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Abstract

Wepresenta new particle-basedmethodfor viscoelastic�uid simulation.Weachieverealisticsmall-scalebehavior
of substancessuch aspaintor mudasthey splashonmovingobjects.Incompressibilityandparticleanti-clustering
areenforcedwith a doubledensityrelaxationprocedurewhich updatesparticlepositionsaccording to twooppos-
ing pressureterms.Fromthisprocesssurfacetensioneffectsemerge, enablingdropand�lament formation.Elastic
andnon-linearplasticeffectsare obtainedby addingspringswith varyingrestlengthbetweenparticles.We also
extendthe techniqueto handleinteraction between�uid and dynamicobjects.Various simulationscenariosare
presentedincludingrain drops,fountains,claymanipulation,and�oating objects.Themethodis robustandstable,
andcananimatesplashingbehaviorat interactiveframerates.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling– PhysicallyBasedModeling;I.3.7 [ComputerGraphics]:Three-DimensionalGraphicsand
Realism– AnimationandVirtual Reality

1. Intr oduction

The �eld of computational�uid dynamicshas introduced
many different algorithmsto simulatethe complex behav-
ior of �uids. Sinceliquids andgasesplay an importantrole
in everydaylife, several�uid simulationmethodshave been
successfullyusedfor computergraphicsapplications.

Two main categoriesof simulationmethodsexist: Eule-
rian grids andLagrangianparticles.Eulerianmethodsdis-
cretize the problemusing a subdivision of the spatialdo-
main and control �uid �o w in eachcell. Suchtechniques
have beenable to achieve amongthe most realistic simu-
lationsof liquid typesrangingfrom simple�o ws to highly
viscous�uids, with plasticandelasticbehaviors.They easily
enforcetheincompressibilitycondition,but donotguarantee
massconservationfor smallfeatures.

Lagrangianmethodsdiscretizethe �uid massusingpar-
ticles. By directly trackingchunksof matteras they travel
through space,particle methodstrivially guaranteemass
conservation andprovide a conceptuallysimpleandversa-
tile simulationframework.
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Figure 1: Fountain simulation illustrating sheet,�lament,
anddrop formation.

Particlesalsoalleviate the dependenceon a speci�c ref-
erenceframe.In an Eulerianapproach,the distancea �uid
featurecan travel during a simulation step is limited by
the grid resolution.Therefore,for very rapid and detailed
�o ws, tracking changesas they occur at a �x ed point in
spaceappearslessnaturalthantrackingchangeswhichoccur
alonga particletrajectory. We revisit particle-basedsimula-
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tion andproposeextensionsandmodi�cations that increase
their �e xibility and robustness.Our formulation is simple
andintuitive,andit canbeimplementedwithin days.

An importantdisadvantageof particlesimulationsis the
dif�culty to representa smoothsurfacewith particles.Ro-
bustly handlingsurfacetensioneffectsfor small featuresis
alsorecognizedasadif�cult task.Surfacetensionforcesex-
ist at the surfaceof the �uid, anddependon its curvature.
The problemcomesfrom the fact that particlesimulations
avoidmodelingthesurfaceexplicitly, andthusrobustlycom-
putingits curvaturecanbecumbersome.

We proposea novel procedurefor incompressibilityand
particleanti-clustering.We call this proceduredoubleden-
sity relaxation. Looselyspeaking,doubledensityrelaxation
computestwo different particle densities:one quantifying
thenumberof neighbors,andanotherquantifyingthenum-
ber of closeneighbors.Theforcebetweentwo particlesde-
pendson thesetwo context-dependentmeasures,insteadof
dependingonly on the distancebetweenthem.Liquids an-
imatedwith this methoddisplaya smoothparticlesurface,
andsurfacetensioneffectssuchasthoseshown in Figure1
emergenaturally. No curvaturehasto beevaluated,andthe
procedureis robustevenin presenceof smallsurfacedetails.

Numerical instabilities are often an issue with any
physically-basedsimulations, requiring the use of pro-
hibitively small timesteps.We usea conceptuallyintuitive
prediction-relaxationschemethat remainsstableeven for
largetimestepsandfastsplashingeffects.

We alsopresenta simplemethodto simulateviscoelas-
tic substancesby insertionandremoval of springsbetween
pairsof particles.Variousmaterialbehaviorscanbeobtained
with simplespringrestlengthupdaterules.Theintuitivepa-
rametersgoverningsucha scheme,combinedwith our fast
simulation,allow an artist to interactively experimentwith
the�uid propertiesto obtainthedesiredresults.

Finally, we describea simple way to integratethe �uid
solver with a rigid-body simulator, enablingtwo-way cou-
pling betweenliquidsandobjects.Wealsoproposeasimple
solutionto thestickinessof liquidsonobjects.

