.2 0.4 0.6 0.8 1

Figure 2.2 — En haut & gauche := 1. En haut a droite & = 5. En bas a gauche :
o = 20. En bas a droites = 100.

de covariance dépend de la fonction de transfert du réseaautenes. Toutefois, il ne
calcula aucune de ces fonctions de covariance expliciterétiams [83] quant a lui
calcula analytiquement les fonctions de covariance adéesa plusieurs fonctions de

transfert couramment utilisées.

2.3 Descente de gradient

Comme mentionné ala section 1.4.2, I'entrainement d’vordlgne d’apprentissage
consiste en la minimisation d’'un co(t. ldescente de gradien{20, p.240] effectue
cette minimisation en calculant le gradient de ce co(t pppag aux parametres de
l'algorithme. Une légére modification des parametres dandirection opposée a ce
gradient assurant une diminution du codt, la descente akemtaconsiste en des mises
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a jour successives des parameétres de la forme

oL

= (2.10)

041 = 0 — &4

ou ¢ est le taux d’apprentissage. Une diminution progressiveedaux [22, 23] assure
la convergence vers un minimuocal.
Les méthodes de second ordre utilisent une formule de miserampliquant une
matriceM :
oL

Gt_;,_l = Gt — é\tM% (211)

Les matricesV/ les plus fréequemment utilisées sont I'inverse de la heasiéméthode
de Gauss-Newton ou la matrice de covariance des gradients (gradient riature

L'apprentissage par descente de gradient pour les réseangutones a été rendu
possible grace a la découverte de la rétropropagation dilegita[52, 71] qui permet de
calculer aisément le gradient du co(t par rapport aux parasé’une couche du réseau
en fonction du gradient du colt par rapport aux parametrée cieuche supérieure.



CHAPITRE 3

PRESENTATION DU PREMIER ARTICLE

3.1 Détails de l'article

The Curse of Highly Variable Functions for Local Kernel Machines

Y. Bengio, O. Delalleau et N. Le Roux

Publié dansAdvances in Neural Information Processing Systems 18, N¥§<R Cam-
bridge, MAen 2006.

3.2 Contexte

Les méthodes a noyau ont joui d’'une grande popularité dépureduction des ma-
chines a vecteurs de support dans les années 90 [21, 29 ettd.g@pularité s’explique
par deux facteurs :

— la convexité de leur optimisation

— leur capacité a modéliser n’importe quelle fonction (pi&tg d’approximation

universelle).

Malheureusement, ces propriétés désirables ont un catgi,Abutes les méthodes a
noyau prédéfinissent une mesure de similarité (implicitgrdéterminée par la fonction
a noyau choisie, voir section 2.1.1) qu’ils utilisent poomparer les exemples de test
avec ceux d'apprentissage. Ce sont donc«dsétecteurs de motif améliorés qui ne
font que chercher dans une base de données (I'ensembleaiiemhent) les exemples
similaires (selon la mesure définie) a celui qui est testé.

Il serait toutefois inapproprié de négliger les méthodesyan pour cette raison.
En effet, cette limitation ne les empéche pas d’obtenir dsaltats plus qu’honorables
sur de nombreux problemes. Toutefois, dés lors que le prabfgosséde de nombreux
degrés de variation, le nombre d’exemples d’apprentiseagessaires pour que la dé-

tection de motifs soit efficace devient prohibitif.
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3.3 Commentaires

Ce sont ces problémes que l'article présenté ici formakspldsieurs facons :

— l'erreur de généralisation de telles méthodes peut cgaverussi lentement que
n~ T (avecn le nombre d’exemples etla dimension de la variété a laquelle ils
appartiennent)

— le nombre de gaussiennes (de méme variance) nécessaireagmpendre une
surface de décision augmente linéairement avec le nombrégiens de méme
signe

— le plantangent a la variété apprise par une méthode a ntjisant un noyau local
n'est défini que comme une combinaison linéaire d’'un failwenbre de points
voisins.

Cet article permet donc de mieux comprendre les raisonsaildesses inhérentes
aux meéthodes a noyau couramment utilisées ainsi que de démlamnécessité de I'ex-
traction de concepts des lors que la dimensionnalité deséisndevient importante et
que ces derniéres n'occupent qu’une partie extrémemeniteéte I'espace total.

Toutefois, notre argumentaire a ses limites. Nous nous sstimités aux méthodes
utilisant des noyaux locaux, excluant notamment le noydynopmnial. De plus, le théo-
reme 4.5.1 se limite & des ensembles de gaussiennes de mimeea/ace qui n’est pas
toujours le cas. Cependant, ces cas simplifiés sont ceuneind@aent utilisés dans la

communauté, accréditant les arguments avancés.



CHAPITRE 4

THE CURSE OF HIGHLY VARIABLE FUNCTIONS FOR LOCAL KERNEL
MACHINES

4.1 Abstract

We present a series of theoretical arguments supportingléima that a large class
of modern learning algorithms based on local kernels arsitento the curse of dimen-
sionality. These include local manifold learning algomith such as Isomap and LLE,
support vector classifiers with Gaussian or other local élsfrand graph-based semi-
supervised learning algorithms using a local similaritgdtion. These algorithms are
shown to be local in the sense that crucial properties ofdamkd function at depend
mostly on the neighbors af in the training set. This makes them sensitive to the curse
of dimensionality, well studied for classical non-paraneestatistical learning. There
is a large class of data distributions for which non-locdusons could be expressed
compactly and potentially be learned with few exampleswhith will require a large
number of local bases and therefore a large number of tgaexwamples when using a
local learning algorithm.

4.2 Introduction

A very large fraction of the recent work in statistical maghilearning has been
focused on so-called kernel machines, which are non-paramearning algorithms
in which the learned function is expressed in terms of a liregenbination of kernel

functions applied on the training examples :
flz)=b+ Z o, K(x, ;) 4.1)
=1

where optionally a bias termis added,D = {z4,...,x,} are training examples (wi-

thout the labels, in the case of supervised learning)otfeeare scalars chosen by the
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learning algorithm using labelgy,, ..., y,}, and K (-, ) is the kernel function, a sym-
metric function (generally expected to be positive defjniee refer to the: x n matrix
M with entriesM;; = K(z;,x;) as the Gram matrix. A typical kernel function is the
Gaussian kernel,

K(u,v) = e~ wzlluell”, (4.2)

with hyper-parametes (the width) controlling how local the kernel is. The Gaussia
kernel is part of a larger family of kernels which we call lb&arnels and discuss in
section 4.6.

Examples of kernel-based nonlinear manifold learning ratigms include Locally
Linear Embedding (LLE) [70], Isomap [79], kernel PCA (kPCIX6], Laplacian Ei-
genmaps [8], and Manifold Charting [24]. This frameworkaaiscludes spectral clus-
tering algorithms (see [81] for more references). For tlagerithms,f represents the
embedding function, which maps an exampléo one of the coordinates of its low-
dimensional representation embedding (and a separates& i used for each dimen-
sion of the embedding). As shown in [11], thecorrespond to entries in an eigenvector
of the Gram matrix, divided by the corresponding eigenvdgfokowing the Nystrom
formula [6, 63, 85]). Note that these algorithms employ agd&ind of kernel which is
data-dependent [11], but the arguments presented in sseti6, 4.7 and 4.9 also apply.

Among the statistical classifiers most widely studied inridagent years is the Sup-
port Vector Machine (SVM) [21, 29, 75], in whichabove is the discriminant function
of a binary classifier, i.e. the decision function is giventbg sign off. Since this is
a supervised learning algorithm, the training data incdudeset of +1 or -1 class la-
bels{yi, ..., y,} for training examples. Results in section 4.5 apply to SVKd ather
kernel machines with Gaussian kernels, and a more generpdatore is developed in
section 4.9 based on thacal-derivativenotion introduced in section 4.7.

Another class of kernel algorithms that is discussed hesetla® non-parametric
graph-based semi-supervised algorithms of the type detrn recently proposed pa-
pers [7, 30, 89, 90]. They can be intuitively understood asopming some kind of
smoothing or label propagation on the empirical graph ddfinethe examples (nodes)
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and a similarity function (e.g. a kernel) between pairs @dregles. The results in sec-
tion 4.8 are specifically tailored to such algorithms, amalsthat the number of required
labeled examples grows linearly with a measure of the amafuloical variation of the
predictor required to reach a given error level.

The basic ideas behind the arguments presented in this pagpgmple. One class of
arguments relies on showing that some important properfy.of is mostly determined
by the neighbors af in the training set. If one imagines tiling the space withtsoeigh-
borhoods, the required number of neighborhoods (henceaofing examples) could
grow exponentially with the dimensionality of the data (dértlee manifold on which
they live). One issue in this respect is the size of thesehheidhoods, and we get ins-
piration from the classical bias-variance trade-off argabfor classical non-parametric
models : if we make the regions smaller, bias is reduced (carglex functions can be
represented) but variance is increased (not enough datessadeto determine the value
of f(x) aroundz, so f(x) becomes less stable).

Another class of arguments considers “apparently conelifaarget functions, in
the sense that they vary a lot across space, although thghe exist simple and com-
pact representations for them that could not be discovesied)a purely local represen-
tation (eq. 4.1). For these arguments one attempts to findrlbaunds on the number
of examples required in order to learn the target functidmese arguments show that
whatever the method used to estimate dlis, one must have a large number of them
in order to approximate the function at a given set of poilagyér than the size of the
training set), i.e. in order to get meaningful generalaati

In general, what one should keep in mind is that what matsanst the dimension of
the data or of the manifold near which they are found, butenate “apparent complexi-
ty” of the function that we are trying to learn (or one that Wbyield an acceptable error
level). By “apparent complexity” we mean a measure of the Inemof “variations” of
that function. One way to formalize this notion, used in Fgpon 4.8.1, is the number

of regions with constant sign of the predictor.
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4.3 The Curse of Dimensionality for Classical Non-Parameic Models

The curse of dimensionality has been coined by Bellman [9] in the context of
control problems but it has been used rightfully to desctfitgepoor generalization per-

formance of local non-parametric estimators as the dinoaadity increases.

4.3.1 The Bias-Variance Dilemma

This problem has often been studied by considering theickidsas-variance ana-
lyses of statistical estimators. To keep the analysis gmmbte usually only computes
the conditional bias and conditional variance, in the cdseipervised learning, i.e. gi-
ven thezx;’s of the training set, and integrating only over ths. Bias of the estimator is
the expected difference between the estimator and the farggtion, whilevariance of
the estimator is the expected squared difference betweeastimator and its expected
value (in both cases the expectations are over the traigingrover they,’s only). The
expected mean squared error of the estimator can be showeéqual to the sum of
variance and squared bias (plus the irreducible comporferdr@ation of Y given X,
i.e. noise).

Two classical non-parametric estimators are worth disngdsere. The first one is
the k-nearest-neighbors estimator. It can be cast as a kernéinea@q. 4.1) wheik is
allowed to be data-dependent;: = y; and K (x, z;) is 1/k if x; is one of thek nearest
neigbors ofr in D, 0 otherwise. The second one is the Nadaraya-Watson esti(a#to
known as the Parzen windows estimator), in which again= y; and K (z, z;) is a

normalized kernel (i.e. also data-dependent), e.g.

N Kl a)
Klaw) = s v oy

Since both estimators have the same form, much of the aralgsi be shared. Let
t be the target function that we are trying to learn, wifY'| X = z] = t(z). The
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conditional bias is simply

conditional bias(z) = E[Y|X = ] — zn:E[Y\X = x| K(z, ;). (4.3)
=1
Clearly, the more local the kernel (i.&.(x, x;) is nearly O except for; very close tar),
the smaller the bias (note that we consider here ketfiedsich thad |, K (z, z;) = 1).
Assuming thatVar[y;|z;] = v does not depend om; the conditional variance of the
estimator is

conditional variance(z) = v Z K(z, ;)
=1
For example, with thé-nearest neighbors estimator,

conditional variance(z) = %

Clearly, the way to reduce variance is to decrease the ketoedlity (e.g. increase in

a Gaussian kernel @rin a k-nearest neighbors estimator), which increases the eéect
number of examples used to obtain a prediction.aBut this also increases bias, by
making the prediction smoother (possibly too smooth). &itatal error involves the
sum of squared bias and variance, one should choose thd kgpss-parameter (e.g.

or o) to strike the best balance (hence thas-variance dilemm§B5]).

4.3.2 Dimensionality and Rate of Convergence

A nice property of classical non-parametric estimatorha bne can prove their
convergence to the target functiomas- oo, i.e. these are consistent estimators. Consi-
dering the above simplified exposition on bias and variaone,obtains consistency by
appropriately varying the hyper-parameter that contiméslocality of the estimator as
n increases. Basically, the kernel should be allowed to becmmre and more local, so
that bias goes to zero, but the “effective number of exampheslved in the estimator

atx,
1

Z?:l K(ZL‘, Ii)Q
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(equal tok for the k-nearest neighbors estimator) should increaseiasreases, so that
variance is also driven to 0. For example one obtains thiditon with lim,, .., & = oo
andlimn%of = 0 for the k-nearest neighbor. Clearly the first condition is sufficient
for variance to go to 0 and the second is sufficient for the twago to 0 (since§ is
proportional to the volume of space arounavhich contains thé nearest neighbors).
Similarly, for the Nadarya-Watson estimator with bandWwigiconsistency is obtained if
lim,, .., 0 = 0 andlim,, .., no = oo (in addition to regularity conditions on the kernel).
See [36] for a recent and easily accessible exposition (wefion available).

The bias is due to smoothing the target function over thenaelgovered by the ef-
fective neighbors (consider eq. 4.3). As the intrinsic disienality of the data increases
(the number of dimensions that they actually span locabigs increases. Since that
volume increases exponentially with dimension, the eféé¢he bias quickly becomes
very severe. To see this, consider the classical exampleedft1]? hypercube inR?
with uniformly distributed data in the hypercube. To holdractionp of the data in a
sub-cube of it, that sub-cube must have sides of leptfth Asd — oo, p*/? — 1, i.e.
we are averaging over distances that cover almost the whated the data, just to keep
variance constant (by keeping the effective number of r@mghconstant).

When the input examples are not considered fixed the calontabf bias and va-
riance are more complex, but similar conclusions are rehdhar example, for a wide
class of such kernel estimators, the unconditional vagaaed squared bias can be
shown to be written as follows [36] :

“

d + 0204,
no

expected error =

(where the expected error is the sum of the variance and tleged) bias of the estimator)
with C; andC; not depending on nord. Hence an optimal bandwidth is chosen propor-
tional t0n4%d, and the resulting generalization error (not counting this&) converges
in n~%+4) which becomes very slow for largé Consider for example the increase
in number of examples required to get the same level of eirmdt, dimension versus

d dimensions. Ifn; is the number of examples required to get a level of etrao get
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the same level of error id dimensions requires on the orderdf™/® examples, i.e.
the required number of examples is exponential ind. However, if the data distribu-
tion is concentrated on a lower dimensional manifold, ihisrhanifold dimension that
matters. Indeed, for data on a smooth lower-dimensionalfoidnthe only dimension
that, say, d&-nearest neighbors classifier sees is the dimension of théatt§ since it
only uses the Euclidean distances between the near negtdmat if they lie on such a
manifold then the local Euclidean distances approach tted tpeodesic distances on the
manifold [79].

4.4 Summary of the results

In the following sections, we will see that :

— In the case of a Gaussian kernel machine classifier, if theigtea line inR?
that intersectsn times with the decision surfac¢e(and is not included irt), one
needs at leasts | Gaussians (of same width) to leash

— Atleast2?~! examples are required to represent thbit parity (the function from
{0,1}?to {—1, 1} which is1 iff the sum of the bits is even), when using Gaussians
with fixedo centered on data points.

— Many graph-based semi-supervised learning algorithmsoélearn a number of
regions with constant label higher than the number of labekamples.

— When the test exampleis far from all thez;, a predictor given by eq. 4.1 with
a local kernel either converges to a constant or a nearesghimrs classifier.
Neither of these are good in high dimension.

— When using so-called local-derivative kernequ(iﬂ is constrained to be approxi-
mately a linear combination of the vectdrs — x;) with x; a near neighbor of:.

In high dimension (when the number of effective neighboiggsificantly smal-
ler than the dimension), this is a very strong constrainhégion the shape of the
manifold or of the decision surface).

— When there are examples wiflx — z;|| near o (which is likely to happen for

“good” values of 7, i.e. neither too small nor too big), with on the decision
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surface, small changes inw.r.t. ¢ yield only small changes in the normal vector
of the decision surfaceThe above statement is one about bias : within a ball of
radiusc, the decision surface is constrained to be smooth (smatiggsinz yield
small changes in the shape of the surface).

— In the case of a Gaussian kernel classifier, whencreases the decision surface
becomes subject to specific smoothness constraMtse generally, we present
an argument supporting the conjecture that any learningrigttgn with a local
property, such as thiecal-derivative property 8f depends mostly on examples
in a ball aroundr) and local smoothness of the learned function (e.g., witnah
ball) will be subject to the curse of dimensionality.

These statements highlight some important limitationsaohkl methods, that one must

keep in mind when applying such learning algorithms.

4.5 Minimum Number of Bases Required for Complex Functions

4.5.1 Limitations of Learning with Gaussians

In [74] tight bounds are established for the number of zefesmvariate radial basis
function networks under certain parameter conditions drtigular, it is shown that for
a fixed Gaussian width, a function

f: R—R

of the form
. 2
— b+ Zal exp ( Iz wl” ) (4.4)

cannot have more thalk zeros (if there is at least one non-zer9. Consider now the
more general case of a multivariate decision funcifianR? — R written as in eq. 4.4.

For anyu € R? and anyw € R such that|w|| = 1, the functiong : R — R defined by

9(t) = f(u+tw)
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can be written in the form

- |t — of?
g(t)=0b+ ;@- exp (—TZ)

whereu+ o, w is the projection of; on the lineD,, ,, = {u+aw, o € R}. Thanks to the
above result from [74] we can then conclude thdtas at moskk zeros, i.e. thaD,, ,,
crosses the decision surface at nistimes (as long as there is a non-zero coefficient

in the resulting Gaussian expansion, otherwiseay be constant and equal(p

Corollary 4.5.1. Let S be a decision surface iR? to be learned with an affine com-
bination of Gaussians with unique width as in eq. 4.4. If ¢hexists a line irR? that
intersectsm times withS (and is not included i), then one needs at least | Gaus-

sians to learnS.

Class -1

decision surface

Class 1

Figure 4.1 — The dotted line crosses the decision surfaceist. one thus needs at
least 10 Gaussians to learn it with an affine combination afSS&ns with same width.

Example 4.5.2.Consider the decision surface shown in figure 4.1, which isa-s

soidal function. One may take advantage of the global ragyl@o learn it with few
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parameters (thus requiring few examples), but with an afforebination of Gaussians,
corollary 4.5.1 implies one would need at lea&t] = 10 Gaussians. For more complex
tasks in higher dimension, the “complexity” of the decisgurface could quickly make

learning impractical when using such a local kernel method.

Remark 4.5.3. Of course, one only seeks to approximate the decision sufaand
does not necessarily need to learn it perfectly : corollary.2 says nothing about the
existence of an easier-to-learn decision surface appratimg S. For instance, in the
example of figure 4.1, the dotted line could turn out to be adgeoough estimated
decision surface if most samples were far from the true aecisurface, and this line

can be obtained with only two Gaussians.

4.5.2 Learning thed-Bits Parity Function

Thed-bits parity function is the function

Lif 3¢ b iseven

parity : (by,...,bg) € {0,1}% — _
—1 otherwise

We will show that learning this apparently simple functiothnGaussians centered on
points in{0, 1}¢ is difficult, in the sense that it requires a number of Gausséxponen-

tial in d (for a fixed Gaussian width). We will use the following notets :

Xg = {01} = {1, 29,..., 004}
Hy = {(by,-..,ba) € Xq | bg =0} (4.5)
Hé = {(bl,...,bd)EXd|bd:1}

2
r—y
Ka(xvy) = €xp (_M)

g

We say that a decision functigh: R? — R solves the parity problem ifign(f(z;)) =
parity(z;) forall 7 in {1,...,2}.

Lemma 4.5.4.Let f(z) = Zfil a; K, (x;,z) be a linear combination of Gaussians
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with same widths centered on points; € X,. If f solves the parity problem, then

a;parity(z;) > 0 for all 4.

Démonstration.We prove this lemma by induction ehIf d = 1 there are only 2 points.
Obviously one Gaussian is not enough to classify corregtigndz,, so botha; andas
are non-zero, and; a; < 0 (otherwisef is of constant sign). Without loss of generality,
assumeparity(x;) = 1 andparity(z2) = —1. Thenf(z;) > 0 > f(z2), which implies
ar1(1 — Ky(x1,29)) > as(l — Ky(z1,22)) anda; > ay since K, (z1,x2)) < 1. Thus
a; > 0anday < 0, i.e. o parity(x;) > 0 fori € {1,2}.

