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B-3 Appendix B - Reduction of Digital Logic

Reduction (Simplification) of Boolean
Expressions

« It is usually possible to simplify the canonical SOP (or POS) forms.

« A smaller Boolean equation generally translates to a lower gate
count in the target circuit.

« We cover three methods: algebraic reduction, Karnaugh map
reduction, and tabular (Quine-McCluskey) reduction.
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Chapter Contents
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Reduced Majority Function Circuit

* Compared with the AND-OR circuit for the unreduced majority
function, the inverter for C has been eliminated, one AND gate has
been eliminated, and one AND gate has only two inputs instead of
three inputs. Can the function by reduced further? How do we go

about it?
A i [
Unreduced
L i; Reduced
1
| ]
l, ~ ) .
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The Algebraic Method

» Consider the majority function, F. We apply the algebraic method
to reduce F to its minimal two-level form:

F=ABC+ABC+ ABC + ABC
F=ABC+ABC+ AB(C + ()
F=ABC+ABC+ AB(1)
F=ABC+ABC+ AB
F=ABC+ ABC+ AB+ ABC
F=ABC+AC(B + B)+ 4B

Distributive Property

Complement Property

Identity Property
Idempotence

Identity Property

F=ABC+AC+ AB Complement and Identity
F=ABC+AC+ AB+ ABC  ldempotence
F=BC(A+A)+AC+AB  Distributive

F=BC+AC+ 4B Complement and Identity
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Karnaugh Maps: Venn Diagram
Representation of Majority Function
« Each distinct region in the “Universe” represents a minterm.

¢ This diagram can be transformed into a Karnaugh Map.

ABC AB'C
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The Algebraic Method

» This majority circuit is functionally equivalent to the previous
majority circuit, but this one is in its minimal two-level form:

A B C

| O)—
= >~
[ —

Principles of Computer Architecture by M. Murdocca and V. Heuring ©1999 M. Murdocca and V. Heuring /

Appendix B - Reduction of Digital Logic

K-Map for Majority Function

* Place a“1” in each cell that corresponds to that minterm.

« Cells on the outer edge of the map “wrap around”

Minterm | A B C F AB
Minte | C
o C 00 01 11 10
o]0 0o o0 0
1 0o 01 1
210 1 0 i) 0 l
3|0 1 1
411 00 i}
5 1T 01 1
6 1 1 0 1 l l l l
I 1 11 1
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Adjacency Groupings for Majority
Function

AB
00 01 11 10

« F=BC+AC+AB
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K-Map Groupings
¢ Minimal grouping is on the left, non-minimal (but logically
equivalent) grouping is on the right.

« To obtain minimal grouping, create smallest groups first.

2B 00 [1]] 11 10 1B 1] l} [} 10
(&0} D ! !

T 1] “L I,
U <[ loED
lap/alKacs
LT T

F=ABC+ ACD+ F=BD+ ABC+ ACD+

ABC + ACD ABC + ACD
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Minimized AND-OR Majority Circuit

| )—
)

*« F=BC+AC+AB

* The K-map approach yields the same minimal two-level form as
the algebraic approach.
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K-Map Corners are Logically Adjacent

AB

00 01 11 10
cD 1 1
Y
00 1 J 1 [ 1
01

SnItilE

F=BCD + BD+ AB
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K-Maps and Don’t Cares

* There can be more than one minimal grouping, as a result of don’t
cares.

AB Al
. [L1] 0l 11 10 [111] 01 11 ]
iy CON

] D @ ol ‘
B oDl GD
TS D

F-BCD+ 8D F-ABD+ BD
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Six-Variable K-Map

« Visualize four 4-variable K-maps stacked one on top of the other;
groupings are made in three dimensional cubes.

ABC ABC
000 D) BT D00 B0 011 010
DEF DE

o No

[} 10}

ofo ) o

dBC ARC
100 101 111 110 wo fo1 1 110
DEF DEF
000 @ 100 @

| 01

[t 1o

G- BCEF+ ABDE
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Five-Variable K-Map

* Visualize two 4-variable K-maps stacked one on top of the other;
groupings are made in three dimensional cubes.

AB AB
- 00 or 11 10 ) o0 o1 110
CDE CDE

M 0) 00 [0

001

(T
o1 U, 11 .
010 (|—_D i N IT'S Sy
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3-Level Majority Circuit

¢ K-Kap Reduction results in areduced two-level circuit (that is,
AND followed by OR. Inverters are not included in the two-level
count). Algebraic reduction can result in multi-level circuits with
even fewer logic gates and fewer inputs to the logic gates.