2. PreviousWork

2.1. Eulerian Simulation

Grid-basedmethodshave beenquite popularfor computer
graphicsapplications.Foster and Metaxas[FM96, FM97]
werethe �rst to proposesolving the full 3D Navier-Stokes
equationson a regular grid in order to re-createthe visual
propertiesof a dynamic�uid. Stam[Sta99] produceddy-
namic gasesusing a semi-Lagrangianintegration scheme
that achieves unconditionalstability at the expenseof ar-
ti�cial viscosity and rotational damping.Foster and Fed-
kiw [FF01] extendedthe techniqueto liquids, trackingthe
surfaceusing both a level-setmethodand particlesinside

the liquid. Enright et al. [EMF02] addedparticlesoutside
the�uid volumeto improvesurfacetracking.They alsopro-
posedan extrapolationtechniqueto assignvelocitiesto air
cells just outsidethe liquid surface,resultingin a smoother
surfacemotiononacoarsegrid.

A number of researchershave developed methodsfor
modelinghighly viscousor viscoelastic�uids. Carlsonet
al. [CMHT02] developedan Euleriansolver for very high
viscosityliquids andwereableto simulatemeltingobjects.
Fluids simulatedby Goktekin et al. [GBO04] exhibit not
only viscousbut alsoelasticandplasticbehaviors by inte-
gratingandadvectingstrain-ratethroughoutthe�uid.

2.2. Lagrangian Simulation

Smoothedparticle hydrodynamics(SPH) is an alternative
approach,�rst developedby Lucy [Luc77] andby Gingold
andMonaghan[GM77], to tackleastrophysicalproblems.In
SPH,spaceis non-uniformlysampledusingparticles.These
particlesmaintainvarious�eld properties,suchasmassden-
sity or velocity, andaretracked during the simulation.The
�eld quantitiescanbeevaluatedanywherein spaceusingra-
dially symmetricsmoothingkernels.

Reeves[Ree83] introducedparticlesystemsto computer
graphics.They quickly becameapopulartool for portraying
variouseffectssuchas�re or waterfalls. Miller andPearce
[MP89] borrowedideasfrom moleculardynamicsto addba-
sic particle interactions,resultingin limited simulationsof
liquidsandmeltingsolids.Terzopoulosetal. [TPF89] mod-
eledmeltingthermoelasticmaterialsusingparticlesthatap-
ply various forces to their neighbors.In a solid material,
theparticlesareconnectedwith springs,which weakenand
eventuallydisappearasthematerialmelts.This modeldoes
nothandleplasticity.

Desbrunand Gascuel[DG96] appliedSPH conceptsto
computergraphicsin order to simulatehighly deformable
bodies.Recently, Müller et al. [MCG03] implementedin-
teractive liquid simulationandrenderingusingSPH.They
simulatesurfacetensionusingideasfrom Morris [Mor00],
implicitly de�ning aninterfacewith theparticlesandapply-
ing a forceproportionalto curvature,computedasthediver-
genceof the normal �eld. For surfacefeaturesrepresented
by a small numberof particles,suchcurvatureevaluation
cancausenumericalproblems.

Premo�eet al. [PTB� 03] alsoobtainedrealistic looking
�uids using a Lagrangianmethod.They solve the Navier-
Stokes equationsusing the Moving-Particle Semi-Implicit
(MPS)method[KO96], which ensuresa greaterlevel of in-
compressibilitythanstandardSPH.

Müller et al. [MKN � 04] proposed a particle-based
methodfor animatingvolumetricobjectswith materialprop-
ertiesrangingfrom stiff elasticto highly plastic.Their tech-
nique is derived from continuummechanicsand therefore
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allowsfor directspeci�cationof well-de�nedphysicalprop-
erties.Althoughthey donot try to simulatea �o wing liquid,
they obtainvery realisticresultsfor thematerialtypessup-
ported.

Steeleetal. [SCED04] presentedaparticle-basedmethod
for simulating viscous liquids. They de�ne the adhesion
properties of different types of particles using general
distance-dependentforcesbetweenparticles.Their iterative
relaxationschemeto conservevolumeis similar to ours,but
the linear densitykernelandthe hardanti-penetrationcon-
straintslimit theirmethodto highly viscous�uids.

3. Simulation Step

Our �uid is representedby particlesevolving throughspace
andtime.A typicalparticlesimulationgoesthroughthefol-
lowing steps.First, variousforcesarecomputedandaccu-
mulatedfor eachparticle.Theseforcesthenmodify theve-
locities,which are�nally usedto updateparticlepositions.
Suchan explicit schemetendsto be unstableunlessvery
smalltimestepsareused.

Figure2: Prediction-relaxationscheme.