Suppose now lemma 4.5.4 is true tb& d' — 1, and consider the cagde= d’. We denote
by 2¥ the points inH) and bya? their coefficient in the expansion ¢f(see eq. 4.5 for
the definition ofH)). Forz{ € HY, we denote by} € H} its projection on/} (obtained
by setting its last bit to 1), whose coefficientfinis o;. For anyz € Hj andz; € H; we
have :

xh—x|?
Kg(le-,x) = exp (—7" J 5 H)

g

1 |5 — «I”
= exp-g)exp| -5

= ”yKU(.CL'?,.CE)
wherey = exp (—2) € (0,1). Thusf(z) for z € Hj can be written

flz) = Z VK, (29, ) + Z oy Ko (af, )

$?6H2 $}€H}l
E 0 1 0
= (Oéi +PYO%) Ka(xiax)
$?6H2

SinceH? is isomorphic taX,_;, the restriction off to H? implicitely defines a function
over X,_; that solves the parity problem (because the last hif§ris O, the parity is not

modified). Using our induction hypothesis, we have that forae H) :

(o 4+ ya}) parity(z)) > 0. (4.6)
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A similar reasoning can be made if we switch the rolegigfand /. One has to be
careful that the parity is modified betweéf} and its mapping t&<,;_; (because the last
bitin H} is 1). Thus we obtain that the restriction(ef /) to H} defines a function over
X,4_1 that solves the parity problem, and the induction hypothesdis us that for all
le € Hj:

(— (ajl- + ’yag)) (—parity(x;)) > 0. (4.7)

and the two negative signs cancel out. Now consideragnyg HYJ and its projection
r; € Hj. Without loss of generality, assumparity(z?) = 1 (and thusparity(z}) =

)

—1). Using eq. 4.6 and 4.7 we obtain :

a) +yaj > 0

ozl1 +7a? <

It is obvious that for these two equations to be simultankotesified, we need\? and
a} to be non-zero and of opposite sign. Moreowdr-~va; > 0 > ol +va) = af > af,
which impliesa? > 0 anda; < 0, i.e.afparity(z)) > 0 anda; parity(z;) > 0. Since
this is true for allz) in HY, we have proved lemma 4.5.4. O

Theorem4.5.5.Letf(x) = b+2fi1 o; K, (x;, x) be an affine combination of Gaussians
with same widtly centered on points; € X,. If f solves the parity problem, then there
are at leas?~! non-zero coefficients;.

Démonstration.We begin with two preliminary results. First, given any € X, the

number of points inX, that differ fromz; by exactlyk bits is (Z) Thus,

> Ky (wx) =) (Z) exp (—i—Z) = ¢, (4.8)

d
z;€Xg k=0

Second, itis possible to find a linear combination (i.e. aithbias) of Gaussianssuch



54

thatg(z;) = f(x;) forall x; € X,. Indeed, let

g@) = f@) =b+ Y B, (z),2), (4.9)
z;€Xy

g verifiesg(x;) = f(x:) iff 3-, cx, B;Ko(x;, ;) = b, i.e. the vectop satisfies the linear
systemM,, 3 = bl, wherell, is the kernel matrix whose elemefit j) is K, (z;, z;)
and1 is a vector of ones. It is well known that, is invertible as long as the; are
all different, which is the case here [59]. Thds= bM'1 is the only solution to the
system.
We now proceed to the proof of the theorem. By contradictsupposef(z) = b +
Zfil a; K, (z;, ) solves the parity problem with less thafi! non-zero coefficients
«;. Then there exist two points, andz; in X, such thatv, = a; = 0 andparity(zs) =
1 = —parity(x;). Consider the functiop defined as in eq. 4.9 with = M/ 1. Since
g(x;) = f(x;) for all x; € Xy, g solves the parity problem with a linear combination of
Gaussians centered pointsify. Thus, applying lemma 4.5.4, we have in particular that
Bsparity(xzs) > 0 andg;parity(z;) > 0 (becausey, = oy = 0), so thatg,5; < 0. But,
because of eq. 4.8/,1 = ¢,1, which meand is an eigenvector al/, with eigenvalue
¢, > 0. Consequently] is also an eigenvector af/_! with eigenvalue:;! > 0, and
B = bM;'1 = be;'1, which is in contradiction with3,3; < 0 : f must have at least
291 non-zero coefficients. O

Remark 4.5.6. The bound in theorem 4.5.5 is tight, since it is possible beesthe parity
problem with exactl2¢~! Gaussians and a bias, for instance by using a negative bias

and putting a positive weight on each example satisfgingty (x) = 1.

Remark 4.5.7. When trained to learn the parity function, a SVM may learnraction
that looks like the opposite of the parity on test points ([@itill performing optimally on
training points). For instance, a SVM trained with00 unique points fronX; achieves
a 90% error rate on 20000 different test samples (with = 0.5). This is because a
bit less than90% of these test samples are at distance 1 from their neareghber

in the training set. With this value of, the SVM output is similar to nearest neighbor
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classification, which is wrong when the nearest neighbot @distance 1. However, this
observation cannot in general be used to build a model foitpavith Gaussians (by
taking the opposite of the SVM output) : indeed, this apptoaaculd work here because
the training samples are dense enoughXigy, but this will not be the case with fewer
training data or in higher dimensions. Note that in all oumpeximents performed with
parity datasets, a SVM had®#% or more error rate on new points, which illustrates its
inability to generalize for this problem.

Remark 4.5.8. If the centers of the Gaussians are not restricted anymofgetpoints
in Xy, itis possible to solve the parity problem with omly- 1 Gaussians and no bias.
Indeed, considef defined by

with

For o small enoughsign(f(y;)) = (—1). In addition, for anyz € X, f(z) =
~vf(&), wherez is the projection ofr on the diagonal (the line spanned by and

_ llz—2|?

v = exp ( U—2> € (0,1). Letz = (by, ..., by) : its projectionz is given by

R 1 1
T = (x'l)w =3 (Z@) 1= Y(>,b)

and thereforaign(f(z)) = sign(f(2)) = sign <f <y(2b)>> = (—1)(21' b) — parity(z) :
f solves the parity problem with a linear combinationdof 1 Gaussians.

4.6 When a Test Example is Far from Training Examples

The argument presented in this section is mathematicallgltbut nonetheless very
powerful, especially in high-dimensional spaces. We asrshere functiong as in

eq. 4.1 wherek is alocal kernel, i.e. is such that for a test point and:; a training
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point
lim  K(z,z;) — ¢ (4.10)

|l —4]|—o00
wherec; is a constant that does not dependroRor instance, this is true for the Gaussian
kernel (eq. 4.2) withr; = 0. This is also true for the data-dependent kernel obtained by
the centering step in kernel PCA [76] when the original kerm¢he Gaussian kernel,
with
1 1
G=- %:Ka(wi, Ty) + — ;Ka(wk,wz)-

Clearly, from inspection of equations 4.1 and 4.10, whegoes farther from the
training set, i.e. when

d(D,z) = min ||z — x|

goes taxo, thenf(x) — b+, a;¢;. In the case of regression the prediction converges to
a constant. In the case of manifold learning witlx) representing an embedding func-
tion, it means all points far from the training set are mapjpdatie same low-dimensional
coordinates. Note that this convergence to a constant dadwid for non-local kernels
such as those of Isomap or LLE [11].

In the case of classification (e.g. SVMs), there are twontistiases. b+ . a;c; #
0, sign(f(x)) converges to a constant classifier. Otherwise, the redek$sobvious and
will depend on the kernel used. For instance, with a Gaudsanel, it is easy to see
that the classification will only depend on the nearest n®glas long as: is not too
close to a nearest neighbor classifier decision surfacecfwisimore and more likely
asx goes farther from the training set). In all cases we cleaetyaither a poor high-
bias prediction (a constant), or a highly local one (the estaneighbor rule, which is
also likely to have a high bias whenis far from its nearest neighbor) that suffers from
the curse of dimensionality. Note that whems a high-dimensional vector, the nearest
neighbor is not much closer than the other examples (the ohtihe distance between
the nearest and the farthest converges to 1 [19]), hencenibtiz¥ery informative. A
random test point is therefore not unlikely to be relativiallyfrom its nearest neighbor

in the training set, compared tg wheno is chosen to be smaller than the scale of the
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training data, so this situation is not a rare one for highetisional data.

4.7 Locality of the Estimator and its Tangent

In this section we consider how the derivative fafz) w.r.t z (i.e. its “shape”) is
influenced by the positions of training examplesWe say a kernel ical-derivative
if its derivative can be written

aK OK (@, i) Z By (z,2;) (4.11)

where K’ is either a local kernel verifying eq. 4.10 with = 0 or any kernel that is O
whenz; is not ak nearest neighbor of in the training set. From equations 4.1 and 4.11,
we will see that)f /0x is contained (possibly approximately) in the span of theamsc
(x — z;) with z; a neighbor of: (the notion of neighborhood being defined byr by
how fastK” converges to 0 whejfw — ;|| increases).

Examples of local-derivative kernels include the Gauskenel as well as the ker-

nels for Isomap or LLE. In the case of the Gaussian kernel,ave h

0K, (x, x; 20
HB2) 200 ) Ky (o). (4.12)

As shownin [17], in the case of Isomap we obtain a linear cowion of vectorgz—x ;)

with z; one of thek nearest neighbors af wherek is an hyper-parameter for the Isomap
kernel. Thus it verifies eq. 4.11 with”(z, z;) = 0 whenz; is not ak nearest neighbor
of z. The same property holds for the LLE kernel, whérg, (x, ;) is the weight ofr;

in the reconstruction of by its k£ nearest neighbors [11]. Indeed, this weight is obtained
by the following equation [73] :

k —
Zj:l G’le

4.13
Zim:l Gil ( )

Kiip(z,z;) =
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with G~! the inverse of the local Gram matrix
Gim = (. —x)) - (x — )

for all pairs (z;, r,,) of k nearest neighbors of in the training set. Becausgé™! =

|G|~1CT with C the cofactor matrix of7, eq. 4.13 can be rewritten as

Z. Sj Hl (Glm>tjlm
K ) — J , M
A SR

and consequently, thanks to the usual derivation ruledettisative is a linear combina-
tion of derivatives of terms of the forifz;,,,)". But

O(Gim)' O(x — ) - (& — xm))’
Ox Ox
= t(Gp) o -2+ 2 — 1)

which implies that the derivative oK', z(x, z;) w.r.t z is in the span of the vectors
(x — x;) with z; ak nearest neighbor of, as for Isomap : eq. 4.11 is verified.
From equations 4.1 and 4.11, we obtain that

a];f:) _ zi:%K/(x’ 2z — 25). (4.14)

This equation helps us to understand how changesyiield changes inf(z) through
the different training examples. In particular, becausthefproperties of’, only the
terms involving near neighbors ofz have a significant influence on the resultThese
neighbors are either defined by the hyper-parameterby how fastk” converges to 0
(i.e. o for a Gaussian kernel, see section 4.7.2 for an exampleg that in the second
case, we will also need thg to be bounded in order to ensure such a locality property.
To better understand this, we will consider specifically ¢fgmetry of manifold

learning and the geometry of decision surfaces.
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4.7.1 Geometry of Tangent Planes

For manifold learning, withf,(z) the k-th embedding coordinate af, these deri-
vatives together (fok = 1,2,...) span the tangent plane of the manifoldraindeed,
%ﬁ”) is the direction of variation of which corresponds to the largest increase in the
k-th embedding coordinate. Inspection of eq. 4.14 shows—a\%gﬁ is a linear combi-
nation of the vectoréx — z;), with z; a near neighbor of in the training set, since the
other training examples contribute very little to the sum.

Consequently, theangent plane of the manifold is approximately in the span of
the vectors(z — z;) with x; a near neighbor of z. If the number of data dimensions
is large compared to the number of near neighbors, thenglisery strong constraint,
irrespective of the learning method. Consider for exampmestibution whose samples
have an intrinsic dimension of about 100, but where the &lgoruses 5 significant
neighbors. Constraining the tangent plane to be in the sptrese 5 near neighbors is
a very strong constraint in the lod&F° subspace, which will result inligh-variance
estimator for the manifold.

4.7.2 Geometry of Decision Surfaces

A similar argument can be made for the decision surfacesrogkelassifiers. Consi-
der a pointz on the decision surface, i.¢(x) = 0. The normal of the decision surface is
the vectorag—f) evaluated at. From eq. 4.14 we see thédte decision surface normal
vector is a linear combination of the vectors(z — x;), with z; a near neighbor of
x. Again, if the intrinsic dimension is large compared to thenter of near neighbors,
then this is a very strong constraint, irrespective of tlaerisng method. Like in the un-
supervised case, this is likely to yieldhagh-variance estimatorsince only a few points
determine a crucial property of the decision surface, iseshape.

Note that in the above statements, depending on the kéfhelve may need to

require they; to be bounded. Take for instance the classical 1-norm safjim&VM.
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Figure 4.2 — Plot ofe~*".

The decision surface normal vector can be obtained from.&card 4.12 :

of(x) 20y,
or - — Holw2) ==

s — || (x; — )

(4.15)

i.e. as a linear combination of vectors of norm 1 whose wsigpend notably ope—=*
with z = ||z; — z||/o. This function is plotted in figure 4.2, showing that if thene
training examples; such thaf|z;—x|| /o is less than 2, they will be the main contributors
in eq. 4.15, as long as the coefficienisare bounded (which is the case for the 1-norm
SVM). Consider a change insmall with respect te : this change does not affect much
the direction nor the weight of these main contributors,cuhmeans the normal vector
is almost unchanged. The bottom line is ttie¢ decision surface is constrained to be
smooth in the sense that the normal vector is almost constant inlavbase radius

is small with respect to. This very qualitative statement helps us understand wiey on
usually needs a smatito learn complex decision functions while smooth functioas

be learned with a bigger.

In this specific example of the 1-norm soft margin SVM, it igoontant to note that
we do not want training examples to be all closector all far fromz (w.r.t. o), i.e.o
should not take extreme values. Indeed, it is shown in [4&] wWheno — 0 or o — oo
and the regularization parametéis fixed, the SVM will assign the entire data space to

the majority class (and when— oo andC o o2 it converges to a linear SVM).
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4.8 The Curse of Dimensionality for Local Non-Parametric Seni-Supervised Lear-

ning

In this section we focus on algorithms of the type describedecent papers [7,
30, 89, 90], which are graph-based non-parametric sen@rsiged learning algorithms.
Because the analysis is centered on the decision surfacecarll, it also applies to
transductive SVMs and Gaussian processes when the keraighés Gaussian or nor-
malized Gaussian.

The graph-based algorithms we consider here can be seemasizimg the follo-

wing cost-function, as shown in [30] :
C(V) = Vi = Yill* + uY TLY + pe]| V| (4.16)

with Y = (01, - - ., yn) the estimated labels on both labeled and unlabeled datd, Hrel
(un-normalized) graph Laplacian derived from a similafuitgiction W between points
such thatV;; = W (x;, z;) corresponds to the weights of the edges in the graph. Here,
Y, = (91, -..,u) is the vector of estimated labels on théabeled examples, whose
known labels are given by, = (y1,...,¥), and one may constrairj = Y; as in [90]

by lettingp — 0.

Minimization of the cost criterion of eq. 4.16 can also besag dabel propagation
algorithm, i.e. labels are “spread” around labeled exampigth “around” being given
by the structure of the graph. An intuitive view of label pag@ation suggests that a
region of the manifold near a labeled (e.g. positive) exampll be entirely labeled
positively, as the example spreads its influence by propagah the graph representing
the underlying manifold. Thus, the number of regions withstant label should be on
the same order as (or less than) the number of labeled exanipies is easy to see
in the case of a sparse weight matiix. We define a region with constant label as a
connected subset of the graph where all nadelsave the same estimated label (sign
of y;), and such that no other node can be added while keeping tineperties. The

following proposition then holds (note that it is also trbet trivial, whenll defines a
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fully connected graph).

Proposition 4.8.1. After running a label propagation algorithm minimizing tbest of
eg. 4.16, the number of regions with constant estimated iabess than (or equal to)
the number of labeled examples.

Démonstration.By contradiction, if this proposition is false, then thessés a region
with constant estimated label that does not contain anylddiexample. Without loss
of generality, consider the case of a positive constantl |atoéh =4, ..., 24, theq
samples in this region. The part of the cost of eq. 4.16 ddpgrah their labels is

l+q

N N H N A
O(yl-i-l?“‘ayl-i—q) - 5 Z VVZJ(y’L_yJ)Q
i j=l+1
l+q

+ u Z Z VVZ](Q’L - ?;/j)2
i=l4+1 \ jE{l+1,....14+q}
I+q

+ e Z 2.
i=l+1

The second term is strictly positive, and because the rag@oonsider is maximal (by
definition) all samples;; outside of the region such thHt;; > 0 verify g, < 0 (for z; a
sample in the region). Since gllare stricly positive foi € {i+1,...,l+¢}, thismeans
this second term can be stricly decreased by setting 810 fori € {{ +1,...,l+ q}.
This also sets the first and third terms to zero (i.e. theinmirm), showing that the set
of labelsy; are not optimal, which is in contradiction with their defiait as the labels
that minimizeC. O

This means that if the class distributions are such thaethex many distinct regions
with constant labels (either separated by low-densityoregjior regions with samples
from the other class), we will need at least the same numbebefed samples as there
are such regions (assuming we are using a sparse local keaieas thé-nearest neigh-
bor kernel, or a thresholded Gaussian kernel). But this rexroduldgrow exponentially
with the dimension of the manifold(s) on which the datafbeinstance in the case of a
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labeling function varying highly along each dimensiernen if the label variations are
“simple” in a non-local sensge.q. if they alternate in a regular fashion.

When the affinity matrixiV is not sparse (e.g. Gaussian kernel), obtaining such a
result is less obvious. However, there often exists a spgppeoximation ofll” (for
instance, in the case of a Gaussian kernel, one can set taésdrglow a given threshold
or that do not correspond tokanearest neighbor relationship). Thus we conjecture the
same kind of result holds for dense weight matrices, if theghténg function is local in

the sense that it is close to zero when applied to a pair of pkefiar from each other.

4.9 General Curse of Dimensionality Argument

Can we obtain more general results that would apply to a leroddss of learning
algorithms, such as transductive SVMs and Gaussian preseath Gaussian kernel ?
For this we must first establish the notion that if we chooseltdll V' (z) too large the
predicted function is constrained to be too smooth. TheWalg proposition supports
this statement.

Proposition 4.9.1. For the Gaussian kernel classifier, asncreases and becomes large
compared with the diameter of the data, in the smallest spbentaining the data the
decision surface becomes lineanit, a; = 0 (e.g. for SVMs), or else the normal vec-
tor of the decision surface becomes a linear combinationvofdphere surface normal
vectors, with each sphere centered on a weighted averadpe @damples of the corres-
ponding class.

Démonstration.The decision surface is the set:ofuch that
o) = X e e-sitet g,

The normal vector of the decision surface of the Gaussiassifiar is therefore

(9f(x) (I _‘TZ> —z—=;|2 /02
I s T [l
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In the smallest sphere containing the déta— z;|| < A, A being the diameter of that
sphere. Asr becomes large with respect 19 it becomes large with respect to all the
distances|z — z;||, and the factors—z/l===1*/* approachl. For example for = 4A,
these factors are in the interval969, 1. Let us write3;(z) = %e2ll===il/o*  which

approachess. The normal vector can thus be decomposed in three terms

of (z

J(;( ) _ —x Y Bilx)+ Y Bilx)w — Y (—Bi(x)). (4.17)
L ) i >0 i <0

Let usintroduce two weighted averages, correspondingdo @the two classes. Define

fork=1andk = —1

Sp(x) = k Z Bi(z)

w:sign(a;)=k
mi(x) = k Z
i:sign(aq)=k
_ m(x)

These are centers of mass for each of the two classes, wightsép; (z)|. The normal
vector is thereby written as

0f ()

o = —oSi(@) + w8 (2) + mi(2) = mo ()

If >, a; =0 (asin many SVMs), thefi; (z) — S_;(x) approaches 0, so that the first two
terms above vanish and the dominant remainder is the differeectorn; —m_;, which
defines a linear decision surface whose normal vector isedigvith the difference of
two weighted means (one per class).

Without the condition) |, ; = 0 we obtain a very specific quadratic decision sur-

face. More precisely, the normal vector can be rewritten

0f ()

or Si(@)(u(z) — x) — S—a(z)(p-1(2) — 2).
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We can now interpret the above as follows. Asncreasesy,(x) approaches a fixed
center andby(x) a fixed scalar, and the decision surface normal vector isaticombi-
nation of two vectors : the normal vector of the surface ofdpleere centered at and

the normal vector of the surface of the sphere centergd at O

We are now ready to put all these arguments together to anguthe curse of dimen-

sionality plagues a large class of semi-supervised andagpd learning algorithms.

Conjecture 4.9.2. Consider a smoothness propeftyof discriminant functionsf. Let
P be a data-generating process from which training sets an@led from a bounded
region(). Suppose thab is such that, withV balls covering with propertyS in each
ball, one cannot build a classifier with generalization elegel less tharz. For kernel
machines with

1. the local-derivative property definining bal§(x) around a given test point,

2. a smooth decision surface within any b¥l(z) in the sense that smoothness pro-
perty S is satisfied within\/(x) (e.g. considef shown for the Gaussian kernel in
Proposition 4.9.1),

the number of training examples required for achievingrdawel e grows linearly with
N. N may grow exponentially with the dimension of a manifold neaich the density

concentrates, on the decision surface.

Supporting argumeniThe notion of locality provided by thical-derivativeproperty
allows us to define a balV/ () around each test point containing neighbors that have

a dominating influence oﬁ%. The smoothness proper$ydefined in Proposition 4.9.1
constrains the decision surface to be either linear (caS¥bfs) or a particular quadratic
form (the decision surface normal vector is a linear comtimneof two vectors defined

by the center of mass of examples of each clasg).if as defined above, one must have
at leastV balls covering?, and letk be the smallest number such that one needs at least
k examples in each ball to reach error lewel'he number of examples thus required is
kN. To see thafV can be exponential in some dimension, consider the maxinadias

r of all these balls and the radidgof (2. If the region of the decision surface in which
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the density is non-negligible has intrinsic dimensihthen N could be as large as the
number of radiug balls that can tile @-dimensional manifold of radiug, which is at
Ieast(%)d. This completes the argument. O

4.10 Conclusion

The central claim of this paper is that there are fundameprtablems with non-
parametric local approaches to learning, due to the curdersnsionality. Even though
learning algorithms such as SVMs behave better in this ptdpan classical algorithms
such ask-nearest-neighbor classifiers (because they can do saorgdikiween the:-
nearest-neighbor and linear classifier), they also suften the curse of dimensionality,
at least when the kernels are local.

