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Abstract

We presenta new particle-basednethodor viscoelasticuid simulationWe achieverealisticsmall-scalébehavior
of substancesud aspaintor mudasthey splashonmoving objectsIncompessibilityandparticle anti-clustering
are enfocedwith a doubledensityrelaxationprocedue which updatearticle positionsaccoding to two oppos-
ing pressue terms.Fromthis processurfacetensioneffectsemenpe, enablingdropand lament formation.Elastic
andnon-linearplastic effectsare obtainedby addingspringswith varying restlengthbetweerparticles.\We also
extendthe techniqueto handleinteraction betweenuid and dynamicobjects.Various simulationscenariosare
presentedncludingrain drops,fountains clay manipulationand oating objects Themethods robustandstable
andcananimatesplashingbehaviorat interactiveframeites.

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.5[ComputerGraphics]:ComputationalGeometry
andObjectModeling— Physically Basedvlodeling;1.3.7 [ComputerGraphics]:Three-Dimensionabraphicsand

Realism- AnimationandVirtual Reality

1. Intr oduction

The eld of computationaluid dynamicshasintroduced
mary differentalgorithmsto simulatethe complex behar-
ior of uids. Sinceliquids andgasesplay animportantrole
in everydaylife, several uid simulationmethodshave been
successfullyusedfor computergraphicsapplications.

Two main categoriesof simulationmethodsexist: Eule-
rian grids and Lagrangianparticles.Eulerianmethodsdis-
cretize the problemusing a subdvision of the spatial do-
main and control uid ow in eachcell. Suchtechniques
have beenable to achieve amongthe most realistic simu-
lations of liquid typesrangingfrom simple o ws to highly
viscous uids, with plasticandelasticbehaiors. They easily
enforcetheincompressibilitycondition,but donotguarantee
massconserationfor smallfeatures.

Lagrangianmethodsdiscretizethe uid massusing par
ticles. By directly tracking chunksof matterasthey travel
through space,particle methodstrivially guaranteemass
conseration and provide a conceptuallysimple and versa-
tile simulationframework.
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Figure 1: Fountain simulationillustrating sheet, lament,
anddrop formation.

Particlesalso alleviate the dependencen a speci c ref-
erenceframe.In an Eulerianapproachthe distancea uid
feature can travel during a simulation stepis limited by
the grid resolution.Therefore,for very rapid and detailed
o ws, tracking changesas they occurat a x ed point in
spaceppearsessnaturaltthantrackingchangesvhichoccur
alonga particletrajectory We revisit particle-basedimula-
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tion andproposeextensionsandmodi cations thatincrease
their exibility and robustnessOur formulationis simple
andintuitive, andit canbeimplementedvithin days.

An importantdisadwantageof particle simulationsis the
dif culty to representa smoothsurfacewith particles.Ro-
bustly handlingsurfacetensioneffectsfor small featuress
alsorecognizedasadif cult task.Surfacetensionforcesex-
ist at the surfaceof the uid, anddependon its cunature.
The problemcomesfrom the fact that particle simulations
avoid modelingthesurfaceexplicitly, andthusrobustlycom-
putingits curvaturecanbe cumbersome.

We proposea novel procedureor incompressibilityand
particle anti-clustering We call this proceduredoubleden-
sity relaxation Looselyspeakingdoubledensityrelaxation
computestwo different particle densities:one quantifying
the numberof neighborsandanotherguantifyingthe num-
ber of closeneighborsThe force betweertwo particlesde-
pendson thesetwo contet-dependenmeasuresinsteadof
dependingonly on the distancebetweenthem. Liquids an-
imatedwith this methoddisplay a smoothparticle surface,
andsurfacetensioneffectssuchasthoseshavn in Figure 1
emege naturally No cunaturehasto be evaluated,andthe
proceduras robustevenin presencef smallsurfacedetails.

Numerical instabilities are often an issue with ary
physically-basedsimulations, requiring the use of pro-
hibitively small timestepsWe usea conceptuallyintuitive
prediction-relaxatiorschemethat remainsstable even for
largetimestepsandfastsplashingeffects.

We also presenta simple methodto simulateviscoelas-
tic substanceby insertionandremoval of springsbetween
pairsof particles Variousmaterialbehaiors canbeobtained
with simplespringrestlengthupdaterules.Theintuitive pa-
rametergyoverningsucha schemegombinedwith our fast
simulation,allow an artistto interactvely experimentwith
the uid propertiedo obtainthe desiredresults.

Finally, we describea simple way to integratethe uid
solver with a rigid-body simulator enablingtwo-way cou-
pling betweeriquids andobjects We alsoproposea simple
solutionto the stickinesof liquids on objects.

2. Previous Work
2.1. Eulerian Simulation

Grid-basedmethodshave beenquite popularfor computer
graphicsapplications.Foster and Metaxas[FM96, FM97]
werethe rst to proposesolvingthe full 3D Navier-Stokes
equationson a regular grid in orderto re-createthe visual
propertiesof a dynamic uid. Stam[Sta99 produceddy-
namic gasesusing a semi-Lagrangiarintegration scheme
that achieves unconditionalstability at the expenseof ar
ti cial viscosity and rotational damping. Foster and Fed-
kiw [FFO] extendedthe techniqueto liquids, trackingthe
surface using both a level-setmethodand particlesinside

the liquid. Enright et al. [EMF0Z addedparticlesoutside
the uid volumeto improve surfacetracking.They alsopro-
posedan extrapolationtechniqueto assignvelocitiesto air
cellsjust outsidethe liquid surface,resultingin a smoother
surfacemotionon a coarsegrid.