Our methodavoids explicit force integrationby usinga
prediction-relaxationapproach.It is similar in conceptto a
moreinvolvedimplicit scheme,but it is fastandstraightfor-
ward to implement.Particlesaremoved accordingto their
velocitiesandthentheirpositionsarerelaxed,subjectto po-
sitional constraints(Figure 2). At the end of the timestep,
velocitiesarerecomputedby subtractingpreviouspositions
from relaxed position.Becauseof this velocity recomputa-
tion, therelaxationdisplacementsareequivalentto impulses
applied to the velocity at the beginning of the timestep.
Theseimpulsesbeing computednearthe end position (on
a path betweenthe predictedposition and the end posi-
tion), theprediction-relaxationschemebearssomesimilari-
tieswith animplicit schemein which theforceexistsat the
unknown endcon�guration.Intuitively, usingforcesthatex-
ist further in time preventsinstabilitiesby predictingdif�-
cult situationsandreactingbeforethey actuallyoccur. Math-
ematicalconsiderationsregarding the prediction-relaxation
schemecanbefoundin theAppendix.

Our simulationstepis detailedin Algorithm 1. First we
updateparticlevelocitiesaccordingto gravity andviscosity
(lines1 to 5). Thenwesavethepreviouspositionsandmove

Algorithm 1: Simulationstep.
1. foreach particle i
2. // apply gravity
3. vi  vi + Dtg
4. // modify velocities with pairwise viscosity impulses
5. applyViscosity // (Section 5.3)
6. foreach particle i
7. // save previous position

8. xprev
i  xi

9. // advance to predicted position
10. xi  xi + Dtvi
11. // add and remove springs, change rest lengths
12. adjustSprings // (Section 5.2)
13. // modify positions according to springs,
14. // double density relaxation, and collisions
15. applySpringDisplacements // (Section 5.1)
16. doubleDensityRelaxation // (Section 4)
17. resolveCollisions // (Section 6)
18. foreach particle i
19. // use previous position to compute next velocity

20. vi  (xi � xprev
i )=Dt

the particlesaccordingto their velocities.Lines 12 to 15
modify springrestlengthsandapplyspringforcesasparti-
cledisplacements.Volumeconservation,anti-clustering,and
surfacetensionarethenenforced(line16).Finally, collisions
betweenparticlesand static/dynamicbodiesare resolved,
andparticlevelocitiesarerecomputed.

4. DoubleDensityRelaxation

Our doubledensityrelaxationis a simpli�ed andextended
formulationof theSPHparadigm.Theimpulsesexchanged
betweenparticlesdependon two differentmeasuresof their
neighbordensity.

4.1. Densityand Pressure

In an SPHframework, the global goal of minimizing com-
pressibilitytranslatesinto a localconstraintto maintaincon-
stantdensity. The densityat particle i is approximatedby
summingweightedcontributionsfrom eachneighborj. We
choosethedensityatparticlei to be

r i = å
j2 N(i)

(1� r i j=h)2 (1)

wherer i j = jr i j j, r i j = x j � xi , andN(i) denotesthe setof
neighboringparticlesthatarecloserthanthe interactionra-
diush. This form of densityis not a truephysicalproperty;
it is simply a numberquantifyinghow theparticlerelatesto
its neighbors.We tried variousotherdensitykernelshapes,
suchasthe unbounded(r=h) � 2 or the bell shapedpolyno-
mial (1� (r=h)2)3, but weobtainedourbestresultswith the
quadraticspike (1� r=h)2.
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We de�ne a pseudo-pressurePi proportionalto thediffer-
encebetweenthecurrentdensityr i anda restdensityr 0

Pi = k(r i � r 0) (2)

wherek is a stiffnessparameter. To keeptheformulationas
simpleaspossible,we combinedthe normalizingconstant,
thatusuallyscalesthedensityin theSPHliterature,with the
parametersk andr 0. We alsoconsiderthatall theparticles
have the samemass.This way, masscancelsout anddoes
nothave to beincludedin theequations.

4.2. Incompressibility Relaxation

Theincompressibilityrelaxationis implementedasa global
loop over eachparticle i. An iterationof this loop is com-
posedof two passeson eachneighbor j of particle i. The
�rst passestimatesthelocaldensityatparticlei by summing
theweightedcontributionsof its neighbors(Equation1). If
thisdensityis higherthantherestdensityr 0, neighborswill
be pushedaway. If it is lower, they will be pulled closer.
Pushingandpulling neighborsis donein thesecondpasson
theneighborsof particlei, in whicheachpair i j exchangesa
displacement.