We have presented a series of theoretical results, someuwsband others less, that
illustrate this phenomenon. They highlight some intrinsrgtations of those local lear-
ning algorithms, that can make them fail when applied on {uighensional problems
where one has to look beyond what happens locally in ordevéocome the curse of
dimensionality. However, there is still work to do in orderdbtain more general theo-
retical results that would show precisely how the geneatiba error degrades when
the (effective) dimension of the data grows, as can be dangdssical non-parametric
algorithms.
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CHAPITRE 5

PRESENTATION DU DEUXIEME ARTICLE

5.1 Détails de l'article

Convex neural networks

Y. Bengio, N. Le Roux, P. Vincent, O. Delalleau et P. Marcotte

Publié dansAdvances in Neural Information Processing SystemdVll& Press, Cam-
bridge, MA. en 2006.

5.2 Contexte

Le chapitre précédent a permis de mettre en lumiere cestdielimitations fonda-
mentales des méthodes a noyau. Ces limitations vienneotitagiement du fait que les
caractéristiques extraites des données sont prédéfinfenetiion du noyau et qu’elles
ne sont pas apprises en tant que tel. L'apprentissage déedesta noyau consiste
simplement a déterminer le poids de chaque exemple d’afigsage pour obtenir une
bonne fonction de classification.

Ces limitations encouragent naturellement a s’intéreasgrréseaux de neurones
qui apprennent les caractéristiques a extraire des donheéetefois, la non-convexité
de leur optimisation a grandement affecté leur populaatégsda communauté de I'ap-
prentissage machine. En effet, cela a souvent été percu eammsource potentielle
de mauvaises solutions, puisque I'entrainement ne patwgna trouver un minimum
local de la fonction de codit et pas un minimum gldbal

Toutefois, 'amalgame entre localité du minimum et quatiegéla solution n’a pas

lieu d’étre, comme nous allons le voir a la section suivante.

1)l existe certaines fonctions non convexes pour lesquigldescente de gradient permet d’obtenir le
minimum global, mais les fonctions de co(t associées awearésde neurones généraux n’en font pas
partie.
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5.2.1 Convexité

Une fonctionf deRR” dansR* est convexe si et seulement si
Y € R Yy € R" VA€ [0,1], f Az + (1= Ny) < Mf(2) + (1= N/(y)  (5.1)

Une fonction convexe n'a qu’un seul minimum local qui estiégeent un minimum
global. Cette propriété assure 'unicité de la solutionlér@btenue par descente de gra-
dient, dispensant de la recherche d’'un bon jeu de paranigttias

5.2.2 Fonction de codt et optimisation

Lors de la résolution d’'un probléeme d’apprentissage, ilsestvent impossible de
minimiser I'erreur qui nous importe réellement. Cela pdtg 80 a une non-dérivabilité
de cette erreur (comme dans le cas de I'erreur de classifigaiul a un codt prohibitif
de son calcul (comme par exemple la vraisemblance dans wtedisl Boltzmann Ma-
chine). On utilise alors dans ce cas différentes approximapour résoudre le probléme

initial. Ces approximations peuvent étre :

1. au niveau de la fonction de codt. On utilisera donc unetfonade codt simplifiée

plus facilement optimisable (c’est-a-dire dérivable, lizgart du temps)

2. au niveau de I'architecture de I'algorithme. On utilesafors des algorithmes avec
une architecture particuliere pour lesquelles le minimentedonction de colt est
facile a trouver (que la fonction soit convexe ou que le mimmpuisse étre trouvée

de fagon analytique).

La qualité de la solution d’un algorithme dépend non seutdrde la qualité de I'op-
timisation effectuée, mais également du judicieux de lation d’erreur et de I'archi-
tecture utilisées. Alors que les méthodes a noyau font liedpiame optimisation réussie
d’une architecture simplifiée, les réseaux de neuroneggauhe architecture complexe
dont le prix est une optimisation ardue.
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5.3 Commentaires

Nous avons donc voulu montrer qu'il était possible de réalis algorithme possé-
dant a la fois le pouvoir de généralisation des réseaux d®@nesl et la simplicité d’op-
timisation des méthodes a noyau. Il en résulte un algoritiiméaire au boosting [33]
qui sélectionne les unités cachées une par une, résolvambbleme de classification a
chaque fois.

Ce probleme de classification peut étre résolu de maniéteega temps exponen-
tiel ou de maniere approchée en temps linéaire, cette aatidélése faisant au prix de la
convexité. Alors que la méthode exacte réalise une medlperformance sur 'ensemble
d’entrainement (ce qui est normal puisqu’elle atteint Ieimum global), la qualité de la
solution obtenue (considérant I'erreur de test) est iatég. Cela signifie que renoncer
a la convexité de I'optimisation peut entrainer une meileerreur de généralisation. Ce
résultat surprenant est analysé plus en détail par Cotlebat. [28].



CHAPITRE 6

CONVEX NEURAL NETWORKS

6.1 Abstract

Convexity has recently received a lot of attention in the Inmae learning commu-
nity, and the lack of convexity has been seen as a major dasdalye of many learning
algorithms, such as multi-layer artificial neural netwoM#e show that training multi-
layer neural networks in which the number of hidden unite&hed can be viewed as
a convex optimization problem. This problem involves annié number of variables,
but can be solved by incrementally inserting a hidden urattaine, each time finding a

linear classifier that minimizes a weighted sum of errors.

6.2 Introduction

The objective of this paper is not to present yet anotheniegralgorithm, but ra-
ther to point to a previously unnoticed relation betweentiayer neural networks
(NNs),Boosting [33] and convex optimization. Its main gdmitions concern the ma-
thematical analysis of an algorithm that is similar to poexsly proposed incremental
NNs, with LL! regularization on the output weights. This analysis hedpsiderstand the
underlying convex optimization problem that one is tryingolve.

This paper was motivated by the unproven conjecture (baseainecdotal expe-
rience) that when the number of hidden units is “large”, thguiting average error is
rather insensitive to the random initialization of the NNgraeters. One way to justify
this assertion is that to really stay stuck in a local minimome must have second de-
rivatives positive simultaneously in all directions. Whits.e number of hidden units is
large, it seems implausible for none of them to offer a desdeaction. Although this
paper does not prove or disprove the above conjecture,imgtty do so we found an in-
terestingcharacterization of the optimization problem for NNs as a covex program

if the output loss function is convex in the NN output and #& tiutput layer weights are
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regularized by a convex penalty. More specifically, if thgularization is thel.! norm
of the output layer weights, then we show that a “reasonam&ition exists, involving
a finite number of hidden units (no more than the number of @@snand in practice
typically much less). We present a theoretical algorithat th reminiscent of Column
Generation [26], in which hidden neurons are inserted oreetibe. Each insertion re-
quires solving a weighted classification problem, very milehin Boosting [33] and in
particular Gradient Boosting [34, 57].

Neural Networks, Gradient Boosting, and Column Generation

Denotez € R4*! the extension of vectar € R? with one element with value 1.
What we call “Neural Network” (NN) here is a predictor for supised learning of the
form g(x) = >, w;h;(x) wherez is an input vectorh;(z) is obtained from a linear

discriminant functiom;(x) = s(v; - ) with e.g.s(a) = sign(a), or s(a) = tanh(a) or

s(a) = 1+i,a. A learning algorithm must specify how to seleet thew;’s and thev;’s.
The classical solution [71] involves (a) selecting a lossction Q(y, y) that specifies
how to penalize for mismatches betwegfr) and the observeg’s (target output or
target class), (b) optionally selecting a regularizatiengdty that favors “small” para-
meters, and (c) choosing a method to approximately minitineesum of the losses on
the training datdD = {(z1,v1), ..., (z., y»)} plus the regularization penalty. Note that
in this formulation, an output non-linearity can still beeds by inserting it in the loss
function Q. Examples of such loss functions are the quadratic [lgss y||?, the hinge
lossmax(0, 1 —yy) (used in SVMSs), the cross-entropy losg log y — (1 —y) log(1 —9)
(used in logistic regression), and the exponential {0$% (used in Boosting).

Gradient Boosting has been introduced in [34] and [57] asaparametric greedy-
stagewise supervised learning algorithm in which one addsetion at a time to the
current solutiony(x), in a steepest-descent fashion, to form an additive modabage
but with the functions:; typically taken in other kinds of sets of functions, suchlese
obtained with decision trees. In a stagewise approach, wWiem: + 1)-th basish,, 1
is added, onlyw,, . is optimized (by a line search), like matching pursuitlgorithms.
Such a greedy-stagewise approach is also at the basis afipakyorithms [33], which

is usually applied using decision trees as bases(atide exponential loss. It may be
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difficult to minimize exactly forw,,,, andh,,.; when the previous bases and weights
are fixed, so [34] proposes to “follow the gradient” in fulctispace, i.e., look for a
base learneh,, ; that is best correlated with the gradient of the average dosthe
y(x;) (that would be the residug x;) — y; in the case of the square loss). The algorithm
analyzed here also involves maximizing the correlatiomvben(’ (the derivative ofy)
with respect to its first argument, evaluated on the traipirglictions) and the next basis
h..+1. However, we follow a “stepwise”, less greedy, approactwlich all the output
weights are optimized at each step, in order to obtain cgevere guarantees.

Our approach adapts the Column Generation principle [28g@mposition tech-
nigue initially proposed for solving linear programs witlany variables and few constraints.
In this framework, active variables, or “columns”, are oggnerated as they are required
to decrease the objective. In several implementationgdhenn-generation subproblem
is frequently a combinatorial problem for which efficiengatithms are available. In our
case, the subproblem corresponds to determining an “ofjtimear classifier.

6.3 Core ldeas

Informally, consider the sét of all possible hidden unit functions (i.e., of all pos-
sible hidden unit weight vectors). Imagine a NN that has all the elements in this set as
hidden units. We might want to impose precision limitationsthose weights to obtain
either a countable or even a finite set. For such a NN, we ordg te learn the output
weights. If we end up with a finite number of non-zero outputghis, we will have
at the end an ordinary feedforward NN. This can be achieveasinyg a regularization
penalty on the output weights that yields sparse solutisush as thd.! penalty. If in
addition the loss function is convex in the output layer vasg(which is the case of
squared error, hinge lossfube regression loss, and logistic or softmax cross-pyjro
then it is easy to show that the overall training criteriorcgwvex in the parameters
(which are now only the output weights). The only problemhiattthere are as many
variables in this convex program as there are elements isdti€, which may be very

large (possibly infinite). However, we find that with regularization, a finite solution is
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obtained, and that such a solution can be obtained by gyaederting one hidden unit
at a time. Furthermore, it is theoretically possible to éhiat the global optimum has
been reached.

Definition 6.3.1. Let’H be a set of functions from an input spatdo R. Elements oH
can be understood as “hidden units” in a NN. D&t be the Hilbert space of functions
from’H to R, with an inner product denoted ly- b for a, b € WW. An element oV can
be understood as the output weights vector in a neural nétwath(z) : H — R the
function that maps any eleméntof H to 2;(x). h(z) can be understood as the vector of
activations of hidden units when inpuis observed. Lety € WV represent gparameter
(the output weights). The NN prediction is denojéd) = w - h(z). LetQ : RxR — R

be a cost function convex in its first argument that takes dasgaediction y(z) and

a scalar target value; and returns a scalar cost. This is the cost to be minimized on
example pair(z,y). Let D = {(x;,y;) : 1 < i < n} atraining set. Le2 : W — R
be a convex regularization functional that penalizes fa thoice of more “complex”
parameters (e.gQ(w) = A |w||; according to a 1-norm iV, if H is countable). We

define theconvex NN criterionC' (H, @, 2, D, w) with parametenv as follows :
t=1

The following is a trivial lemma, but it is conceptually veiypportant as it is the

basis for the rest of the analysis in this paper.
Lemma 6.3.2. The convex NN cost(H, ), 2, D, w) is a convex function af.

Démonstration.Q(w - h(x;),y;) is convex inw and{2 is convex inw, by the above
construction(' is additive inQ(w - h(z:), y;) and additive inf2. HenceC' is convex in
w. ]

Note that there are no constraints in this convex optimorgprogram, so that at the
global minimum all the partial derivatives 6f with respect to elements af cancel.
Let |H| be the cardinality of the sét. If it is not finite, it is not obvious that an

optimal solution can be achieved in finitely many iterations
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Lemma 6.3.2 says that training NNs from a very large clasth(@ne or more hidden
layer) can be seen as convex optimization problems, usuedlyvery high dimensional
spaceas long as we allow the number of hidden units to be selected Iblye learning
algorithm. By choosing a regularizer that promotgsarsesolutions, we obtain a so-
lution that has dinite number of “active” hidden units (non-zero entries in thepoit
weights vectorw). This assertion is proven below, in theorem 6.4.1, for theeoof the
hinge loss.

However, even if the solution involves a finite number of aethidden units, the
convex optimization problem could still be computatiopatitractable because of the
large number of variables involved. One approach to thislpra is to apply the prin-
ciples already successfully embedded in Gradient Boodtunigmore specifically in Co-
lumn Generation (an optimization technique for very largale linear programs), i.e.,
add one hidden unit at a time in an incremental fashion.ifip®rtant ingredient here
is a way to know that we have reached the global optimum, thusat requiring to
actually visit all the possible hidden units.We show that this can be achieved as long
as we can solve the sub-problem of finding a linear classkfaminimizes the weighted
sum of classification errors. This can be done exactly onlipardimensional data sets
but can be well approached using weighted linear SVMs, wegjlogistic regression,
or Perceptron-type algorithms.

Another idea (not followed up here) would be to consider fwsgmaller set;,
for which the convex problem can be solved in polynomial tiare whose solution can
theoretically be selected as initialization for minimigitme criterionC'(H,, Q, 2, D, w),
with H,; C 'H,, and where, may have infinite cardinality (countable or not). In this
way we could show that we can find a solution whose cost s&Sfi#,, Q, 2, D, w) <
C(H1,Q,9Q, D,w), i.e., is at least as good as the solution of a more restrixedex
optimization problem. The second minimization can be perntx with a local descent

algorithm, without the necessity to guarantee that thealoptimum will be found.
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6.4 Finite Number of Hidden Neurons

In this section we consider the special case Wthy, y) = max(0, 1 —ygy) the hinge
loss, andL! regularization, and we show that the global optimum of thevea cost
involves at most: + 1 hidden neurons, using an approach already exploited inff87]
L!-loss regression Boosting with' regularizati(zn of output weights.

The training criterion is”(w) = K ||w||; + Zmax (0,1 — yyw - h(zy)). Let us re-

t=1
write this cost function as the constrained optimizatiooiem :

ye[w-h(z)] 21-&  (C1)

min L(w, &) = K||w|y + ) & s.t
w,§ tz; and &ZO,t:L...,n (02)

Using a standard technique, the above program can be recaslireear program.
Defining A = (X4, ..., A,) the vector of Lagrangian multipliers for the constrai6ts
its dual problem(P) takes the form (in the case of a finite numbjeof base learners) :

N Zi—K<L0,1el

(P) : max A St
A ; and \, <1,t=1,...,n

with (Z;); = y:h;(x;). In the case of a finite numbeérof base learnerd, = {1, ..., J}.

If the number of hidden units is uncountable, thes a closed bounded interval Bf.
Such an optimization problem satisfies all the conditiorexdee for using Theorem

4.2 from [38]. Indeed :

e [ is compact (as a closed bounded intervaRdf

e FF: A Y I A\ isaconcave function (it is even a linear function) ;

e g:(\i)— A Z;— Kisconvexin (it is actually linear in\) ;

e v(P) < n (therefore finite) ¢(P) is the largest value af satisfying the constraints);

« for every set ofn + 1 pointsiy, ..., i, € I, there exists\ such thaty(), ;) < 0 for

j=0,...,n (one can také = 0 sincek > 0).

Then, from Theorem 4.2 from [38], the following theorem hid

Theorem 6.4.1.The solution of P) can be attained with alternate constraint§ and
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only n + 1 constraintsC’ (i.e., there exists a subset af+ 1 constraintsC] giving
rise to the same maximum as when using the whole set of comsjréEven though
these constraints are unknown, this ensures that the prpradlem associated is the

minimization of the cost function of a NN with+ 1 hidden neurons.

6.5 Incremental Convex NN Algorithm

In this section we present a stepwise algorithm to optimi¥&aand show that there
is a criterion that allows to verify whether the global optirm has been reached. This is
a specialization of minimizing'(H, @, 2, D, w), with Q(w) = A|wl||; andH = {h :
h(z) = s(v- )} is the set of soft or hard linear classifiers (depending otcehaf s(-)).
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Algorithm ConvexNN(D,Q,\,s)

Input : training setD = {(z1,v1),.-., (za,ys)}, cOnvex loss functior®, and

scalar regularization penalty s is either thesignfunction or thetanhfunction.

(1) Setv; = (0,0,...,1) and selecty; = argmin,, y_, Q(ws(1),y;) + Aw].

(2) Seti = 2.

(3) Repeat

4)  Letq = Q (2 wihi(xy), y2)

(5) If s =sign

(5a) train linear classifieh;(x) = sign(v; - ) with examples (z;, sign(q;)) }

and errors weighted by,|, t = 1...n (i.e.,maximized_, ¢:h;(x))

(5b)  else ¢ = tanh)

(5¢) train linear classifieh;(z) = tanh(v; - ) to maximized _, g:h;(x).

6) If >, qthi(ze) < A, stop.

(7)  Selectw,...,w; (and optionallyvs, . .., v;) minimizing (exactly or
approximately)” = 3>, Q(1_, w;h; (). ) + A Y, |uw|
suchthathC; =0forj=1...1.

(7)  Increment by 1.

(9) Return the predictorj(z) = > w;h;(z).

A key property of the above algorithm is that, at terminatitdre global optimum is
reached, i.e., no hidden unit (linear classifier) can imprthe objective. In the case
wheres = sign, we obtain a Boosting-like algorithm, i.e., it involves fing a classifier

which minimizes the weighted co}t, ¢;sign(v - ;).

Theorem 6.5.1.AlgorithmConvexNNstops when it reaches the global optimum of
Clw) = 32, Qw - h(wr), ye) + Al|wl]x.

Démonstration.Let w be the output weights vector when the algorithm stops. Begau
the set of hidden units{ we consider is such that whénis in H, —h is also inH, we

can assume all weights to be non-negative. By contradiction’ # w is the global
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optimum, withC'(w") < C(w), then, sinc&' is convex in the output weights, for any
€ (0,1), we haveC(ew' + (1 — €)w) < eC(w') + (1 — ¢)C(w) < C(w). Letw, =

ew’ + (1 — €)w. For e small enough, we can assume all weightsvithat are strictly

positive to be also strictly positive im.. Let us denote by, the set of strictly positive

weights inw (andw,), by I, the set of weights set to zero in but to a non-zero value

in w,, and byd,;, the differencev. , — w;, in the weight of hidden unit;, betweenv and

w.. We can assum&; < 0 for j € I, because instead of setting a small positive weight

to h;, one can decrease the weightof; by the same amount, which will give either the

same cost, or possibly a lower one when the weight/ofis positive. Witho(e) denoting

a quantity such that'o(¢) — 0 whene — 0, the differencel.(w) = C(w.) — C(w)

can now be written :

Ac(w) Allwell = llwlh) + > (@(we - hlxe), yo) = Qw - h(we), yr))

- (Zaﬁz 0 | + 5 (@ Al viahu(a0) +ole)

ZEIP ]EIZ

= > ()\662- +) qt&ihi(xt)) +) (—Aaej +) qtaejhj(xt)> + o(e)

i€, jel.

— Z 662-%(10) + Z <_)\5€j + Z qt5€jhj(a:t)> + o(e)

i€l v jel.,

= 0+ Z <—>\65j + Z qt0cihj (%)) + o(e)

Jjel,

since fori € I, thanks to ste{7) of the algorithm, we havg< (w) = 0. Thus the
inequalitye ' A (w) < 0 rewrites into

Z €10, (—)\ + Z qthj(xt)> +eto(e) <0

Jjel,

which, whene — 0, yields (note that~'4.; does not depend ansinced,; is linear in



79

> els (—)\ +) qh; (:@) <0 (6.2)

jEL
But, h, being the optimal classifier chosen in step (5a) or (5¢),idtlén unitsh; verify
Sooachi(z) < 30, qhi(x) < AandVj € L, e 1o, (=A+ >, ¢th;(x)) > 0 (since
d; < 0), contradicting eq. 6.2. O]

[57] prove a related global convergence result for the Arg&a@algorithm, a non-
parametric Boosting algorithm that is also similar to GeadiBoosting [34]. Again,
this requires solving as a sub-problem an exact minimingbdind a functiom; € 'H
that is maximally correlated with the gradiegt on the output. We now show a simple
procedure to select a hyperplane with the best weightedititagion error.

Exact Minimization

In step (5a) we are required to find a linear classifier thatmmizes the weighted sum
of classification errors. Unfortunately, this is an NP-hardblem (w.r.t.d, see theorem
4 in [56]). However, an exact solution can be easily foundim?®) computations for

d = 2 inputs.

Proposition 6.5.2. Finding a linear classifier that minimizes the weighted surolas-

sification error can be achieved if(n?) steps when the input dimensiondis- 2.

