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Abstract

This dissertation research addresses the challenge afgcgl algorithms for se-
guential decision making under uncertainty. In my dissiema | developed new
approximation strategies for planning and learning in tresence of uncertainty
while maintaining useful theoretical properties that alli@rger problems to be
tackled than is practical with exact methods. In partiguhay research tackles
three outstanding issues in sequential decision making@eriain environments:
performing stable generalization during off-policy upgiatbalancing exploration
with exploitation, and handling partial observability betenvironment.

The first key contribution of my thesis is the development o¥ei dual rep-
resentations and algorithms for planning and learningachsstic environments.
This dual view | have developed offers a coherent and conemste approach to
optimal sequential decision making problems, provideslerative to standard
value function based techniques, and opens new avenuesVorgsequential de-
cision making problems. In particular, | have shown thatl dlymamic program-
ming algorithms can avoid the divergence problems assatiaith the standard
primal approach, even in the presence of approximation #rfublicy updates.

Another key contribution of my thesis is the development gifractical ac-
tion selection strategy that addresses the well known expbm versus exploitation
tradeoff in reinforcement learning. The idea is to explofbrmation in a Bayesian
posterior to make intelligent actions by growing an adaptparse lookahead tree.
This technique evaluates actions while taking into accaumyteffects they might
have on future knowledge, as well as future reward, and ofatmes current selec-
tion strategies.

Finally my thesis also develops a new approach to approeimpktnning in



partially observable Markov decision processes. Here bHalenge is to over-
come the exponential space required by standard valuéiaierdor this problem,
| introduced a new, quadratic upper bound approximatioh ¢ha be optimized
by semidefinite programming. This approach achieves cdtiyeedpproximation
quality while maintaining a compact representation; raggicomputational time
and space that is only linear in the number of decisions.

Overall, my dissertation research developed new tools danputing optimal
sequential decision strategies in stochastic environsnamid has contributed sig-

nificant progress on three key challenges in reinforcenearhing.
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Chapter 1

| ntroduction

Imagine a mobile robot selling candies, bustling aroundiihiéding to optimize
its profit. The robot must decide where to visit while navagatrom one place to
another. The outcomes of the robot’s actions are not topakylictable because
its environment is uncertain. The robot is facing a probldraeguential decision
making under uncertainty. At each decision point, the réiastto choose an action.
After executing the action, it finds itself in a new state whigceiving feedback or
reward from the environment (e.g., someone buying a cafidg.goal of the robot
is to choose a sequence of actions to affect its environnoetiias it can maximize
its total reward.

The solution to a decision making problem is called a polecigehavior strategy
for selecting actions based on the states of the environnidr@refore, solving a
decision making problem amounts to computing an optimatpol he sequential
decision making problem can be categorized as eith@amning problemwhere
one is given a complete specification of the environment ohyesiand reward func-
tion (i.e., a model), or dearning problemwhere one does not initially know the
model. The planning problem is normally but not exclusiviglgkled bylinear
programming(LP) or dynamic programmingDP) methods, whereas the learning
problem is solved byeinforcement learningRL) methods. Since RL techniques
generalize DP techniques, they can also be applied whemtir@ement is known.

My research attempts to tackle three key outstanding issusesquential deci-
sion making under uncertainty: combining off-policy upslatith generalization,

balancing exploration and exploitation, and handling iphdbservability of the



environment.

First, off-policy learning means learning about a polichetthan the one that
is currently being followed by the agent. Off-policy leargiis appealing for two
reasons: (1) this mechanism allows learning about mangrefiit policies in paral-
lel with the same stream of experience from following a smglicy (e.g., learning
to walk to a meeting room from the experience of moving to 3;14d) it allows
for learning the value of an optimal policy by following a syttimal policy (e.qg.,
Q-learning), which is very useful when the optimal policyuisknown. Unfortu-
nately, it is well-known that Q-learning with linear funati approximation (a way
to generalize the state space) can diverge. It is challgngin desirable to gain
better convergence guarantees for off-policy updates gétteralization.

Second, the problem of balancing exploration and exploitedrises when the
model of an environment is unknown. At each decision poh#,robot faces the
challenging issue of how to choose its action during leaynidere there is a fun-
damental tradeoff: it can exploit its current knowledge &ngreward by taking
actions known to give relatively high reward, or explore #mwironment to gain
information by trying actions whose value is uncertain. sTisi the famous prob-
lem of trading off between exploitation and explorationidgraction selection in
reinforcement learning.

Third, partial observability of the environment is anothreportant issue in de-
cision making. One commonly used formal specifications gisatial decision
making problems is thpartially observable Markov decision proce§30OMDP),
which does not assume full observability of the state of therenment. Unfortu-
nately, even approximate planning in POMDPs is known to bd,fzand developing
heuristic planners that can deliver reasonable resultsactioe has proved to be a
significant challenge.

This thesis seeks to address these three key outstandibigm®in sequential
decision making under uncertainty from the perspectivepfesentation, planning,

and learning. In particular, | am trying to answer the follogvquestions:

e Is it possible to do off-policy updates with generalizatiwhile avoiding the

risk of divergence? If possible, how?
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e How can we balance the fundamental trade-off between exqbor and ex-

ploitation during action selection?

e How can we approximate POMDP planning efficiently in termsnamory

and computation?

1.1 Contributions

Addressing the above three problems, this thesis pursweap@roximation strate-
gies for planning and learning under uncertainty that na@ntiseful theoretical
properties, while allowing larger problems to be tackleahtls practical with exact

methods. The key contributions of this thesis are three-fol

Dual representations and algorithms (Chapter 3). | present dual representa-
tions and a body of novel dual algorithms for planning andeey in sequential de-
cision making environments. | also investigate the corsnecg properties of these
new algorithms both theoretically and empirically. Dugbnesentations maintain
an explicit representation of stationary distribution®pposed to value functions.
Therefore, dual update algorithms, since they are basedtonaing normalized
probability distributions rather than unbounded valuecfions, avoid divergence
even in the presence of approximation and off-policy upslaltéoreover, this dual
view offers a coherent and comprehensive perspective dmalpsequential de-
cision making problems, provides a viable alternative emgard value function
based techniques, and opens new avenues for solving sejukstision making

problems.

A new techniquefor on-line action selection (Chapter 4). | propose a relatively
straightforward action selection strategy to address #lekmown exploration ver-
sus exploitation tradeoff. The technique exploits infotiorain a Bayesian pos-
terior to make intelligent actions by growing an adaptiyearse lookahead tree.
| demonstrate that Bayesian sparse sampling improvesnastii@ction in simple

reinforcement learning scenarios.



A novel algorithm for approximate POM DP planning (Chapter 5). lintroduce
a new approach to approximate value-iteration for POMDImplay that is based
on quadratic rather than piecewise linear function appnexors. Specifically, | ap-
proximate the optimal value function by a convex upper bazordposed of a fixed
number of quadratics, and optimize it by semidefinite progréng. | demonstrate
that my approach can achieve competitive approximatioditguta current tech-
niques while still maintaining a bounded size represemmabif the value function
approximator. Overall, the technique requires computatime and space that is

only linear in the number of decision stages.

1.2 ThesisOutline

The thesis is organized as follows. Chapter 2 presents dinelatd background on
Markov Decision Processes (MDPs) and basic reinforcensamhing algorithms.
Chapter 3 introduces novel dual representations, new fofrdgnamic program-
ming algorithms and their convergence analysis. Chapteredepts the idea of
Bayesian sparse sampling, a new on-line action selectiategly that grows a
sparse lookadhead tree. Chapter 5 introduces an appredaigatrithm for POMDP
planning, which represents value functions as quadratidsagtimizes them by
semidefinite programming. Chapter 6 concludes with a supmiamy contribu-

tions and a consideration of future research.

Publication Notes

Some of the material from Chapter 3 appears in (Wang et ab720The key
results from Chapter 4 were reported in (Wang et al., 200B6¢ Work in Chapter 5
was published in (Wang et al., 2006).



Chapter 2

Background: Markov Decision
Processes

In this chapter, | present some fundamental background alkdwalecision pro-
cesses. | then conclude this chapter with a list of three kegtanding problems
in sequential decision making in uncertain environmentsclvwill be addressed
in the following chapters of the thesis. The goal here is taldsh the founda-
tion for the presentation of my thesis research. A more ceimgsive treatment of
Markov decision processes can be found in standard texterfRan, 1994; Bert-
sekas, 1995).

The interaction between a decision maker and an environisezammonly
modeled as #Markov decision procegMDP). A Markov decision process (MDP)
(Puterman, 1994; Kaelbling et al., 1998) is a mathematarahtilation of the prob-
lem of sequential decision making under uncertainty. Itlsardefined by a tuple
(S, A, T, R), where

S is the set of states of the environment,

A is the set of actions,

7 is atransition (probability) functiory (s, a, s’) = p(s’ | s, a), and
e R is areward functionR(s,a) = E[r| s, a],

wherep denotes the probability, E denotes the expectation,S, s € S, a € A,
andr € R.

The interaction between the decision maker and the envieahoan be denoted
as:

S0,A0,715,51,A1,72,52 ..., Sty Aty Tt4+1, St+1,5 - - - (21)
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The decision maker begins in an initial state At each time step, it observes
the current state of the environmente S and executes an actien € A, then it
receives a reward,; specified by the reward functioR(s;, a;) = E[ri+1 | s, ai
and finds itself in a new state,; € .S, which is specified by the transition function
T(St, G, 5t+1) = p(5t+1‘8t, at)-

The modifier “Markov” is used because the decision making@se satisfies
the Markov assumption, which requires that the state tiangprobability function
and reward function depend only on the current state of theec@mment and the

decision maker’s action, and not on the history of statesaatidns. That is,

p(3t+17 Tt+l|st7 Ag, T'gy St—1, At—1, - - -, T'1, S0, ao) = p(8t+17 Tt+1|$t, a't) (22)

The solution to an MDP is called a policy. It is a mappingS x A — [0, 1]
wherer (s, a) is the probability of taking action in states. The quality of a policy

can be measured by various optimality criteria for a giveabfam.

2.1 Optimality Criteriafor MDPs

In an MDP there is an obvious tradeoff between obtaining idliate rewards
and guiding the process toward future states that yieldnpialey greater rewards.
Therefore, the optimality criteria or optimization objees are usually defined as
a function of the future rewards obtained. That is, the gbal decision maker in
an MDP is to find a policy that maximizes the reward obtaineer dkie long run.
However, there are different ways to define long run rewaranitMDP and these

can affect the choice of the optimal policy.

Undiscounted Reward for Episodic Tasks. In episodic (or finite horizon) tasks,
the environment has one or more terminal states. All thesitians from the ter-
minal state go back to itself with probability one and rewaedo. The decision
maker’s goal is to maximize the expected sum of the rewardioéd over a finite

episode = 0, ...,T — 1, whereT may be a random variable,

E[’I“l +7ro+ -+ ’I“T] (23)



Discounted Reward for Continuing Tasks. In continuing (or infinite horizon)

tasks, the sum of the rewards can be infinite as the decisitemmaight take an

infinite number of actions. Moreover, short-term rewards @eferred over long-
term rewards. Therefore, the objective is to maximize thed expected discounted
reward

E[T1+’7T2+’727’3+"'} (24)

where0 < v < 1 and all rewards are bounded. Note that if weylet 1, episodic
problems can be viewed as a special case of continuing pnsbléhe discounted
and undiscounted reward measures agree for any finite imoiaass.

In this setting, it is useful to define the notion o¥alue function Thevaluefor
a policy 7 in states; is defined as the expected discounted sum of future rewards

starting from state; and following policyr thereafter

V™(s) = E

thR(st, a)|So = S, W] (2.5)
t=0

The goal of the decision maker is to follow a poligy that maximizes the value

function in every state; that is, to follow a poliay such that
V™ (s)>V™(s) VaVseS (2.6)

The Bellman equation relates the value of a state to the saltiés possible

successor states

V7™(sy) = Z m(se,ar) | Rise, ar) + Z T (51, a, 5041)V " (S141) (2.7)

at€A st+1€S

It can be shown that any function that satisfies the followlogtimal” form of
Bellman’s equation must also be the value function of thewgtpolicy (Bertsekas
& Tsitsiklis, 1996). That is, if’* satisfies

V() = max | Rsar) +7 D Tlseans)V(s) | (28)
st+1€S
then
V*(sy) =maxV7(s;) Vs, €8 (2.9)

7



Similarly, theaction valueg also called the Q-function for a policyin states;
is defined as the expected discounted sum of future rewaadsgtfrom states,

and taking actiom,, then following policyr thereafter

ZV (8¢, a¢)

The Bellman action value equation is:

Q St a’t

So = Sg, Qg = Qy, W] (2.10)

Q" (s, ar) = Rse, ar) +7 Z T (54, a4, S141) Z T(Se41, A1) Q" (St41, Ary1)
$t+1ES at+1EA
(2.11)
Similar to above, any function that satisfies the followiogi of Bellman’'s equa-
tion must also be the action value function of the optimaigyol That is, if Q*

satisfies

Q" (st,a) = R(se, ar) + 7y Z T (s, ar, Se41) max, Q" (st+1,a41)  (2.12)

at+1€
st+1€S

then
Q" (s, a;) = max Q™ (s, a;) Vs, € S,ap € A (2.13)

Solving an MDP often refers to computing the optimal statleedunctionV*
or the optimal state-action value functig)t, since the optimal policy can be re-
covered froml’* or Q* by taking greedy action with respect to the optimal values,
i.e.,argmax, Q*(s,a) = argmax, R(s,a) +v>_, 7 (s,a,s)V*(s'). Note that the
optimal policy can be directly recovered frofy, but requires the model/{ and

R) to be recoverable frorir*.