The densityrelaxationdisplacementbetweentwo parti-
clesis proportionalto thepseudo-pressure,weightedby the
linearkernelfunction:

Di j = Dt2Pi(1� r i j=h)r̂ i j (3)

wherer̂ i j is theunit vectorfrom particlei to particle j. Since
forceis integratedtwice in timeto getdisplacement,a factor
Dt2 is includedin Equation3 to preserve timestepduration
independence(seethe Appendix).We apply this displace-
mentdirectlyby modifyingthepredictedpositionof particle
j. An equalandoppositedisplacementis appliedto parti-
cle i, enforcingtheaction-reactionprincipleandthuslinear
momentumconservation. The displacementbeing directed
alongr̂ i j , angularmomentumis conserved.Thelinearramp
(1� r=h) scalesthemagnitudeof thedisplacementdepend-
ing onthedistancebetweenparticles.Notethatthispressure
kernelis proportionalto thederivativeof theassociatedden-
sity kernel.This particularrelationprovidesa consistental-
gorithm,asit is theoreticallyjusti�ed in the SPHliterature
(for examplein [MCG03]).

4.3. Near-Densityand Near-Pressure

As described,thisrelaxationproceduredoesnotpreventpar-
ticle clustering.A particlecanreachrestdensityby strongly
pulling a small numberof neighbors.The �uid then sep-
aratesinto a collection of independentclusters,exhibiting
nocoherency. In preliminarytests,wefollowedanapproach
similarto Steeleetal. [SCED04] andtriedto preventcluster-
ing by addinga simpledistance-dependentrepulsionforce,
but it causedvisible artifactswhensimulatinglow viscosity
�uid.

We solve theclusteringproblemby addinginsteada sec-
ond context-dependentpressureterm. This new force does
notsimplydependonthedistancebetweenparticles,but de-
pendson a new density– thenear-density– computedwith
adifferentkernelfunction.Wede�ne near-densityas

r near
i = å

j2 N(i)
(1� r i j=h)3 (4)

which usesa kernel with a sharperspike than our simple
density. Again, we tried variousotherspike shapes,but this
simplecubicgavegoodresultsin our tests.

In orderto make the correspondingforce exclusively re-
pulsive,wede�ne near-pressureas

Pnear
i = knearr near

i (5)

which is analogousto Equation2, but with vanishingrest
density.

As for simplepressure,near-pressureproducesadisplace-
mentfor eachparticlepair in the secondpassof the relax-
ation.Augmentedwith thisnew term,Equation3 becomes

Di j = Dt2
�

Pi(1� r i j=h) + Pnear
i (1� r i j=h)2

�
r̂ i j (6)

wherethequadratickernelde�neshow near-repulsionis ap-
plied to neighbors.Again, the near-pressurekernel is pro-
portionalto thederivativeof thenear-densitykernel.

Algorithm 2 summarizesourapproximatevolumeconser-
vationandanti-clusteringmethod.For eachparticle,density
andnear-densityarecomputed(Equations1 and4). Pressure
and near-pressureare then evaluated(Equations2 and 5).
Finally, the secondloop on neighborsappliesthe displace-
mentsto theparticles(Equation6). Neighborparticlesj are
immediatelymoved,but we sumthe displacementsof par-
ticle i andapply themonly at theendof its relaxationstep.
Thispreventsany biasthatcouldresultfroma�x edneighbor
processingorder. Theorderin which particlesi arerelaxed
is randomizedbut is notmodi�ed throughoutthesimulation.

Theresultof doubledensityrelaxationis a coherent�uid
representationin whichparticlestendto beatequaldistance
from all immediateneighbors.However, directlyenforcinga
constantimmediateneighbordistancewith aLennard-Jones-
like force can lead to undesirableartifactsdue to particles
aligning in a rigid pattern.Here,near-densityminimization
smoothlyrestrictshow thetargetdensitycanbeapproached,
andno rigid patternsappear.
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Algorithm 2: Doubledensityrelaxation.
1. foreach particle i
2. r  0
3. r near  0
4. // compute density and near-density
5. foreach particle j 2 neighbors( i )
6. q  r i j=h
7. if q < 1
8. r  r + (1� q)2

9. r near  r near + (1� q)3

10. // compute pressure and near-pressure
11. P  k(r � r 0)
12. Pnear  knearr near

13. dx  0
14. foreach particle j 2 neighbors( i )
15. q  r i j=h
16. if q < 1
17. // apply displacements

18. D  Dt2(P(1� q) + Pnear(1� q)2)r̂ i j
19. x j  x j + D=2
20. dx  dx � D=2
21. xi  xi + dx

4.4. SurfaceTension

We observed that besidesreducingparticle clustering,our
methodprovides anotherimportant�uid behavior: surface
tensioneffects.As illustratedin Figure3 andin theaccom-
panying video[VID], particlesgroupinto structuressuchas
sheets,�laments,anddrops.

Figure3: Oscillatingdrop.