Démonstration.We want to maximize , ¢;sign(u - x; + b) with respect ta; andb, the
¢;'s being inR. Consideru fixed and sort ther;’s according to their dot product with
v and denote- the function which maps to (i) such thatz,; is in i-th position in
the sort. Depending on the value lgfwe will haven + 1 possible sums, respectively
— S e+ > ki1 Cr(i), B =0,...,n. Itis obvious that those sums only depend on
the order of the products- z;,i = 1, ..., n. Whenu varies smoothly on the unit circle,
as the dot product is a continuous function of its argumehtschanges in the order
of the dot products will occur only when there is a p@irj) such that: - z; = u - x;.
Therefore, there are at most as many order changes as thgraiey of different points,
i.e.,n(n—1)/2.Inthe case offl = 2, we can enumerate all the different angles for which

there is a change, namaly, . .., a, with z < @ We then need to test at least one
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u = [cos(h),sin(0)] for each intervak; < 6 < a,,1, and also one for § < a;, which

makes a total oY possibilities. O

It is possible to generalize this result in higher dimensj@md as shown in [56], one

can achieve (log(n)n?) time.

Algorithm 1 Optimal linear classifier search

Maximizing > | ¢;0(sign(w - x;), y;) in dimension 2

(D)fore=1,...,nforj=i+1,....n

@)  ©i,; = 0(x;, x;) + § whered(z;, z;) is the angle between; andz;
(6) sort theo, ; in increasing order

(7) wo = (1,0)

@)fork=1,..., 0

Wr+Wg_1

(9) Wp = (COS ®i,j7 sin @i,j>a U = 3

(10) sort thex; according to the value afy, - z;
(11) computeS(uy) = > 1", ¢io(ug - @), y;)
(12) output :argmax, S

Approximate Minimization

For data in higher dimensions, the exact minimization sehenfind the optimal Ii-
near classifier is not practical. Therefore it is interegtmconsider approximate schemes
for obtaining a linear classifier with weighted costs. Papgichemes for doing so are
the linear SVM (i.e., linear classifier with hinge loss), thgistic regression classifier,
and variants of the Perceptron algorithm. In that case,(5®yof the algorithm is not an
exact minimization, and one cannot guarantee that the bbgdtenum will be reached.
However, it might be reasonable to believe that finding adiredassifier by minimizing
a weighted hinge loss should yield solutions close to thetexanimization. Unfortu-
nately, this is not generally true, as we have found out omals toy data set described

below. On the other hand, if in step (7) one performs an ogttion not only of the
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output weightsu; (; < 7) but also of the corresponding weight vectoysthen the algo-
rithm finds a solution close to the global optimum (we coultyarrify this on 2D data
sets, where the exact solution can be computed easily).dhshat at the end of each
stage, one first performs a few training iterations of the l&INN (for the hidden units
j < i) with an ordinary gradient descent mechanism (we used gatgugradients but
stochastic gradient descent would work too), optimiziretiy's and thev;’s, and then
one fixes the;’s and obtains the optimal,’s for thesev;’s (using a convex optimization
procedure). In our experiments we used a quadéatior which the optimization of the
output weights can be done with a neural network, using tieuts of the hidden layer
as inputs.

Let us consider now a bit more carefully what it means to tineevf’s in step (7).
Indeed, changing the weight vectorof a selected hidden neuron to decrease the cost
is equivalent to a change in the output weightsu's. More precisely, consider the step
in which the value of; becomes}. This is equivalent to the following operation on the
w’s, whenw; is the corresponding output weight value : the output weagsiociated
with the valuev; of a hidden neuron is set to 0, and the output weight assolciaité
the valuev’ of a hidden neuron is set to;. This corresponds to an exchange between
two variables in the convex program. We are justified to takesach step as long as it
allows us to decrease the ca@stw). The fact that we are simultaneously making such
exchanges on all the hidden units when we tuneiseallows us to move faster towards
the global optimum.

Extension to multiple outputs

The multiple outputs case is more involved than the singlgiat case because it is
not enough to check the condition, ~,q; > A. Consider a new hidden neuron whose
output ish; when the input isr;. Let us also denote = [a4, ..., «,,] the vector of
output weights between the new hidden neuron anadreitput neurons. The gradient
with respect tay; is g; = gffj = >, hiqi; — dsign(oy;) with ¢; the value of the j-th output
neuron with inpute,. This means that if, for a givejy we havel >, h,q;| < A, moving
a; away from O can only increase the cost. Therefore, the righhtty to consider is

(122 P | = A)+-
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We must therefore findrgmax, > . (| >, 7| — A)i. As before, this sub-problem
is not convex, but it is not as obvious how to approximate ialgonvex problem. The
stopping criterion becomes : if there is peuch that ), ~,q;;| > A, then all weights
must remain equal to 0 and a global minimum is reached.

Experimental Results

We performed experiments on the 2D double moon toy dataseiged in [31]),
to be able to compare with the exact version of the algoritimthese experiments,
Q(w - h(xy),y:) = [w - h(x) — y:)%. The set-up is the following :

e Select a new linear classifier, either (a) the optimal onébpraf approximate using
logistic regression.

¢ Optimize the output weights using a convex optimizer.

e In case (b), tune both input and output weights by conjugatdignt descent o' and
finally re-optimize the output weights using LASSO regressi

¢ Optionally, remove neurons whose output weight has beeio et

Using the approximate algorithm yielded for 100 trainingueles an average pe-
nalized A = 1) squared error of 17.11 (over 10 runs), an average tesifatason error
of 3.68% and an average number of neurons of 5.5. The exauwithigy yielded a pena-
lized squared error of 8.09, an average test classificatram ef 5.3%, and required 3
hidden neurons. A penalty of = 1 was nearly optimal for the exact algorithm whereas
a smaller penalty further improved the test classificatiwareof the approximate algo-
rithm. Besides, when running the approximate algorithmaftong time, it converges to
a solution whose quadratic error is extremely close to tleeadithe exact algorithm.

6.6 Conclusion

We have shown that training a NN can be seen as a convex optionizproblem,
and have analyzed an algorithm that can exactly or apprdgignaolve this problem.
We have shown that the solution with the hinge loss involvetumber of non-zero
weights bounded by the number of examples, and much small@ractice. We have

shown that there exists a stopping criterion to verify if tilebal optimum has been
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reached, but it involves solving a sub-learning problenoivivmg a linear classifier with
weighted errors, which can be computationally hard if thacesolution is sought, but
can be easily implemented for toy data sets (in low dimer)sfoncomparing exact and
approximate solutions.

The above experimental results are in agreement with otialisonjecture : when
there are many hidden units we are much less likely to stélldmoptimization procedure,
because there are many more ways to descend on the conve&’'@ost They also
suggest, based on experiments in which we can compare vatkexact sub-problem
minimization, that applying Algorithn€ConvexNN with an approximate minimization
for adding each hidden unithile continuing to tune the previous hidden unitstends
to lead to fast convergence to the global minimum. What carugestuck in a “local
minimum” (in the traditional sense, i.e., of optimizings andv’s together) is simply
theinability to find a new hidden unit weight vector that can improve the total cost
(fit and regularization term) even if there exists one

Note that as a side-effect of the results presented hereaveeansimple way to train
neural networks with hard-threshold hidden units, since increasing, Q' (y(z+), y:)sign(v;z:)
can be either achieved exactly (at great price) or appraeinge.g. by using a cross-
entropy or hinge loss on the corresponding linear claskifier
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CHAPITRE 7

PRESENTATION DU TROISIEME ARTICLE

7.1 Détails de l'article

Continuous Neural Networks
N. Le Roux et Y. Bengio
Publié dansProceedings of the Eleventh International Workshop onfiidi Intelli-

gence and Statistien 2007.

7.2 Contexte

Les réseaux convexes présentés au chapitre précédentatiaivoie des réseaux
infinis en conservant une solution finale exprimable avecambre fini de parametres.
Toutefois, comme nous avons pu le voir, leur optimisatiqurert un temps exponentiel
et ils généralisaient parfois moins bien que leur versigraghée.

L'article ci-aprés a pour but de proposer une nouvelle wvisies réseaux de neurones
donnant naissance a des réseaux de neurones infinis dairhisgtion est aussi rapide
que pour des réseaux normaux. Il renforce également ledéga,étudié par Neal [60]

et Williams [83], entre les réseaux de neurones et les méthaaoyau.

7.3 Commentaires

L'idée sous-jacente de I'article est qu'un réseau de neg@nune couche cachée
modélise une primitive d’une fonction constante par mange@haque unité cachée
correspondant a un morceau différent. Lorsque le nombrmeitd'sl cachées tend vers
l'infini, le nombre de morceaux fait de méme et le réseau deames modélise la pri-
mitive d’une fonction quelconque. L'apprentissage d’'used de neurones peut donc

étre vu comme l'approximation d’une fonction quelconq@ef@nction dont on calcule
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la primitive) par une fonction constante par morceaux.

Les réseaux continus, de leur coté, tentent d’approchts foatction par une fonc-
tion affine par morceaux. Cette modélisation est strictémpkrs puissante que les ré-
seaux de neurones standards (en ce sens qu’il existe dasxémmntinus qu'il est im-
possible de modéliser avec des réseaux standards aloragaesk est faux).

Les réseaux continus se sont effectivement avérés plusgnissque les réseaux de
neurones standards sur certaines taches, mais les ré$ultatt décevants sur d’autres.
L'une des raisons possibles est la difficulté de I'optim@ainduite par une telle pa-
ramétrisation. En effet, bien que le nombre de paramétste raisonnable, les unités
cachées deviennent liées les unes aux autres, entraisatéplendances complexes pré-
judiciables a la descente de gradient.

De son coté, le noyau induit par les réseaux infinis utilisafdnction de Heaviside
comme fonction de transfert est intéressant, tant par galisité que par la qualité des
résultats qu'il occasionne. Il n'est pas non plus inutileel®arquer que ce noyau n’est

pas local, au contraire du noyau gaussien.



CHAPITRE 8

CONTINUOUS NEURAL NETWORKS

8.1 Abstract

This article extends neural networks to the case of an urtablennumber of hidden
units, in several ways. In the first approach proposed, @fpatametrization is possible,
allowing gradient-based learning. For the same number @peters than an ordinary
neural network, this model yields lower error on real-watéda while having a lower ca-
pacity. Better error bounds than with ordinary neural neks@re shown using an affine
parametrization of the input-to-hidden weights. Expentaéresults show that optimi-
zation is easier than with ordinary neural networks, pdgdly reducing the problem
of hidden unit saturation. In a second approach the inptiidden weights are fully
non-parametric, yielding a kernel machine for which we destiate a simple kernel
formula. Interestingly, the resulting kernel machine cannteade hyperparameter-free,

and still generalizes in spite of an absence of explicit lagzation.

8.2 Introduction

In [60] neural networks with an infinite number of hidden snitere introduced,
showing that they could be interpreted as Gaussian prageasd this work served
as inspiration for a large body of work on Gaussian procedgeal’s work showed a
counter-example to two common beliefs in the machine legrecommunity : (1) that
a neural network with a very large number of hidden units wauyerfit and (2) that it
would not be feasible to numerically optimize such huge oeka. In spite of Neal’s
work, these beliefs are still commonly held. In this paperreteirn to Neal's idea and
study a number of extensions of neural networks to the caseathe number of hidden
units is uncountable, and show that they yield implememtalgorithms with interesting
properties.

Consider a neural network with one hidden layer (Adddden neurons), one output
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neuron and a transfer functign Let us denotd’ the input-to-hidden weights,; (i =
1,...,h) the hidden-to-output weights artithe output unit bias (the hidden units bias
is included inV).

The output of the network with inputis then

flz) =8+ Z a;g(z - V;) (8.1)

whereV; is thei™ column of matrixV/ andz is the vector withl appended ta:.. The
output of thei™ hidden neuron ig(7 - V;). For symmetric functions such aganh, we
can without any restriction consider the case where allitlseare nonnegative, since
changing the sign af; is equivalent to changing the sign .

In ordinary neural networks we have an integer indeXo obtain an uncountable
number of hidden units, we introduce a continuous-valuedgjbly vector-valued) in-
dexz € R™, withm < d + 1. We can replace the usual sum over hidden units by an
integral that goes through the different weight vectors tam be assigned to a hidden
unit :

f(z) =5+ / a(2)gli - V(2)) d 8.2)

wherea : R™ — R is the hidden-to-output weight function, ahd: R™ — R9*! is the
input-to-hidden weight function. Alternatively, functiax can be replaced by a single
scalara wheng is invertible over some range. Letz) = av(z) wherea is a global
constant such that(z)g(z-V (z)) is in the domain of; for all z. Then one can find a func-
tion b(z) such thatu(2)g(7 - V(2)) = ag(b(z)z - V(2)), i.e.b(z) = 9’1<a<2>g,<§g<Z>>>/“>,
andV/(z) can be replaced by(z)V (z). An equivalent parametrization is therefore

f(z) = a/g[i -V (2)] dz. (8.3)

How can we prevent overfitting in these settings ? In this pamediscuss three types
of solutions : (1) finite-dimensional representation$’/ofusing formulation 8.3). (2!
regularization of the output weights withandV completely free (32 regularization
of the output weights, with andV completely free.
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Solutions of type 1 are completely new and surprising resuk obtained with them.
Many possible parametrizations are possible to map thed@mdunit index” (a finite-
dimensional vector) to a weight vector. This parametrazatllows to show a represen-
tation theorem similar to Kolmogorov's, i.e. we show thatdtions fromR? to R can be
represented by + 1 functions fromR to R. Here we study an affine-by-part parametri-
zation, with interesting properties. In particular, it F©osvn that approximation error can
be bounded it (2 ~2?) whereh is proportional to the number of free parameters, whereas
ordinary neural networks enjoy@(h ') error bound. Experiments suggest that optimi-
zing them is easier than optimizing ordinary neural netwppkobably because they are
less sensitive to the saturation problem (when the weighiedof a hidden unit is large,
the derivative through it is close to 0, making it difficultaptimize the input-to-hidden
weights of that hidden unit). Solutions of type2!(regularization) were already presen-
ted in [16] so we do not focus on them here. They also yield toraex formulation but
in an infinite number of variables, requiring approximatémjzation. Solutions of type
3 (£? regularization) give rise to kernel machines that are sintd Gaussian processes,
albeit with a type of kernel not commonly used in the littarat We show that an ana-
lytic formulation of the kernel is possible when hidden sr@bmpute the sign of a dot
product (i.e., with formal neurons). Interestingly, expernts suggest that this kernel is
more resistant to overfitting than the Gaussian kernelwalig to train working models

without a single hyper-parameter.

8.3 Affine neural networks

8.3.1 Coreidea

We study here a special case of the solutions of type (1),avitite-dimensional pa-
rametrization of the continuous neural network, based oamatrizingl’(z) in eq. 8.3,
wherez is scalar. In this case, without loss of generality we cae thk domain ot to
be the unit interval, thus

flz) =0+ a/o glz-V(z)] dz (8.4)
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whereV is a function fromR to R?*! (d being the dimension aof).
It is easy to see that this becomes formula (8.1) whers a piecewise-constant
function such that
V(z)=V; when p,_; <z <p;

with ap =0, = ), a; andp; = 522:0 aj.

At this point, we can make an important commentz li= R¢ we can rewritet -
V(z) = VH(2) + 3% 2,Vi(2) whereV' is a function fromR to R andz; is the
i-th coordinate of: for eachi. But f is a function fromR¢ to R. Using neural network

function approximation theorems, the following theoremréfore follows :

Theorem 8.3.1.Any functionf fromR? to R can, with an arbitrary precision, be defined

by d + 1 functionsV* fromR to R and two realsy and 3 with the relation

1 d
flx) =0+ a/ tanh <Z Vi) x; + V”H(z)) dz
0 i=1
This result is reminiscent of Kolmogorov’s superpositibedrem [48], but here we
show that the function®™ can be directly optimized in order to obtain a good function

approximation.

8.3.2 Approximating an Integral

The formulation in eq. 8.4 shows that the only thing to optienwill be the func-
tion V, and the scalars and 3, getting rid of the optimization of the hidden-to-output
weights.

In this work we consider a parametrizationdfinvolving a finite number of para-
meters, and we optimize over these parameters. Sinsdinked toV by an integral,
it suggests to look over parametrizations yielding goodr@xmation of an integral.
Several such parametrizations already exist :

— piecewise constant functions, used in the rectangle rdeffuis is the simplest

approximation, corresponding to ordinary neural netwdeks 8.1),
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— piecewise affine functions, used in the trapezoid methbis. 8pproximation yields
better results and will be the one studied here, which we ‘@dfime Neural Net-
work”.

— polynomials, used in Simpson’s method, which allow evesteiaconvergence.
However, we were not able to compute the integral of polyrdsnihrough the
functiontanh.

8.3.3 Piecewise Affine Parametrization

Using a piecewise affine parametrization, we consider the form :

V(Z) == V;,l + 724_ Pi-1

(V; = Viy) whenp,_; < z < p;,
Pi — Di—1

that is to sayV is linear betweem, _, andp;, V(p;_1) = V;_; andV (p;) = V; for eachi.
This will ensure the continuity of .

Besides, we will set,,,.; = V; to avoid border effects and obtain an extra segment
for the same number of parameters.

Rewritingp; = p;—1 = a; andV (z) = V;(z) whenp,_; < z < p;, the output for an
input exampler can be written :

o) = Y / tanh [Vi(2) - 7]

_ a; cosh(V; - 7)
@ = Xwvya™ <cosh(v;1 -:z)) (8.5)

7

To respect the continuity of the functidn, we should restrict the; to be positive since

p; must be greater tham_,. However, in our experiments, we did not use that restric-
tion to simplify gradient descent over the parameters. Wie\eethat this makes little
difference in the final result.
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8.3.3.1 s the continuity ofVV necessary ?

As said before, we want to enforce the continuitylaf The first reason is that the
trapezoid method uses continuous functions and the resritserning that method can
therefore be used for our approximation. Besides, we haseérituition that a “reasona-
ble” function f will use a “reasonable” functiol. This intuition will not be theoretically
verified here but it seems to be validated by the experimeasailts.

The reader might notice at that point that there is no bijecbetween/ and f.
Indeed, sincé/ is only defined by its integral, we can switch two differenéges of
V' without modifying f. Thus, it would more correct to say thatfifis a “reasonable”

function, then there must exist a “reasonablethat gives rise tq.

8.3.4 Extension to multiple output neurons

The formula of the output is a linear combination of theas in the ordinary neural

network. Thus, the extension t@utput neurons is straightforward using the formula

- a; cosh(V; - )
fi(z) = Z (Vi=Vir)-2 o (COSh(Vil ' ‘%)) oo

)

forj=1,...,1L

8.3.5 Piecewise affine versus piecewise constant

Consider a target functioft that we would like to approximate, and a targetthat
gives rise to it. Before going any further, we should ask elwes two questions :
— is there a relation between the quality of the approxinmatib/* and the quality
of approximation ofi"* ?
— are piecewise affine functions (i.e. our affine neural ndta)anore appropriate to
approximate an arbitrary function than the piecewise @ristnes (i.e. ordinary

neural networks) ?
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8.3.5.1 Relation betweerf and V/

To answer the first of those questions, we will bound the dmeiweenf(z) and

f*(z) using the error betweeri andV*. First assume that = o* andg = .

[flx) — @)=
(tanh [V (2) - Z] — tanh [V*(2) - 7]) d=

*

*

- |/tanh (2) = V*(2)) - 3

(1= tanh [V'(2) - ] tanh [V*(2) - &]) d2|
/ ftanh [(V(2) — V*(2)) - ]| d2

. sép 11 — tanh [V(2) - &] tanh [V*(2) - 4

IN
Q*

< 2a* [tanh [(V(2) — V*(2)) - Z]| d=

z

< % /tanhn(wz)—v*(z))-gzudz

But for a givenV/, the difference betweefiand f* can only be smaller if we allow
(a, B) to be different from(a*, b*) (i.e. choosingy and 5 optimally). Therefore, the
inequality remains whea andg are not fixed.

The difference between the approximate functiamsingV” and the true functiorf*
is therefore bounded by [ tanh [|(V(z) — V*(2)) - Z|] dz, which is itself bounded
by 2a* x sup, tanh [|(V* — V) (2) - Z|].

Thus, if V' is never far fromV/*, we are sure that the approximated function will be
close from the true function. This makes reasonable ouptbetter approximateé™.

We can then make an obvious remark : if we restrict ourselvesfinite number of
hidden neurons, it will never be possible to have a piecewosstant function equal to a
piecewise affine function (apart from the trivial case whadraffine functions are in fact
constant). On the other hand, any piecewise contant fumcbmposed of pieces can
be represented arbitrarily closely by a continuous piesewiffine function composed

of at most2h pieces (half of the pieces being constant and the other baifjused to
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avoid discontinuities).

A second remark can be made : for any piecewise constantdanahd any conti-
nuous piecewise affine function, given that they are not lequiee can find a function
that is better approximated by the first class than by themgkclass;; it is trivial to see
that one can also find a function that is better approximayetthd second class than by
the first class.

After those trivial comments, let us focus on less evidemtaks. As shown in sec-
tion 8.3.5.1, we would like our approximatidn of VV* to remain close td/* for all
Z.

If V' is a piecewise constant function, then it is quite stramfard to prove the
following inequality :

V() V()| < P

= 5 M1(V*7 [pz‘—hpz‘]) (8.7)

whereM,(V, I) = max,e; |V'(2)| (My(V, I) is the maximum absolute value of the first
derivative ofl” on the intervall).