A numberof researcherdave developed methodsfor
modeling highly viscousor viscoelastic uids. Carlsonet
al. [CMHTO02] developedan Euleriansolver for very high
viscosityliquids andwereableto simulatemelting objects.
Fluids simulatedby Goktekin et al. [GBO04 exhibit not
only viscoushut also elasticand plastic behaiors by inte-
gratingandadwectingstrain-ratehroughouthe uid.

2.2. Lagrangian Simulation

Smoothedparticle hydrodynamics(SPH) is an alternatve
approach,rst developedby Lucy [Luc77] andby Gingold
andMonagharf GM77], to tackleastroplysicalproblemsin

SPH,spacds non-uniformlysampledusingparticles. These
particlesmaintainvarious eld propertiessuchasmassien-
sity or velocity, andaretracked during the simulation.The
eld quantitiescanbeevaluatedanywherein spacausingra-

dially symmetricsmoothingkernels.

Reeres[Ree83 introducedparticle systemso computer
graphicsThey quickly becamea populartool for portraying
variouseffectssuchas re or waterglls. Miller andPearce
[MP89 borravedideasfrom moleculardynamicso addba-
sic particle interactionsresultingin limited simulationsof
liquids andmelting solids.Terzopoulostal. [TPF89 mod-
eledmeltingthermoelastienaterialsusingparticlesthatap-
ply variousforcesto their neighbors.In a solid material,
the particlesareconnectedwith springs,which wealenand
eventuallydisappeaasthe materialmelts. This modeldoes
nothandleplasticity.

Desbrunand Gascuel[DG9¢ applied SPH conceptsto
computergraphicsin orderto simulatehighly deformable
bodies.Recently Miller et al. [MCGO03 implementedin-
teractive liquid simulationandrenderingusing SPH. They
simulatesurfacetensionusingideasfrom Morris [Mor0Q],
implicitly de ning aninterfacewith the particlesandapply-
ing aforce proportionalto curvature,computedasthediver
genceof the normal eld. For surfacefeaturesrepresented
by a small numberof particles,suchcurvature evaluation
cancausenumericalproblems.

Premo eet al. [PTB 03] alsoobtainedrealisticlooking
uids using a Lagrangianmethod.They solve the Navier-
Stoles equationsusing the Moving-Particle Semi-Implicit
(MPS) method[KO96€], which ensures greaterevel of in-
compressibilitythanstandardSPH.

Muller et al. [MKN 04] proposeda particle-based
methodfor animatingvolumetricobjectswith materialprop-
ertiesrangingfrom stiff elasticto highly plastic.Their tech-
niqueis derived from continuummechanicsand therefore
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allowsfor directspeci cationof well-de ned physicalprop-
erties.Althoughthey do nottry to simulatea o wing liquid,
they obtainvery realisticresultsfor the materialtypessup-
ported.

Steeleetal. [SCEDO04 presentec particle-basednethod
for simulating viscousliquids. They de ne the adhesion
properties of different types of particles using general
distance-dependefdrcesbetweerparticles.Their iterative
relaxationschemeo consere volumeis similar to ours,but
the linear densitykernelandthe hard anti-penetratiorcon-
straintslimit their methodto highly viscous uids.

3. Simulation Step

Our uid is representetdy particlesevolving throughspace
andtime. A typical particlesimulationgoesthroughthefol-

lowing steps.First, variousforcesare computedand accu-
mulatedfor eachparticle. Theseforcesthenmodify the ve-

locities, which are nally usedto updateparticle positions.
Suchan explicit schemetendsto be unstableunlessvery
smalltimestepsareused.

predicted positi%
- displacements

y due to springs,
density relaxation,
and collisions

Figure 2: Prediction-elaxationscheme

Our methodavoids explicit force integration by usinga
prediction-relaxatiorapproachlt is similar in conceptto a
moreinvolvedimplicit schemeput it is fastandstraightfor
ward to implement.Particlesare moved accordingto their
velocitiesandthentheir positionsarerelaxed, subjectto po-
sitional constraintg(Figure 2). At the end of the timestep,
velocitiesarerecomputedy subtractingprevious positions
from relaxed position. Becauseof this velocity recomputa-
tion, therelaxationdisplacementareequialentto impulses
applied to the velocity at the beginning of the timestep.
Theseimpulsesbeing computednearthe end position (on
a path betweenthe predictedposition and the end posi-
tion), the prediction-relaxatioschemebearssomesimilari-
tieswith animplicit schemean which theforce existsat the
unknavn endcon guration. Intuitively, usingforcesthatex-
ist furtherin time preventsinstabilitiesby predictingdif -
cult situationsandreactingbeforethey actuallyoccur Math-
ematicalconsiderationsegarding the prediction-relaxation
schemecanbefoundin the Appendix.