Surfacetensionis physicallycausedby attractionbetween
molecules.Insidethe�uid, thisattractioncancelsout,but for
moleculesnearthesurface,asymmetryin neighbordistribu-
tion resultsin anon-zeronetforcetowardsthe�uid. Further-
more,this asymmetrychangesdependingon surfacecurva-
ture. In view of thesephysical considerations,surfaceten-
sionis usuallyconsideredto beanexternalforceorientedto-
wardsthenegative surfacenormalandwith magnitudepro-
portionalto thesurfacecurvature.

We can visualize how the combinedeffect of pressure
andnear-pressurecanproducesurfacetension.Supposethat
density at a particle position is smaller than rest density.
Neighboringparticleswill be pulled by pressurewith an
impulseproportionalto the linear kernel,and thenpushed
by near-pressurewith an impulseproportionalto thesharp-
spiked quadratickernel. Neighborsthat are further away

will tend to move more since they are not affectedmuch
by near-pressure.Thesmoothrepulsionof thenearestparti-
clescausesanindirectlong-distanceattraction.Thiscontext-
aware attractionleadsto smoothand stableparticle struc-
tures.

5. Viscoelasticity

Viscoelasticbehavior is introducedin our model through
threesub-processes:elasticity, plasticity, andviscosity. Elas-
ticity isobtainedby insertingspringsbetweenparticles,plas-
ticity comesfrom themodi�cation of thespringrestlengths,
and viscosity is introducedby exchangingradial impulses
determinedby particlevelocitydifferences.

5.1. Elasticity

To simulateelasticbehavior, we addspringsbetweenpairs
of neighboringparticles.Springscreatedisplacementsonthe
two attachedparticles.Thedisplacementmagnitudeis pro-
portionalto L � r, wherer is thedistancebetweentheparti-
clesandL is thespringrestlength.It is alsoscaledwith the
factor1� L=h, whichgraduallyreducesto zerotheforceex-
ertedby longsprings.Theprocessis detailedin Algorithm 3.

Algorithm 3: Springdisplacements.
1. foreach spring i j
2. D  Dt2kspring(1� Li j=h)(Li j � r i j )r̂ i j
3. xi  xi � D=2
4. x j  x j + D=2

5.2. Plasticity

A perfectly elastic substancealways remembersits �x ed
rest shape,and �ghts external forcesto recover it. On the
otherhand,aperfectlyplasticsubstanceconsidersits current
shapeasits restshape.In general,plasticitycanbethought
of astherateatwhichasubstanceforgetsits past.

This intuitive view of elasto-plasticityleadsto our dy-
namicrestlengthspringscheme.At eachtimestep,springs
areaddedor removed,andtheir restlengthschangedepend-
ing on their currentlengths.

Therateof restlengthchangeof a linearly plasticspring
is proportionalto its deformation:

DL = Dt a (r � L) (7)

wherea is theplasticityconstant.

A linearly plastic materialslowly �o ws until all forces
reachequilibrium.To modelsubstancessuchasclay, which
changeshapeunderthe signi�cant pressuregiven by one's
�ngers but resistssmall forcessuchasgravity, a non-linear
plasticitymodelis needed.
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Algorithm 4: Springadjustment.
1. foreach neighbor pair i j , (i < j)
2. q  r i j=h
3. if q < 1
4. if there is no spring i j
5. add spring i j with rest length h
6. // tolerable deformation = yield ratio * rest length
7. d  gLi j
8. if r i j > L + d // stretch
9. Li j  Li j + Dt a (r i j � L � d)
10. else if r i j < L � d // compress
11. Li j  Li j � Dt a (L � d � r i j )
12. foreach spring i j
13. if Li j > h
14. remove spring i j

Ourplasticspringmodelis inspiredby thevonMisescon-
dition [Fun65], which statesthat plastic �o w shouldoccur
only if thedeformationis largeenough.Translatedinto the
springsystem,this meansthat L shouldbe changedonly if
jr � Lj is largerthansomefractionof L (Figure4). Thisfrac-
tion is speci�ed by theyield ratio, denotedg, for which we
typically choosea valuebetween0 and0:2. Therestlength
incrementcanthenbewritten

DL = Dt a sign(r � L) max(0; jr � Lj � gL) (8)

whichbecomesidenticalto Equation7 wheng= 0.

Figure4: Restlengthchangeasa functionof currentlength.

As the �uid moves,springsmustbeaddedandremoved.
A springis addedbetweentwo particlesif their distancebe-
comessmallerthanthe radiusof interactionh, andis later
removed if its rest length becomeslarger than h. Pseudo-
codefor ourcompletespringadjustingprocedureis givenin
Algorithm 4.Additionalcontrolonviscoelasticbehavior can
begainedby usingseparatevaluesof a andg for compres-
sionandstretching.For example,a stickiermaterialcanbe
simulatedby settinggcompressto zerowhile letting gstretch

takesomenon-zerovalue.