Aver age Reward for Undiscounted Continuing Tasks. Average reward for undis-

counted continuing tasks is defined as the long term rewartipe step:

. Eri+ro+--+rr]
lim
T—o0 T

(2.14)

Average reward does not depend on the starting state, asguhat any state can
reach any other state under any policy (i.e., we assume ttisiale process igr-

godig. Thus, in the long run the average reward is the same fronstatg (Sutton



& Barto, 1998). | have not been focusing on the average rewaseé in my re-

search, so do not consider it further here.

So far, I have defined the MDP model and the optimization divies. The next
task is to solve it. Below, | organize the solution technigtee MDPs as planning

algorithms, learning algorithms, and hybrid techniques.

2.2 Solution Techniquesfor MDPs

Solving an MDP means finding an optimal policy for it. Undengeral conditions,
for a fully specified MDP there is always a deterministic ppli*: S — A that
gives the optimal action in each state (Bertsekas, 1995)optimal policy can be
found by directly searching the space of policigslicy search based methgdsor
by computing the optimal value function first and then degvan optimal policy
from the value function by choosing greedy actions with eesfo it {value function
based methodsas shown above. Furthermore, depending whether the MQeimo
(state transition probability function and reward funodiags known or not, value
function based approaches can be categorizgaaaingalgorithms that require
the knowledge of an environment model Jearningalgorithms that do not require

a model.

2.2.1 Planning Algorithms

If the MDP model is known, then Equation 2.8 (or Equation 2de€¥ines a system
of equations whose solution is the optimal value functiasti¢e value function).

These equations can be solved directly either by linearproming or via dynamic
programming. These algorithms are calfgdnning algorithmgor MDPs because
they require knowledge of the environmefit &ndR).

Linear programming is a procedure for locating the maximummimum of

1The idea of policy gradient search algorithms is to pararieete policy, estimate the gradient
of a performance measure of the policy (e.g., average reaxgdtime) with respect to the policy
parameters, then improve the policy by moving the parara@tehe direction of the gradient (Mar-
bach & Tsitsiklis, 2000; Baxter & Bartlett, 2001; Ng et al999b; Ng & Jordan, 2000; Strens &
Moore, 2002; Kakade et al., 2003)



a linear function of variables that are subject to linearst@ints. A form of linear

program that can solve the MDP planning problem is given bydg&as (1995)
min ; V(s) subjectto
V(s) > R(s,a)+v> . T(s,a,s)V(s) Vs, a (2.15)

Dynamic programming is a method of solving problems withgheperties of
overlapping subproblems and optimal substructuréhe two standard dynamic
programming algorithms for solving MDPs gpelicy iterationandvalue iteration
(Bertsekas, 1995).

Policy Iteration. The policy iteration algorithm (see Table 2.1) iterativelal-
uates a policy, computes the value function for a given gpkhnd improves the
policy by choosing the greedy action with respect to theanrestimates of the
value function. One drawback of the policy iteration algfum is that the policy
evaluation phase can be costly since it either requiresealsie linear system to be
solved or requires multiple sweeps through every state napcibe the value func-
tion iteratively. However, the algorithm is guaranteed tonerge to an optimal

policy in a finite number of policy-update iterations (Bekas, 1995).

Value Iteration. The value iteration algorithm (see Table 2.2) tries to atbl
drawback of a doubly nested loop, as in the policy iteratigw@thm. This algo-
rithm uses the update form of the Bellman optimal value fiamc{see Equation
2.8)

V(s) < max (R(s, a) + Z 7 (s,a, s’)V(s’)) (2.16)

a
s'eS

to approximate the optimal value function iteratively. @ran optimal value func-
tion is found, the optimal policy can be recovered by chogsive greedy action in

each state

7*(s) = argmax (R(s, a) 4y Z 7 (s, a, s’)V(s')) (2.17)

@ s'eS

2Optimal substructure means that optimal solutions of soifliems can be used to find the opti-
mal solutions of the overall problem.

10



Note that recovering the greedy poliey from the optimal state value function
requires knowing the model/( andR). The value function obtained with value
iteration is only guaranteed to converge to the optimaledilunction in the limit.
However, a value function sufficient to recover the optimaliqy will be found
after a finite number of iterations (Bertsekas, 1995). In noykabelow, | will refer
to this as the Bellman Iteration algorithm, for reasons thidit become clear in
Chapter 3.

2.2.2 Learning Algorithms

If the model is unknown, one can still estimate the optimdlu&gaction value)
function simply by interacting with the environment. Theme two standard ap-
proaches to estimating the optimal value function. Thet@shniques are based on
temporal differenc€TD) learning (Sutton, 1984) or Monte Carlo Methods (Michie
& Chambers, 1968) (referred to aalue-based learningr model free learning
which attempt to estimate the optimal value function diesithout ever attempt-
ing to learn the modelX andR). The second approach is to directly learn a model
and then plan using it (referred to a®del-based learning

Most research in reinforcement learning has considerachathg the optimal
action value function directly from experience. For thisgmse, two of the fun-
damental TD methods are Q-learning (Watkins, 1989) @ada(Sutton & Barto,
1998).

The Q-learning algorithm (see Table 2.3) updates the vdia®m @xecuted ac-
tion from a sample of the next state with max operator ovet aetions? and can
learn the optimal value function while following anotheripg (referred to asff-
policy learning. TheSarsaalgorithm (see Table 2.4), on the other hand, estimates
the action value function for a policy by a sample of the néates and improve
this policy by being greedy with respect to the estimatede/ahen follows the im-
proved policy (referred to asn-policy learning. These algorithms both converge

to optimal action value function with probability as long as all the state-action

3That is,max, Q(s',a’).
4Thatis,Q(s',a’).

11



Algorithm: Policy Iteration

1. Initialization
For eachs € S
V (s) « arbitrary value
m(s) <« admissible action in state

2. Policy Evaluation
Repeat
Amaz < 0
For eachs € S
v(s) «— V(s)
V(s) = R(s,7(5)) + 7 yes T(s,7(s), )V (')
Aoz — max (Apag, [v(s) — V(s)])
until A4, < € (@ small positive number)

3. Palicy Improvement
policy-stable«— true
For eachs € S
best-action— 7 (s)
m(s) < argmax, (R(s,a) + 7Y g T (s,a,8)V(s))
If best-action 7(s), thenpolicy-stable— false
If policy-stable then stop; else go

Table 2.1: The policy iteration algorithm

Algorithm: Value lteration

Initialize V () arbitrarily
Repeat
Appaz < 0
Foreachs € S
v(s) «— V(s)
V(s) < max, (R(s,a) + 7> ycs T (s,a,8)V(s))
Amaz < max (Apmaz, [v(s) — V(s)])
until A4 < € (a small positive number)

Output a deterministic policy
m(s) « argmax, (R(s,a) + 7> e T (s,a,8)V(s))

Table 2.2: The value iteration algorithm
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Algorithm: Q-learning

Foreachs € S,a € A
Initialize Q(s, a) (How? e.g. arbitrarily)

Repeat (for each episode):

Initialize s (How? e.qg. arbitrarily)

Repeat (for each step of episode):
Choosex from s using policy derived frond) (How? e.g.e-greedy)
Take actioru and observe the rewardand next state’
Q(s,a) — Q(s,a) + ar + ymaxy Q(s',a') — Q(s,a))
s« s

until s is terminal

Table 2.3: The Q-learning algorithm

Algorithm: Sarsa

Foreachs € S,ac A
Initialize Q(s,a) (How? e.g. arbitrarily)

Repeat (for each episode):
Initialize s (How? e.g. arbitrarily)
Choosez from s using policy derived fronf) (How? e.g.e-greedy)
Repeat (for each step of episode):
Take actiorz and observe the rewardand next state’
Chooser’ from s’ using policy derived fron®) (How? e.g. e-greedy)
Q(3> CL) — Q(Sv a) + O‘(T + 7@(8/7 CL,) - Q(3> a))
s« s a«—ad
until s is terminal

Table 2.4: The Sarsa algorithm
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pairs are visited an infinite number of times (Watkins & Daya892; Tsitsiklis,
1994a; Singh et al., 2000).

In Table 2.3 and Table 2.4, | insert the labeldw?” to emphasize the connec-
tion between my research in Chapter 4 and these existinglgoopinforcement
learning algorithms. My research in Chapter 4 contribubesftering solutions to

these How?” questions.

2.2.3 Hybrid Solution Techniquesfor MDPs

When the MDP model is not given, one may attempt to estimatetrdmsition
function and reward function by interacting with the enwineent first, and then
determining a policy by solving the planning problem in tearhed model. This is
the model based approach. In addition, many hybrid methads been proposed,
such as actor-critic (Sutton, 1984), Dyna (Sutton, 19949, @rioritized sweeping
(Moore & Atkeson, 1993), which combine both a model-basadnieg approach
with a direct value-based learning approach.

Specifically, actor-critic methods are temporal diffeemoethods that have
both a policy structure for action selecti@ac{or) and an estimated state value func-
tion (critic). Dyna-Q is another architecture for integrating planpniegning, and
acting. The idea is to learn a model from real experienceffagniuse the model to
generate simulated experience, which can be used to upgaatalue function. In
the Dyna architecture, the value function update starts witandom state-action
pair that is uniformly sampled from the simulated experénthis is interleaved
with updates based on real experience, using either Safdeaning. Prioritized
sweeping is an improvement to the experience simulatoiqrodf Dyna, which
ranks the state-action pairs according to how much thewrevéd likely to have

changed.

2.3 Approximate Solution Techniquesfor MDPs

In order to cope with large sequential decision making gotd, many approaches

have been proposed. However, | will only focus on the ondsatteeclosely relevant
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to my research. These approximate approaches can be ¢atelys value function

approximation, sampling, and exploiting model structure.

2.3.1 Value Function Approximation

Value function approximation approach generalize acrtade space or state-action
pair space by exploiting the structure of the problem. It &nty applied to scale
up learning algorithms to large sequential decision maginadplem domains. It can
also be used for planning algorithms.

The simplest and most common approach to representing a ftatation with
a compact approximation is to parameterize the value fonets some simple func-
tion of features and adjust the parameters based on grautiesiples. The most
popular approach, for example, is to approximate the stdteevfunctionl/(s) as a
linear function of the parameter vecter (ank x 1 vector) and features of the state

d(s) (ank x 1 vector); that is
V(s) = ®(s)'w (2.18)
The gradient of the approximated value function with respeev is then given by
V'V (s) = ®(s) (2.19)

The TD update techniques mentioned above (Table 2.3 and Zab) can be modi-
fied to work with linear value function approximations iredeof the simple tabular
representations considered before; see for example (B&tt®arto, 1998). It is
also possible to approximate value function with nonlirfeaction, e.g., by using
a neural network.

Many successful applications of reinforcement learninthwiiinction approx-
imation have been reported in the literature. For instam@¥)\) with nonlinear
function approximation created the famous world-levekgarnmon master player
(Tesauro, 1994); Sarsg(with linear function approximation has been applied to
control the acrobot (Sutton, 1996) and to learn decisiona keepaway task of
RoboCup soccer (Stone et al., 2005); reinforcement legraligorithms were used

for autonomous control of a helicopter (Ng et al., 2004; Addle al., 2007).
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Although there are many successful examples of reinforoémhearning algo-
rithms being applied to practical problems, there are alsonples that show some
forms of approximate reinforcement learning algorithms kead to instability or
divergence (Bradtke, 1993; Thrun & Schwartz, 1993; Boyan &dwk, 1995; Baird,
1995; Gordon, 2000). Therefore, it is useful to understaedbnvergence proper-
ties of these approximate algorithms.

In Chapter 3, | will present my research work on dual repriegems, dual dy-
namic programming algorithms, and their convergence arglywhich will address

some of these convergence issues.

2.3.2 Sampling

A completely different approach to approximating valuedtions in large state
spaces is never to keep an explicit representation, bugrainectly estimate the
values of visited states as they are encountered. Thisresgaccess to either in-
teraction experience or a generative model, but not an@km@presentation of the
environment. Therefore, sampling is generally appliedamiping.

The Monte Carlo approach is a general strategy for apprdkigaalues in
Markov decision processes. It estimates value functiosedan averaging over
samples either from real experience or simulated expezieSince Monte Carlo
methods can focus on only visited states, they are efficrenpdating value esti-
mates, and may still work even when the Markov assumptiond&fcésion process
is violated. The details of Monte Carlo algorithms can benfibin (Sutton & Barto,
1998).