Our simulationstepis detailedin Algorithm 1. First we
updateparticlevelocitiesaccordingto gravity andviscosity
(lines1to5). Thenwe save the previouspositionsandmaove
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Algorithm 1: Simulationstep
1. foreach particle i

2 Il apply gravity

3 v; v+ Dig

4. /I modify velocities with pairwise viscosity impulses

5. applyViscosity /I (Section 5.3)
6

7

8

9

foreach particle i

/I save previous position
prev

Xi

Xi

. /I advance to predicted position

10. Xi X+ Dty

11. // add and remove springs, change rest lengths

12. adjustSprings /I (Section 5.2)
13. /I modify positions according to springs,

14. // double density relaxation, and collisions

15. applySpringDisplacements /I (Section 5.1)
16. doubleDensityRelaxation /I (Section 4)
17. resolveCollisions /I (Section 6)
18. foreach particle i

19. /I use previous position to compute next velocity

20. vi (i xP)=mx

the particlesaccordingto their velocities. Lines 12 to 15
modify springrestlengthsandapply springforcesas parti-
cledisplacementsd/olumeconseration,anti-clusteringand
surfacetensionarethenenforcedline 16).Finally, collisions
betweenparticlesand static/dynamicbodiesare resohed,
andparticlevelocitiesarerecomputed.

4. Double Density Relaxation

Our doubledensityrelaxationis a simpli ed andextended
formulationof the SPHparadigm The impulsesexchanged
betweemparticlesdependon two differentmeasuresf their

neighbordensity

4.1. Density and Pressue

In an SPHframework, the global goal of minimizing com-
pressibilitytranslatesnto alocal constrainto maintaincon-
stantdensity The densityat particlei is approximatecby
summingweightedcontributionsfrom eachneighborj. We
choosethedensityat particlei to be

ri= & (@ rj=h? (1)
J2N()

whererjj = jrijj, rij = Xj  Xj, andN(i) denoteghe setof
neighboringparticlesthatarecloserthanthe interactionra-
diush. This form of densityis not a true physical property;
it is simply a numberquantifyinghow the particlerelatesto
its neighborsWe tried variousotherdensitykernelshapes,
suchasthe unboundedr=h) 2 or the bell shapedpolyno-
mial (1 (r=h)?)3, but we obtainedour bestresultswith the
quadraticspike (1 r:h)2.
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We de ne apseudo-pressui@ proportionalto the differ-
encebetweerthe currentdensityr ; andarestdensityr o

R=k{ri ro) @

wherek is a stiffnessparameterTo keepthe formulationas
simple as possible we combinedthe normalizingconstant,
thatusuallyscaleghedensityin the SPHIiterature,with the
parameter& andr o. We alsoconsiderthatall the particles
have the samemass.This way, masscancelsout anddoes
not have to beincludedin theequations.

4.2. Incompressibility Relaxation

Theincompressibilityrelaxationis implementecasa global
loop over eachparticlei. An iteration of this loop is com-
posedof two passe®n eachneighborj of particlei. The
rst passestimateshelocal densityatparticlei by summing
the weightedcontritutions of its neighborgEquationl). If
this densityis higherthantherestdensityr o, neighborswill

be pushedaway. If it is lower, they will be pulled closer
Pushingandpulling neighborss donein the seconcdhasson
theneighborf particlei, in which eachpairij exchanges
displacement.

The densityrelaxationdisplacemenbetweentwo parti-
clesis proportionalto the pseudo-pressurgjeightedby the
linearkernelfunction:

Dij= D*R(L rj=h)fj; (3

wherefij is theunit vectorfrom particlei to particlej. Since
forceis integratedtwice in time to getdisplacementa factor
D2 is includedin Equation3 to presere timestepduration
independencéseethe Appendix). We apply this displace-
mentdirectly by modifying the predictedoositionof particle
j. An equaland oppositedisplacements appliedto parti-
clei, enforcingthe action-reactiorprinciple andthuslinear
momentumconseration. The displacemenbeing directed
alongfij, angularmomentunis consered. Thelinearramp
(1 r=h) scalegshe magnitudeof thedisplacementiepend-
ing onthedistancebetweemarticles Notethatthis pressure
kernelis proportionalto thederivative of theassociateden-
sity kernel.This particularrelationprovidesa consistentl-
gorithm, asit is theoreticallyjusti ed in the SPHliterature
(for examplein [MCGO03).

4.3. Near-Density and Near-Pressue

As describedthisrelaxationprocedureloesnot preventpar
ticle clustering A particlecanreachrestdensityby strongly
pulling a small numberof neighbors.The uid then sep-
aratesinto a collection of independentlusters,exhibiting
no cohereng. In preliminarytestswe followedanapproach
similarto Steeleetal. [SCEDO04 andtriedto preventcluster
ing by addinga simpledistance-dependeng¢pulsionforce,
but it causedvisible artifactswhensimulatinglow viscosity
uid.

We solwve the clusteringproblemby addinginsteada sec-
ond contet-dependenpressurgerm. This new force does
notsimply dependnthedistancebetweerparticles but de-
pendson a new density— the neardensity— computedwith
adifferentkernelfunction.We de ne neardensityas

=3 @ =)’ @
j2N(i)
which usesa kernel with a sharperspike than our simple

density Again, we tried variousotherspike shapesbut this
simplecubicgave goodresultsin ourtests.