4 B C
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Map-Entered Variables

* An example of a K-map with a map-entered variable D.

AB

c 00 01 11 10

®
INaD
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Two Map-Entered Variables

Correction

* A K-map with two map-entered variables D and E.

«F=BC +ACD + BE + ABCE

AB
00 01 11 10

\aone
ImaD
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C

00

01

11

Two Map-Entered Variables

* A K-map with two map-entered variables D and E.

*F=BC+ACD + BE + ABCE <

AB

10
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a

D)

®

a

—]
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« A truth table
representation of a
single function with
don’t cares.

Appendix B - Reduction of Digital Logic

Truth Table with Don’t Cares

{ 8 CD F
00 00 d
0001 1
001 0 0
0011 1
01 00 0
01 01 1
01 1 0 1
o1 1 1 1
1 000 0
1 0 01 0
I o1 0 1
1 011 d
I 1 00 0
101 1
I 110 ]
[ I A d
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B-21

e Tabular reduction
begins by grouping
minterms for which F
is nonzero according
to the number of 1's in
each minterm. Don’t
cares are considered
to be nonzero.

» The next step forms a
consensus (the logical
form of a cross
product) between each
pair of adjacent groups
for all terms that differ
in only one variable.
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Tabular (Quine-McCluskey) Reduction

Initial setup After first After sccond
reduction reduction
A B CD A 8B C D AR CD
000 0 000 _= 0 _ _ 1=
00 01 0 0 1 4 1 1=
a0 1 0 _ 014y b _ 1.
ool 0 | B
o1 o 01 1y ey
1010 [/ T
[ I
o1 1y o0l L]
L1 01 [ | .
[ T LI B
T I
(a) (] (R
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«F=ABC +ABC + BD + AD

Eligible | Minterms
Set

0001 | 0011
X ooo_| V
Yy o__1| v |
Z __11 \l
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Reduced Table of Choice

* In areduced table of choice, the essential prime implicants and
the minterms they cover are removed, producing the eligible set.

Set 2
1

Appendix B - Reduction of Digital Logic

Table of Choice

* The prime implicants form a set that completely covers the function,
although not necessarily minimally.

« A table of choice is used to obtain a minimal cover set.

Prime Minterms
Implicants
Q001 | 0OTT [ 0101 [ 0110 [ O1LL | 1010 ) 1101
000 _ v
*011_ v W
101 _ R
0__1 g g V v
11 y 3
* 11 v v N
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Multiple Output Truth Table

« The power of tabular reduction comes into play for multiple
functions, in which minterms can be shared among the functions.

Minterm A4 B C Fy Fy Fy
my 00 0 100
m 001 010
my 01 0 001
my 011 [N
my 100 010
mg o1 0o 00
g 110 01 1
my 11 11
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Multiple Output Table of Choice
Fo(A,B,C) =ABC + BC
F,(A,B,C)=AC +AC + BC

F,(AB,C)=B
Min- | f 4, 8,0) Fi(A.B.C) Fayfd.B.C)
Prime ferms
|I11p]i€.‘i]1l.~i g My B | omy my oy Mg g | oy my Mg mg
g t000 [V ]
0
F *0_1 v
F *1_0 v W
F,oO*_1_ R IR I
Fia i_ VW L I
Fopa*_11 l v | W W N Al N
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Propagation Delay for a NOT Gate

* (From Hamacher et. al. 1990)

Transition Time

+5V

ANOT gate
input changes
from | 1o 0

ov
Propagation Delay
r
{Latency)
Transition Time
- —_——— - - = = [ _
(Rise Thme) L,
output changes 50
from 0 to 1 (2.5V)
ov

Timg —————»
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Speed and Performance

* The speed of a digital system is governed by:

« the propagation delay through the logic gates and
« the propagation delay across interconnections.

* We will look at characterizing the delay for a logic gate, and a
method of reducing circuit depth using function
decomposition.