The trapezoid method tells us that the approximation of &tfan V* in C? by a
continous piecewise affine functidnusing the trapezoid method verifies :

* Z — Pi— Di — =2 *
V() - Vi) < EBB e g )
where My(V, I) = max,¢; |V (2)| (Ma(V, 1) is the maximum absolute value of the
second derivative of on the intervall). Using the fact that, for alt in [p;_1, pi], (z —
pi)(p; — ) < @2 e have

(pi — pic1)

Vi(z) = V(z)] < My(V*™, [pie1, pil) (8.8)

- 8
There is however a difference between the rectangle methedrapezoid method and
the optimization of neural networks. Indeed, both the mgimmethod and the trapezoid
method use uniformly spaced points, whereas in the casdio¢ afeural networks, the

spacing between two consecutive points is determined bggkeciated output weight.
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As this is less restrictive, we are guaranteed that the witbrthe approximated function
obtained while optimizing an affine neural network is betitet the bound above.
Since the integral is oft, 1] and there aré hidden units, uniformly spaced points

would givep; — p;_1 = % This leads to the following theorem :

Theorem 8.3.2.In an affine neural netV* — V|, = O(h~?) with i the number of

hidden units instead dfi’* — V||, = O(h™!) for an ordinary neural network.

As for all z in R, we havetanh(|z|) < |z|, the following theorem is a consequence
of theorem 8.3.2:

Theorem 8.3.3.There exists two scalars; andC, such that, for allz, | f () — f(z)| <
C1h~2 with h the number of hidden units in an affine neural network (pdsewonver-
gence) instead dff () — f ()] < Coh~" for an ordinary neural network.

One must first note that those are upper bounds. It theretwre ot guarantee that
the optimization of affine neural networks will always betbethan the one of ordinary
neural networks. Furthermore, one shall keep in mind th#t beethods are subject
to local minima. However, we will see in the following sectithat the affine neural
networks appear less likely to get stuck during the optitiorathan ordinary neural
networks.

8.3.6 Implied prior distribution

Up to now we have only considered a parametrized class ofitmsc We know that
gradient descent or ordina? regularization are more likely to yield small values of
the parameters, the latter directly corresponding to a-zexan Gaussian prior over the
parameters. Hence to visualize and better understanduhgtién, we define a zero-
mean Gaussian prior distribution on the parameters andV; (1 < ¢ < h), and sample
from the corresponding functions.

We sampled from each of the two neural networks (ordinargrdte net and conti-
nuous affine net) with different numbers of hidden units am@anean Gaussian priors

with varianceo, for input-to-hidden weights, varianeg for the input biases, variance
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oy, for the output bias and variané% for hidden-to-output weights (scaled in terms of
the number of hidden units, to keep constant the variance of the network output as
changes). Randomly obtained samples are shown in figurést8.8.3.6. The different

F:
|
|

Figure 8.1 — Functions generated by an ordinary neural n&t{tap) and an affine neural
network (bottom) with 2 hidden units and, = 5 (left), o, = 20 (mid) ands,, = 100
(right) (o0, = 0, ando, = w, = 1).

priors over the functions show a very specific trend : whggrows, the ordinaryténh)
neural network tends to saturate whereas the affine neunabriedoes not. This can
easily be explained by the fact that|¥; - z| and|V;,; - Z| are both much greater than
hidden unit; stays in the saturation zone whens piecewise constant (ordinary neural
network). However, with a piecewise affihg if V; - 7 is positive and/; . ; - T is negative
(or the opposite), we will go through the non-saturated zanghich gradients orV;
andV;., flow well. This might explain the apparently easier optintiza of input-to-
hidden weights in the case of the affine network, even thobgi value is large. The

result seems to be that affine neural networks usually finchrbetter minima.
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Figure 8.2 — Functions generated by an ordinary neural n&t{tap) and an affine neural
network (bottom) with 10 hidden units ang = 5 (left), o, = 20 (mid) ando,, = 100
(right) (o0, = 0, ando, = w, = 1).

/ N Y VAN

-1 0
0s
N/\ 15 9 N
= \ L os| /
0 S —
/\/_/ a

. e \ /
05 \
— 15 —~
- S
1 B
L o8 e w4 o2 0 02 o4 06 os 1 3 o5 s s 02 0 N T

Figure 8.3 — Functions generated by an ordinary neural m&tmp) and an affine neural
network (down) with 10000 hidden units angd = 5 (left), o, = 20 (mid) ando,, = 100
(right) (o0, = 0, ando, = w, = 1).
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8.3.7 Experiments

In these experiments the objective was to demonstrate whiditout having more
capacity than ordinary neural networks (with the same nurabdegrees of freedom)
the affine neural networks are able to obtain better fits ta#ta. Future experimental
research should include thorough experiments to testgjegsieralization ability.

On the LETTERS dataset, we tried some sets of hyperparasnettrout beating
the state-of-the-art results of the ordinary neural nek&an generalization error. The
cause might be a lack of optimization of the hyperparameteas intrinsic trend of the
affine neural networks to overfit. However, to check this selquossibility, we measured
training performance on random datasets, to make surdiigoibd performance on real
training data was not due to a larger capacity.

In all the experiments we use the conjugate gradients aktgorio perform the opti-

mization, using Rasmussen'’s publically available matladbed66].

8.3.7.1 USPS Dataset

The USPS dataset is a digit images dataset obtained fromG@hesgository, consis-
ting of 7291 training examples and 1007 test examples in goa 256, from 10 digit
classes.

We tried to minimize the average logarithm of the correcs€lposterior (Negative
Log-Likelihood or NLL) on the training set with only 7 hiddereurons § = 7). There
was no explicit regularization of input-to-hidden nor heshdto-output parameters, since
the goal here was only to study the optimization with the fiomcclass. The training
error curves are shown in figure 8.4. For the affine net, ondyfittst 97000 iterations
are shown (instead of 100000) because the optimizatiorpstbpt that point, having
reached a local minimum.

We can clearly see that after a few iterations during whidi ladgorithms are simi-
lar, the affine neural net optimization is much faster, angisgauch lower.

So far, three explanations of that phenomenon come to mihd.fifst is that, as

said previously, a continuous piecewise affine function icinmore efficient to ap-
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NLL

Number of iterations x10°

Figure 8.4 — Training curves for both algorithms on the USR&set with 7 hidden
units.

proximate the particular function of interest. The secoxrplanation is that the affine
neural network is much less sensitive to the problem of atitur of hidden units obser-
ved in ordinary neural networks (which may correspond toaégalu rather than a local
minimum in the optimization). A third explanation is thaethffine network has more
capacity in spite of having the same number of degrees oddmee but the experiments

below appear to disprove this hypothesis.

8.3.7.2 LETTERS Dataset

The LETTERS dataset consists of 20000 examples (16000rtgagxamples and
4000 testing examples) in dimension 16, from 26 classes.

The difference between the two algorithms is here less aisuvioan with the USPS
dataset. With 50 hidden units, there seems to be a clear fehd affine net. However,
with 100 hidden units, the results are much closer, withghslead for the standard net-
works. Given the very low error rate, it seems reasonablkitd that both architecture

learned perfectly the training set, the difference beingsed by rounding errors.
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Figure 8.5 — Training curves for both algorithms on the LERH=dataset with 50 and
100 hidden units.

8.3.7.3 Random Dataset

We wanted to verify here that the affine network is not periagrbetter simply
because it has more capacity. A way to evaluate capacityeisrthiximum size of a
randomly labeled training set that an algorithm is able to fit

For this purpose, we created two types of random datasetstahte affine neural
network :

— atotally random dataset, where both the inputs and thetsaege initialized from

a uniform prior (with a mean squared error training critejio

— a dataset where the inputs have been taken from a real OéE3RS) and the

targets have been initialized uniformly over classes (@&iMLL training criterion).
We can see from the results in figure 8.6 that, on both databketaffine net performed
slightly worse than the ordinary net. Even though only twpeskments are shown, more
have been performed, always with the same result (the gstphws the last two expe-
riments we ran and have in no case been selected from a setulifSje These results
clearly indicate that the affine network does not have mopac# than an ordinary
neural network.
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Figure 8.6 — Training curves for both algorithms on randonaskts. Left : 196 random
inputs and 5 random targets, using networks with 10 hiddés and the MSE. Right :
Inputs of the USPS dataset and 1 random label, using netwotkhs hidden units and
the NLL.

8.4 Non-Parametric Continous Neural Networks

This section returns on the strong link between kernel natlamd continuous neural
networks, first presented by Neal [60]. It also exhibits actnnection with Gaussian
processes, with a newly motivated kernel formula. Here, tag rom eq. 8.2 but use
as an index the elements oR?*! themselves, i.el’ is completely free and fully non-
parametric : we integrate over all possible weight vectors.

To make sure that the integral exists, we select aksever which to integrate, so

that the formulation becomes

fa) = [ alegte-2) az (5.9)
= <a,g; > (8.10)

with <, > the usual dot product af?( ) andg, the function such that,(z) = g(z - 2).
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8.4.1 L'-norm Output Weights Regularization

Although the optimization problem becomes convex whendhaorm ofa is pena-
lized, it involves an infinite number of variables. Howewee are guaranteed to obtain a
finite number of hidden units with non-zero output weight] &oth exact and approxi-
mate algorithms have been proposed for this case in [16¢eSinis case has already

been well treated in that paper, we focus here onheegularization case.

8.4.2 L2-norm Output Weights Regularization

In some cases, we know that the optimal functiazan be written as a linear combi-
nation of they,,, with thez;’s the training examples. For example, when the cost functio
is of the forme ((z1, y1, f(21)), -, (T, Yms f(@m))) + Q| fll7) with || f|| is the norm
induced by the kerndl defined byk(z;, ;) =< g.,, 9., >, we can apply the representer
theorem [47].

It has been known for a decade that, with Gaussian priors theparameters, a
neural network with a number of hidden units growing to irtfimionverges to a Gaussian
process (chapter 2 of [60]). However, Neal did not computdiexly the covariance
matrices associated to specific neural network architesti8uch covariance functions
have already been analytically computed [83], for the casesgmoid and Gaussian
transfer functions. However, this has been done using aseaugrior on the input-
to-hidden weights. The formulation presented here coamdp to a uniform prior (i.e.
with no arbitrary preference for particular values of thegpaeters) when the transfer
function issign. Thesign function has been used in [60] with a Gaussian prior on the
input-to-hidden weights, but the explicit covariance fuma could not be computed.
Instead, approximating locally the gaussian prior with &arm prior, Neal ended up
with a covariance function of the fori(z, y) ~ A — B||x — y||. We will see that, using
a uniform prior, this is exactly the form @ one obtains.
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8.4.3 Kernel wheng is the sign Function
8.4.3.1 Computation of the Kernel

For the sake of shorter notation, we will denote ¢he function bys and warn the
reader not to get confused with tkgmoid function.

We wish to compute

k(x,y) =< gu, gy >= Eyp [s(v-x +b)s(v-y+0b)].

Since we wish to define a uniform prior oveandb, we cannot let them span the whole
space R” in the case ob andR in the case ob). However, the value of the function
sign does not depend on the norm of its argument, so we can resirstlves to the case
where||v|| = 1. Furthermore, for values df greater thard, whereJ is the maximum
norm among the samples, the value of the sign will be constah{and -1 for opposite
values ofb). Therefore, we only need to integrdten the range—d, J].

Defining a uniform prior on an interval depending on the tragnexamples seems
contradictory. We will see later that, as long as the intiee/hig enough, its exact value
does not matter.

Let us first consider fixed and compute the expectation obemhe product of two
sign functions is equal to 1 except when the argument of 9ge is positive and the

other negative. In our case, this becomes:

v-x+b < 0 v-x+b > 0
or

v.y+b > 0 v.y+b < 0

which is only true forb between— min(v - z,v - y) and— max(v - , v - y), which is an

interval of sizejv -z — v - y| = |v - (x — y)]|.
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Therefore, for each, we have

Ey[s(v-z+b)s(v-y+b)] =

We must now compute

k(z,y)=1— B, {W} (8.11)
It is quite obvious that the value of the second term only ddpen the norm ofz — y)

due to the symmetry of the problem. The value of the kernetklcas be written
k(z,y) =1—Cllz—yl (8.12)

Writing k(z,y) = 1 — Cljlz — y||, we have

1
C = / v
0S(d, 1) Joy)jul=1

2 /2 .
= m/o cos(0)S (d — 1,sin(9)) db
25(d —1,1)

35(d, 1)(d—1)

=y
Hw—yl!'d

whereS(d, r) is the surface of the hypersphefgof radiusr andd is the dimensionality
of the data.

Therefore,
B 25(d —1,1)
Then, noticing that
d—1 Sd-1,1) d

or 51 “Vor
, we have
1 2 _ 25(d —1,1) _ V2d
s\ 7(d—1) " 65, 1)(d—1) ~ o(d—1)m
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As we could have integrated over a slightly larger integrahtthe minimum requi-
red, we can set our kernel function to be
/2
k(z,y) =1 - ————||z — 8.13
(z,y) 5 (d—1)7r” yll (8.13)

with d the dimensionality of the data andhe maximumZ?-norm among the samples.
The coefficient in front of the terriz — y|| has a slightly different form whet = 1 or
d=2.

8.4.3.2 Function sampling

As presented in [60], the functions generated by this gangsiocess are Brownian
(see figure 8.7). Contrary to other transfer functions aathéworks, this covariance
function does not have any hyperparameter. Indeed, thé@oisg invariant if the cova-
riance function is modified by adding a constant e, y), since the optimal solution for
linear or logistic regression is a weight vector whose eleisisum to OMoreover, chan-
ging the covariance function by an additive factor is eqglewato accordingly multiply
the weight decay on the output weights. It is also possibketa weight decay equal
to 0. The problems becomes ill-defined as many vectors ané@ws. However, all so-
lutions lead to the same function. This setting suppre$geetmaining hyperparameter

for thesign kernel.

8.4.3.3 USPS dataset

We tried this new hyper-parameter free kernel machine orJBBS dataset, with
guadratic training cost.

To prove the stability of theign kernel, we compared it with the Gaussian kernel
on the USPS dataset. We optimized the hyperparameters @ahssian kernel on the
test set (optimization on the validation set yields 4.0% &es0r). As there are no hy-
perparameters for thegn kernel, this clearly is in favor of the Gaussian kernel. We ca
see that the Gaussian kernel is much more sensitive to hy@eneters, whereas the
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Figure 8.7 — Two functions drawn from the Gaussian processcasted to the above
kernel function.

Tableau 8.1 sign kernelvs Gaussian kernel on USPS dataset, with different Gaussian

Algorithm [ A =103 | A=10°%| AX=0
sign 4.4687 | 4.1708 | 4.1708
gausso =1 62.86 62.7607 | 57.6961

gaussc =2 | 14.2999 | 155909 | 6.852
gausso =3 | 4.0715 | 4.3694 | 4.2701
gaussc =4 | 3.9722 4.7666 | 4.9652
gausso =5 | 3.6743 23.436 | 59.484

widthso and weight decaysa.
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performance of theign kernel is the same fox varying from10~* to 0.

8.4.4 Conclusions, Discussion, and Future Work

We have studied in detail two formulations of uncountablaraknetworks, one
based on a finite parametrization of the input-to-hiddergivsi, and one that is fully
non-parametric. The first approach delivered a number efrasting results : a new
function approximation theorem, an affine parametrizatitowhich the integrals can
be computed analytically, an error bound theorem that sstggmetter approximation
properties than ordinary neural networks, and surpriskpgemental results suggesting
that this function class is less prone to the optimizatidfiadilties of ordinary neural
networks.

As shown in theorem 8.3.1, functidncan be represented ds- 1 functions fromR
to R, easier to learn than one function frdi*! to R. We did not find parametrizations
of those functions other than the continuous piecewiseafime with the same feature
of analytic integration. To obtain smooth functiolWswith restricted complexity, one
could set the functiong’ to be outputs of another neural network taking a discretexnd
in argument. However, this has not yet been exploited andwiéxplored in the future.

The second, non-parametric, approach delivered anotherf ggeresting results :
with sign activation functions, the integrals can be computed amaljy, and correspond
to a hyperparameter-free kernel machine that yields pedoces comparable to the
Gaussian kernel. These results raise a fascinating qoestdy are results with the
sign kernel that good with no hyper-parameter and no regulaoiz& To answer this,
we should look at the shape of the covariance functiony) = 1 — C||z — y/||, which
suggests the following property : it can discriminate betwaeighbors of a training
example while being influenced by remote examples, whelea&aussian kernel does

either one or the other, depending on the choice.of



CHAPITRE 9

PRESENTATION DU QUATRIEME ARTICLE

9.1 Deétails de l'article

Representational Power of Restricted Boltzmann Machinesrad Deep Belief Net-
works

N. Le Roux et Y. Bengio

A paraitre dan®leural Computation, 20 :6, MIT Press, Cambridge, E#2008.

9.2 Contexte

Toutes les limitations des architectures peu profondeseptées dans les articles
précédents encouragerent la recherche d’architectuebsment capables d’extraire des
concepts de haut niveau et insensibles au fléau de la dinmeradii@. De telles architec-
tures existaient déja depuis 1989 [52] dans le contexterdetmnaissance de caractéres.

En 2006, Hinton et al. [39] proposerent une méthode glowquur entrainer des ré-
seaux profonds, et ce avec succes. Les Deep Belief Netwarf3BN, obtinrent des ré-
sultats a I'état de I'art sur plusieurs ensembles de donaéesce soit en reconnaissance
de caractéres ou en classification de documents. Conteiteaux réseaux a convo-
lution, les réseaux sigmoidaux profonds ne sont pas limaitése tache particuliere et

n’incluent pas de connaissance a priori sur le type de pnodi résoudre.
9.2.1 Approches précédentes

9.2.1.1 Entrainement global

Les premieres tentatives d’entrainement de réseaux miefamfirent en utilisant la
descente de gradient sur les parameétres de toutes les saukzhfis. Hormis pour cer-
taines architectures tres précises [52], cette méthodegiwnapidement dans de mauvais

minima locaux. Deux raisons peuvent étre invoquées poar cel
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La premiere est I'estompement du gradient. En effet, lagmés d’'une fonction de
transfert écrasante a chaque couche cachée diminue $itéatu gradient au fur et a
mesure que I'on s’éloigne de la couche de sortie.

La deuxieme est I'extréme complexité des relations engrpd@ameétres des que I'on
s’éloigne de la couche de sortie. En effet, les poids deesagissent directement sur
la sortie de la fonction et n'ont que peu d’interactions. s que I'on parcourt les
couches cachées, les parametres proches de la coucheéd enéragissent au travers
des neurones cachées, rendant leur optimisation ardue.

Dans les deux cas, ce sont les paramétres les plus éloigteésatte (c’est-a-dire de
I'origine du signal de renforcement) qui sont les plus diffis a optimiser. Cela motive
la création de méthodes d’entrainement n’optimisant gsigpdeametres proches de la
sortie.

9.2.1.2 Entrainement glouton

Des approches gloutonnes avaient été essayées aupa@vaaniyainer des réseaux
profonds, mais sans succes. Elles consistaient en I'aetragnt d’'un réseau de neurones
a une couche cachée sur la tache (supervisée) demandéedd Bpids d’entrée étaient
alors fixés et les activations de la couche cachée obtenuasttant les exemples d’en-
trainement en entrée devenaient les nouveaux exemplesaif@ment. Un nouveau
réseau de neurones a une couche cachée était alors entradeé exemples, et ainsi de
suite jusqu’a atteindre la profondeur voulue.

Malheureusement, cette technique souffre de la facilitéagiprentissage supervisé
sur 'ensemble d’apprentissage. En effet, si le nombreitBarcachées est assez grand,
il est facile d’obtenir une erreur d’entrainement faible kensemble d’apprentissage,
et ce quels que soient les poids d’entrée. Autrement ditésaau de neurones a une
couche cachée n’a pas besoin d’extraire des caractéastigertinentes des données
pour parvenir a une faible erreur d’apprentissage. Celaua@mséquence de jeter une
grande partie de I'information contenue dans I'ensemi@aainement lors du passage
a la premiere couche cachée. Ce probleme est bien entendifi@enghaque ajout d’'une
nouvelle couche.
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Au contraire, les DBNSs utilisent comme blocs de base desi#hgoes non-supervisés,
les machines de Boltzmann restreintes (Restricted Bolimriveachine, ou RBM). L'idée
fondatrice est qu’un algorithme non-supervisé va tenteoteserver toute I'information
contenue dans I'ensemble d’apprentissage et non seuleelenhécessaire a la résolu-
tion du probléme supervisé. L'avantage immédiat de cettihoake est la conservation
de l'information contenue dans les exemples d’apprergessas de I'ajout de couches.
Il est d'ailleurs intéressant de remarquer que d’autrehaugts proposant d’autres al-
gorithmes non-supervisés pour entrainer les couches taetwhles résultats compa-
rables [49].

Cette méthode posséde toutefois un inconvénient majewant d& phase finale de
raffinement des parametres, I'entrainement n’est aucumagualé par la tache supervi-
sée a réaliser. Cela devient problematique deés lors qudesprbbleme supervisé peut
étre (approximativement) résolu en maintenant un modeélgitle raisonnable. Laro-
chelle et al. [49] tentérent d’introduire un signal supsévau cours de I'entrainement

des parametres, améliorant quelque peu la performance.final

9.3 Commentaires

L'article présenté ici s'intéresse exclusivement au medgnératif et ne tient pas
compte d’'un éventuel probléme supervisé. Il démontre deérenonstructive (contrai-
rement a [32], qui spécifient simplement que la machine dé&zBw@nn restreinte doit
agir comme une table de conversion, chaque unité cachéeassociée a un vecteur
d’entrée) l'universalité des machines de Boltzmann regte et propose une méthode
d’entrainement moins gloutonne que celle proposée paroHhliat al. [39]. Si cette
derniere permet d’obtenir de meilleurs résultats que lehou# initialement proposée
par Hinton et al. [39] sur des problémes jouets, sa comg@éxitend inexploitable pour
des problémes réels.