In orderto make the correspondindorce exclusively re-
pulsive, we de ne nearpressures

Plnearz knearr inear (5)

which is analogougo Equation2, but with vanishingrest
density

As for simplepressurenearpressurg@roducesdisplace-
mentfor eachparticle pair in the secondpassof the relax-
ation. Augmentedwith this new term, Equation3 becomes

Dij= D> R(L rij=h)+ R™®¥L ry=h)? 7ij  (6)

wherethequadratickernelde neshow nearrepulsionis ap-
plied to neighbors. Again, the nearpressurekernelis pro-
portionalto the derivative of the neardensitykernel.

Algorithm 2 summarizesurapproximatezolumeconser
vationandanti-clusteringnethod.For eachparticle,density
andneardensityarecomputed Equationsl and4). Pressure
and nearpressureare then evaluated(Equations2 and 5).
Finally, the secondoop on neighborsappliesthe displace-
mentsto the particles(Equation6). Neighborparticlesj are
immediatelymoved, but we sumthe displacementsf par
ticle i andapplythemonly atthe endof its relaxationstep.
Thispreventsary biasthatcouldresultfroma x edneighbor
processingrder The orderin which particlesi arerelaxed
is randomizedutis notmodi ed throughouthe simulation.

Theresultof doubledensityrelaxationis a coherentuid
representatiom which particlestendto beatequaldistance
from all immediateneighborsHowever, directly enforcinga
constantmmediateneighboristancewith aLennard-Jones-
like force canleadto undesirableartifactsdueto particles
aligningin arigid pattern.Here,neardensityminimization
smoothlyrestrictshow thetargetdensitycanbeapproached,
andnorigid patternsappear
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Algorithm 2: Doubledensityrelaxation
1. foreach particle i

2. r O

3 r near 0

4 /I compute density and near-density

5. foreach particle j 2 neighbors(i)

6. q I‘ij:h

7 ifg< 1

8 ror+(1 q?

9. rnear rnear+ (l q)3

10. /I compute pressure and near-pressure
11. P k(r ro)

12. Pnear knearr near

13. dx O

14.  foreach particle j 2 neighbors(i)

15. g rij=h

16. ifg< 1

17. /I apply displacements

18. D D3(P(L q)+P™(1 gy
19. Xj xj+ D=2

20. dx dx D=2

21. Xi X+ dx

4.4. SurfaceTension

We obsenred that besidesreducingparticle clustering,our
methodprovides anotherimportant uid behaior: surface
tensioneffects.As illustratedin Figure3 andin the accom-
parying video[VID], particlesgroupinto structuresuchas
sheets,laments, anddrops.

Figure 3: Oscillatingdrop.

Surfacetensionis physically causedy attractionbetween
moleculesinsidethe uid, thisattractioncancelsout, but for
moleculemearthe surface,asymmetnjin neighbordistribu-
tion resultsin anon-zermetforcetowardsthe uid. Further
more,this asymmetrychangesiependingon surfacecurva-
ture. In view of thesephysical considerationssurfaceten-
sionis usuallyconsideredo beanexternalforceorientecto-
wardsthe negative surfacenormalandwith magnitudepro-
portionalto the surfacecurvature.

We can visualize how the combinedeffect of pressure
andnearpressureanproducesurfacetension.Supposehat
density at a particle position is smaller than rest density
Neighboringparticleswill be pulled by pressurewith an
impulseproportionalto the linear kernel,and then pushed
by nearpressuravith animpulseproportionalto the sharp-
spiked quadratickernel. Neighborsthat are further away
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will tendto move more sincethey are not affected much
by nearpressureThe smoothrepulsionof the nearesparti-
clescausesnindirectlong-distancattraction Thiscontext-
aware attractionleadsto smoothand stableparticle struc-
tures.

5. Viscoelasticity

Viscoelasticbehaior is introducedin our model through
threesub-processesiasticity plasticity, andviscosity Elas-
ticity is obtainedby insertingspringsbetweerparticles plas-
ticity comedrom themodi cation of thespringrestlengths,
and viscosity is introducedby exchangingradial impulses
determinecby particlevelocity differences.

5.1. Elasticity

To simulateelastichehaior, we add springsbhetweenpairs
of neighboringparticles Springscreatedisplacementsnthe
two attachedparticles.The displacemenimagnitudeis pro-
portionalto L r, wherer is thedistancebetweerthe parti-
clesandL is the springrestlength.lt is alsoscaledwith the
factorl L=h, whichgraduallyreducedo zerotheforceex-
ertedby longsprings Theprocesss detailedn Algorithm 3.

Algorithm 3: Springdisplacements
1. foreach spring ij

2. D DAL Lj=h)(Lij  nij)fi
3. Xi Xj D=2

4, Xj Xj+D=2

5.2. Plasticity

A perfectly elastic substancealways remembersts x ed
restshape,and ghts externalforcesto recover it. On the
otherhand,aperfectlyplasticsubstanceonsidersts current
shapeasits restshapeln general plasticity canbe thought
of astherateatwhich a substancéorgetsits past.