Principles of Computer Architecture by M. Murdocca and V. Heuring

Appendix B - Reduction of Digital Logic

©1999 M. Murdocca and V. Heuring

)

MUX Decomposition

I—oo |__
A 0—uo1  |BC+BC
0 —Jovai 0—10
0 ——j o010 e
’—:mll ! 1
) e (1] (M
| —otol
1 —Jai1o [ 00
) — . .
o (13 — r B o |,
1 — 10011 0= 10
0 — 1010 1
0 —f 1011
0 — 1100 == 00
0 — 1101 —
0 it I — 01 [
1 —1111 =10 BC+BC AD
[TT1 L
ABCD | |
B C

F(ABCD)= ABCD + ABCD+ ABCD+ ABCD + ABCD + ABCD

=(BC + BOYAD+(BC+ BC)YAD+(BC + BC)AD
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OR-Gate Decomposition

» Fanin affects circuit depth.

ABCD 18 (i) AR C D

A+BrCo D

Initial high fan-in gate

(A + By {C+ Iy

Balanced tree

Associative law of Boolean algebra:
A+ B+ O D= d+ By + (C+ A+ By + Oy D

Degenerate tree

Principles of Computer Architecture by M. Murdocca and V. Heuring © 1999 M. Murdocca and V. Heuring j

Appendix B - Reduction of Digital Logic

Distinguishing Tree

* A next state tree for M,

(ABCDE)
] 1
(COANCC) -— Next states (EECHBA)
(ABEWCD) <€— Distinguished states (ABEYCD)
0 1 0 1

(CONONCC)  (BANENBE) (AANCUDC) (COUBNEE)

(ABNENCDY* (ABNENCD) (ABNENCD) (ABNENCD)*
o | 1 0 1

(DONANDD) (EENCHEE)  (COMNTT) (LT

(ABNEWCEN (ABNENCD)Y®
0 |

; (ABNENAA)
(ABNENC)
[1]

.

2
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State Reduction

« Description of state machine M, to be reduced.

Appendix B - Reduction of Digital Logic

Input X
Present state 0 !
A C/0 E/l
B D/0 E/l
C C/1 B/0
D C/1 A/D
E A0 C/1
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Reduced State Table

* Areduced state table for machine M,.
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Input X
Current state 0 I
AB: A’ B0 1
CD: B’ Bl A0
E: C' A0 B
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The State Assignment Problem

» Two state assignments for machine M,.

Input X nput X nput X
PS. 0 1 S5, 0 1 S5, 0 1

A B/l AN A:00]01/1 00/1 A 00 01/1 00/1

B o o 001 10/0 1171 H:01] 110 101

C oo Do C: 10 10/0 110 C: 11 11O 100

D B/l A D: 11011 00/0 D: 100 01/1 00/0

Machine M, State assignment 54, State assignment SA,
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State Assighment SA;

» Boolean equations for machine M, using state assignment SA,.

X X X
SN ! SN ! SoSNLLY !
00 00[(7) 00 U m
e 1\ o1]] 01 U
3 1 1
| 1) 1
10 10| 1 10 m
vy
I
So = S S, = X 7= 5K+ S¥
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State Assignment SA,
» Boolean equations for machine M, using state assignment SA,.
X X X

0 1 0 1 0 1
S5 S0 SoS)

00 00@ 00 (T*T\
ol [ 1) 01 @ 01 U
1 1 @ 1 @
0j( [ 1) 10 @ 10

Sy = 85 + 55 S| = Spd X+ 55X Z
F S8 X+ 8,81

Sp51 + S
r S5k
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Sequence Detector State Transition
Diagram

Input: 011011100
Output: 001111010

Time: 012345678
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Sequence Detector State Table

Input X
Present state 0 !
A B0 c/o
B D0 E/0
C Flo [elll]
D D0 E
E Fio G/l
F D0 EN
G Fn [elll]
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Sequence Detector State Assignment

Input X
Present state 0 1

$2815, 52851508 58,5,
A’ 000 001/0 010/0
B': 001 0010 011/0
' 010 100/0 101/0
D' 011 100/0 101/1
E' 100 001/0 0111
F101 100/1  101/0
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Sequence Detector Reduced State
Table

Input X
Present state 0 !
A A B0 C0
BD: B' B0 D0
c. E'0 F'l0
E: D’ E'0 F'1
F:E' B0 D1
G F’ E'Y F'0
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Excitation Tables

* In addition to the D flip-flop, the S-R, J-K, and T flip-flops are used
as delay elements in finite state machines.

* A Master-Slave J-K flip-flop is shown below.