5.3. Viscosity

Viscosity hasthe effect of smoothingthe velocity �eld. It
is appliedasradial pairwiseimpulsesbetweenneighboring

Figure5: Variousplasticbehaviors.

particles.Theseimpulsesmodify particle velocitiesat the
beginningof thetimestep,beforemoving themto their pre-
dictedpositions.

Algorithm 5: Viscosityimpulses.
1. foreach neighbor pair i j , (i < j)
2. q  r i j=h
3. if q < 1
4. // inward radial velocity
5. u  (vi � v j ) � r̂ i j
6. if u > 0
7. // linear and quadratic impulses

8. I  Dt(1� q)(su+ bu2)r̂ i j
9. vi  vi � I=2
10. v j  v j + I=2

Algorithm 5 showshow viscositychangesparticleveloci-
ties.Wemeasurehow fastparticle j is moving towardsparti-
cle i by projectingthevelocitydifferenceon r̂ i j (line 5). For
non-viscous�uid, viscosityis only usedto handlecollisions,
andwethereforeapplyimpulsesonly if particlesarerunning
into eachother.

The impulsedependenceon distanceis capturedby the
linearkernel(1� r i j=h), andthefactor(su+ bu2) controls
the viscosity's linear andquadraticdependenceson veloc-
ity. This formulation is inspiredby usualSPH techniques
[DG96].

If ahighly viscousbehavior is desired,s canbeincreased.
For lessviscous�uids, only b shouldbe set to a non-zero
value.Thequadratictermpreventsparticleinterpenetration
by removing high inwardvelocity, but avoidssmoothingthe
interestingfeaturesof thevelocity �eld.

Viscosity impulsesare applied sequentiallyto particle
pairs.Theorderingof particlepairscantheoreticallybiasthe
solution,but novisibleartifactswereobservedin our tests.

6. Interactions with Objects

We have integratedour �uid simulation into a rigid-body
system,enabling interestingsimulation scenariossuch as
�oating objectsandliquid sticking on surfaces.During the
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collision stage,the �uid is consideredto beanassemblyof
rigid spheresexchangingimpulseswith surroundingobjects.

6.1. Collisions

For eachobject,asigneddistance�eld is sampledandstored
in a grid structure.For eachparticlewe obtainthe interpo-
lated distancevalue d. A collision is identi�ed when d is
smallerthan the particlecollision radiusR. For the collid-
ing particleweobtaintheobjectnormaln̂ usingthedistance
�eld gradient.

Ourrigid-bodysolver is impulse-based,asin [GBF03]. In
this kind of framework, objectpenetrationsareresolvedby
sequentiallyapplyingimpulsesbetweenbodies.Thismethod
for particle-bodycollisionsleadsto instabilitiesandmakes
it impossibleto simulate�oating objects.We thereforepro-
posethethreestepmethodillustratedin Figure6.

Figure6: Particle-bodyinteractions.

In the �rst step,correspondingto lines 1 to 7 of Algo-
rithm 6, bodiesareadvancedandimpulsesdueto penetrat-
ing particlesareaccumulatedinto forceandtorquebuffers.
In thesecondstep(lines8 to 11), thevelocity V andangu-
lar velocity w of eachbody is updatedusing the accumu-
latedforceandtorque.Thebodiesareadvancedagain from
the initial con�guration accordingto thesenew velocities,
but thepositionsof thecolliding particlesarenot yet mod-
i�ed. The usualbody-bodycollisionsandcontactsarethen
resolved,andthe bodiesreachtheir �nal positionsandve-
locities.The third step(lines 12 to 15) updatesthe particle
positionsto remove penetrationvelocities.In this �nal step,
thebodiesareconsideredto have in�nite inertia.

Impulsesdue to particle-bodycollisions are basedon
a zero-restitutioncollision model with wet friction. This
modelrequiresthecurrentparticlevelocityvi , computedus-
ing the differencebetweenthe currentand previous parti-
cle positions.We thencomputetheparticlerelative velocity
v̄ = vi � vp, wherevp is the body velocity at the contact
point. This velocity is separatedinto normalandtangential
components:

v̄normal = (v̄ � n̂)n̂ (9)

v̄tangent = v̄ � v̄normal: (10)

Theimpulsecomputedat lines6 and13 cancelsthenormal
velocityandremovesa fractionof thetangentialvelocity:

I = v̄normal� µ v̄tangent (11)

Algorithm 6: Particle-bodyinteractions.
1. foreach body
2. save original body position and orientation
3. advance body using V and w
4. clear force and torque buffers
5. foreach particle inside the body
6. compute collision impulse I
7. add I contribution to force and torque buffers
8. foreach body
9. modify V with force and w with torque
10. advance from original position using V and w
11. resolve collisions and contacts between bodies
12. foreach particle inside a body
13. compute collision impulse I
14. apply I to the particle
15. extract the particle if still inside the body

whereµ is a friction parameterenablingslip (µ = 0) or no-
slip (µ = 1) boundaryconditions.