This intuitive view of elasto-plasticityleadsto our dy-
namicrestlength springschemeAt eachtimestep,springs
areaddedor removed,andtheir restlengthschangedepend-
ing ontheir currentlengths.

Therateof restlengthchangeof alinearly plasticspring
is proportionalto its deformation:

DL=Dta(r L) ()
wherea is theplasticity constant.

A linearly plastic material slonly o ws until all forces
reachequilibrium. To modelsubstancesuchasclay, which
changeshapeunderthe signi cant pressurggiven by one's
ngers but resistssmall forcessuchasgravity, a non-linear
plasticitymodelis needed.
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Algorithm 4: Springadjustment
1. foreach neighbor pairij, (i < j)

2. g rij=h

3 ifq< 1

4 if there is no spring i

5. add spring ij with rest length h

6. /I tolerable deformation = yield ratio * rest length
7 d oL

8 ifrij > L+d Il stretch

9. Lij Lj+Dta(rij L d)

10. elseifrij<L d /I compress
11. Lij Lj Da(L d rjj)

12. foreach spring i j

13. if Lij > h

14. remove spring i j

Ourplasticspringmodelis inspiredby thevonMisescon-
dition [Fun6d, which statesthat plastic o w shouldoccur
only if the deformationis large enough.Translatednto the
springsystem this meanshatL shouldbe changednly if
jr Ljislargerthansomefractionof L (Figure4). Thisfrac-
tion is speci ed by theyield ratio, denotedy, for which we
typically choosea valuebetweerD and0:2. Therestlength
incrementcanthenbewritten

DL= Dtasignr L) maxO;jr Lj d.) (8)
which becomesdenticalto Equation7 wheng= 0.

Figure4: Restlengthchange asa functionof currentlength.

As the uid moves,springsmustbe addedandremoved.
A springis addedbetweertwo particlesif their distancebe-
comessmallerthanthe radiusof interactionh, andis later
removed if its restlength becomedarger than h. Pseudo-
codefor our completespringadjustingprocedurés givenin
Algorithm 4. Additional controlonviscoelastidehaior can
be gainedby usingseparatevaluesof a andgfor compres-
sionandstretching.For example,a stickier materialcanbe
simulatedby settingg®®™P"€SSo zerowhile letting gStreteh
take somenon-zerovalue.

5.3. Viscosity

Viscosity hasthe effect of smoothingthe velocity eld. It
is appliedasradial pairwiseimpulsesbetweemeighboring

Figure 5: Variousplasticbehavios.

particles. Theseimpulsesmodify particle velocitiesat the
beginning of the timestep beforemoving themto their pre-
dictedpositions.

Algorithm 5: Viscosityimpulses
1. foreach neighbor pairij, (i < j)

2. g rij=h

3. ifq< 1

4. /l inward radial velocity

5. u  (vi vj) i

6. ifu>0

7. /I linear and quadratic impulses
8. I D1 q)(su+ bu?)fj

9. Vi Vi 1=2

10. Vi vj+I1=2

Algorithm 5 shavs how viscositychangegparticleveloci-
ties.We measurdnow fastparticle j is moving towardsparti-
clei by projectingthevelocity differenceon i (line 5). For
non-viscousuid, viscosityis only usedto handlecollisions,
andwethereforeapplyimpulsesonly if particlesarerunning
into eachother

The impulse dependencen distanceis capturedby the
linearkernel(1 ri;=h), andthefactor(su+ bu?) controls
the viscosity's linear and quadraticdependencesn veloc-
ity. This formulationis inspired by usual SPH techniques
[DG94g.

If ahighly viscousbehaior is desireds canbeincreased.
For lessviscous uids, only b shouldbe setto a non-zero
value.The quadraticterm preventsparticleinterpenetration
by remaving high inward velocity, but avoidssmoothingthe
interestingfeaturesof thevelocity eld.

Viscosity impulsesare applied sequentiallyto particle
pairs.Theorderingof particlepairscantheoreticallybiasthe
solution,but no visible artifactswereobsenredin our tests.

6. Interactions with Objects

We have integratedour uid simulationinto a rigid-body
system,enabling interestingsimulation scenariossuch as
oating objectsandliquid sticking on surfaces.During the

¢ TheEurographic#ssociation2005.
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collision stage the uid is consideredo be anassemblyof
rigid spheregxchangingmpulseswith surroundingbjects.

6.1. Collisions

For eachobject,asigneddistanceeld is sampledandstored
in a grid structure.For eachparticlewe obtainthe interpo-
lated distancevalue d. A collision is identi ed whend is
smallerthanthe particle collision radiusR. For the collid-
ing particlewe obtainthe objectnormalf usingthedistance
eld gradient.

Ourrigid-bodysolveris impulse-basedasin [GBFO0J. In
this kind of framework, objectpenetrationsreresohed by
sequentiallyapplyingimpulsesdetweerbodies Thismethod
for particle-bodycollisionsleadsto instabilitiesand makes
it impossibleto simulate oating objects.We thereforepro-
posethethreestepmethodillustratedin Figure®6.

Figure 6: Particle-bodyinteractions.