S -
o
LK = —
1)
. ¢

Symbol

Circuit

—[>,_
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Sequence Detector K-Maps

5.5, 5,5,
SN INII 01 11 1] 5, oo oo 11 10
* K-map 00 U d |1 00 d
reduction of o " @ i ol e
next state i (_ —) i m aD,
and output G Rtld) ) U #
functions for 10 m d 10 d
sequence r Y : .
Sy 325 X+ 5pX 5 .\:.\' X .\':.\,,.\'
detector. il ; !

S‘F:':'\.‘nn /ul|_ IJI 10 01 Id,] 10
01 1|4 01 @D
INOGD D

10 \l_ﬁ/._‘) 10 @D

5 = 5,5+5, AR SR S
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Y|

Sequence
Detector
Circuit
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Clocked T Flip-Flop

¢ Logic diagram and symbol for a T flip-flop.

1 J o or—
T 'S 7'—
K O— ol—
Circuit Symbol

Principles of Computer Architecture by M. Murdocca and V. Heuring ©1999 M. Murdocca and V. Heuring

)

Appendix B - Reduction of Digital Logic

Excitation Tables

» Each table shows the settings that must be applied at the inputs
at time t in order to change the outputs at time t+1.

Q0| s R 0 Qi | D

R o o 0o D 0 0 0
Mip-flop 0o 1 10 Mip-flop 01 1
10 01 I 0 0

1 1 (] ] 1 1

G Ou| g K QO | T

K o 0 0 d T (/] 0
Mip-flop | 0 1 1 d Mip-flop 01 1
1 0 d 1 I o0 1

o1 d 0 [ 0
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Serial Adder

Time (43210 43210 Time No carry Carry state
000 00=——b= X ' At | LD st \_,\ o
- Seria _—
o1nro—my Fy 01 010
Cie Con| T
o B ‘SO NN Ol
oo ™ 171
» State transi- Input I
tion diagram, Present state d o 10 1
state table, A AD Al Al B0
B AN B Bil) B/l
and state as- A ¥
5|gnment for Mext state Output
a serial adder.
P Input XY
-.1:::.‘\['.] L ol 10 1]
A 0 [} ol "
Bl ol 1o Ly jul
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J-K Flip-Flop Serial Adder Circuit

] =XY
K=XY
7Z=XYS+XYS+XYS+XYS
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Serial Adder Next-State Functions

» Truth table showing next-state functions for a serial adder for D, S-
R, T, and J-K flip-flops. Shaded functions are used in the example.

Present
State (Set) (Reset)

X Y § D § R T J K Z

0 1 1 1 0 0 0 d 0 O
1 00 0 0 0 0 0 4 1
10 1 1 0 0 0 4 0 0
110 1 1. 0 1 1 4 0
1 11 1 0 0 0 d& 0 1

Principles of Computer Architecture by M. Murdocca and V. Heuring ©1999 M. Murdocca and V. Heuring
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D Flip-Flop Serial Adder Circuit

N—

¥ L

=

b ]
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Majority Finite State Machine

Input History— ——— g

Input: 011100101
Output: 001000001

Time: 012345678
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Majority FSM State Assignment

 (a) State assignment for reduced majority FSM using D flip-
flops; and (b) using T flip-flops.

Appendix B - Reduction of Digital Logic

Principles of Computer Architecture by M. Murdocca and V. Heuring

Input X Input X
PS. 0 1 PS. 0 1

3385 5880 S8 5L 5288 LI LT
A" 000 001/ 010/0 A" 000 001/0  010/0
B 001 011/0 100/0 B': 001 000/0  010/0
' 010 100/0 1010 010 1o 1110
D01l 000/ 000/0 D011 o1 o1ro
E100 00010 0001 E': 100 100/0 100/1
F: 101 000/1  000/1 F:o101 1011 10171

(a) (b)
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Majority FSM State Table

 (a) State table for majority FSM; (b) partitioning; (c) reduced
state table.
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Input} X Input X

P.S. 0 1 P.S. (U
A B0 CI0 4| Bvo e
B D0 EN0 | p,=(ABCDEFG) BB | D0 ENO
f] ’: ’,g f’g P, = (ABCD)(EF)(G) c:c' | EN0 Fio
p ’4’0 ‘i1 | Pr=(ADXBXCYEFXG) D ¥ 40 4.0
v |0 | P = (BYCHDNEFXG) *‘:,":f fr g fl’ o
G | Al AN | Py=(ABNCUDNEFNG) . —

(a) (b) (c)

)

= oo
ol
= o

0 1= 101
=1 1o
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Majority FSM Circuit
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