Different from Monte Carlo methods in averaging samplestctyries, theparse
samplingapproach (Kearns et al., 2001) samples experience with stnuneture
(e.q., shared states). The idea of sparse sampling is toeraterthe actions at the
decision nodes and sample the rewards at the outcome noglesdmte a tree with
a fixed depth (see Figure 2.1). Then, it evaluates the valtreeafodes in the sparse
lookahead tree from leaves to the root by alternatively asing expectatiorat the
outcome nodes anchaxat the decision nodes. Finally, the optimal action at the

current state (root node) is the greedy action with respetttd estimated optimal
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value at the root. A generic outline of the sparse sampliggrghm for finite hori-
zon problems is given in Table 2.5. Note that sparse sampdigjres a generative
model to generate the next state and reward of a given aatiengithe lookahead
procedure.

Although sparse sampling requires significant computatodetermine each
action value, it still has some advantages. First, as Keardsis colleagues (2001)
show, it is guaranteed to produce a near optimal action \falugny state encoun-
tered. Second, sparse sampling can be easily appliefinde state spaces. As Ta-
ble 2.5 shows, this procedure can be parameterized so thabthputational cost
can be controlled by making the outcome branching factorlaokahead depth
inputs to the procedure. This requires us to give up the #tigat guarantees of
near-optimality, but that should not be surprising, sinaargnteed approximation
in this case is still provably intractable (Mundhenk et2000; Lusena et al., 2001).

Some subsequent work has attempted to improve the praefiogiency of
sparse sampling. One such example is Péret & Garcia sgré2€§4), which is
an on-line search strategy for action selection in MDPs. iWt¢d by sparse sam-
pling, Péret and Garcia construct a lookahead tree by sagnpted-length trajec-
tories from the current state, employing Boltzmann sebecto choose the actions
along each trajectory. Then the optimal action at the rotiiésone with the best
overall trajectory reward on average.

Below in Chapter 4, | develop an approach, Bayesian sparselss, that

demonstrates further improvements.

2.3.3 Exploiting Model Structure

Another approach to scaling up is to directly exploit repregational structure to
reduce the computational cost of storing and computingevalaction approxima-
tions (Boutilier et al., 1999). This approach generallyuasss there is a compact
description of the transition mod&l—either a compact decision diagram (Boutilier
et al., 1999) or a dynamic Bayesian network (Koller & Par@4B8—and a compact
description of the reward function. Unfortunately, givarcls a compact descrip-

tion of the domain, it usually does not follow that the optimalue functions also
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Figure 2.1: lllustration of a lookahead tree, showing decigmax) nodes and

outcome (expectation) nodes. Once built, optimal value aotibn estimates are
backed up to the root.

GrowSparseTreénode, branchfactor, horizon)
If node.depth = horizon; return

If node.type = “decision”
For eachn € A
child = (“outcome”, depth, node.belstate,
GrowSparseTreéchild, branchfactor, horizon)

If node.type = “outcome”
Fori = 1...branchfactor
[rew,0bs] = sample(node.belstate, node.act)
post = posterior(node.belstate, obs)
child = (“decision”, depth+1, post, [rew,0bs])
GrowSparseTreéchild, branchfactor, horizon)

EvaluateSubTreénode, horizon)

If node.children = empty
immed =MaxExpectedValyfaode.belstate)
return immed * (horizon - node.depth)

If node.type = “decision”
return maxEvaluateSubTrdaode.children))

If node.type = “outcome”
values =EvaluateSubTrdaode.children)
return avg(node.rewards + values)

Table 2.5: Sketch of the sparse sampling algorithm. Growalanlbed lookahead
tree, enumerating actions at decision nodes and sampliogtedme nodes. Suf-
ficiently large values of “branchfactor” and “horizon” yikapproximation guaran-
tees.
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have a compact description (Koller & Parr, 1999; Guestrialet2003). There-
fore, one usually has to assume a compact form of value fumegpproximation in
addition—either another decision diagram (Boutilier et 8999) or a linear value
function approximation (Koller & Parr, 1999). Given thegpeoximations, an effi-
cient (although approximate) form of dynamic programmiBgtilier et al., 1999;
Koller & Parr, 2000) or linear programming (Guestrin et a003; Schuurmans &
Patrascu, 2001) can be used to efficiently compute an appateisolution.

The main drawback of these approaches is that the algordhengery complex
and do not provide strong guarantees about the quality af tesults (Patrascu
et al., 2002).

2.4 Partially Observable Markov Decision Processes

Another formal specification of sequential decision makingblems ardPartially
Observable Markov Decision ProcesgPOMDPS), which relax the assumption of
full observability of the state of the environment. POMDMs a general frame-
work for optimal decision making under uncertainty and haweide range of ap-
plications such as robot planning (Spaan & Vlassis, 200d)realth-care robotics
(Pineau et al., 2003a). A POMDP model is defined by a tyfled, 7, R, 2, O),

where

e S, A, T,andR define the underlying Markov decision process of the POMDP,
e () isthe set of observations,

e (O is a observation functior): S x A — ().

Similar to an MDP, a POMDP is defined by a set of states, a setiofe, a state
transition function, and a reward function. However, POMDRtend MDPs by
introducing an observation functigio’|a, s’) that governs how a noisy observation
o € O is related to the underlying statéand the actiom. Having access to only
noisy observations of the state complicates the problerh@dsing optimal actions
significantly. The agent generally does not know the exaté sif the environment,
but instead must infer a distribution over possible staebelief state”, from the

history of observations and actions. Nevertheless, aflbsh¢e in a POMDP is a
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sufficient summary of history for decision making and thisio of state can be
updated by Bayes’ rule (see Section 4.2).

Learning a POMDP model means learning an observation fum€tj transition
function7, and reward functiorR. Given a model (i.e, knowing these functions),
finding a policy for action selection is called POMDP plamniihe solution to a
POMDP is a policy, which specifies the best action to takevergbelief state. As
one can see, the set of belief states is generally continadi$igh dimensional.
Computing an optimal policy for a POMDP is known to be hard ewen approx-
imate POMDP planning has proven to be a significant challéhymdhenk et al.,
2000; Madani et al., 2003).

Therefore, some form of approximation is important herehgps even more
so than in the simpler MDP case. Algorithms to POMDP planrdag be cate-
gorized as value function approximation (Parr & Russel§3Hauskrecht, 2000;
Pineau et al., 2003a; Spaan & Vlassis, 2005), policy basédhmation (Ng &
Jordan, 2000; Poupart & Boutilier, 2002; Poupart & Boutjli2003; Poupart &
Boutilier, 2004; Amato et al., 2006) and stochatic samp(ifigrun, 2000; Kearns
et al., 2002). Specific approximation strategies relevamy research will be de-
scribed further in Chapter 5.

In Chapter 5, | will present my approach for approximating@® planning.

2.5 Summary

So far I have reviewed models of sequential decision makitigi’s and POMDPs,
and some standard algorithms for planning and learningaiseimodels exactly and
approximately. In Chapter 3, 4, and 5, | will present my neyragimate strategies
for planning and learning in uncertain environments. Myesgsh is motivated
by trying to address three key outstanding problems in sg@i&ecision making

under uncertainty.

e Is it possible to do off-policy updates with function appiroation while

avoiding the risk of divergence? If possible, how?
e How can we balance the fundamental trade-off between exqbor and ex-
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ploitation during action selection?

e How can we deal with partial observability in MDPs efficignith terms of

memory and computation?

Each of these questions will be addressed in turn in the hexétchapters.
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Chapter 3

Dual Representations and Dual
Algorithms

In this chapter, | propose to use a new dual approach to dynprogramming.
The idea is to maintain an explicit representation of vigtributions as opposed to
value functions. A significant advantage of the dual apgnaesathat it allows one to
exploit well developed techniques for representing, axipnating, and estimating
probability distributions, without running the risks asgded with divergent value
function estimation. | introduce novel dual representatiand develop dual algo-
rithms. Moreover, | show that dual dynamic programming athms remain stable
in situations where standard value function estimatioemjes. | also show that the
dual view yields a viable alternative to standard value fiamdbased techniques and
opens new avenues for solving sequential decision makioigjgms.

In some sense, reinforcement learning algorithms can meedas sampled ver-
sions of dynamic programming algorithms. That is, we cantlyetcorresponding
learning algorithms with point-wise updates (RL algorig)iy sampling the model
of an MDP in these planning algorithms (DP algorithms). Bfiere, understanding
the underlying updates of dynamic programming algorithriishelp understand
reinforcement learning algorithms. For clarity of the gmstion, dual represen-
tations, dual dynamic programming algorithms, and themveogence analysis are
presented in this chapter. Dual reinforcement learningrétyms are given in Ap-
pendix B (tabular case) and Appendix C (approximate case).

This chapter is organized as follows. Section 3.1 motiviitesdea. Section 3.2
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gives the notation used in the later presentation. Secti8p@sents a modified
dual of the standard linear program that guarantees a dyab@imalized state visit
distribution is obtained. Novel dual forms of policy evdioa, policy improve-
ment, and Bellman iteration algorithms are organized afingrto their underlying
updates in sections 3.4, 3.5, and 3.6. Section 3.7 shows inearlapproxima-
tion can be used with dual representations, allowing it tajpglied to large prob-
lems. Section 3.8 demonstrates that the advantage of dnahdg programming
algorithms through experimental studies on randomly ssited MDPs, the star
problem, and the mountain car problem. Section 3.9 givesahgplexity analysis
of both primal and dual dynamic programming algorithms. afin Section 3.10

summarizes the strengths and weaknesses of the dual nejatéeses.

3.1 Motivation

Algorithms for dynamic programming (DP) and reinforcembsarning (RL) are
usually formulated in terms ofalue functions—representations of the long run
expected value of a state or state-action pair (Sutton &aBdR98). The concept
of value is so pervasive in DP and RL, in fact, that it is hardragine that a value
function representation is not a necessary component ag@nyion approach. Yet,
linear programming (LP) methods clearly demonstrate ti@value function isiot
a necessary concept for solving DP problems. In LP methadiseyunctions only
correspond to the primal formulation of the problem, and dbappear at all in
the dual. Rather, in the dual, value functions are replagethé notion of state
(or state-actionyisit distributions(Puterman, 1994; Bertsekas, 1995; Bertsekas
& Tsitsiklis, 1996). It is entirely possible to solve DP and. Rroblems in the
dual representations, which offer an equivalent but défférapproach to solving
decision-making problems without any reference to valuetions.

Despite the well known LP duality, dual representationsehaet been widely
explored in DP and RL. In fact, they have only been anecdotaild partially
treated in the RL literature (Dayan, 1993; Ng et al., 1998ay not in a man-

ner that acknowledges any connection to LP duality. Needgs, as | will show,
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there exists a dual form for every standard DP and RL algworithcluding policy
evaluation, policy iteration, Bellman iteration, tempatidference (TD) estimation,
Sarsa learning, and Q-learning, and for variants of thegari#hms that use linear
approximation. Reinforcement learning algorithms candaenfl in Appendix B
(tabular case) and Appendix C (approximate case).

In this chapter, | offer a systematic investigation of dualuton techniques
based on representing state visit and state-action vaiilolitions instead of value
functions in the planning context (i.e. given an environtaémodel). Although
many of my results show that the dual dynamic programmingcamh yields
equivalent results to the primal approach in tabular case era would expect—
the dual approach has potential advantage over the prinagproximate case as |
will show below. The dual view offers a coherent and compnshe perspective
on optimal sequential decision making problems, just agtimaal view, but of-
fers new algorithmic insight and new opportunities for depeng algorithms that
exploit alternative forms of prior knowledge and consttsinin fact, there is the
opportunity to develop a joint primal-dual view of sequahtecision making un-
der uncertainty, where combined algorithms might be abéxpoit the benefits of

both approaches in theoretically justified ways.

3.2 Preéiminaries

For the easy of exposition and elegance of presentationl, éxyiress the transition
function and the reward function of an MDP, which | introddde Chapter 2, in a

matrix form below.

e The transition model is expressed as.&nA x| S| transition matrixP, whose
entriesF,, ) specify the conditional probability of transitioning taast s’
starting from states and taking actioru (henceP is honnegative andbw
normalized), i.e.P.sy = T (s,a,5") = p(s'|s,a), wherep(s'|s,a) > 0
and)__, p(s'|s,a) =1V s,a.

e The reward function is expressed as|af|A| x 1 reward vectorr, whose

entriesr,,) specify the reward obtained when taking actiom states, i.e.,
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I(sa) = R(s,a) = E[r|s,al.

In this chapter, | will usd for a vector with all ones, whose dimension will be
clear from context.

Here | focus on addressing the problem of computing an optietzavior strat-
egy for an MDP where the optimality criterion is maximizirtgetinfinite horizon
discountedrewardr; + yro + v%r3 + -+ = Y 2, v"'r, given a discount factor
0 < v < 1. Itis known that an optimal behavior strategy can alwaysxpressed
by a stationarypolicy. In this chapter, | will represent a stationary policy by an
|S||A] x 1 vectorm, whose entriesr(,,) specify the probability of taking actiom
in states; thatis)_ m, = 1 for all s. Stationarity refers to the fact that the
action selection probabilities do not change over time. dditgon to stationarity,
it is known that furthermore there always existgleterministicpolicy that gives
the optimal action in each state (i.e., simply a policy witblgabilities of0 or 1)
(Bertsekas, 1995).