In the rst step,correspondingo lines 1 to 7 of Algo-
rithm 6, bodiesareadwancedandimpulsesdueto penetrat-
ing particlesareaccumulatednto force andtorquebuffers.
In the secondstep(lines 8 to 11), the velocity V andangu-
lar velocity w of eachbody is updatedusing the accumu-
latedforce andtorque.The bodiesareadvancedagain from
the initial con guration accordingto thesenew velocities,
but the positionsof the colliding particlesare not yet mod-
i ed. The usualbody-bodycollisionsandcontactsarethen
resoled, andthe bodiesreachtheir nal positionsandve-
locities. The third step(lines 12 to 15) updateghe particle
positionsto remove penetrationvelocities.In this nal step,
thebodiesareconsideredo have in nite inertia.

Impulsesdue to particle-body collisions are basedon
a zero-restitutioncollision model with wet friction. This
modelrequireghecurrentparticlevelocity vi, computedus-
ing the differencebetweenthe currentand previous parti-
cle positions.We thencomputethe particlerelative velocity
v =v; vp, wherevp is the body velocity at the contact
point. This velocity is separatednto normalandtangential
components:

vomal - aya )
\7tangent: v Vnormal_ (10)

Theimpulsecomputedat lines 6 and13 cancelghe normal
velocity andremovesafractionof thetangentialvelocity:

| = vnormal u\7tangent (11)
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Algorithm 6: Particle-bodyinteractions
1. foreach body
2. save original body position and orientation
advance body using V and w
clear force and torque buffers
foreach particle inside the body
compute collision impulse |
add | contribution to force and torque buffers
foreach body
modify V with force and w with torque
10. advance from original position using V and w
11. resolve collisions and contacts between bodies
12. foreach particle inside a body
13. compute collision impulse |
14, apply | to the particle
15. extract the particle if still inside the body

© o NGO A

where is afriction parameteenablingslip (L= 0) or no-
slip (1= 1) boundaryconditions.

In somedif cult situationssuchaswhena particleis al-
readyinside an objectat the beginning of the timestep re-
moving the penetrationvelocity is not sufcient. We solve
thisissueby usingthedistanceeld to extracttheoffending
particlesatthe endof the collision stage(line 15).

As it is commonwith ary distance eld-based collision
detection,collisions canbe missedif the objectis too thin
with respecto thevelocity of the particles.

6.2. Stickiness

Asthey arenow describedparticleswill detachandfall from
objects.We implementeda simple methodto make them
stick, evenunderneatta horizontalsurface.

Figure 7: Particles sliding underneatha sphee, befoe
forminga drop.

The idea is to modify the impulse computedat Equa-
tion 11 by addingan attractionterm for particlesthat are
closeto an object. Let d; be the distancebetweenthe ob-
jectandthe particlecollision surface.An attractionimpulse
occurswhen d; is smallerthana x ed distancedSi%. To
avoid artifactssuchasparticlegumpingto thesurface dStick
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shouldstay small enoughwith respecto the particleinter-
actionrangeh. We usethefollowing formulation:

stick _ stick 4 d .
K= Dy 1 G (12)

which is maximal at distancedSiK=2. Lines 5 and 12 of
Algorithm 7 mustnow considerall particlesin theattraction
range.

7. Implementation and Results
7.1. Neighbor Search

Findingall particlesthatarewithin theinteractionradiusof
a particleis a frequenttaskin ary particle-basednethod.
Sincethe interactionradiush is constantand identical for
eachpatrticle, it makes senseto usea simple regular spa-
tial hashinggrid with cubesize h. Eachcubestoresa list
of enclosedparticles,which is updatedeachtime a parti-
cle moves from one cubeto another All neighborsreside
in the particle's cubeandits 26 neighboringcubes Further
more,we avoid usinga X ed cubelattice by only instanti-
ating cubesthat containparticles.The cubesarestoredin a
hashtable,indexed with their 3D index. The animationsce-
nario canthustake placein avirtually in nite domain,and
noinformationonthefuturelocationof the uid is neededat
thebeginningof thesimulation.This spatialhashingmethod
is similarto Teschneetal. [THM 03].

7.2. Rendering

For fast previsualization,particlesare simply renderedas
polygonizedspheresHigh quality renderingusesa surface
meshextractedwith the marchingcubealgorithm[LC87].

Themarchingcubeextractsanisosuriceof ascalarfunc-
tion de ned by the particles We usethefunction
!

f(x)= A r=h)? (13)
j

NI

wherer = jx xjj. Thesquarerootensureshatthefunction

behaeslike a distancefunction,i.e., hasanalmostconstant
slopearoundthe extractedisosurfice.This is importantfor

moving isosurbicesbecausehe locationof the surfacein a

cubeis linearly interpolatedlf thefunctionhada changing
slopearoundtheisovalue temporakrtifactswould appeagas
particlesmove. Simply usinga sumof conescould achieve

this goal, but theresultwould not be smoothenough.

As in the caseof neighborsearchthe cubegrid usedfor
isosurbiceextractionis sparseand dynamic.The cubesize
hSUracejs independenrom the particleinteractiorradiush,
andis typically smallerif a smoothsurfacemeshis desired.
A spatialhashtableis usedto storethe non-zerogrid points
asparticlesaddtheir contritutionsto theimplicit function.