En montrant que les machines de Boltzmann restreintes peonagléliser n'importe
guelle distribution et que leur puissance de représentatigmente strictement a I'ajout

d’'une nouvelle unité cachée, cet article les relie plusfoent aux réseaux de neurones
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habituels. En outre, la stratégie d’optimisation propaséatre qu'’il est théoriquement
possible d’effectuer un apprentissage efficace tout ert éams glouton. Si I'algo-
rithme proposé dans cet article n’est pas exploitable ¢at)'®# n’en demeure pas moins

une source d’inspiration possible pour de futurs dévelopés.



CHAPITRE 10

REPRESENTATIONAL POWER OF RESTRICTED BOLTZMANN
MACHINES AND DEEP BELIEF NETWORKS

10.1 Abstract

Deep Belief Networks (DBN) are generative neural networklel® with many layers
of hidden explanatory factors, recently introduced by bimét al., along with a greedy
layer-wise unsupervised learning algorithm. The builddark of a DBN is a probabi-
listic model called a Restricted Boltzmann Machine (RBMjed to represent one layer
of the model. Restricted Boltzmann Machines are intergdigcause inference is easy
in them, and because they have been successfully used dmgulocks for training
deeper models. We first prove that adding hidden units ystidstly improved model-
ling power, while a second theorem shows that RBMs are usaepproximators of
discrete distributions. We then study the question of werelBNs with more layers are
strictly more powerful in terms of representational powiédiis suggests a new and less

greedy criterion for training RBMs within DBNSs.

10.2 Introduction

Learning algorithms that learn to represent functions widgmy levels of compo-
sition are said to have deep architectureBengio et Le Cun [15] discuss results in
computational theory of circuits that strongly suggest teep architectures are much
more efficient in terms of representation (number of conrtal elements, number of
parameters) than their shallow counterparts. In spiteefdht that 2-level architectures
(e.g., a one-hidden layer neural network, a kernel macluna,2-level digital circuit)
are able to represent any function (see for example [44), thay need a huge number
of elements and, consequently, of training examples. Famgke, the parity function on
d bits (which associates the value 1 with a veastaf v has an odd number of bits equal

to 1 and0 otherwise) can be implemented by a digital circuit of ddpgid) with O(d)



112

elements but require®(29¢) elements to be represented by a 2-level digital circuit [2]
(e.g., in conjunctive or disjunctive normal form). We prdve similar result for Gaus-
sian kernel machines : they requitg2?) non-zero coefficients (i.e., support vectors in
a Support Vector Machine) to represent such highly varyumgfions [10]. On the other
hand, training learning algorithms with a deep architex{guch as neural networks with
many hidden layers) appears to be a challenging optimizgtioblem [13, 80].

Hinton et al. [39] introduced a greedy layer-wisgsupervisetearning algorithm for
Deep Belief Networks (DBN). The training strategy for sugtworks may hold great
promise as a principle to help address the problem of trgidieep networks. Upper
layers of a DBN are supposed to represent more “abstractein that explain the
input data whereas lower layers extract “low-level featlifeom the data. In [13, 65],
this greedy layer-wise principle is found to be applicalolertodels other than DBNSs.
DBNs and RBMs have already been applied successfully to éauwnf classification,
dimensionality reduction, information retrieval, and retiohg tasks [13, 39, 42, 72, 82].

In this paper we show that adding hidden units yields syrictiproved modelling
power, unless the RBM already perfectly models the datan;Twe prove that an RBM
can model any discrete distribution, a property similatimse of neural networks with
one hidden layer. Finally, we discuss the representatipoaler of DBNs and find a
puzzling result about the best that could be achieved whamggoom 1-layer to 2-
layer DBNSs. Note that the proofs of universal approximabgrRBMs are constructive
but these constructions are not practical as they would te&®BMs with potentially
as many hidden units as examples, and this would defy theoparpf using RBMs
as building blocks of a deep network that efficiently repmesehe input distribution.
Important theoretical questions therefore remain unareveoncerning the potential
for DBNs that stack multiple RBMs to represent a distribotgdficiently.
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10.2.1 Background on RBMs
10.2.1.1 Definition and properties

A Restricted Boltzmann Machine (RBM) is a particular formtleé Product of Ex-
perts model [40, 41] which is also a Boltzmann Machine [1}watbipartite connecti-
vity graph. An RBM withn hidden units is a parametric model of the joint distribution
between hidden variableg (explanatory factors, collected in vecthy and observed
variablesv; (the examples, collected in vectoy, of the form

p(v, h) X exp(—E(\C h)) _ ehTWV+bTV+CTh

with parameter$ = (W, b, ¢) andv;, h; € {0,1}. E(v,h) is called theenergy of the
state(v, h). We consider here the simpler case of binary units. It iSgfitborward to
show thatP(v|h) = [[; P(v;/h) and P(v; = 1|h) = sigmoid(b; + >_; Wi;h;) (Where
sigmoid is the sigmoid function defined aggmoid(z) = =), and P(h|v) has
a similar form :P(h|v) = [[; P(hilv) and P(h; = 1|v) = sigmoid(c; + >_; Wi;v;).
Although the marginal distributiop(v) is not tractable, it can be easily computed up to
a normalizing constant. Furthermore, one can also samphe the model distribution
using Gibbs sampling. Consider a Monte-Carlo Markov chBI@C) initialized with

v sampled from the empirical data distribution (distribataenoted,). After sampling

h from P(h|v), samplev’ from P(v’|h), which follows a distribution denotegdl . After

k such steps we have samples frgm and the model's generative distributionzig
(due to convergence of the Gibbs MCMC).

10.2.1.2 Training and Contrastive Divergence

We will denote
1 N
_ (?)
L) = NZE:l logp (v")

E(V,@) = —log [ZGXP(_E(V7h>6))]



114

Carreira-Perpifian et Hinton [25] showed that the derieab¥ the average log-
likelihood of the data under the RBM with respect to the paetars is

0log L(0) O0log E(v,0) Olog E(v,0)
() (), e

where averaging is over bothandh, (-), denotes an average with respecpgo(the
data distribution) multiplied by?(h|v), and(-)., denotes an average with respecpio
(the model distribution) p.. (v, h) = p(v, h).

Since computing the average over the true model distribusiontractable, Hinton
et al. [39] use an approximation of that derivative calteshtrastive divergence[40,
41]: one replaces the averagg,, with (-), for relatively small values of. For example,
in Bengio et al. [13], Hinton et al. [39], Hinton et Salakhimol [42], Salakhutdinov
et Hinton [72], one uses = 1 with great success. The average ové& from p, is
replaced by a sample from the empirical distribution (teighe usual stochastic gradient
sampling trick) and the average owes from p; is replaced by a single sample from the
Markov chain. The resulting gradient estimator involvelyaery simple computations,
and for the case of binary units, the gradient estimator aghtéV;; is simply P(h; =
1[v)v; — P(h; = 1|v')v}, wherev' is a sample fronp, andv is the input example that
starts the chain. The procedure can easily be generalizedubor hidden units that are

not binary (e.g., Gaussian or exponential, for continuaalsied units [13, 82]).

10.3 RBMs are Universal Approximators

We will now prove that RBMs with a data-selected number otleid units become
non-parametric and possess universal approximation grepeelating them closely to
classical multilayer neural networks, but in the contexfpafbabilistic unsupervised

learning of an input distribution.
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10.3.1 Better Model with Increasing Number of Units

We show below that when the number of hidden units of an RBMhiseased,
there are weight values for the new units that guaranteeawapnent in the training
log-likelihood or equivalently in the KL divergence betwethe data distributiop, and

the model distributiop,, = p. These are equivalent since

N

1 .

L(po||p) = E po(v) log £ ))Z—H(po)—NE log p(v(®)
=1

whenp, is the empirical distribution, wittv® thei" training vector andV the number
of training vectors.

Consider the objective of approximating an arbitrary distion p, with an RBM.
Let p denote the distribution over visible unitobtained with an RBM that hashidden
units andp,, . denote the input distribution obtained when adding a hidalah with
weightsw and bias: to that RBM. The RBM with this extra unit has the same weights
and biases for all other hidden units, and the same inpu¢ias

Lemma 10.3.1.Let R, be the equivalence class containing the RBMs whose assdciat
marginal distribution over the visible units js The operation of adding a hidden unit
to an RBM ofiz, preserves the equivalence class. Thus, the set of RBMs sethpban
RBM of R, and an additional hidden unit is also an equivalence classaning that all

the RBMs of this set have the same marginal distribution gig#iole units).

Proof in section 10.6.1.

R, will be used here to denote any RBM in this class. We also détjpe as the set
of RBMs obtained by adding a hidden unit with weightand biasc to an RBM from
R, andp,, . the associated marginal distribution over the visiblesifs demonstrated
in the above lemma, this does not depend on which particl Rom R, we choose.

We then wish to prove, that, regardlgsandp,, if p # p, there exists a paiw, c)
such that L(py||pw.c) < K L(pol|p), i.e., that one can improve the approximationef

by inserting an extra hidden unit with weight vectoand bias:.
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We will first state a trivial lemma needed for the rest of theqgir It says that inserting

a unit with bias: = —oo does not change the input distribution associated with B8R

Lemma 10.3.2.Letp be the distribution over binary vectossin {0, 1}¢, obtained with
an RBMR, and letp,, . be the distribution obtained when adding a hidden unit with
weightsw and biasc to R,,. Then

Vp,Vw € REp = py —oo

: .~ h —~ ~ C
DémonstrationDenotingh = W = andC = wherew”
J wT c
denotes the transpose®fand introducing:(v, h) = exp(h’Wv + BTv + CTh), we

can express(v, h) andp,, (v, h) as follows :

p(v,h) oc z(v,h)

Pwe(v,h) o< exp <IFWV + BTv + 6’Tﬁ)

& Z(V7 h) exXp (hn+1wTV + Cthrl)

If ¢ = —00, puc(v, h) = 0if h,.; = 1. Thus, we can discard all terms whég, , = 1,
keeping only those where, ., = 0. Marginalizing over the hidden units, we have :
z(v,h
o) = D)
>_ho o 2(v0, h©@)
ZB Z(V7 h) €xp (hn+1wTV + Chn+1)
Zﬁ@,vo 2(v0, h(@) exp (hf?jlev + chﬂl>

Zh Z(Vv h) eXp(O)
Zh«n,vo z(v?, h©@) exp(0)
= p(v)

We now state the main theorem.
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Theorem 10.3.3.Letp, be an arbitrary distribution ovef0, 1}" and letR, be an RBM
with marginal distributiorp over the visible units such thaf L(po||p) > 0. Then there
exists an RBMR,,, . composed of?, and an additional hidden unit with parameters

(w, ¢) whose marginal distributiop,, . over the visible units achieveds L(po||pw..) <
K L(pollp).

Proof in section 10.6.2.

10.3.2 A Huge Model can Represent Any Distribution

The second set of results are for the limit case when the nupfdadden units is

very large, so that we can represent any discrete distoibatxactly.

Theorem 10.3.4.Any distribution ove 0, 1} can be approximated arbitrarily well (in
the sense of the KL divergence) with an RBM with 1 hidden units wheré: is the

number of input vectors whose probability is not 0.

Proof sketch (Universal approximator property¥le constructively build an RBM with
as many hidden units as the number of input vectors whoseapildtly is strictly po-
sitive. Each hidden unit will be assigned to one input vediamely, whenv; is the
visible units vector, all hidden units have a probabilityf being on except the one
corresponding tar; which has a probabilitgigmoid();) of being on. The value ok;
is directly tied withp(v;). On the other hand, when all hidden units are off butithe
one,p(v;|/h) = 1. With probability1 — sigmoid()\;), all the hidden units are turned off,
which yields independent draws of the visible units. Theoponsists in finding the
appropriate weights (and valugg to yield that behaviour. O

Proof in section 10.6.3.
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10.4 Representational power of Deep Belief Networks

10.4.1 Background on Deep Belief Networks

A DBN with ¢ layers models the joint distribution between observecdadeisv; and
¢ hidden layersh® k = 1,...,¢ made of binary unitﬁgk) (here all binary variables),

as follows :
p(v,h® W@ h®) = P(vih)P(hV|h®) .. P2 hED)phY h®)

Denotingv = h(©, 5*) the bias vector of layet and1V *) the weight matrix between
layerk and layerk + 1, we have :

P(h®n*y) = HP h*) |+ (factorial conditional distribution)

PL¥ = 1n*) = sigmoid (bg’“) +>° V[/i(].’“)hg.k“)) (10.2)
J

andp(h=Y h®) is an RBM.

The original motivation found in Hinton et al. [39] for hagra deep network versus
a single hidden layer (i.e., a DBN versus an RBM) was thatépeasentational power of
an RBM would be too limited and that more capacity could beeadd by having more
hidden layers. However, we have found here that an RBM witlugh hidden units can
model any discrete distribution. Another motivation foegearchitectures is discussed
in Bengio et Le Cun [15] and Bengio et al. [13] : deep archuezs can represent func-
tions much more efficiently (in terms of number of requiredgpaeters) than shallow
ones. In particular, theoretical results on circuit comjtletheory prove that shallow
digital circuits can be exponentially less efficient thaepkr ones [2, 3, 37]. Hence the
original motivation [39] was probably right when one coreslthe restriction to reaso-

nably sized models.
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10.4.2 Trying to Anticipate a High-Capacity Top Layer

In the greedy training procedure of Deep Belief Networkgpsed in [39], one layer
is added on top of the network at each stage, and only thaieigy s trained (as an
RBM, see figure 10.1). In that greedy phase, one does notrigkedccount the fact that
other layers will be added next. Indeed, while trying to opzie the weights, we restrict
the marginal distribution over its hidden units to be the maleiced by the RBM. On the
contrary, when we add a new layer, that distribution (wh&the marginal distribution
over the visible units of the new RBM) does not have that iesin (but another one
which is to be representable by an RBM of a given size). Thusmight be able to
better optimize the weights of the RBM, knowing that the nreafdistribution over the
hidden units will have more freedom when extra layers aredddhis would lead to an
alternative training criterion for DBNSs.

©OOOO0OO)

RBM
@OOEEOOO) he @OOAOOOO) e
RBM il we
@O00000 # (@O00000) # OOT00T0) H'
RBM W W A
Y I 4 i 4
©O0000D v  ©OOO0CO v  EOOOODD) v
(a) Stage 1 (b) Stage 2 (c) Stage 3

Figure 10.1 — Greedy learning of an RBM. After each RBM haslissned, the weights
are frozen and a new layer is added. The new layer is trained 8M.

Consider a 2-layer DBN/(= 2, that is with three layers in total). To train the weights
betweenh™ andh® (see figure 10.1), the greedy strategy maximizes a lowerdoun
on the likelihood of the data (instead of the likelihood lfsecalled thevariational
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bound [39] :

logp(v) > Y Qh®[v) [logp(h™)+log P(vIh")]
h®)

= Q0W|v)log Q(hWv) (10.3)
h()
where
— Q(hW|v) is the posterior on hidden unitg? given visible vectow, according
to the first RBM model, and is determined By™). It is the assumed distribution
used in the variational bound on the DBN likelihood.
— p(h®™) is the marginal distribution oveii” in the DBN (thus induced by the
second RBM, betweeh™ andh®)
— P(vIh®) is the posterior over givenh™ in the DBN and in the first RBM, and
is determined by’ ().
Once the weights of the first layeld{(")) are frozen, the only element that can be opti-
mized isp(h(!)). We can show that there is an analytic formulation for theritlistion
p*(h®) that maximizes this variational bound :

p (b)) =Y " po(v)QhV|v) (10.4)

wherep, is the empirical distribution of input examples. One can glanfromp*(h™"))

by first randomly sampling & from the empirical distribution and then propagating it
stochastically througkp (hV)|v). Using theorem 10.3.4, there exists an RBM that can
approximate this optimal distributigrf (h")) arbitrarily well.

Using an RBM that achieves this “optimal* (h(")) (optimal in terms of the varia-
tional bound, but not necessarily with respect to the Iik@bd), we can determine the
distribution represented by the DBN. Ligtbe the distribution one obtains when starting
from po clamped in the visible units of the lower layer)( sampling the hidden units

h( givenv and then samplinga givenh(V.

Proposition 10.4.1.In a 2-layer DBN, using a second layer RBM achievirigh")),
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the model distributiomp is equal top;.
This is equivalent to making one “up-down” in the first RBMitrad.

Démonstration\We can write the marginat(h(!)) by summing over hidden valués :
p'(0) Zpo ).

Thus, the probability of the data under the 2-layer DBN winertop-layer RBM achieves
p*(hM) is

p(h@) = 3" PHOh)p (h®) (10.5)
h®)
— Zpo (h?) ZQ (h™W [h%) P(h®|hM)
h(1)
p(h®) = p1<h<°> (10.6)

The last line can be seen to be true by considering the stocipagcess of first picking
an h? from the empirical distributiom,, then sampling am® from Q(h"|h°), and
finally computing the probability di(® underP(h(®|h") for thath(®). O

Proposition 10.4.1 tells us that, even with the best possimbdel forp(h™"), h(®)
according to the variational bound (i.e., the model thatamievep* (h™)), we obtain
a KL divergence between the DBN and the data equal fdp,||p;). Hence if we train
the 2nd level RBM to model the stochastic output of the 1=ll®&BM (as suggested
in Hinton et al. [39]), the besk L(py||p) we can achieve with model of the 2-level
DBN cannot be better thai L(po||p:). Note that this result does not preclude that a
better likelihood could be achieved withif a better criterion is used to train the 2nd
level RBM.

For K L(po||p1) to be 0, one should hayg = p,. Note that a weight vector with this
property would not only be a fixed point & L(p,||p;) but also of the likelihood and of
contrastive divergence for the first-level RBM, = p; could have been obtained with

a one-level DBN (i.e., a single RBM) that perfectly fits theéadd his can happen when
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the first RBM has infinite weights i.e., is deterministic, gunst encode®® = v in h"
perfectly. In that case the second laj#t seems useless.

Does that mean that adding layers is useless ? We believasheris no ; first, even
though having the distribution that maximizes the variaidoound yield® = p,, this
does not mean that we cannot achiévé (p,||p) < K L(po||p1) with a 2-layer DBN
(though we have no proof that it can be achieved either).dddsince the variational
bound is not the quantity we truly want to optimize, anoth&edon might lead to a
better model (in terms of the likelihood of the data). Besitteat, even if adding layers
does not allow us to perfectly fit the data (which might adjuahly be the case when we
optimize the variational bound rather than the likelihqal¢ distribution of the 2-layer
DBN is closer to the empirical distribution than is the firsyér RBM (we do only one
“up-down” Gibbs step instead of doing an infinite number aftsateps). Furthermore,
the extra layers allow us to regularize and hopefully obéaiepresentation in which even
a very high capacity top layer (e.g., a memory-based noarpeiric density estimator)
could generalize well. This approach suggests using altemcriteria to train DBNSs,
that approximatei L(po||p:) and can be computed beforé? is added, but, unlike
contrastive divergence, take into account the fact thaerfayers will be added later.

Note that computind< L (po||p1) exactly is intractable in an RBM because it involves
summing over all possible values of the hidden vetio©ne could use a sampling or
mean-field approximation (replacing the summation ovaresbf the hidden unit vector
by a sample or a mean-field value), but even then there womldirea double sum over

examples :
N

1. X
Z Z Aol 0 _
N lOg < NP(V = ’UZ‘V = Uj)

=1
wherev; denotes the-th example and?(V' = v,V = v;) denotes an estimator of
the probability of observing’! = wv; at iteration 1 of the Gibbs chain (that is after
a “up-down” pass) given that the chain is started froth = v;. We write P rather
than P because computingy exactly might involve an intractable summation over all
possible values dh. In Bengio et al. [13], the reconstruction error for traigian auto-

encoder corresponding to one layer of a deep netwddgié(v1 = ;|V? = v;). Hence
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log P(V! = v,| VO = v;) is like a reconstruction error when one tries to reconstruct
or predictv; according toP(v;/h) when starting fromw;, samplingh from P(h|v;).
This criterion is essentially the same as one already ioted in a different context

in [14], whereP(V! = v;,|V° = v;) is computed deterministically (no hidden random
variable is involved), and the inner sum (ovegis) is approximated by using only the 5
nearest neighbours of in the training set. However, the overall computation timgLi]

is O(N?) because like most non-parametric learning algorithmsviblires comparing

all training examples with each other. In contrast, the @stive divergence gradient
estimator can be computedd@n V) for a training set of sizev.