In somedif�cult situations,suchaswhena particleis al-
readyinsidean objectat the beginning of the timestep,re-
moving the penetrationvelocity is not suf�cient. We solve
this issueby usingthedistance�eld to extracttheoffending
particlesat theendof thecollisionstage(line 15).

As it is commonwith any distance�eld-basedcollision
detection,collisionscanbe missedif the object is too thin
with respectto thevelocityof theparticles.

6.2. Stickiness

As they arenow described,particleswill detachandfall from
objects.We implementeda simple methodto make them
stick,evenunderneathahorizontalsurface.

Figure 7: Particles sliding underneatha sphere, before
forminga drop.

The idea is to modify the impulse computedat Equa-
tion 11 by addingan attractionterm for particlesthat are
closeto an object.Let di be the distancebetweenthe ob-
ject andtheparticlecollision surface.An attractionimpulse
occurswhen di is smaller than a �x ed distancedstick. To
avoid artifactssuchasparticlesjumpingto thesurface,dstick
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shouldstaysmall enoughwith respectto the particleinter-
actionrangeh. Weusethefollowing formulation:

Istick = � Dt kstickdi

�
1�

di

dstick

�
n̂ (12)

which is maximal at distancedstick=2. Lines 5 and 12 of
Algorithm 7 mustnow considerall particlesin theattraction
range.

7. Implementation and Results

7.1. Neighbor Search

Findingall particlesthatarewithin theinteractionradiusof
a particle is a frequenttask in any particle-basedmethod.
Sincethe interactionradiush is constantand identical for
eachparticle, it makes senseto usea simple regular spa-
tial hashinggrid with cubesize h. Eachcubestoresa list
of enclosedparticles,which is updatedeachtime a parti-
cle moves from one cubeto another. All neighborsreside
in theparticle's cubeandits 26 neighboringcubes.Further-
more,we avoid usinga �x ed cubelattice by only instanti-
atingcubesthatcontainparticles.Thecubesarestoredin a
hashtable,indexedwith their 3D index. Theanimationsce-
nariocanthustake placein a virtually in�nite domain,and
noinformationonthefuturelocationof the�uid is neededat
thebeginningof thesimulation.Thisspatialhashingmethod
is similar to Teschneretal. [THM� 03].

7.2. Rendering

For fast previsualization,particlesare simply renderedas
polygonizedspheres.High quality renderingusesa surface
meshextractedwith themarchingcubealgorithm[LC87].

Themarchingcubeextractsanisosurfaceof ascalarfunc-
tion de�ned by theparticles.Weusethefunction

f (x) =

 

å
j

(1� r=h)2

! 1
2

(13)

wherer = jx � x j j. Thesquarerootensuresthatthefunction
behaveslike a distancefunction,i.e., hasanalmostconstant
slopearoundtheextractedisosurface.This is importantfor
moving isosurfacesbecausethe locationof thesurfacein a
cubeis linearly interpolated.If the functionhada changing
slopearoundtheisovalue,temporalartifactswouldappearas
particlesmove. Simply usinga sumof conescouldachieve
thisgoal,but theresultwouldnotbesmoothenough.

As in thecaseof neighborsearch,thecubegrid usedfor
isosurfaceextractionis sparseanddynamic.The cubesize
hsurfaceis independentfrom theparticleinteractionradiush,
andis typically smallerif a smoothsurfacemeshis desired.
A spatialhashtableis usedto storethenon-zerogrid points
asparticlesaddtheir contributionsto theimplicit function.

7.3. Results

The results,shown in the accompanying video sequences
[VID] and in Figures8 to 12, took an averageof 2 sec-
ondsperframeto simulate,with typically 20000particles.A
10fps interactivesessioncansimulate1000particles,which
is enoughto createrelatively complex splashingeffects.

Thesetimingsincludesurfaceextractionwith themarch-
ing cubealgorithmandOpenGLdisplay. Surfaceextraction
usually takes from 10% to 60% of the computationtime.
High quality renderingsweregeneratedof�ine with theray-
tracerPixie [PIX].

Figure8: Viscousrain ona character.

Figure9: Pouringliquid in a tankcontaininga heavyobject.

Figure10: A �oating object.
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Figure11: Pouring liquid on theStanford Bunny.

Computingmany timestepsperframecangreatlyimprove
volumeconservationandoverallsimulationquality. Weused
up to 10 timestepsper framefor very fastmoving liquid or
whenvolumeconservationwascritical,but mostof thetime,
only onetimestepperframewascomputed.