7.3. Results

The results,shavn in the accompaying video sequences
[VID] andin Figures8 to 12, took an averageof 2 sec-
ondsperframeto simulate with typically 20000particles A
10fpsinteractie sessiorcansimulatel000particles which
is enoughto createrelatively comple splashingeffects.

Thesetimingsincludesurfaceextractionwith the march-
ing cubealgorithmandOpenGLdisplay Surfaceextraction
usually takes from 10% to 60% of the computationtime.
High quality renderingsveregenerateaf ine with theray-
tracerPixie [PIX].

Figure 8: Viscousrain on a character

Figure9: Pouringliquid in atankcontaininga heavyobject.

Figure 10: A oating object.

¢ TheEurographic#ssociation2005.
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Figure 11: Pouring liquid on the Stanfod Bunny

Computingmary timestepgerframecangreatlyimprove
volumeconsenrationandoverall simulationquality. We used
up to 10 timestepgerframefor very fastmoving liquid or
whenvolumeconserationwascritical, but mostof thetime,
only onetimestepperframewascomputed.

Despitethe fact that mary parametersontrol the sim-
ulation, tweaking uid behaior is intuitive and easy Our
typical parameteraluesfor the mostimportantparameters
areDt = 1 (wherethe time unit is 1=30 second)y o = 10,
k= 0:004,k"® = 0:01,k’P""9= 0:3,anda = 0:3. Thein-
teractionrangeh canbe speci ed independentlyto setthe
uid resolution.

8. Conclusion

We have presentea particle-basednethodto interactively
simulatethe complex behaior of viscoelasticuids.

Themaincontritutionsof our work are:

1. A simpleand e xible methodto simulateviscoelastic-
ity with varyingrestlengthsprings.Inserting,removing,
and modifying the restlength of springsbetweenparti-
clesprovide anintuitive control of viscoelasticity Com-
plex non-lineamlasticeffectssuchasclay or gel manipu-
lation canbe achievedby simplerestlengthupdaterules.

2. A new schemefor the robust simulationof surfaceten-
sionin particle-basedystemswithout requiringcompu-
tation of cunvatureover theliquid surface.In contrastto
typical particlesystemsit canproducea smoothsurface,
yetenablesheformationof coherenfeaturesuchaslig-
uid drops, laments, andsheets.

3. A stablemethodfor long timestepsNumericalinstabil-
ities that often plaguephysically-basedsimulationsare
signi cantly reducedandfastanimationsanbeobtained
by computinga singletimestepperframe.

Theapplicationof our methodwasgearednostlytowards
interactve uid jets, but we demonstratedts e xibility in
a numberof differentsituations,suchas plasticandelastic

¢ TheEurographic#ssociation2005.

deformable3D modelsand rain drops. The integration of
our uid solverinto arigid-bodysystemhasenabledoating
objects,anda simplesolutionto the stickinessof liquids on
objectshasfurtherextendedthe simulationpossibilities.

Ourmethodis speci cally designedor fastsimulationof
rapidly moving uids, but is not aswell adaptedfor sim-
ulation of low viscosity liquids such as water We could
adapthemethodto simulatewaterby usinganexplicit high
order accurateintegration scheme,and simulating numer
oustimestepsper frame. The increaseccomputationtimes
would, however, contradictour initial goalsof interactvity.

Several other avenuesfor future work canbe identi ed.
Volume conseration could be improved by coupling our
methodwith a more sophisticatedechniquesuch as the
Moving-FRarticle Semi-Implicitmethod[KO96. We would
also like to considerseveral typesof particlesto animate
the interactionbetweendifferentsubstancesSimulatingair
would signi cantly increaseanimationrealismby enabling
bubbleformation.

We believe thatthe simplicity, stability, speedandversa-
tility of our methodshouldprove very usefulfor mary ap-
plications.

Acknowledgements

Theauthorghankall theLIGUM memberdor theirsupport.
Luc Leblancdeseresaspeciaimentionfor his helpwith the
renderings We thank the reviewers for their helpful com-
ments.Financialsupportfrom NSERCis acknavledged.

References

[CMHT02] CARLSON M., MucHA P. J, HORN R.
B. V., TURK G.: Melting and owing. In SIG-
GRAPH/Euographics Symposiunon ComputerAnima-
tion (2002),pp.167-174.

[DG96] DESBRUN M., GASCUEL M.-P.: Smoothechar
ticles: A new paradigmfor animatinghighly deformable
bodies. In Computer Animation and Simulation '96
(1996),pp.61-76.

[EMF0O2] ENRIGHT D., MARSCHNER S., FEDKIW R.:
Animation andrenderingof complex water surfaces. In
SIGGRAPH?2002),pp. 736-744.

[FFO1] FosTER N., FEDKIW R.: Practicalanimationsof
liquids. In SIGGRAPH(2001),pp. 23-30.

[FM96] FosTER N., METAXAS D.: Realisticanimation
of liquids. GraphicalModelsandImage Processing8, 5
(1996),471-483.

[FM97] FosTERN., METAXAS D.: Modelingthemotion
of a hot, turbulentgas. In SIGGRAPH(1997),pp. 181—
188.

[Fun65] FuNG Y. C.: Foundationsof Solid Medanics
Prentice-Hall1965.