To evaluate whether tractable approximation&di(po||p;) would be worth investi-
gating, we performed an experiment on a toy dataset and toleiwdhere the computa-
tions are feasible. The data are 10-element bit vectorspaitterns of 1, 2 or 3 consecu-
tive ones (or zeros) against a background of zeros (or odesjpnstrating simple shift
invariance. There are 60 possible exampj&3, (40 of which are randomly chosen to
train first an RBM with 5 binomial hidden units, and then a 2elaDBN. The remaining
20 are atest set. The second RBM has 10 hidden units (so thetwi@ guarantee im-
provement of the likelihood by the addition of the seconetiqyThe first RBM is either
trained by contrastive divergence or to minimizé.(py||p; ), using gradient descent and
a learning rate of 0.1 for 500 epochs (parameters are updétirdeach epoch). Other
learning rates and random initialization seeds gave simaisults, diverged, or conver-
ged slower. The second RBM is then trained for the same nuailegochs, by contras-
tive divergence with the same learning rate. Figure 10.2vsthtbe exact L(po||p) of
the DBN p while training the 2nd RBM. The advantage of thd.(py||p;) training is
clear. This suggests that future research should invéstigactable approximations of

KL(Z?ole)-

10.4.3 Open Questions on DBN Representational Power

The results described in the previous section were motiMayehe following ques-
tion : since an RBM can represent any distribution, what ecagdined by adding layers

to a DBN, in terms of representational power? More formdéy,R; be a Deep Be-
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Figure 10.2 — KL divergence w.r.t. number epochs after gglthie 2nd level RBM, bet-
ween empirical distributiop, (either training or test set) and (top curves) DBN trained
greedily with contrastive divergence at each layer, ort(botcurves) DBN trained gree-
dily with K L(po||p1) on the 1st layer, and contrastive divergence on the 2nd.

lief Network with ¢ + 1 hidden layers, each of them composed:ainits. Can we say
something about the representational powekpfas/ increases ? Denotind; the set
of distributions one can obtain witR}, it follows from the unfolding argument in Hin-
ton et al. [39] thatDy C Dy, . The unfolding argument shows that the last layer of an
¢-layer DBN corresponds to an infinite directed graphical eladth tied weights. By
untying the weights in th¢/ + 1)-th RBM of this construction from those above, we
obtain an(¢ + 1)-layer DBN. Hence every element éf} can be represented i, ;.
Two questions remain :

— dowe haveDy C Dy, ,, atleast for =17

— whatisDZ, ?
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10.5 Conclusions

We have shown that when the number of hidden units is allowe@iy, Restricted
Boltzmann Machines are very powerful and can approximateletribution, eventually
representing them exactly when the number of hidden unafios/ed to become very
large (possibly 2 to the number of inputs). This only say$ plaasameter values exist for
doing so, but it does not prescribe how to obtain them effitgelm addition, the above
result is only concerned with the case of discrete inputeritains to be shown how to
extend that type of result to the case of continuous inputs.

Restricted Boltzmann Machines are interesting chiefly beedhey are the building
blocks of Deep Belief Networks, which can have many layexs @mn theoretically be
much more efficient at representing complicated distrdngi[15]. We have introduced
open questions about the expressive power of Deep Belietdiks. We have not ans-
wered these questions, but in trying to do so, we obtainegparantly puzzling result
concerning Deep Belief Networks : the best that can be aeli®y adding a second
layer (with respect to some bound) is limited by the first f&yability to map the data
distribution to something close to itselK(L(po||p:1)), and this ability is good when the
first layer is large and models well the data. So why do we needxtra layers ? We
believe that the answer lies in the ability of a Deep Belietidek to generalize bet-
ter by having a more compact representation. This analysissaiggests to investigate
K L(po||p1) (or an efficient approximation of it) as a less greedy altivedo contrastive
divergence for training each layer, because it would take account that more layers
will be added.
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10.6 Appendix

10.6.1 Proof of Lemma 10.3.1

. , L~ h —~ %% ~ C
Démonstration.Denotingh = , W = andC = wherew”
[ w? c
denotes the transposeofand introducing:(v, h) = exp(h’Wv + BTv 4+ CTh), we

can expresg(v, h) andp,, .(v, h) as follows :

p(v,h) o z(v,h)

Puwc(v,h) o exp <IFWV + BTv + 5Tﬁ)

x z(v,h)exp (hpp1w'v + chyyr)

Expanding the expression pf, .(v) and regrouping the terms similar to the expression

of p(v), we get:

Spexp (W'Wv + hppw?v + BTv + CTh + chyy)
Z@’VO exp <h(0)TWV0 + hgleVO + BTv0 + CThO) + chgl)
Spz(v,h) (1+exp (wlv +¢))
S 200,00 (1 1 exp (70 £ )
(1+exp (wl'v+¢)) Y, 2(v, h)
>vo (L+exp (wTv0 + ¢)) 3040 2(v0, h®)

Puwe(V) =

But)_, z(v,h) = p(v)K with K =} | z(v,h). Thus,

(1+ exp (w'v+¢)) p(v)
> w0 (T +exp (wTv0 +¢)) p(v9)

Pue(V) =

which does not depend on our particular choicdf(since it does only depend g).
O
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10.6.2 Proof of theorem 10.3.3

Démonstration Expanding the expression pf, .(v) and regrouping the terms similar

to the expression gf(v), we get :

Spexp (WTWv + hyppw”v + BTv + CTh + chyyq)
D55 o EXP <h(O)TWVO + hfg)rleVO + BTv0 4 CTh(O) 4+ Chfg)rl)
Snz(v,h) (1+exp (w'v+¢))
> n© vo 2(V0, h@) (1 + exp (wT'v0 + ¢))

(14 exp (w'v+¢)) > (v, h)
> von© (L4 exp (wlv0 +¢)) 2(v0, h(©)

Puwe(V) =

Therefore, we have :

K L(po||puwe) = Zpo ) log po(v Zpo ) 108 P (V)

(1 + exp (wTV + C)) Zh Z(V7 h)
- ZPO Jlog <Zv0,h(o) (1 +exp (wTv9 +¢)) 2(vY, h(@))

= Zpo log 1+eXp w V+C ZPO ) log <ZZ(V>h)>

h

+ZPO ) log Z (1+exp (w'v?+¢)) 2(v 0 hO)

vO0 h(0)

Assumingw’ v+ cis a very large negative value for al] we can use the logarithmic
series identity around Qdg(1 + =) = z + 0,_.¢(x)) for the second and the last term.

The second term beconies

Zpo log +exp w v+c Zpo eXp w v—l—c)—l—oCH ~ (exp(c))

10, 0o () NOtAtion :f () = 04— 100 (g(x)) if limy 4 ’gcg;"g exists and equals 0.



and the last term becomes

D

(Z Do (V)) log
v v07h(0)
log

v0 h(0)

+ log <1+ 2

log
v0 h(0)

Zvo,hw) €xp (wT
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(1 + exp (wTVO + c)) 2(vY, h(o)))

2(v°, h(o)))

vO0 h(0) €xp (wTVO + C) (V07 h(O))
ZVO,hw) z(v0, h©®)

z(v°, h(o)))

vl 4 ¢) 2(v0

D

)

D

’ h(O))

+

But

> vono exp (w0 +¢) 2(v

+ 0c—_oo (€XP(C
Zvo,h(o) Z(V()?h(o)) ( p( ))

07h(0)) Zh<0> z(v, h(O))

> vono 2(v0, h©®)

T
Z exp (w VvV + C) ZVO B z(vo, h(O))

Z exp (wTV + c) p(v)

Putting all terms back together, we have

KL(pO‘ ‘pw,c)

Finally, we have

KL(pO‘ ‘pw,c)

KL(pollp) + ) exp (wTV +¢) (p(v)

K L(pol|p) = exp(c

ZPO

V) exp (wTV + c)

)—l—log Z 2(v, h@)
v0 h(0)

— po(V)) + 0c——oo (exp(c))

eXp wlv + ¢ +Zp

Zz(v, h)

h

v

Z exp (w'v) (p(v) = po(V)) + 0c——oo (exp(cf10.7)
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The question now becomes : can we find such thab~ exp (w”v) (p(v) — po(v))
is negative ?

As py # p, there is av such thap(v) < po(V). Then there exists a positive scafar
suchthatv =a [ Vv — %e (withe = [1...1]7)yields>" exp (0”v) (p(v) — po(v)) <

0. Indeed, forv # v, we have

exp(w!v) B T R
(@) exp (w (v V))
T
1 ~
= exp (a <V - 56) (v — V))
= exp az V,*—l (vi— Vi)
- 2
For i such thatv; — v; > 0, we havev;, = 1 andv; = 0. Thus,v; — ; = —3 and the

term inside the exponential is negative (simds positive). For such thaty;, — v; < 0,

we havev; = 0 andv; = 1. Thus,v; — 3

negative. Furthermore, the terms come close to®g®es to infinity. Since the sum can

= 1 and the term inside the exponential is also

be decomposed as

e (@) (6(v) — po(v) = exp(@’9) (Z%@M—m(v)))

= @) (50 -w® + 5 22T (10) i)
VEV

we havé
S exp (@7V) (p(V) = o(¥)) ~arrsoe exp(@79) (p(¥) — po(¥)) < 0.

Therefore, there is a valtiesuch that, ifa > @, > exp (w”v) (p(v) — po(v)) < 0.

This concludes the proof. O

2 s oo NOtALION 1 f () ~a g oo g() if limy oo gg;; exists and equals 1.
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10.6.3 Proof of theorem 10.3.4
Démonstration.In the former proof, we had

pua(v) = (1+exp (w'v+c)) > 2(v, h)
o 2 vono (L +exp (wv0 +¢)) z(v0, h(©)

Let v be an arbitrary input vector and be defined in the same way as before, i.e.

Pea(vy)
w=a|v-—z
2

Now definec = —w’v + \ with A € R. We have :

lim 1+ exp(@’v +7¢) = 1 forv #v

a—00

1 +exp(@’v+7¢) = 1+exp())

Thus, we can see that, for#£ v :

h
lim p@’g(v) = ) Zh Z(V7 ) ___ _ —
a—00 > vozon© (VO RO) + 57 o) (1 + exp (WTV +¢)) 2(v, h(®)
_ 5w 2(v, h)
> von© 2(VO,h@) + 37 ) exp (A) 2(v, h(®)
o Zh Z(V7 h) 1
- 0 h) (0 2(V;h()
Zv()’h(o) Z(V s h ) 1+ GXP()\> ZVOI_]:()())) z(v0,h(0))
, h
Remembering(v) = 2n2(v.h) , we have forv # v :

Y vono 2(v0, h©®)

. B p(v)
HpaelY) = (@) (108)

Similarly, we can see that

lim po(¥) [1+exp(N)]p(¥)

e = T en() (10:9)

Depending on the value of, one can see that adding a hidden unit allows one to

increase the probability of an arbitratyand to uniformly decrease the probability of
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every otherv by a multiplicative factor. However, one can also see tlagi(¥) = 0,
thenpg 2(v) = 0 for all .
We can therefore build the desired RBM as follows. Let us xnithe v's over the

integers from 1 t@" and sort them such that

Po(Vi1) = ... = po(var) = 0 < po(v1) < po(ve) < ... < po(vi)

Let us denote’ the distribution of an RBM with hidden units. We start with an RBM
whose weights and biases are all equal to 0. The marginaibdison over the visible
units induced by that RBM is the uniform distribution. Thus,

P’(vi) =...=p’(van) =27"

We definew1 = al(vl — %) and01 = —’LU?Vl + )\1.

As shown before, we now have :

[1+ exp(A)]27"

lim p'(v,) =

a1 ——+o0o 1+ exp()\l)Q_”
27TL
1i Yv,) = Vi > 2
WPV = Tt V2

As we can see, we can set(v;) to a value arbitrarily close to 1, with a uniform dis-

2
tribution overvs, . .., ve«. Then, we can choosk, such thatPQ(w) — p(VQ). This is
p3(v1) p(v1)

possible since we can arbitrarily increagév,) while multiplying the other probabili-

V) > p'(va)
—p(vi) T pt(v1)
obtainingp®(vy). The ratiom does not depend on the valueids long ag > j

P'(Vji—1

(because at each such st‘emejtwo probabilities are multiplied by the same factorg W

ties by a constant factor and si

. We can continue the procedure until

will then have

P*(vie) _ p(vi)
pk(vk—l) p(Vk—1)7
pk(Vk:H): :pk(V2n)
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From that, we can deduce thglt(v,) = vp(vi),...,p"(vi) = vp(vi) With v, =
1— (2" — k)p*(van).

We also havepk(vl) = Pvi) =1+ exp(\).
pF(van)  p'(van)
Thus,p*(v1) = p(v1)[1 — (2" — k)p"(van)] = (1 + exp(A1))p" (van).

Solving the above equations, we have

k _ (v1) .
P'(Vi) = Trepoi i@ fori >k (10.10)
k _ 1+exp(A1) .

Using the logarithmic series identity around Bg(1 + =) = x + 0, _o(x)) for
K L(pl||p*) when ), goes to infinity, we have

KL(p|[p*) = Zp(vi)%m + o(exp(=Ay)) 20 (10.12)

This concludes the proof. O



CHAPITRE 11

PRESENTATION DU CINQUIEME ARTICLE

11.1 Détails de l'article

Topmoumoute Online Natural Gradient Algorithm
N. Le Roux, P.-A. Manzagol et Y. Bengio Publié dakdvances in Neural Information

Processing Systems 2@IT Press, Cambridge, MA en 2008.

11.2 Contexte

L'optimisation effectuée par un algorithme d’apprentgesaécessite la minimisation
d’un risqueL. Cette minimisation peut se faire de différentes fagongseddamment des
structures de&€ et de notre algorithme.

Comme mentionné a la section 2.3, la descente de gradidialgstithme de choix
pour I'optimisation des réseaux de neurones ainsi que @satigorithmes impossibles
a optimiser analytiguement (ce qui est souvent le cas desajusort des algorithmes
triviaux).

Les algorithmes comme ceux mentionnés aux chapitres pratgossedent un
grand nombre de paramétres et sont destinés a étre entminés large ensemble
d’entrainement. On peut méme imaginer un entrainement etinoonécessitant une
technique d’optimisation trés rapide.

Le but de I'article présenté ici est de proposer un algoréhous rapide que toutes
les méthodes de descente de gradient actuelles pour paavamtrainer des algorithmes

puissants sur des taches difficiles.

11.3 Bilan

TONGA obtient des résultats extrémement encourageangsisieurs jeux de don-

nées importants. Il est toutefois judicieux de se demanderquoi ses performances,
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compareées a celles du gradient stochastique, differend'tamjeu de données a l'autre.

L'une des raisons possibles est la supposition que lesagrediont tirés de manieres
iid. Si cela est vrai dans le cas en ligne, ¢a devient une appation dans le cas hors
ligne, approximation d’autant plus erronée que I'enserdldpprentissage est petit. Ce
probleme est relativement bénin puisque, dés lors quediabte d’apprentissage est
petit, le besoin d’'un algorithme d’optimisation rapide && moins ressentir.

Une autre possibilité est la sensibilité de cet algorithme layperparameétres. En
effet, les valeurs d& et~ sont primordiales pour I'efficacité de I'algorithme et unuma
vais réglage peut entrainer des performances tres déesvdinserait donc désirable
d’élaborer une méthode permettant le réglage automatiguesiparamétres.



CHAPITRE 12

TOPMOUMOUTE ONLINE NATURAL GRADIENT ALGORITHM

12.1 Abstract

Guided by the goal of obtaining an optimization algorithrattis both fast and yields
good generalization, we study the descent direction maxngithe decrease in generali-
zation error or the probability of not increasing genegdian error. The surprising result
is that from both the Bayesian and frequentist perspectinesan yield the natural gra-
dient direction. Although that direction can be very expemto compute we develop an
efficient, general, online approximation to the naturatiggat descent which is suited to
large scale problems. We report experimental results stgpomiuch faster convergence
in computation time and in number of iterations with TONGApmoumoute Online
Natural Gradient Algorithm) than with stochastic gradidescent, even on very large
datasets.

Introduction

An efficient optimization algorithm is one that quickly findggood minimum for a
given cost function. An efficient learning algorithm musttde same, with the additional
constraint that the function is only known through a proxigisiwork aims to improve
the ability to generalize through more efficient learningoaithms.

Consider the optimization of a cost on a training set witheasdo a validation set. As
the end objective is a good solution with respect to gereatdin, one often uses early
stopping : optimizing the training error while monitoriniget validation error to fight
overfitting. This approach makes the underlying assumpgtiahoverfitting happens at
the later stages. A better perspective is that overfittipgpkas all through the learning,
but starts being detrimental only at the point it overtakes‘true” learning. In terms
of gradients, the gradient of the cost on the training seeigncollinear with the true

gradient, and the dot product between the two actually exadigtbecomes negative.
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Early stopping is designed to determine when that happems.ca@n thus wonder : can
one limit overfitting before that point ? Would this actughgstpone that point ?

From this standpoint, we discover new justifications belinednatural gradient [4].
Depending on certain assumptions, it corresponds eithteetdirection minimizing the
probability of increasing generalization error, or to theedtion in which the generaliza-
tion error is expected to decrease the fastest. Unfortlynatztural gradient algorithms
suffer from poor scaling properties, both with respect tmpatation time and memory,
when the number of parameters becomes large. To addresssiles we propose a ge-
nerally applicable online approximation of natural gradighat scales linearly with the
number of parameters (and requires computation time cabjgato stochastic gradient
descent). Experiments show that it can bring significanéfaonvergence and improved

generalization.

12.2 Natural gradient

Let £ be a cost defined a8(4) = /L(m,@)p(m)dw where L is a loss function
over some parametefsand over the random variable with distribution p(x). The
problem of minimizingZ overd is often encountered and can be quite difficult. There
exist various techniques to tackle it, their efficiency depeg onL andp. In the case
of non-convex optimization, gradient descent is a sucoéssthnique. The approach
consists in progressively updatifigising the gradienj = ‘jl—g.

Amari [4] showed that the parameter space is a Riemanniarescpfanetric(j” (the
covariance of the gradients), and introduced the natuealignt as the direction of stee-
pest descent in this space. The natural gradient diredithrerefore given b@—lg. The
Riemannian space is known to correspond to the space ofidnsatepresented by the
parameters (instead of the space of the parameters thexgaselv

The natural gradient somewhat resembles the Newton mdtke@ulin et al. [53] sho-
wed that, in the case of a mean squared cost function, thaadfessequal to the sum
of the covariance matrix of the gradients and of an addititeran that vanishes to

as the training error goes down. Indeed, when the data arraed from the model,
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the Hessian and the covariance matrix are equal. There aremportant differences :
the covariance matrig is positive-definite, which makes the technique more stahie
contains no explicit second order information. The Hesallbows to account for varia-
tions in the parameters. The covariance matrix accountslifgit variations in the set
of training samples. It also means that, if the gradientbligigdisagree in one direction,
one should not go in that direction, even if the mean suggekeswise. In that sense, it
is a conservative gradient.

12.3 A new justification for natural gradient

Until now, we supposed we had access to the true distribytidthowever, this is
usually not the case and, in general, the distribyticonly known through the samples
of the training set. These samples define a €agesp. a gradienf) that, although close
to the true cost (resp. gradient), is not equal to it. We sieédr toL as the training error
and to£ as the generalization error. The danger is then to overfpanameters to the
training set, yielding parameters that are not optimal wétpect to the generalization
error.

A simple way to fight overfitting consists in determining th&m when the conti-
nuation of the optimization ol will be detrimental tof. This can be done by setting
aside some samples to form a validation set that will progidendependent estimate of
L. Once the error starts increasing on the validation sepptienization should be stop-
ped. We propose a different perspective on overfitting ebtof only monitoring the
validation error, we consider using as descent directioestimate of the direction that
maximizes the probability of reducing the generalizatiowe The goal is to limit over-
fitting at every stage, with the hope that the optimal poirthwespect to the validation
should have lower generalization error.

Consider a descent directian We know that ifv? ¢ is negative then the genera-
lization error drops (for a reasonably small step) whenstepin the direction ofv.
Likewise, if v* ¢ is negative then the training error drops. Since the legroinjective

is to minimize generalization error, we would liké g as small as possible, or at least
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always negative.

OL(x;,0)
00

andn is the number of training samples. With a rough approxwmmnme can consider

By definition, the gradient on the training setjis= — Z g; Whereg; =

the ¢g;s as draws from the true gradient distribution and assum#halfradients are
independent and identically distributed. The centraltlittmeorem then gives

g~N <g~], %) (12.1)

whereC is the true covariance matrix 8£22 wr p(x).
We will now show that, both in the Bayesian setting (with a &aan prior) and in
the frequentist setting (with some restrictions over thpetgf gradient considered), the

natural gradient is optimal in some sense.

12.3.1 Bayesian setting

In the Bayesian setting, is a random variable. We would thus like to define a pos-
terior overg given the sampleg; in order to have a posterior distribution ou€rg for
any given direction. The prior overy will be a Gaussian centered (rof variances?1.
Thus, using eq. 12.1, the posterior oyegiven theg;s (assuming the only information
overyg given by theg;s is throughy andC) is

o\ /1 !
dlg,C ~ N (I + —2> g, <—2 + nC—l) (12.2)
no o
Denoting(j’c, =1+ T% we therefore have

n

N _ T A—177
V7519, 6 ~ N (vTcﬁg, g) (12.3)

Using this result, one can choose between several strafegieong which two are of
particular interest :
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— choosing the direction such that the expected valuewdfy is the lowest possible

(to maximize the immediate gain). In this setting, the digtv to choose is
voc —Clg. (12.4)

If o < o0, this is the regularized natural gradient. In the case ef oo, C,=1
and this is the batch gradient descent.
— choosing the direction to minimize the probability of” § to be positive. This is

equivalent to finding N
v'Crlg

\/oTC-1Cw

(we droppedn for the sake of clarity, since it does not change the resiilye

argmin,

square this quantity and take the derivative with respeat, tawe find that the
numerator is equal 2C; ' g(v'C; 1g) (v"' C; ' Cv)—2C; ' Cu(v" C 1 g)?. The first
term is in the span o@;lg and the second one is in the sparﬁ;fl(jv. Hence,
for the derivative to be zero, we must haye: Cv (sinceC andC, are invertible),
le.

vox —Cly. (12.5)

This direction is the natural gradient and does not deperti®malue ofs.