The main problem is to compute an optimal policy given eitheomplete spec-
ification of the environmental modét andr (the “planning problert), or limited
access to the environment through observed states anddseaad the ability to
select actions to cause further state transitions (gearing problem). The plan-
ning problem is normally tackled by linear programming ondgnic programming
methods (see Section 2.2.1), whereas the learning prollewived by reinforce-

ment learning methods (see Section 2.2.2).

3.3 Linear Programming

To establish the dual form of representation, | begin byflyrieviewing the LP ap-
proach for solving MDPs in the discounted reward case. Hasslime we are given
the environmental mode? andr, the discount factof;, and the initial distribution
over states, expressed by &1 x 1 vector .

A standard LP for solving the planning problem can be exgess

min(1 —y)u'v  subjectto

V(s) > I'(sa) + Vp(sa,:)v VS, a (31)
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wherev is the state value function (see Equation 3.9 for the matrimfdefinition).
By introducing an S| x |S|| A| marginalization matrix, which is built by placing|
row blocks of length A| in a block diagonal fashion, where each row block consists

of all 1s

1---1
the primal LP (see Equation 3.1) can be rewritten as

min(l —)u'v  subject to

E'v>r+4Pv (3.2)

That is, = is constructed to simply ensure that the constraiht > r + vPv
given in the above matrix form LP corresponds to the systemesfualitiesv,) >
I'(sa) T VPsa,)V Vs, a in the primal LP.

It is known that the optimal solution™ to this LP corresponds to thelue
functionfor the optimal policy (Bertsekas, 1995; Bertsekas & Tkitsj 1996). In

particular, giverv*, the optimal policy can be recovered by

a*(s) = argmaxr(sq) + VP, ) V"
A 1 ifa=a*(s)
T(sa) = { 0 if a+#a*(s) (3:3)

Note thaty and (1 — +) behave as an arbitrary positive vector and positive
constant in the LP above and do not affect the solution, gexijis > 0 andy < 1
(def,). However, both play an important and non-arbitratg m the dual LP below
(as we will see) and | have chosen the objective in Equati®im3a specific way to
obtain the result below.

To derive the particular form of the dual LP, which will be éiped below,
| first introduce aS||A| x 1 vector of Lagrange multiplierd, and then form the

Lagrangian of the standard LP (see Equation 3.2)

Lv,d) = 1—y)pu'v+d (r+yPv—-ZTv), d>0
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Next, taking the gradient of the Lagrangian with respect tand setting the

resulting vector to equal zero yields
Ed = (1-y)p++P'd

Substituting this constraint back into the Lagrangian glates thev variable and
results in the dual LP.

max d'r subjectto

d>0, 2d=(1—-y)u+~vP'd (3.4)

Interestingly, the following lemma establishes that argsible vector in the dual
LP is guaranteed to be normalized, and therefore the saldtios always a joint

probability distributionover state-action pairs.

Lemmal If d satisfies the constraint in the dual LP (see Equation 3.4¢nth
17d = 1.

Proof: By definition of=, we have
1'd = 1'=d (3.5)
Multiplying the constraint in Equation 3.4 by’ yields
1'2d = 1-9)1"p+~1"P'd

SinceP is row normalized angk is a probability distribution,

1'2d = (1-9)+91'd (3.6)
From Equations 3.5 and 3.6,

1'd = (1-9)+~1'd (3.7)
Rearranging Equation 3.7 and sircel v < 1

1'd = 1
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By strong duality, we know that the optimal objective valdetlas dual LP
equals the optimal objective value of the primal LP. Funthere, given a solution
to the duald*, the optimal policy can be directly recovered by the muchpsem

transformation (Ross, 1997)

Ty = oo (3.8)
Za d>(ksa)

A careful examination of the dual LP shows that the jointrisition d* doesnot
actually correspond to the stationary state-action visitribution induced byr*
(unlessy = 1), but it does correspond to a distribution of discountetestation
visits beginning in the initial state distributign

What this dual LP formulation establishes is that the optipadicy «* for an
MDP can be recovered without any direct reference whatsdewbevaluefunc-
tion. Instead, one can work in the dual, and bypass valuditureentirely, while
working instead withhnormalizedprobability distributions over state-action pairs.
Although this observation seems limited to the LP approackolving the MDP
planning problent,in fact, | will show that explicit representations of proliéip
distributions over state and state-action pairs can be asealdual alternative to
classical DP methods (see Sections 3.4, 3.5, and 3.6)jcdasd. methods (see
Appendix B), and even classical approximation methods $&sion 3.7 and Ap-
pendix C).

Before | present dual algorithms and their convergenceyaizall find it conve-
nient to express a policy by an equivalent representation ag & |S|| A| matrix
II

) . ﬂ(sa) if 8/ =S
Ny = { 0 if s’ #s
p(als1)
plals2)
II = p(alss)
p(als;s|)

1The dual LP formulation is equivalent to the primal LP forwation in the tabular case (i.e., no
duality gap), while the approximate dual LP is differentirthe approximate primal LP.
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wherep(alsi) = [T (s,a1)T (s102) " * * T(s1014]- Thatis,ITis a sparse matrix built by
placing|S| row blocks of length A| in a block diagonal fashion, where each row
block gives the conditional distribution over actions sfied by = in a particular
states. Although this representation &f might appear unnaturdll find it in fact
extremely convenient in my research: from this definitiome @an quickly verify
that the|S| x |.S| matrix productlI P gives thestate to statéransition probabilities
induced by the policyr in the environmenp, and thg S|| A|x|S || A| matrix product
PII gives thestate-action to state-actiamansition probabilities induced by policy
7 in the environment?. | will make repeated use of these two matrix products
below.

Here the dynamic programming algorithms are organizedrdaogto their up-
date types: on-policy update, policy improvement, andpoticy update. In addi-

tion both state based and state-action based represastat®introduced.

3.4 On-Policy Update

First consider the problem of policy evaluation. Here | assuve are given a
fixed policy 7, and wish to compute either its value function in the primait®

distribution of discounted visitation distribution in tdeal.

3.4.1 StateBased Policy Evaluation
First let us examine the standard state based policy evatuat
Primal Representation
In the primal view, the role of policy evaluation is to recovee value function

which is defined to be the expected sum of future discountedrds (see Equation

2.5). | can now express this definition in vector-matrix form
v = Y 4{(IIP)Tr (3.9)
=0

As is well known and easy to verify, this infinite series d&isa recursive relation-

ship (see Equation 3.10) that allows one to recavby solving a linear system of

2The same definition also used in paper (Lagoudakis & Par8R00
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|S| equations onS| unknowns.
v = Zvi(HP)iHr
1=0

= IIr+ ) 4/(IIP)Tr

i=1

= TIr+~(IIP) ) ~/(IIP)Tr
=0
= Ir +~IIPv (3.10)

For a given policyl1, the on-policy operata® is defined as
Ov = Il(r+~Pv) (3.11)

It brings the current representation closer to satisfylrgggolicy-specific Bellman
equation (see Equation 3.10). Therefore, we can have amototEquation 3.10 by
iterating the on-policy operatd@?. | present an analysis of convergence properties

of the on-policy operator in Section 3.4.3 below.

Dual Representation

In the dual form of policy evaluation, one needs to recoverabability distri-
bution over states that has a meaningful correspondenbe forig run discounted
reward achieved by the policy. Such a correspondence cachievad by recover-

ing the following probability distribution over states ifigitly defined as
' = (1—yp"> y1pPy (3.12)
=0

This infinite series satisfies a recursive relationship Egpgation 3.13) that allows

one to recovee by solving a linear system ¢8| equations onS| unknowns.
c' = (1—yu"D> 4Py
1=0
= (1=yp'+(1—yp' > APy
i=1

= (1—y)p"+y(1—y)p" ) _AIIP)(1IP)
=0
= (1—7y)u' +c'IP (3.13)
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It can be easily verified that Equation 3.12 defines a proitablistribution.

Lemma 2 If c satisfies the above definition (see Equation 3.12) tHen= 1.

Proof: We know that the definition af satisfies Equation 3.13, then we have
c'l = 1—y)p'1+4c'TIP1
SincellP is row normalized angk is a probability distribution,
c'l = (1-y)1+7c'1
Rearranging the above equation and sinee~y < 1

c'1=1

Not only isc a proper probability distribution over states, it alsowatoone to

easily compute the expected discounted return of the palicsee Lemma 3).

Lemma3 (1 —9y)u'v=c'llr

Proof: Plugging the definition of (see Equation 3.9) into the left of the above

lemma yields

I=u'v = (1 =u’ ) 5 (IP)Tx

Plugging the definition ot (see Equation 3.12) into the right of the above lemma

yields
c'llr = (1—y)p' iyi(HP)iHr
i=0
Thus,
(1-—y)p'v = c'Ir
|
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Thus, a dual form of policy evaluation can be conducted bgvedngc from
Equation 3.13. The expected discounted reward obtainedbgypr starting in
the initial state distributions can then be computed hy Ir/(1 — +) according
to Lemma 3. In principle, this gives a valid form of policy évation in a dual
representation. However, below | will find that merely reeong the state distri-
bution ¢ is inadequate fopolicy improvemenfsee Section 3.5), since there is no
apparent way to improve given access toe. Thus, | am compelled to extend the
dual representation to a richer representation that aasidsiplicit dependence on
the initial distributiong.

Consider the following definition for aff| x |.S| matrix
— )Y A (11P) (3.14)
1=0

This infinite series satisfies a recursive relationshipdhatvs one to recovet/ by

solving a linear system df| equations onS| unknowns.
M o= (1= 3 o mpy
= 1—-)NI+(1—~ 27 I1P)

= (1= +(1=7)(IP) Z ¥ (ILP)’

=0
= (1 =)+ (YIIP)(1 —~ Z’y (IIP)’

= (I—-7)I+~1IPM (3.15)

Based on the above recursive relationship, each roW afan be written as

my " (1—7)er" +9IIPm; "
my " (1—7)ex" +~IIPmy"
M = mgT = (1 — ’)/)egT + ’}/HPTTL3T
m|5‘T (1 —7)e|s\T+7HPm|S‘T
wheree, (s = 1,...,|S|) is a vector of all zeros except forlain the s’ position.

The matrixM that satisfies this linear relation is similardo, in that each row is a
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probability distribution (Lemma 4 below) and the entrigfg, ., correspond to the
probability of discounted state visits $6for a policyw starting in state. However,
unlike c’, M drops the dependence gnand obtains a close relationship with

(Theorem 1 below).

Lemmad4 M1=1

Proof: Plugging the definition ofi/ (see Equation 3.14) into the left of the above

lemma yields 0o
M1 = (1-7)) 4(IP)1
=0

SincellP is row normalized, we have

(IIP)1 = 1
Thus, >
ML = (1-79)) 71 =1
=0

LemmaScl = pu'M
Proof: Note that the definition of (see Equation 3.12) is
¢’ = (L—myu' ) YUPy
=0

Plugging the definition o/ (see Equation 3.14) into the right of the above lemma

yields
p'M = uT(l—v)iv"(HP)"
=0
Thus,
¢ = pu'M (3.16)
i

Interestingly, Lemmas 4 and 5 show thidtis a variant of Dayan’s “successor

representation” proposed in (Dayan, 1993), but here erttawlthe infinite horizon
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discounted case. Moreover, not onlylisa matrix of probability distributions over
states, it allows one to easily recover the state valuesegbpticy 7.

Similarly, the on-policy operator for a given polityis
OM = (1—~)I+~yMIP (3.17)

It brings the current representation closer to satisfyirgggolicy-specific Bellman
equation (see Equation 3.15). Therefore, we can have a@ohat Equation 3.15

by iterating the on-policy operat@ (see Section 3.4.3 for convergence results).

Relationship between Primal and Dual Representations
There exists a further connection between state valueitmetand state visit
distribution M.

Theorem 1 (1 —v)v = MIIr

Proof: Plugging the definition of (see Equation 3.9) into the left of the above

theorem yields
(1-=yv = (1-v))>_4'@P)Tr
=0

Plugging the definition o/ (see Equation 3.14) into the right of the above theorem

yields
MIlr = [(1 — ) iyi(np)i IIr
=0
Thus,
(1 —~)v = Mllr
|

A dual form of policy evaluation can be conducted by recawvghi/ from Equa-
tion 3.15. Then at any time, an equivalent representationdan be recovered by

MTIIr/(1 — =), as shown in the above theorem.
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3.4.2 State-Action Based Policy Evaluation

Although state based policy evaluation methods like thagkned above are ade-
guate for assessing a given policy, and eventually for féatmg DP algorithms,
for the RL algorithms below | will generally need to maintgaint state-action

based evaluations.