S.Clavet,P. BeaudoinandP. Poulin / Particle-basedviscoelastidFluid Simulation

[GBF03] GUENDELMAN E., BRIDSON R., FEDKIW R.:
Noncorvex rigid bodieswith stacking. In SIGGRAPH
(2003),pp.871-878.

[GBO04] GOKTEKIN T. G., BARGTEIL A. W., O'BRIEN
J. F.: A methodfor animatingviscoelasticuids. In SIG-
GRAPH(2004),pp. 463—468.

[GM77] GINGOLD R., MONAGHAN J.: Smoothedpar
ticle hydrodynamics— theory and applicationto non-
sphericalstars. Monthly Noticesof the Royal Astonomi-
cal Societyl81(1977),375.

[KO96] KosHIzUKA S., OKA Y.: Moving-particlesemi-
implicit method for fragmentationof incompressible
uid. NuclearScience&engineeringl23(July 1996),421—
434.

[LC87] LORENSEN W.E., CLINE H. E.: Marchingcubes:
A high resolution3D surfaceconstructionalgorithm. In
SIGGRAPH(1987),pp. 163-169.

[Luc77] Lucy L.: A numericalapproacho thetestingof
the ssion hypothesis. AstonomicalJournal 82 (1977),
1013.

[MCGO03] MULLER M., CHARYPAR D., GROSS M.:
Particle-based uid simulation for interactve applica-
tions. In SIGGRAPH/EwgraphicsSymposiunon Com-
puter Animation(2003),pp. 154—159.

[MKN 04] MULLER M., KEISER R., NEALEN A,
PauLy M., GRoss M., ALEXA M.: Point basedani-
mation of elastic, plastic and melting objects. In SIG-
GRAPH/Euographics Symposiumon ComputerAnima-
tion (2004),pp. 141-151.

[Mor00] MorRis J. P.: Simulatingsurfacetensionwith
smoothedarticlehydrodynamics.InternationalJournal
for NumericalMethodsin Fluids 33, 3 (2000),333-353.

[MP89] MILLER G., PEARCE A.: Glohular dynamics:A
connectedparticle systemfor animatingviscous uids.
Computes & Graphics13, 3 (1989),305-309.

[PIX] sourcefoge.net/projects/pixie

[PTB 03] PrRemO E S., TASDIZEN T., BIGLER J,
LEFOHN A., WHITAKER R. T.: Particle-basedsimula-
tion of uids. ComputerGraphicsForum 22, 3 (2003),
401-410.

[Ree83] REeeVESW. T.: Particlesystems-atechniquéor
modellinga classof fuzzy objects.In SIGGRAPH1983),
pp.359-376.

[SCEDO4] SteeLE K., CLINE D., EGBERT P. K., DIN-
ERSTEIN J.: Modeling and renderingviscousliquids.
Journal of ComputerAnimationand Virtual Worlds 15,
3-4(2004),183-192.

[Sta99] Stam J.: Stable uids. In SIGGRAPH(1999),
pp.121-128.

[THM 03] TESCHNER M., HEIDELBERGER B,

MUELLER M., POMERANETS D., GRoss M.. Op-
timized spatial hashingfor collision detection of de-
formableobjects. In Mision, Modeling and Visualization
(2003),pp.47-54.

[TPF89] TeERzoPouLOS D., PLATT J., FLEISCHER K.:
Heating and melting deformablemodels(from goopto
glop). In Graphicsinterface(1989),pp.219-226.

[VID] www.iro.umontreal.ca/labs/infographie/papers

Appendix — Prediction-RelaxationScheme

Theintegrationschemewe usecanbewritten as

X = Xn+Dtv, 1
X X + Dt? Fl(x )=m
X x +Dt? F2(x )=m
X x +Dt? F3(x )=m
X1 = X
Vel = (Xn+1  xn)=Dt:

This sequentialapplicationof force componentds analo-
gous to operatorsplitting often usedin Eulerian simula-
tions [Sta99. Eachstageof force applicationusesthe pre-
viously updatedposition,which canleadto greaterstability.
For example, it is intuitively correctto computecollisions
using positionsthat have alreadybeenmodi ed by other
constraintsAllowing aparticularconstrainto adjustto what
happenedn previous stagesoften preventsovershootsand
erroneougonstrainresponses.

If only oneforceis used,the integration schemecanbe
simpli ed to

Vel = Vp %+DtF(xn+ Dtv, %)zm

Xn+1 = Xn+t I]Vn+%

which is similar to the usualleap-frogschemehut with the
force computedat the predictedposition. Testingthe canon-
ical exampleF =  kx leadsto

Ve 2 = Vg %+Dt( kxn kDtv, %)=m

n

in whichtheactualforcebeingcomputeds augmentedvith
theterm kDtv, 1,anarticial viscosity

¢ TheEurographic#ssociation2005.
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Liquid jet on adynamiccharacter Fastdetailedsplash.

A polygonalmoldis lled with liquid, springsareadded andthenthe moldis remored. Theresultingelasticbunry is
steppedn, but recoversits restshape.

Thenplasticityis increasedndthefoot leavesits print. Finally, springsaredeletedandthebunry o wsaway.

Figure 12: Variousillustrationsof our particle-basedast uid simulation.
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