Despitethe fact that many parameterscontrol the sim-
ulation, tweaking�uid behavior is intuitive and easy. Our
typical parametervaluesfor themostimportantparameters
areDt = 1 (wherethe time unit is 1=30 second),r 0 = 10,
k = 0:004,knear= 0:01,kspring= 0:3, anda = 0:3. Thein-
teractionrangeh canbe speci�ed independentlyto set the
�uid resolution.

8. Conclusion

We have presenteda particle-basedmethodto interactively
simulatethecomplex behavior of viscoelastic�uids.

Themaincontributionsof ourwork are:

1. A simple and �e xible methodto simulateviscoelastic-
ity with varyingrestlengthsprings.Inserting,removing,
andmodifying the rest lengthof springsbetweenparti-
clesprovide an intuitive controlof viscoelasticity. Com-
plex non-linearplasticeffectssuchasclayor gelmanipu-
lationcanbeachievedby simplerestlengthupdaterules.

2. A new schemefor the robust simulationof surfaceten-
sionin particle-basedsystems,without requiringcompu-
tationof curvatureover the liquid surface.In contrastto
typicalparticlesystems,it canproduceasmoothsurface,
yetenablestheformationof coherentfeaturessuchasliq-
uid drops,�laments,andsheets.

3. A stablemethodfor long timesteps.Numericalinstabil-
ities that often plaguephysically-basedsimulationsare
signi�cantly reduced,andfastanimationscanbeobtained
by computingasingletimestepperframe.

Theapplicationof ourmethodwasgearedmostlytowards
interactive �uid jets, but we demonstratedits �e xibility in
a numberof differentsituations,suchasplasticandelastic

deformable3D modelsand rain drops.The integration of
our�uid solver into arigid-bodysystemhasenabled�oating
objects,anda simplesolutionto thestickinessof liquids on
objectshasfurtherextendedthesimulationpossibilities.

Ourmethodis speci�cally designedfor fastsimulationof
rapidly moving �uids, but is not as well adaptedfor sim-
ulation of low viscosity liquids such as water. We could
adaptthemethodto simulatewaterby usinganexplicit high
order accurateintegration scheme,and simulatingnumer-
ous timestepsper frame.The increasedcomputationtimes
would,however, contradictour initial goalsof interactivity.

Several otheravenuesfor future work canbe identi�ed.
Volume conservation could be improved by coupling our
methodwith a more sophisticatedtechniquesuch as the
Moving-Particle Semi-Implicitmethod[KO96]. We would
also like to considerseveral typesof particlesto animate
the interactionbetweendifferentsubstances.Simulatingair
would signi�cantly increaseanimationrealismby enabling
bubbleformation.

We believe thatthesimplicity, stability, speed,andversa-
tility of our methodshouldprove very usefulfor many ap-
plications.
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Appendix – Prediction-RelaxationScheme

Theintegrationschemeweusecanbewrittenas

x� = xn + Dt vn� 1
2

x�  x� + Dt2 F1(x� )=m

x�  x� + Dt2 F2(x� )=m

x�  x� + Dt2 F3(x� )=m

:::

xn+ 1 = x�

vn+ 1
2

= (xn+ 1 � xn)=Dt:

This sequentialapplicationof force componentsis analo-
gous to operatorsplitting often used in Eulerian simula-
tions [Sta99]. Eachstageof force applicationusesthe pre-
viouslyupdatedposition,whichcanleadto greaterstability.
For example,it is intuitively correctto computecollisions
using positionsthat have alreadybeenmodi�ed by other
constraints.Allowingaparticularconstrainttoadjusttowhat
happenedin previous stagesoften preventsovershootsand
erroneousconstraintresponses.

If only oneforce is used,the integrationschemecanbe
simpli�ed to

vn+ 1
2

= vn� 1
2

+ Dt F(xn + Dt vn� 1
2
)=m

xn+ 1 = xn + Dt vn+ 1
2

which is similar to theusualleap-frogscheme,but with the
forcecomputedat thepredictedposition.Testingthecanon-
ical exampleF = � kx leadsto

vn+ 1
2

= vn� 1
2

+ Dt (� kxn � kDt vn� 1
2
)=m

in which theactualforcebeingcomputedis augmentedwith
theterm� kDt vn� 1

2
, anarti�cial viscosity.
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Liquid jet onadynamiccharacter. Fastdetailedsplash.

A polygonalmold is �lled with liquid, springsareadded,andthenthemold is removed.Theresultingelasticbunny is
steppedon,but recoversits restshape.

Thenplasticityis increasedandthefoot leavesits print. Finally, springsaredeletedandthebunny �o wsaway.

Figure12: Variousillustrationsof our particle-basedfast�uid simulation.
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