Primal Representation
In the primal representation, the state-action value fondfsee Equation 2.11

for the definition) can be expressed as.8fjA| x 1 vector
q = Z 7 (PI)'r (3.18)
1=0

This state-action value function is closely related to ttexjmus state value function

(see Equation 3.10) and satisfies a similar recursive oglati
q = r+~yPllq (3.19)
For a given policyI, the on-policy operator is defined as
Oq = r+~Pllq (3.20)
Iterating the on-policy operat@ gives a solution to Equation 3.19, which | show

formally in Section 3.4.3.

Dual Representation

To develop a dual form of state-action policy evaluationsé the dual LP rep-
resentation introduced in Section 3.3, and represent aapitity distribution over
state-action pairs that has a useful correspondence tmtigerun expected dis-

counted rewards achieved by the policy
d' = (1-yp" ) 4(P1) (3.21)
=0

This state-action visit distribution is closed related e previous state visit

distribution (see Equation 3.13) and satisfies a similaungee relation
d" = 1-y)w' ++d"PII (3.22)
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wherev is the initial distribution over the state-action pairahose dimension is
|S||A] x 1. It can be verified that this defines a probability distribati

Lemma 6 If d satisfies the above relation (see Equation 3.22) tfhéh = 1.

Proof: SincellP is row normalized andr is a probability distribution,

d'1 = (1-v)w'1++d"PII1

= (1-y)1+1d"1
Rearranging the above equation and sinege~y < 1

d'1=1

Not only isd a proper probability distribution over state-action paitsalso

allows one to easily compute the expected discounted refitire policyr.

Lemma7 (1-y)v'q=d'r

Proof: Plugging the definition of (see Equation 3.18) into the left of the above

lemma yields
1-yw'q = L=y ) F(PI)r
=0

Plugging the definition ofl (see Equation 3.21) into the right of the above lemma

yields
d'r = 1—9)' ivi(PH)ir
=0
Thus,
(1-y)r'q=d'r (3.23)
i

3We can have the relationship” = p "II between initial state visit distributiop and state-
action visit distributionv by their definitions.
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A dual form of state-action policy evaluation can be condddty recovering
d from Equation 3.22 and computing the expected discountedrceobtained by
policy 7 starting in the initial state-action distributionby d "r/(1—+) (Lemma 7).
However, once again we will find that merely recovering treestaction distribu-
tion d is inadequate fopolicy improvemen{see Section 3.5), since there is no
apparent way to improve given access td. Thus, again, | extend the dual repre-
sentation to a richer representation that avoids an imtplependence on the initial
distributionw.

Consider the following definition for afb|| A| x | S||A| matrix
H = (1-7))_~(Py (3.24)
=0

This infinite series satisfies a recursive relationship aiatvs one to recovefl by

solving a linear system df|| A| equations onsS||A| unknowns.
H = (1—~)+~PlIH (3.25)

The matrixH that satisfies this linear relation is similardd, in that each row
is a probability distribution (Lemma 8 below) and the erti,, ...,y correspond
to the probability of discounted state-action visitg¢’) for a policyn starting in
state-action paifsa). However,H drops the dependence orand obtains a close

relationship withq (Theorem 2 below).

Lemma8 H1=1

Proof: Plugging the definition of{ (see Equation 3.24) into the left of the above

lemma yields
H1 = (1-7)) ~/(PI)1
=0
SincePII is row normalized, we have
(PI)1 = 1

Thus,
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Lemma9 d" = v'H
Proof: Note that the definition ofl (see Equation 3.21) is
d' = (L= ) y(PLy
=0

Plugging the definition off (see Equation 3.24) into the right of the above lemma

yields
VTH = w1 Y (eny
=0
Thus,
d" = v'H (3.26)
|

Not only is H a matrix of probability distributions over state-actionrpait also
allows one to easily recover the state-action values of thieypr.

For a given policylI, the on-policy operato® is defined as
OH = (1—~)I+~PIIH (3.27)

It brings the current representation closer to satisfyirgggolicy-specific Bellman
equation (see Equation 3.25). Iterating the on-policy afme© gives a solution to

Equation 3.25, which | show formally in Section 3.4.3.

Relationship between Primal and Dual Representations
We observe the connection between state-action valuafumgand state-action

visit distribution H as follows.

Theorem 2 (1 —v)q = Hr

Proof: Plugging the definition of; (see Equation 3.18) into the left of the above

theorem yields
1-vq = (1= (PO
=0
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Plugging the definition off (see Equation 3.24) into the right of the above theorem

yields
Hr = [(1—v>i¢<m>i '
=0
Thus,
(1-vy)a = Hr
|

A dual form of state-action policy evaluation can be condddty recovering
H from its Bellman equation (see Equation 3.25). Then at ang tian equivalent
representation tq can be recovered bifr/(1 — ~). However, there is a many to
one relationship between the dual and primal representatecause the number
of variables inH (|.S||A|x|S||A]) is more than the number of the constraints given

by their relation, as shown in Theorem 2.

Relationship between State and State-action Based Representations.  Finally,
one can relate the state and state-action matrix reprémergdefined above to each
other. We can have the relationship between state valugéidumne and state-action

value functiong in the primal representation as follows.

Lemmal0 v = Ilq
Proof. By the definitions ofv (see Equation 3.9) angl(see Equation 3.18)
g = IIY 4/(PI)'r
=0

= Zvi(HP)iHr = v
i=0

The relationship between state visit distributibhand state-action visit distri-

butionsH in the dual representation is as follows.
Lemmall MII =I1IH
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Proof: By the definitions of\/ (see Equation 3.14) and (see Equation 3.24)
MII = (1-7)> 4'(IIP)TI
=0
= (1—=7) ) »'T(1P)
=0

= H(1—7)Z¢(HP)Z' = IIH

Thus, to this point, | have developed new dual represemstioat can form the
basis for state based and state-action based policy enaluetspectively. These
are defined in terms of state distributions and state-adistmibutions, and do not
require value functions to be computed. In the next sectiam)l examine the

convergence properties of on-policy update with the dyadagentations.

3.4.3 Convergence Analysis

| first investigate whether on-policy update with the duglresentations exhibit
the same (or better) convergence properties to their praoahterparts. These
guestions will be answered in the affirmative, largely shmgméquivalence to the
standard primal cases. The real advantage of the dual agprad arise below
when function approximation is considered in Section 3.@.k&ep the presenta-
tion simple, | will concentrate only on state-action basegtesentations; and 4,
respectively. Analogous results are easily obtained ferstlate based representa-
tions,v and M.

For the on-policy operataP, convergence to the Bellman fixed point is easily
proved in the primal case, by establishing a contractiopgmy of © with respect
to a specific norm oy vectors. Although these results are already well known, |
repeat some brief details that will be helpful later.

First, to establish contraction, define a weigh?egorm with weights given by
the stationary distribution determined by the poli€yvith respect to the transition
model P. Letz > 0 be a vector such that' PII = z'; that is,z is the stationary

state-action visit distribution foPII. (Note thatz is not the same as the initial
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distributionr nor the discounted stationary distributidr) Let Z = diag(z). Then

define the norm

2
||q||z - qTZq = Z(sa) Z(sa)q%sa) (328)
Crucially, for this norm, a state-action transition is notexpansion.

Lemma 12 ||PIlq||, < ||q||. (Tsitsiklis & Van Roy, 1997)

Proof: The result follows from Jensen’s inequality

2
HPHqHZ = Zz(sa) Z[PH](sa,s’a’)Q(s’a’)
(sa) (s’a’)

< ZZ(SQ) Z [PH](sa,s’a’)q?s’a’)

(s'a")

(sa)
= D Ay D _[PHsaa %o
(s'a’)

(sa)
2
= > duzwe) = llall.
(s'a’)

This allows one to easily recover the fact tifatis in fact a contraction with

respect td|-||,, in the primal case.
Lemmal3 ||Oq; — Oqq||, < v||la1 — qz|| (Tsitsiklis & Van Roy, 1997)
Proof: By the definition of on-policy operatd (see Equation 3.20), we have

10q1 — Oqq|l, = ||r+~PIllg; —r — yPllqgs||,

= IPI(ar — q2)ll2

Together with Lemma 12, we obtain

HO(h - Oq2||z S f}/qu - q2Hz

By the contraction map fixed point theorem (Bertsekas, 199&)e exists a

unique fixed point ofD in the space of vectokg. Therefore, repeated applications
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of the on-policy operator converge to a veatgr such thag; = Oqp; that is,qn
satisfies the policy based Bellman equation (see Equati®).3.

For the dual representatiai, the convergence of the on-policy operator can
be established in a similar fashion, by first defining an appate weighted norm
over matrices and then verifying thé&is a contraction with respect to this norm.

Define
2

2 2
HHHz,r = ||Hr||z = Z Z(sa) Z H(sa,s’a’)r(s’a’) (329)
(sa) (s’a’)

It is easily verified that this definition satisfies the prapef a pseudo-norm, and
in particular, satisfies the triangle inequality. This wegd 2-norm is defined with
respect to the stationary distributianbut also the reward vector Thus, the mag-
nitude of a row normalized matrix is determined by the magtetof the weighted
reward expectations it induces.

Interestingly, this definition allows us to establish theneanon-expansion and
contraction results as the primal case. For example, atdten transitions remain

a non-expansion.

Lemmal4 |PTIH |, < || H| s

Proof:
|PIIH|,, = |PI(Hr)l,
< ||Hr||, by Lemma 12
— ||H||,. by Equation 3.29
|

Moreover, the on-policy operator is a contraction with Bgo||-||,.-

Lemmal5 ||OH, — OHs||,r < y||Hy — Ha|lox

Proof: By the definition of on-policy operatd® (see Equation 3.27), we have

|OH, — OHyl|pr = ||(1 =) +~PIIH, — (1 —v)] — yPIHs|5,
= ||’}/PHH1 —’}/PHHQHZJ-
= ||[PIL(Hy — Hy) |z
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Together with Lemma 14, we obtain

||OH1 — OH2||z,r < rYHHl - H2Hz,r

Thus, once again by the contraction map fixed point theoreenetexists a fixed
point of © among row normalized matricd$. Therefore, repeated applications
of O converge to a matri¥{y; such thatdy = OHy; that is, Hy; satisfies the
policy based Bellman equation for dual representations Eggiation 3.25). One
subtlety here is that the dual fixed point is not unique bee#usre is a many to one
relationship between the dual and primal representatgiven by Hr = (1 — ~)q
in Theorem 2.

So far | have shown that on-policy dynamic programming coye®ein the dual
representation, without making direct reference to thengrirepresentation. By
sampling the model of an MDR(andr) in these planning algorithms, we can get

their corresponding learning algorithms with point-wigelates (see Appendix B).

3.5 Policy Improvement

The next step is to consider mechanisms for policy improvenvehich combined
with policy evaluation form policy iteration algorithms gable of solving MDP
planning problems.

Primal Representation
The standard primal policy improvement update is well kno@iven a current
policy 7, whose state value functionor state-action value functiaphave already

been determined, one can derive an improved peticyia the update

a*(s) = argmaxqsq) (3.30)
= argmaxr(sq) + VF(sa,)V (3.31)

B 1 ifa=a*(s)
Mea) = 0 if a # a*(s)

The subsequent “policy improvement theorem” verifies thet ipdate leads to an

(3.32)

improved policy.
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Theorem 3 IIq < IT'q impliesv < v/

Proof: Sincev = Ilq (see Lemma 10) ang = r + v PIlq (see Equation 3.19)
q = r+~Pv (3.33)
Plugging the above relation into the assumpfibn < I1'q,

I(r +~yPv) < II'(r+~Pv)
— IIr +7IIPv < Il'r +AII'Pv (3.34)

Usingv = IIr + 711 Pv (see Equation 3.10) recursively, the above inequality-rela

tion becomes
v < I'r+~II'Pv

= I'r +~II'PII(r + vPv)
< I'r +~II'PI(r + yPv)

= Il'r + I PIl'r + *(II'P)*v
— Z ’YZ(H/P)ZH/I'
=0
From the definition of (see Equation 3.9), we have
> 4@ pymr = v (3.35)
=0
Therefore,
v < Vv (3.36)
i

Dual Representation
The above development can be parallelled in the dual by ffsticg an analo-

gous policy update and proving an analogous policy imprardrtheorem. Given
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a current policyr, in the dual one can derive an improved policyby the update

a*(s) = argmax H(sq)r (3.37)

= argmax(l — ¥)r(sa) + VPsq,) M1Ir (3.38)
;o 1 if a=a*(s)

Tisa) = { 0 if a+#a*(s) (3.39)

In fact, by Theorem 2, the two policy updates given in EquaBa30 and Equa-
tion 3.37 respectively, must lead to the same resultingcpeti. Therefore, not

surprisingly, we have an analogous policy improvementrd®an this case.