12.3.2 Frequentist setting

In the frequentist setting; is a fixed unknown quantity. For the sake of simplicity,
we will only consider (as all second-order methods do) theationsv of the form
v = MTg (i.e. we are only allowed to go in a direction which is a linfarction ofg).
Sinceg ~ N (ﬁ, g) we have

(12.6)

~ _'MTCMy
v'g=9g"Mg~N (@TMQ, 5 2y g)

n
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The matrix)/* which minimizes the probability of’ g to be positive satisfies

g Mg

M* = argmin ; ——————
& MGTMTC MG

(12.7)
The numerator of the derivative of this quantitygig” M7 CMgg" — 2CMggT MgqT.
The first term is in the span @f and the second one is in the sparfb’%ﬁ. Thus, for
this derivative to bé for all g, one must havé/ C~! and we obtain the same result
as in the Bayesian case : the natural gradient representiréedion minimizing the
probability of increasing the generalization error.

12.4 Online natural gradient

The previous sections provided a number of justificatiomsifing the natural gra-
dient. However, the technique has a prohibitive computalioost, rendering it imprac-
tical for large scale problems. Indeed, considepirag the number of parameters and
as the number of examples, a direct batch implementatidreofatural gradient i9 (p?)
in space and(np* + p?) in time, associated respectively with the gradients’ ciavere
storage, computation and inversion. This section reviexistiag low complexity im-
plementations of the natural gradient, before proposin&@, a new low complexity,
online and generally applicable implementation suitedatge scale problems. In the
previous sections we assumed the true covariance n@trixbe known. In a practical
algorithm we of course use an empirical estimate, and hésegtimate is furthermore

based on a low-rank approximation denotégactually a sequence of estimates.

12.4.1 Low complexity natural gradient implementations

Yang et Amari [87] propose a method specific to the case ofilaydtr perceptrons.
By operating on blocks of the covariance matrix, this appnoattains a lower com-
putational complexity, However, the technique is quite involved, specific to ntayer
perceptrons and requires two assumptions : Gaussiarbdigd inputs and a number of

1Though the technique allows for a compact representatiahefcovariance matrix, the working
memory requirement remains the same.
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hidden units much inferior to that of input units. Amari et [@] offer a more general
approach based on the Sherman-Morrison formula used indgafitters : the technique
maintains an empirical estimate of the inversed covariana#ix that can be updated
in O(p?). Yet the memory requirement remaifgp?). It is however not necessary to
compute the inverse of the gradients’ covariance, sincenoheneeds its product with
the gradient. Yang et Amari [88] offer two approaches to eiphis. The first uses
conjugate gradient descent to sotVe = g. The second revisits [87] thereby achieving
a lower complexity. Schraudolph [78] also proposes antiterdqechnique based on the
minimization of a different cost. This technique is usedha minibatch setting, where
C'v can be computed cheaply through two matrix vector proditasiever, estimating
the gradient covariance only from a small number of examiplesme minibatch yields

unstable estimation.

12.4.2 TONGA

Existing techniques fail to provide an implementation of thatural gradient ade-
guate for the large scale setting. Their main failings aré wespect to computational
complexity or stability. TONGA was designed to addressétissues, which it does by
maintaining a low rank approximation of the covariance apatdsting both problems
of finding the low rank approximation and of computing theunak gradient in a lower
dimensional space, thereby attaining a much lower comyléihat we exploit here
is that although a covariance matrix needs many gradieriie &stimated, we can take
advantage of an observed property that it generally vamemhly as training proceeds

and moves in parameter space.

12.4.2.1 Computing the natural gradient direction betweertwo eigendecomposi-

tions

Even though our motivation for the use of natural gradienlied the covariance
matrix of the empirical gradients, we will use the second ranti(i.e. the uncentered

covariance matrix) throughout the paper (and so did Amadrisnwork). The main reason
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is numerical stability. Indeed, in the batch setting, weeh@assuming’' is the centered
covariance matrix ang the meany = C~!g, thusCv = g¢. But then,(C + gg7)v =
g+99"v=g(l+g"v)and

(%

C T\—1 —
(C+g9" )9 T gm0

=9 (12.8)

Even though the direction is the same, the scale changesiamdtm of the direction is

bounded b Hg”C(}S(g -
Since TONGA operates using a low rank estimate of the gr#sli@on-centered

covariance, we must be able to update cheaply. When prebeittea new gradient, we
integrate its information using the following update folatu

Ct = ")/ét,1 + gtgtT (129)

whereC, = 0 andC,_, is the low rank approximation at time step 1. C; is now likely
of greater rank, and the problem resides in computing itsramk approximatiorC.
Writing C,_1 = X, X7 |,

C, = X, XTI with X, = [\7Xi 1 g1

With such covariance matrices, computing the (regulajiretural direction, is equal
to

v o= (Co+ M) 7lge = (X, X[ + M)y, (12.10)
v, = (X X[+ M) Xy withy, = [0,...0,1]". (12.11)

Using the Woodbury identity with positive definite matri¢éd], we have

v = X (XEX, + M)y, (12.12)

2The second term is not weighted by— v so that the influence aof; in C; is the same for alt,
event = 0.To keep the magnitude of the matrix constant, one must useraatization constant equal to
T4+v+...+9%
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If X, is of sizep x r (with » < p, thus yielding a covariance matrix of rank the cost
of this computation i€ (pr? + r*). However, since the Gram matii% = X/ X, can be
rewritten as

X X, Xr Gy_ Xr
G, — VX1 Xi-1 VX1 G _ YGi-1 VX191 7 (12.13)

ﬁngt—l gtTgt ﬂgtTthl grirgt

the cost of computingr; usingG;_; reduces ta(pr + r?®). This stresses the need to

keepr small.

12.4.2.2 Updating the low-rank estimate ot’;

To keep a low-rank estimate 6f = X, X, we can compute its eigendecomposition
and keep only the firgt eigenvectors. This can be made at low cost using its relémion
that of GG, :

G; = VDVT
C, = (X,VD 5)D(X,VD %)" (12.14)

The cost of such an eigendecompositiorDigir? + pkr) (for the computation of the
eigendecomposition of the Gram matrix and the computatidhe eigenvectors, res-
pectively). Since the cost of computing the natural dietts O(pr + r?), it is compu-
tationally more efficient to let the rank of; grow for several steps (using formula 12.12

in between) and then compute the eigendecomposition using

t+b

. b1 1 t+b
Cippy = Xt+bXtT+b with X, ., = [’YUt, Y2 Givrs oo VIGtb-1s Y 2 Getd]

with U; the unnormalized eigenvectors computed during the preveogendecomposi-

tion.
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12.4.2.3 Computational complexity

The computational complexity of TONGA depends on the compjleof updating
the low rank approximation and on the complexity of compgtine natural gradient.
The cost of updating the approximation isik(k + b)% + p(k + b)k) (as above, using
r = k + b). The cost of computing the natural gradiepts in O(p(k + b) + (k + b)?)
(again, as above, using= k + b). Assumingk + b < \ﬂp) andk < b, TONGAs total
computational cost per each natural gradient computagitimeinO (pb).

Furthermore, by operating on minibatch gradients of gizeve end up with a cost
per example oO(Z—%’). Choosing) = ¥/, yieldsO(p) per example, the same as stochastic
gradient descent. Empirical comparison of cpu time alsavsimomparable CPU time
per example, but faster convergence. In our experimgmss in the tens of thousands,
k was less than 5 anfdwas less thaio.

The result is an approximate natural gradient with low caxriy, general applicabi-

lity and flexibility over the tradoff between computatiomslahe quality of the estimate.

12.5 Block-diagonal online natural gradient for neural netvorks

One might wonder if there are better approximations of theagance matrixCC than
computing its firstk eigenvectors. One possibility is a block-diagonal appration
from which to retain only the firsk eigenvectors of every block (the value bfcan
be different for each block). Indeed, [27] showed that theditn of a neural network
with one hidden layer trained with the cross-entropy costveagyes to a block diagonal
matrix during optimization. These blocks are composed efwiights linking all the
hidden units to one output unit and all the input units to oldelén unit. Given the close
relationship between the Hessian and the covariance rastme can assume they have
a similar shape during the optimization.

Figure 12.1 shows the correlation between the standarthastic gradients of the
parameters of 46 — 50 — 26 neural network. The first blocks represent the weights
going from the input units to each hidden unit (thus 50 blaaksize 17, bias included)

and the following represent the weights going from the hiddeits to each output unit
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(26 blocks of size 51). One can see that the block-diagormabapnmation is reasonable.
Thus, instead of selecting only eigenvectors to represent the full covariance matrix,
we can seleck eigenvectors for every block, yielding the same total ddstvever, the
rank of the approximation goes frolto £ x number of blocks. In the matrices shown
in figure 12.1, which are of siz&176, a value ofk = 5 yields an approximation of rank
380.

(a) Stochastic gradient (b) TONGA (c) TONGA - zoom

Figure 12.1 — Absolute correlation between the standarmhasiic gradients after one
epoch in a neural network with 16 input units, 50 hidden uaitd 26 output units when

following stochastic gradient directions (left) and naligradient directions (center and
right).

Figure 12.2 shows the ratio of Frobenius nor}ﬁgﬁzpﬁ for different types of ap-
proximations”' (full or block-diagonal). We can first notice that approximg only the
blocks yields a ratio of35 (in comparison, taking only the diagonal@fyields a ratio of
.80), even though we considered ord076 out of the4734976 elements of the matrix
(1.73% of the total). This ratio is almost obtained with= 6. We can also notice that,
for k < 30, the block-diagonal approximation is much better (in teohthe Frobenius
norm) than the full approximation. The block diagonal apgraation is therefore very
cost effective.

This shows the block diagonal approximation constitutesvagoful and cheap ap-
proximation of the covariance matrix in the case of neuréneks. Yet this approxima-
tion also readily applies to any mixture algorithm where @@ assume independence
between the components.
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Figure 12.2 — Quality of the approximatiafi of the covariance” depending on the
number of eigenvectors kept)( in terms of the ratio of Frobenius nor ;ﬁQHF, for
different types of approximations (full matrix or block diagonal)

12.6 Experiments

We performed a small number of experiments with TONGA appnaxing the full
covariance matrix, keeping the overhead of the naturalignadmall (ie, limiting the
rank of the approximation). Regrettably, TONGA performedycas well as stochastic
gradient descent, while being rather sensitive to the tpgrameter values. The follo-
wing experiments, on the other hand, use TONGA with the btbhagonal approxima-
tion and yield impressive results. We believe this is a ratlemf the phenomenon illus-
trated in figure 12.2 : the block diagonal approximation nsalke a very cost effective
approximation of the covariance matrix. All the experinseehave been made optimi-
zing hyperparameters on a validation set (not shown heksalecting the best set of
hyperparameters for testing, trying to keep small the a@dhdue to natural gradient
calculations.

One could worry about the number of hyperparameters of TON@GAvever, default
values ofk = 5, b = 50 and~y = .995 yielded good results in every experiment. When
goes to infinity, TONGA becomes the standard stochastiagmadlgorithm. Therefore,
a simple heuristic fon\ is to progressively tune it down. In our experiments, we only

tried powers of ten.
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The MNIST digits dataset consists®f000 training samples,0000 validation samples

and10000 test samples, each one compose@dddfpixels. There aré0 different classes

(one for every digit).
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Figure 12.3 — Comparison between stochastic gradient amdGAOon the MNIST da-
taset (0000 training examples), in terms of training and test clasdificeerror and Ne-
gative Log-Likelihood (NLL). The mean and standard errovehbeen computed using

9 different initializations.

Figure 12.3 shows that in terms of training CPU time (whictludes the overhead

due to TONGA), TONGA allows much faster convergence in tragrNLL, as well as

in testing classification error and testing NLL than ordynatochastic and minibatch
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gradient descent on this task. One can also note that mohilsbchastic gradient is
able to profit from matrix-matrix multiplications, but th&zlvantage is mainly seen in
training classification error.

12.6.2 Rectangles problem

The Rectangles-imagessk has been proposed in [49] to compare deep belief net-
works and support vector machines. It is a two-class prolaledihe inputs args8 x 28
grey-level images of rectangles located in varying locegtiand of different dimensions.
The inside of the rectangle and the background are extracteddifferent real images.
We used 900,000 training examples and 10,000 validatiompbes (no early stop-
ping was performed, we show the whole training/validatiorves). All the experiments
are performed with a multi-layer network with a 784-200-2D-2 architecture (pre-
viously found to work well on this dataset). Figure 12.4 shdtat in terms of training
CPU time, TONGA allows much faster convergence than orglisémchastic gradient

descent on this task, as well as lower classification error.

12.7 Discussion

[23] reviews the different gradient descent techniqueiédnline setting and dis-
cusses their respective properties. Particularly, hesthat a second order online algo-
rithm (i.e., with a search direction of is = Mg with g the gradient and/ a positive
semidefinite matrix) i®ptimal (in terms of convergence speed) whi&ghconverges to
H~!. Furthermore, the speed of convergence depends (amohgstioings) on the rank
of the matrix) . Given the aforementioned relationship between the canaé and the
Hessian matrices, the natural gradient is close to optim#éheé sense defined above,
provided the model has enough capacity. On mixture mode¢savtine block-diagonal
approximation is appropriate, it allows us to maintain apragimation of much higher

rank than a standard low-rank approximation of the full c@mrace matrix.
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Conclusion and future work

We bring two main contributions in this paper. First, by loukfor the descent di-
rection with either the greatest probability of not inciegsgeneralization error or the
direction with the largest expected decrease in genetializarror, we obtain new justifi-
cations for the natural gradient descent direction. Secergresent an online low-rank
approximation of natural gradient descent with computeticomplexity and CPU time
similar to stochastic gradient descent. In a number of exygartal comparisons we find
this optimization technique to beat stochastic gradierierms of speed and generali-
zation (or in generalization for a given amount of trainingg). Even though default
values for the hyperparameters yield good results, it wanednteresting to have an

automatic procedure to select the best set of hyperparesnete
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CHAPITRE 13

CONCLUSION

Les articles de cette thése s’inscrivent dans une démaretmmpréhension des
limites des algorithmes majoritairement utilisés a I'reeactuelle et d’exploration de
nouvelles méthodes pour pouvoir traiter les problemes rtapts a venir.

Aprés avoir mis en évidence et étudié les limites intringsgie la majorité des mé-
thodes a noyau (chapitre 4), nous avons essayé d’en trankfémpropriétés attractives
aux réseaux de neurones a une couche cachée : la convexaérdgtimisation (cha-
pitre 6) et I'exploitabilité de leur universalité (chait8). Malheureusement, ces avan-
cées n'ont pas permis de vaincre la déficience fondamendaiiesont affublées ces
deux familles d’algorithmes : 'impossibilité d’appremdies concepts de haut niveau.

Nous nous sommes donc tournés vers les réseaux de neurolhsseains couches
cachées dont la profondeur nous a semblé adaptée a I'éatralet tels concepts. Nous
appuyant sur les travaux de Hinton et al. [39] sur les DeeeBdEtworks, nous avons
étudié certaines des propriétés de ces réseaux et propps@dtinode d’entrainement de
substitution (chapitre 10).

Puisque notre but est de pouvoir traiter les problemes itapts a venir, nous nous
sommes également intéressés a une méthode permettahtd@arepide d'un tres grand
nombre de données et qui est particulierement adaptée seawé de neurones possé-

dant un nombre quelconque de couches cachées (chapitre 12).

13.1 Synthese des articles

13.1.1 The Curse of Highly Variable Functions for Local Kerrel Machines

Cet article ne propose pas d’algorithme mais est une cetaygumentée des mé-
thodes utilisant un noyau local. Deux critiques ont frégoemt été émises a I'encontre
de ces arguments :

— la premiére invoquait l& no free lunch theorem [86] : aucun algorithme ne
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surpasse strictement un autre si I'on prend I'espérancgsies problemes pos-
sibles. Cet argument insinue que nous n’'avons qu’exhibé&éete construit) des
problémes pour lesquels les méthodes a noyau faillissempiicne constitue pas
une preuve de leurs faiblesses. Toutefois, nous ne sommsaatpaesseés par la
construction d’algorithmes performants sur tous les g@nolgls possibles (ce qui
est impossible, d’apres le théoreme mentionné ci-dessws, sur tous les pro-
blémes que nous sommes a méme de rencontrer dans notre rRartdet de ce
postulat, il est facile de voir que nous n’avons pas exhil®pteblemes choisis
au hasard, mais bien des problémes qui, s'ils sont d’apparence comaplgen
demeurent pas moins trés simples a résoudre pour un humain.

— la seconde arguait gu’il était impossible de généraliser dles exemples d’ap-
prentissage, et ce quel que soit I'algorithme utilisé. &eg algorithmes, cher-
chant des structures dans les données, prouverent quiléiat rien (voir par
exemple Non-Local Manifold Parzen Windows [14]).

Bien qu'apparemment illégitimes, ces critiques souleventefois un point d’im-
portance : les humains parviennent sans souci a généraldes situations totalement
inconnues, ce que les algorithmes actuels ont encore bienalla faire. Si certains
y parviennent mieux que d’autres, nous sommes encore logadar transférer notre

connaissance d’une région de I'espace a une autre.

13.1.2 Convex Neural Networks

Cet article présente un algorithme utile a la fois pour lasifecation et la régression.
Si I'idée originale était de prouver qu'il était possibleedtrainer un réseau de neurones
de maniére convexe, les implications furent toutes aufrest d’abord, le lien établi
entre les réseaux de neurones et le boosting est d'impertarnsqu’il apporte un nou-
veau point de vue des réseaux de neurones. Ensuite, cé axtiatre également qu’un
réseau entrainé de maniére gloutonne peut étre optimaktisi gloutonnerie est hori-
zontale (c’est-a-dire que ce sont les unités cachées eesaoliches qui sont ajoutées
de maniére gloutonne), cela donne de I'espoir pour les DedipfBNetworks.
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13.1.3 Continuous Neural Networks

Les réseaux continus étaient une tentative d’accorderéseaux de neurones l'al-
léchante propriété d’approximation universelle. Lest@nide cette méthode théorique-
ment puissante ont permis de mettre en exergue deux des défitendent la com-
munauté de I'apprentissage machine dans les années a Vertraction de concepts
de haut niveau et I'optimisation efficace des parametreqéxéficiant d’aucune de ces

deux propriétés, les réseaux continus ne purent tirer Idgaeavantage de leur capacité.

13.1.4 Representational Power of Restricted Boltzmann Mdmunes and Deep Be-
lief Networks

Répondant aux manques des algorithmes mentionnés danmsitearticles précé-
dents, les Deep Belief Networks regorgent de promessest Catte raison qui nous a
poussé a investiguer leur puissance et les moyens optinoautgs entrainer. Cet article
permet également de mieux saisir les liens étroits relemtiachines de Boltzmann res-
treintes aux réseaux de neurones usuels et la validité datiésation comme premiere

étape de I'entrainement.

13.1.5 Topmoumoute Online Natural Gradient Algorithm

Comme mentionné ci-dessus, I'autre grand défi est I'opétina d’algorithmes com-
plexes en temps réel. En effet, de plus en plus, I'afflux dendes est submergeant et il
apparait appréciable d’étre capable de traiter toutesnéesmations. TONGA est I'un
des premiers réels algorithmes de second ordre stochestiqui plus est capable de

battre le gradient stochastique sur les problemes surdésija été testé.

13.2 Conclusion

Le but de cette thése fut de mettre en lumiére les limitesgbtentiel des différents
algorithmes utilisés dans la communauté. Si les algorithprefonds semblent propo-

ser des solutions aux problémes rencontrés actuelleneng sont pas pour autant la
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panacée. Les algorithmes gloutons de Hinton et al. [39] eBalegio et al. [13] sont
pour I'instant sous-optimaux et ne s’accordent pas bien flix incessant de nouvelles
données.

On assiste également a une évolution du type de régulansatilisée. Alors qu'il
était coutume auparavant de limiter le nombre de neuror@gsdet donc le nombre de
parametres libres), les réseaux de neurones actuelgntilis tres grand nombre de pa-
rametres tout en imposant des contraintes supplémentgirese soit en liant les poids
(comme dans [52] ou [62]) ou en essayant de résoudre un pmelpiis compliqué [39].
La qualité des résultats obtenus par ces derniéres méttasss a penser que I'un des
grands défis futurs sera d’intégrer dans les algorithmespdéatissage des méthodes de
régularisation dont la notion de simplicité induite iméexu mieux celle utilisée par les
humains.

On peut aussi se demander I'importance du caractere non/géde I'entrainement
préalable des Deep Belief Networks. N'est-ce qu’une métedrégularisation, comme
mentionné précédemment, ou bien un bon modele génératifreéstessaire pour obte-
nir un bon modéle discriminant? S’il fut longtemps acce@éslla communauté que,
pour obtenir un modeéle discriminant, il était inutile et m&préjudiciable d’entrainer un
modéle génératif, Ng et Jordan [61] montrérent qu’il poti@tie intéressant d’essayer
de modéliser toute la distribution jointe dans certaingextes. De leur c6té, Lasserre
et al. [50] analyserent les suppositions implicites d’utrainement discriminant. Les
humains possedent-ils réellement un modéle génératif cddenqui les entoure ? Est-ce
nécessaire ?

Enfin, 'autre défi qui attend la communauté de I'apprengjssaachine est celui de
la multimodalité. En tant qu’humains, nous percevons demées de différents types
(selon le sens utilis€) que nous combinons de maniere edfigaar résoudre les pro-
blemes auxquels nous devons faire face. En outre, nous separfaitement capables de
transférer nos connaissances abstraites acquises daostarte donné a des contextes
totalement différents. Il n'existe pas a I'’heure actuelgbrithmes capables d’un tel
transfert.

Les algorithmes d’apprentissage futurs auront la né@edsitpouvoir extraire des
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concepts de haut niveau en utilisant un nombre toujours graisd d’exemples si on

veut espérer atteindre un jour I'intelligence artificielle
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