Theorem 4 I1Hr < II'Hr impliesMIIr < M'Il'r
Proof: PluggingMII = I1H (see Lemma 11) anfl = (1 — v)I + yPIIH (see
Equation 3.25) into the assumptibi{r < II' Hr, we have

MIlr < (1 —~)l'r+~II'PIIHTY (3.40)

Using the assumptiollHr < II'Hr and Equation 3.25 recursively in the above

relation,

(1—y)I'r +~II'PIIHr < (1—~)I'r+~II'PII'Hr

'r +AII'PI [(1 — 4)I + vPIIH]r

( )
(1-7)
(1 — )t + (1 — )1 PI'r + +*(IT'P)*T1 Hr
( )

1 — It + (1 — 4)yI PI'r + ~*(II' P)*II' Hr
= (1—9)) A+ (Irp)m'r
=0
From the definition of\/ (see Equation 3.14), we have
—7)> ' (II'PyI'r = MT'r (3.41)
Therefore,

MIlr < M'T'r (3.42)
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Thus, a dual state policy iteration algorithm can be conabfe¢xpressed in
terms of the dual representatiai, incorporating both dual policy evaluation (see
Equation 3.15) and dual policy improvement (see Equati@8)3leading to an
equivalent result to the standard primal policy iteratitgoathm based orv (see

Equation 3.10) and primal policy improvement (see Equadi&i).

3.6 Off-Policy Update

The off-policy update is prominent in dynamic programmiegy(, value iteration)
and reinforcement learning algorithms (e.g., Q-learnifidye off-policy updateVt
is different from on-policy updaté® in that it is neither linear nor defined by any
reference policy, but instead applieg@edy maxpdate to the current estimates.
In this section, | only present the planning algorithms g<gime off-policy up-
date and their convergence analysis. In particular, | shamwgd Bellman iteration
algorithms with value function representations and dualsonmith visit distribution
representations. By sampling the model of an MDPandr) in these planning
algorithms, we can get their corresponding learning algors with point-wise up-

dates (see Appendix B).

3.6.1 Primal Representations

In the primal case, Bellman iteration of state value funttiorresponds to the well
known value iteration algorithm (see Table 2.2), which isdzhon the off-policy

updateM for state value functionr
Mv = II"[r+~Pv] where
IT*[r + ’}/PV](S) = MaxXT(sq) + Vs,V (3.43)

The goal of this greedy update is to bring the representatioloser to satisfying
the optimal-policy Bellman equation = IT*[r 4+ v Pv].

Similarly, the off-policy update operatovt for state-action value functiodq is
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defined as
Mq = r+~PII"[q] where
H*[q](S) = mélXQ(sa) (344)

The goal of this greedy update is to bring the representagioloser to satisfying
the optimal-policy Bellman equatiaf = r + vPII*[q].

3.6.2 Dual Representations

In the dual, Bellman iteration bypass the explicit représton of the value of a
policy, and attempt to update the evaluation of the optinodicp implicitly. An

analogous off-policy updat#1 for the state visit distribution can be defined as
MM = (1—~v) +~I;[M]P, where

IG[M](s,5ary = L(s=s)L(ar=ax(s))

a*(s) = argmax P(sa,:)MIlIr (3.45)

wherel_,y equalsl whens = s’ and 0 whens # s', and 1(y—.-(s)) €qualsl
whend' = a*(s)’ and 0 whend' # a*(s). The goal of this greedy update is to
bring the representatiall closer to satisfying the optimal-policy Bellman equation
M = (1 —~)I +~II:[PM].

Similarly, the max-policy update operatdr for state-action visit distribution

H is defined as
MH = (1—-~)]+~PI;[H], where

IG[H] (5,500 = Lis=s)L(a=a*(s))

a*(s) = argmax Z Hsq,57am)T (570 (3.46)
“ (s
The goal of this greedy update is to bring the representdiiaoser to satisfying
the optimal-policy Bellman equatioH = (1 — )1 + yPII:[H].
Note that a dual form of Bellman iteration algorithms neetneger to the pri-

mal value functions at all. Nevertheless, the off-policglaie ofq (see Equation
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3.44) and the off-policy update df (see Equation 3.46) behave equivalently be-

cause of their relatiofil — v)q = Hr (see Theorem 2 in Section 3.4.2).

Lemma16 If (1—v)q = Hr, then(l—~)Mq= MHTr.

Proof: From the assumption,

(1-=v)a=Hr = (1 —7)qsa) = [Hr]a) Y(sa)
Together with the definitions di* in Equation 3.44 and 3.46, we have

(1=I"[q] = I"[Hr] — (1-9)II"[q] = IE[H]r
Applying M update org (see Equation 3.44), we get

(1-y)Mq = (1—=7)(r+~PII"[q])
Substituting(1 —~)I1*[q] with IT:[H]r, we have
(I-mMq = (1—7)r+~+PIE[H])r

Note that\IH = (1—~)I + vPII;[H] (see Equation 3.46),

(1—y)Mq = MHr

Similarly, the off-policy update of (see Equation 3.43) and the updateldf
(see Equation 3.45) behave equivalently because of tHatiae (1 — v)v = MIIr
(see Theorem 1 in Section 3.4.1). That(is;-~v)Mv = MMIIr holds.

3.6.3 Convergence Analysis

To keep the presentation efficient, here | only show the agaree analysis of off-
policy update for the state-action based representatiparsd /. Analogous results
are easily obtained for the state-based representatioasgd M. The strategy for
establishing convergence for the nonlinear max operatmsar to the on-policy

case, but involves working with a different norm. Insteaconsidering a 2-norm
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weighted by the visit probabilities induced by a fixed pgliope simply uses the

max-norm in this case

lalle = max |q(sa)| (3.47)

The contraction property of th&1 operator with respect to this norm can then

be established in the primal case as follows.

Theorem 5 | Mq; — Mzl < 7|la1 — a2/ (Bertsekas, 1995)

Proof: Let scalar
0 = a1 — 92|

Then
qz —oe < q; < qp +de

By Lemma 17 and Lemma 18 below, we have

Mqy — vée < Mqy < Mqs + yde
= Mq; — Mqy < yde and Mq; — Mqy > —vde

= [Ma1 — Maqa[[c <76

That is
[Mar — Mazlee < vllar — @2/l

Lemma 17 M(q + de) = Mq + vde (Bertsekas, 1995)

Proof:

M(q+o0e) = r+~PII*[q+ de]
= r+yPII"[q] + yde
= Mq+ yde

i
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Lemmal8 If q; < qs, thenMq; < Mq, (Bertsekas, 1995).

Proof:
q: < q2

= Qi(sa) < Q2(s0) V55 0

= Max iy < Max 2 sq)

= II"[qu] < 1I"[qq]

= PII"[qi] < vPII"[q]

= r+vPII"[qi] < r+yPII%[qy)

= Mq; < Mqy

The above theorem shows that contraction suffices to estethie existence of
a unique fixed point ofM among vectorsj, and that repeated application .o
converges to a fixed poinf, such thatMq, = q..

To establish convergence of the off-policy update in thel depresentation,
First | define the max-norm for state-action visit distribatas

|l = max| Y HasaFsar)| (3.48)
(s'a’)
Then | will simply reduce the dual to the primal case by apipgdb the relationship
(1—y)Mq = MHr (see Lemma 16) to prove convergence\df .

Given convergence aMq to a fixed pointMq. = q., the same must also
hold for M H. Again, one subtlety here is that the dual fixed point is nogue.
That is, the relationship betwedr and q is many to one, and several matrices
can correspond to the same These matrices form a convex subspace (in fact, a
simplex), since iff;r = (1 —v)qandH,r = (1—~)qthen(aH; + (1 —a)Hsy)r =
(1—~)qfor any«, where furthermore must be restricted t < « < 1 to maintain
nonnegativity. The simplex of fixed poinf{¢7. : M H, = H.} is given by matrices
H, that satisfyH,r = (1 — 7)q..

So far | presented novel, dual algorithms for dynamic progréng in tabu-

lar case, based on maintaining explicit representatiorstadgfonary distributions
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instead of value functions. Primal and dual representat{@fgorithms) exhibit
strong equivalence in the tabular case, as they should. vwehen | begin to

consider approximation, differences emerge.

3.7 Approximate Dynamic Programming

Scaling up DP and RL algorithms to large sequential decismaking problem

domains has received a great deal of attention in recensye@ne commonly
used technique is to generalize across state or stateragare by exploiting the
structure of the problem with function approximation. Tisathe target function is
approximated as a parameterized function of a set of basaifuns (also usually
referred to as “bases” or “features”). This parametrizatould be either linear

approximation or non-linear approximation.

3.7.1 Approximate Representations

Here | examine the representations of linear approximdtioboth the primal and

dual cases since linear function approximation is wideladus

Primal Linear Approximation

In the primal case, linear approximation proceeds by fixingrall set of basis
functions, forming & S||A| x k matrix &, wherek is the number of bases. The

approximation ofy can be expressed by a linear combination of bases
q = dw (3.49)

wherew is ak x 1 vector of adjustable weights. This is equivalent to maimtey

the constraint thag € col_spar{®).

Dual Linear Approximation

In the dual, a similar linear approximation strategy canddie@ived as in the primal
case, except that constraints need to be added to ensuesthirg approximation

H is row normalized. That is, we start with a linear representation

A

H = reshape(Yw) (3.50)
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wherew is ak x 1 vector of adjustable weights as it is in the primal cageis

a (|S]|A])? x k matrix of basis functions, and the operateshape converts the
vectorU'w, whose dimension i§S|| A])? x 1, into a|S||A| x |S||A] matrix. Since
the vec operatof is an inverse operator of thesshape operator, the above linear

representation can be rewritten as
vec(H) = UYw (3.51)

| explain this representation a little further. We know tmaatrix ¥ has &
columns of bases. Th#" column of ¥ can then be viewed ag. ;) = vec(T®),
whereT@ is an|S||A| x | S||A] matrix. Each of these basis matrices is required to
be row normalized (i.€Y¥1 = 1). SinceY® 1 is a|S||A|x 1 vector, this constraint

can be expressed by
TO1 = vec(T®1) (3.52)
Usingvec(AB) = (B" @ I)vec(A), ® it follows that
vece(YW1) = (17T @ Iwec(TW) = (1T @ T, (3.53)

where the operatap is the Kronecker produét.

4The vec operator creates a column vector from a ma&iby stacking the column vectors of
A = (ya - - - a,) below one another:

]
a
vec(A) =
a,
SRecall Proposition 7.1.9. in Book (Bernstein, 2005).
6Let A be ann x p matrix andB be anm x ¢ matrix. Themn x pg matrix

a(u)S a(u)S a<1p>g

Q21 (22 a2

AgBo | “@ () )
an1)B  am2)B - amy)B

is called the Kronecker product 8f andB. It is also called the direct product or the tensor product.
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Therefore, we have

oDV = 1Ty Pey - Vi)
= (AT DV (1T @ DY (1T @ 1)V
= [17T @ Dvec(YWD)--- (1T @ DNoec(YD) - (1T @ Ivec(TW)]
= [oec(TW1) - vec(TD1) - - vec(TH1)]
= [1---1---1]
= 117 (3.54)

wherel1' defines d5||A| x k matrix of all ones.
To ensure thaf/ remains a nonnegative, row normalized approximatioff fo

we simply add the constraints
>0, 1'e0)v=11" (3.55)
and
w > 0, w'l=1 (3.56)

Lemmal9 If U >0, (17®I)¥ =117 andw >0, w'l =1, thenvec(H) =
Uw satisfiesd > 0andH1 = 1.

Proof: From the assumption thdt > 0 andw > 0, H > 0 is obvious.

From the assumption thét '@ 7)¥ = 11" andw "1 = 1, we have
1Tehvw=11"Tw=1 (3.57)
Pluggingvec(H) = Uw into Equation 3.57, we have
(1T ®Hvec(H) = 1
Sincevec(AB) = (B" ® I'vec(A), we know that

vec(H1) = 1 (3.58)

A1l = 1 (3.59)



In summary, in the dual the linear approximation of matfiixs

A~

vec(H) = Yw  subject to
>0, 1"y =117, w>0, wl1=1 (3.60)

| denote the constraint oA as H € simplex¥), such that simpled¥) = {H :
vece(H) = Uw, U >0, (1T®I)¥U =117, w > 0, w'1 = 1}. This means that
the bases can be reshaped into row normalized, nonnegadiviees. Therefore, it
is sufficient for the weight vectow to be positive and normalized to ensure tHat
is positive and row normalized.

In this section, | first introduce operators (projection igber and gradient op-
erator) that ensure the approximations stay representatie given bases. Then
| consider their composition with the on-policy update affdpolicy update, and
analyze their convergence properties. For the compodgifidime on-policy update
and projection operator, | establish a similar bound on @xpration error in the
dual case as in the primal case. Famously, the off-policyatepdoes not always
have a fixed point when combined with approximation in thenplicase (de Farias
& Van Roy, 2000), and consequently suffers the risk of dieeg (Baird, 1995;
Sutton & Barto, 1998). However, in the dual case the off-golipdate with linear
approximation cannot diverge because of boundedness ditlegepresentations;
although the question of whether off-policy update alwagsverges in the dual

remains open.

3.7.2 Projection Operator

Recall that in the primal, the action value functiqns approximated by a linear
combination of bases i (see Equation 3.49). Unfortunately, there is no reason
to expectOq or Mq to stay in the column span @, so a best approximation
is required. The subtlety resolved by Tsitsiklis and Van Rb997) is to iden-
tify a particular form of best approximation—weighted lesguares—that ensures
convergence is still achieved when combined with the omepaperatorO. Un-

fortunately, the fixed point of this combined update operatoot guaranteed to be
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the best representable approximatiof®d fixed point,qr;. Nevertheless, a bound
can be proved on how close this altered fixed point is to therepsesentable ap-

proximation.

Primal Case

We summarize a few details that will be useful below. Fitst,best least squares
approximation is computed with respect to the distributtonThe map from a
generalq vector onto its best approximation in cghari®) is defined by another

operator,P, which projectsy into the column span cb

Pq = argmin |q-q,” (3.61)
gecol_spar(®)

whereq is the true value function anglis an approximation for it.

The above equation can be rewritten as
Pq = argmin|q—qll,° subjecttog=dw forsomew (3.62)
a
This optimization problem can be expressed in terms @is

Pq = ®w* subjecttow” = argmin ||q — dw]|,’ (3.63)

w* can be solved by taking derivative [y — ®w||,” with respect tow and letting

it equal to zero,
w' = (TZd) ' Zq (3.64)
Pluggingw* back into Equation 3.63, we have
Pq = (@' 2d)'d"Zq

The important property of this weighted projection is thas ia non-expansion

Pdll» < [la
alized Phythagorean theorem (see below Lemma 20).

operator inj-||,, i.e.,

2» Which can be easily obtained from the gener-

Lemma20 ||q.” = ||Pall.” + |la — Pqll,” (Tsitsiklis & Van Roy, 1997)
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Approximate dynamic programming then proceeds by compdbie two oper-
ators —the on-policy updat@ with the subspace projectid— essentially com-
puting the best representable approximation of the oneugidate. This combined
operator is guaranteed to converge, since composing axpansion with a con-
traction is still a contraction. In fact, Lemma 13 can be s&ablished for the com-
positionPO. Thus, by the contraction map fixed point theorem (Bertsek@35)

a fixed point must exist and is unique. Lgt = POq, be the fixed point of

the combined operator. Unfortunately, the fixed pejntis not guaranteed to be
the best representable approximatiorf$ fixed pointqr. Nevertheless, a bound
can be proved on how close the altered fixed pqintis to the best representable

approximatioriPqy; of O’s fixed point.

Lemma2l ||q; — qnull. < = ||Pan — anl|. (Tsitsiklis & Van Roy, 1997)

1—y
Proof: First note that

la+—anlz = |la+—Pag+Pan—aqml|»

< las=Panllz+||Pan—arm|- (3.65)

Sinceq, = POq., we have

la+=Paul. = [POa+—Paul. (3.66)
Next notice thafP is a non-expansion operator agd = Oqp,
POqs —=Panll, < [[Oqr—anllz=[|Oq+—Oqnl. (3.67)

By Lemma 13, we also have
109y —Odqunll. < 7vlar—qunl. (3.68)
From Equations 3.66, 3.67, and 3.68, we have
las=Panll. < 7llas—danll (3.69)

Plugging Equation 3.69 back into Equation 3.65, then we have

la+ —anllz < vlla+ —anllz+ |Pan—dnl|
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Since0 < v < 1, rearranging the above equation yields,

1
||Q+—QH|| < —||PQH—QH||Z

z = 1_7

Linear function approximation in the dual case is a bit maymplicated be-
cause matrices are being represented, not vectors, andveotbe matrices need
to satisfy row normalization and nonnegativity constrainNevertheless, a very

similar approach to the primal case can be successfullyeappl

Dual Case

Recall that in the dual, state-action visit distributifnis approximated by a lin-
ear combination of bases i (see Equation 3.60). As in the primal case, there is
no reason to expect that an update Ré& should keep the matrix in the simplex.
Therefore, a projection operator must be constructed thigrohines the best rep-
resentable approximation t8H. One needs to be careful to define this projection
with respect to the right norm to ensure convergence. Heresbudo-nornj- ||, ,
defined in Equation 3.29 suits this purpose. Define the wedjptojection operator
‘P over matrices

PH = argmin ||H — HH”2 (3.70)

Hesimplex¥)
The projection could be obtained by solving the above quedpaogram. A key

result is that this projection operator is a non-expansiih mespect to the pseudo-

norm |-{| .-

Theorem 6 | PH||,x < || H||7x

Proof: The easiest way to prove the theorem is to observe that thection oper-
atorP is really a composition of three orthogonal projectionstfionto the linear
subspace spéair), then onto the subspace of row normalized matrices (Span

{H : H1 = 1}, and finally onto the space of nonnegative matrices 8pan { H :

H1 =1} n{H : H > 0}. Note that the last projection into the nonnegative
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halfspace is equivalent to a projection into a linear subsgar some hyperplane
tangent to the simplex.

Each one of these projections is a non-expansigh|jp, in the same way: a
generalized Pythagorean theorem holds. Consider just otese linear projec-

tionsP;.
||H||Z,r2 = ||731H—|—H—731H||z7r2
— ||PyHr 4 Hr — Py Hrl|,”
= ||771HrHZ2+ HHr—PlHrHZ2
= ||731}I||z7r2 + HH - ,P1||z7r2

where the third equality follows from Lemma 20. Since therallgorojection is

just a composition of non-expansions, it too must be a ngraesionjj

As in the primal, approximate dynamic programming can belemgnted by
composing the on-policy updat@ with the projection operatgP. SinceQ is a
contraction and® a non-expansior? O must also be a contraction, and it then fol-
lows that it has a fixed point. Note that, as in the tabular dhsefixed point is only
unigue up tad r-equivalence, since the pseudo-ndfif, . does not distinguisi/,
and H, such thati;r = H,r. Here too, the fixed point is actually a simplex of
equivalent solutions. For simplicity, | denote the simpdéfixed points forPO by
some representativié, = POH,.

Finally, I can recover an approximation bound that is analsgto the primal
bound, which bounds the approximation error betwéen and the best repre-

sentable approximation to the on-policy fixed patht = O Hyy.

Theorem 7 |[H — Hullpr < 15 P Hu — Hullx

— 1_
Proof: First note that

||H+_HH||Z,1" = ||H+_PHH+PHH_HHHZJ
< |[[Hi=PHnllzr+PHn— Hulls,x (3.71)

SinceH, = POH,, we have
|\Hy—PHul|,r = |[POH+—PHulay, (3.72)
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Next notice thafP is a non-expansion operator afgh = O Hy,
|POH, ~PHulsr < |OH,~Hullsx = |OH, ~OHul,e  (3.73)
By Lemma 15, we also have

|OH, —OHun|lzr < 7lH+—Hullzs (3.74)

From Equations 3.72, 3.73, and 3.74, we have

|Hy=PHnllze < AI[Hy—Hullz (3.75)

Plugging Equation 3.75 back into Equation 3.71, then we have

|Hy = Hitlze < Y|[Hs = Hullge+ [P Hn— Hul| o
Since0 < v < 1, rearranging the above equation yields,

1
||H+_HH||Z,I' < EHPHH_HHHZJ‘

To compare the primal and dual results, note that despitsithigarity of the
bounds, the projection operators do not preserve the tjgtionship between pri-
mal and dual updates. That s, evefilif-v)q = Hrand(1—+v)(Oq) = (OH)r, it
is not true in general that — ~)(POq) = (POH )r. The most obvious difference
comes from the fact that in the dual, the spacé/ohatrices has bounded diameter,
whereas in the primal, the spacegp¥ectors has unbounded diameter in the natural
norms. Automatically, the dual updates cannot diverge aatmpositions like? O
andP M. However updat® M is known to not have fixed points in the primal in

general (de Farias & Van Roy, 2000).

3.7.3 Gradient Operator

In large scale problems one does not normally have the lugtioppmputing full
dynamic programming updates that evaluate complete exji@ts over the entire

domain, which requires knowing the stationary visit disition z for PII, i.e.,
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knowing the model of an MDP. Moreover, full least squaregemtions are usu-
ally not practical to compute either. The main intermed&tep toward practical
algorithms is to formulate gradient step operators thay approximate complete
projections. Conveniently, the gradient update and ptigjewperators are inde-
pendent of the on-policy and off-policy updates and can lpdieghin either case.

However, as we will see below, the gradient update operatases significant in-
stability in the off-policy update, to the degree that dgesice is a common phe-
nomenon (much more so than with full projections). Compgspproximation

with off-policy update (max operator) in the primal case ¢@ndangerous. All

other operator combinations are much better behaved inigga@and even those

that are not known to converge usually behave reasonably.

Primal Case

Gradient step updates are easily derived from a given pgrofeoperator. In
this case, one always works directly with weight vectersrather thany vectors.
Recall that the projection operator actually is equivatergolving for a vectomw

of basis combination weights that minimizes the least sgjohjective

1 A 1
Jq = §||q—q||z2 = §||q—<I>W||z2 (3.76)

whereq = dw.

The gradient of above objective with respectstas
Valqy = @' Z(dw—q) = ®'Z(q—q) (3.77)

Using the relatiorqy = ®w, we can derive the gradient update with respe¢ to

as
Ged = q—adVylJy = q—add' Z(q—q) (3.78)

whereq is a positive step-size parameter.
Since the target vecteyis determined by the underlying dynamic programming

update, this gives the composed updates
GaOq = q—a®d'Z(q— Oq) (3.79)
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and
GaMq = q—ad®'(q— Mq) (3.80)

respectively for the on-policy and off-policy cases.

In practice, an iterative optimization gfis attempted by
A1 = Gq O (3.81)
and
Qi1 = GgMa: (3.82)

respectively for the on-policy and off-policy cases.

Dual Case

In the dual representation, one can derive a gradient upgeteator in a similar
way, except that it is important to maintain the constraoristhe parameters
given the basis functions are the probability distribusioAs in the primal case, |
start by considering the projection objective

1 - .
Jy = §||H - H||z,,r2 subject to
vec(H) =Iw, w>0, w'1l=1 (3.83)

By the norm definition (see Equation 3.29), the above ohjeaan be written as
1 A2
Jy = §||Hr—Hr||z (3.84)
SinceHr and Hr are column vectors angtc(AB) = (BT @ Ivec(A), we have

Hr = vec(Hr) = (r' ®@ Ivec(H) = (r' @ I)h (3.85)
Hr = vec(Hr) = (r" @ INvec(H) = (r' @ I)h (3.86)

whereh £ vec(H) andh £ vec(H). Therefore, the objective becomes

1 R
Ty = §Hvec(Hr)—vec(Hr)Hz2

= %H(J ® I)(vec(H) — vec(H))||,"

= 2T @ D - ww)]) (3.87)
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The unconstrained gradient of the above objective witheesfow is

Vodg = V(" @D Zx" @ )(Yw — h)
= U’ o Ze"@I)(h—h)
= I Z@x"®I)(h—h) (3.88)

wherel' = (r" ® 1)V, " anddiag(Z) corresponds to the stationary distribution over
state-action pairs.

However, this gradient step cannot be followed directlyaose | need to main-
tain the constraints. The constraint 1 = 1 can be maintained by first projecting

the gradient onto it, obtaining

ow = ([—%HT)VWJH (3.89)

Thus, the weight vector can be updated by

Wil = Wy —adw (3.90)

= w,—a(l - %HT)FTZ(rT @ I)(h—h) (3.91)

where« is a step-size parameter.

Then the gradient operator can then be defined by

Gih = h—a¥iw (3.92)

—a¥(I - %HT)FTZ(rT @ I)(h—h) (3.93)

Il
>

Similarly as in the primal, since the target vectér(i.e., h) is determined by

the underlying dynamic programming update, this gives tmemosed updates

G,Oh = a¥(I— %HT)FTZ(rT @ I)(h — Oh) (3.94)

"Note thatl", whose dimension isS||A| x k, can be precomputedifis known.

I = (" @D Pe - Yer)

(cT @ DTy (T @Dy (07 @ D)W )]

= [(¢" @ Dvec(TW) - (x7 @ Dvec(TD) - (r" @ Ivec(T®)]
[Ty .. x@p...x®)y
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and

1 .
GMh = a¥(I - EllT)FT(rT @ I)(h — Mh) (3.95)
respectively for the on-policy and off-policy cases.
Again, iterations that attempt to optimizeén the on-policy and off-policy cases

respectively are given by

hi = Gy Ohy (3.96)
and

his1 = Gy My (3.97)

The convergence properties of the gradient operators aestigated through
the experimental studies in Section 3.8. The convergenthea§ © operator is
observed in both primal and dual cases for all the testirkgtadowever, the; M
operator behaves quite differently. In the primal, the djeace of th&j M operator
is observed in all the testing tasks while §i&1 operator always converges in the
dual. The intuition of the convergence of tgé1 operator in the dual case is that
the dual representations are bounded. Dual approximat&reement learning
algorithms can be found in Appendix C.

So far, | have shown the dual dynamic programming algoritiwits linear
function approximation. The dual approach appears to helgrdficant advantage
over the standard primal approach: dual updates cannatgéileecause the fun-
damental objects being represented are normalized pidpabstributions (i.e.,

belong to a bounded simplex).

3.8 Experimental Results

To investigate the effectiveness of the dual represemisticconducted experiments
of the dynamic programming algorithms on randomly synte$iMDPs, on the
star problem and on themountain carproblem. The randomly synthesized MDP
domains allow me to test the general properties of the algos. The star prob-

lem is perhaps the most-cited example of a problem whereafleg with linear
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function approximation diverges (Baird, 1995), and the maun car domain has
been prone to divergence with some primal representati@mgaf & Moore, 1995)
although successful results were reported when bases lasteseby sparse tile
coding (Sutton, 1996).

| believe understanding the convergence properties of yimardic program-
ming algorithms will help understand the convergence ofréieforcement learn-
ing algorithms, which can be viewed as the sampled versibtieedP algorithms
without the knowledge of an environment model. For eachlpraldomain, twelve
dynamic programming algorithnfswith a finite horizon1000 were run over 100
repeats. The discount factor was se{te0.9. For on-policy algorithms, | measure
the difference between the values generated by the algmsitind those generated
by the analytically determined fixed-point. For off-polialgorithms, | measure the
difference between the values generated by the resultihgypnd the values of
the optimal policy. The step size for the gradient updatesOaiafor primal repre-
sentations and00 for dual representations. The initial values of stateeactialue
functionsq are set according to standard normal distribution and-sietien visit
distributionsH are chosen uniformly randomly with row normalization.

In all the plots in this section, the x-axis is the number & $tep in a sequen-
tial decision making process and the y-axis measures the difference between
different algorithms with respect to some particular narrgsr the on-policyO
update, the plots show the distance from the current estgr{aitheky or /) to the
fixed point determined by the policy. The distance for onigyoprimal representa-
tion q is measured by the norm defined in Equation 3.28; the distfanca-policy
dual representatio is measured by the norm defined in Equation 3.29.

For the off-policy M operator, the plots show the distance from the current
estimates to the optimal values (eitkgror H*). The distance for off-policy pri-
mal representation is measured by the max norm defined in Equation 3.47. The
distance for off-policy dual representatidh is measured by the norm defined in
Equation 3.48.

8Tabular on-policy ©), projection on-policy P©), gradient on-policy§©), tabular off-policy
(M), projection off-policy P.M), and gradient off-policy§.M) for both the primal and the dual.
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Figures 3.2, 3.4, and 3.6 show the behavior of the on-politiate operators on
different problems with both primal and dual representaid=igures 3.3, 3.5, and
3.7 show the behavior of the off-policy update operatorsitiarént problems with

both primal and dual representations.

3.8.1 Task: Randomly Synthesized MDPs

For the synthesized MDPs, | generated the transition andrevunction of the
MDPs randomly—the transition function is uniformly diswited betwee and1
and the reward function is normally distributed with mé&sand variancd. Since
my goal is to investigate the convergence of the algorithmtisout carefully craft-
ing features, | also choose random basis functions acaptdirstandard normal
distribution for primal representations, and random bdisgibutions according to
uniform distribution for dual representations.

Here | only reported the plots of random MDPs with0 statesj actions, and
10 bases, averaging ovef0 repeats because | observed consistent convergence
using dual representations with various MDP problems witterent number of
states, actions, and bases (the trends of the curves ataryimi

In Figure 3.3, the curve (solid line with the circle markef)tloe gradient off-
policy (G M) update with state-action value blows up (diverge) whildtad other
curves (algorithms) in Figures 3.2 and 3.3 converge. Istargly, the approximate
error of the algorithmPOH (4.60 x 10~3) is much smaller than the approximate
error of the algorithnPOq (4.23 x 10~2) although their theoretical bounds are the

same (see Figure 3.2).

3.8.2 Task: The Star Problem

The star problem hasstates an@ actions as Figure 3.1 shows. The reward func-
tion is zero for each transitions. The transitions in sahié$ are triggered by action
a; and the transitions in dotted lines are generated by aetipthat is, taking ac-
tion a; in all the states will cause a transition to statevith probability 1; taking
actionas, in each state will cause a transition to one of statethroughsg with
equal probabilityl /6.
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In my experiments, | used the same fix policy and linear valmetion approx-
imation as Baird did. The fixed policy chooses actian with probability1/7 and
actiona, with probability6 /7. How the action values are represented can be figured
out from Figure 3.1. The number of based #sand the dimension of the weight
vector is14x 1. Thei®* component of the weight vectoris wherei = 0, - - - , 13.
The action values are given by the linear combination of tegtts. For example,
Q(s1,a1) = wo + 2wy andQ(sy,a2) = wy. The initial action values ofi; are
bigger than the ones af, and the value of the actiam in state six is the largest
action values. In the dual, the number of basdd i®o and the initial values of the
state-action visit distribution matrikl are uniformly distributed random numbers
betweer() and1 with row normalization.

The gradient off-policy update in the primal case diverga=e(the solid line
with the circle marker in Figure 3.5). However, all the updatvith the dual repre-

sentation algorithms converge (see Figures 3.4 and 3.5).

3.8.3 Task: TheMountain Car Problem

The mountain car domain has continuous state and actioespahich | discretize
with a simple grid, resulting in an MDP with 222 states and B8oms. The num-
ber of bases is chosen to bein both the primal and dual algorithms. For the
same reason as before, | chose the bases for the algorithohsméy. In the pri-
mal representations with linear function approximatiaridomly generated basis
functions according to the standard normal distributiorthe dual representations,
| randomly picked the basis distributions according to thigasm distribution.

In Figure 3.7, | again observed blow-up of the gradient afigy update with
state-action value in the primal and the convergence ohaltiual algorithms (see
Figures 3.6 and 3.7). Interestingly, the approximatiowreof the projection on-
policy POH in the dual (.19) is also considerably smaller than the dR&q
(3.26 x 10?) in the primal.

In summary, the dual dynamic programming algorithms in &axtverge in the

9Baird observed that Q-learning with linear function appmeation can diverge on this problem
even when training on a fixed stochastic policy (Baird, 1995)
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Update Primal Representatign Dual Representatio”

O O(mn) O(m?n)

M O(m) O(m)

P O(mk + k%) O(m?k + k3)

g O(mk) O(m?k)
PO O(mn + mk + k3) O(m?n +m?k + k?)
Ggo O(mn + mk) O(m?*n + m?k)
PM O(mk + k?) O(m?k + k3)
gM O(mk) O(m?k)

Table 3.1: Computational complexity of the dynamic progmang algorithms:
tabular on-policy ©), projection on-policy PO), gradient on-policy §O), tab-
ular off-policy (M), projection off-policy P.M), and gradient off-policy § M)
updates for both the primal and the dual representations guihntityn is the num-
ber of states, i.en = |S|. The quantitym is the product of the number of states
and the number of actions, i.ex = |S||A|. The quantityk is the number of bases
(features) in linear approximation case. Usuallis much less thapS| and|A].

very circumstance where primal algorithm can diverge: gnatdoff-policy update
with linear function approximation. The experimental fesof randomly synthe-
sized MDPs and the mountain car problem showed that oftpolpdates diverge
when composed with gradierd.(M) in the primal with randomly picked basis func-

tions whileG M converges in the dual with randomly picked basis distrdnsi

3.9 Complexity Analysisof Dual Algorithms

Although dual representations are interesting, dual &lgos can be computation-
ally much more expensive than the corresponding primalrdlgos, ignoring pos-
sible sparsity of the dual representations. Table 3.1 israrsary of the complexity
of the dynamic programming algorithms presented in thiptdra The cost of the
composed update operators are the sum of the costs of itatoperFor example,

the cost of PO is the sum of cost of) and cost ofP.

67



Figure 3.1: The star problem

On—-Policy Update on Random MDPs
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Figure 3.2: On-policy update of state-action vatyend visit distributionHd on
randomly synthesized MDPs
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Off—Policy Update on Random MDPs
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Figure 3.3: Off-policy update of state-action valgeand visit distributionH on
randomly synthesized MDPs
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Figure 3.4: On-policy update of state-action vatpand visit distribution// on the
star problem
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Off—Policy Update on Star Problem
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Figure 3.5: Off-policy update of state-action vakyand visit distribution on the
star problem
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Figure 3.6: On-policy update of state-action vatpand visit distribution/ on the
mountain car problem
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3.10 Conclusion

| have introduced dual representations and a body of noalalgorithms for se-
guential decision making problems. Dual representatioaisitain an explicit rep-
resentation of visit distributions as opposed to value fions. Therefore, dual
algorithms, since they are based on estimating normalirsagbility distributions
rather than unbounded value functions, avoid divergenea av the presence of
approximation and off-policy updates. Moreover, dual althpons remain stable in
situations where standard value function estimation geer One limitation of the
dual approach is that the updates in the dual algorithms are expensive than
the ones in the primal case. However, this limitation maydakled by exploiting
the sparsity in the dual matrix representations, which mioghthe case for some
decision making problems.

| studied the convergence properties of the dual dynamigraroming algo-
rithms both theoretically and empirically. | observed tbatpolicy updates con-
verge in both primal and dual algorithms while off-policydgtes diverge when
composed with gradient operator in the primal, not in thd.duaarning from the
techniques for proving convergence for the primal algonghl proved the conver-
gence of tabular on-policy?Y), tabular off-policy (M), and projection on-policy
(PO) updates for the dual. The reason is that these updates arexpansion
(or contraction) operators with respect to the right norrne €xperimental studies
show the convergence of the projection off-poli@&/¥1), gradient on-policy§O),
and gradient off-policy@.M) in the dual, however these were not proved.

In the next chapter, | will present my attempt to the secosdas how can
we balance the fundamental trade-off between explorationexploitation during

action selection?
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Off—Policy Update on Mountain Car
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Figure 3.7: Off-policy update of state-action vakyand visit distribution on the
mountain car problem
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Chapter 4

A Sparse Sampling Approach to
Action Selection

In this chapter, | address the well-known problem of balag@xploitation with
exploration, or more generally, the problem of action seealuring reinforcement
learning from a Bayesian point of view. My approach combisgarse sampling
with Bayesian exploration to achieve improved decision imgkwhile controlling
computational cost. The idea is to exploit a Bayesian pmstey make intelligent
action selection decisions by constructing and searchiggaase lookahead tree.
The outcome is a flexible and relatively straightforwarchteque for improving
action selection in simple reinforcement learning scasa(Wang et al., 2005).
The limitation of this work is that it was only demonstrateal the multi-armed
bandit problems where the planning (for computing the \v@hfethe leaf nodes in
the sparse lookahead tree) is relatively easy.

This chapter is organized as follows. Section 4.1 motivtegproblem. Sec-
tion 4.2 reviews the basics in Bayesian Statistics. Sedti®briefly surveys Bayesian
reinforcement learning. Section 4.4 discusses existitigraselection strategies.
Section 4.4 then presents my idea of Bayesian sparse saniption-line action
section. Section 4.6 demonstrates that my idea improveohestlection quality in
simple reinforcement learning domains. Finally, Sectiohgummarizes the con-

tributions of this work.
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4.1 Motivation

Action selection is fundamental in reinforcement learniddthough many strate-
gies (Kaelbling, 1994; Dearden et al., 1999; Strens, 200¢atty2001; Strehl &
Littman, 2005) have been proposed to address this issugetdwmiques have been
adopted beyond the papers that originally proposed theer ¢tian the standard
e-greedy and Boltzmann selection strategies. A possibkorefor the limited use
of sophisticated exploration approaches might be the cexitglof implementing
the proposed methods, or the assumption that the degregoivement might not
be dramatic. Therefore, beyond the quality of action seEacesults, it is also im-
portant to consider the complexity and computational cbahg proposed method.

The Bayesian approach to reinforcement learning appebesuader-researched
given the important role it has played in other areas of mmechearning (Jordan,
1999; Neal, 1996). Flexible Bayesian tools, such as Gaugsiacess regression
(Williams, 1999; Neal, 1996), have had a significant impacbther areas of ma-
chine learning research but have only just recently beeodnted to reinforcement
learning (Engel et al., 2003). Nevertheless, Bayesiancgmbhres seem suited to re-
inforcement learning as they offer an explicit represeotedf uncertainty, which is
essential for reasoning about the exploration versus éagitmn tradeoff. Bayesian
decision theory suggests to solve the exploration verspiation tradeoff di-
rectly (but implicitly) by asserting that the optimal actics one which, over the
entire time horizon being considered, maximizes the totpketed reward aver-
aged over possible world models. Therefore, any gain inaieduuncertainty is
not valued for its own sake, but measured instead in termseo§&in in future re-
ward it offers. In this way, explicit reasoning about explitwn versus exploitation
is subsumed by direct reasoning about rewards obtainedlowéong term.

Despite the elegance of the Bayesian approach, there resmiairus barriers to
its application. The most obvious drawback is the componati challenge posed
by optimal Bayesian decision making, which is known to beaictable in all but
trivial decision making contexts (Mundhenk et al., 2000séna et al., 2001). This

means that with a Bayesian approach one is forced to conseleistic approxi-
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mations. In response, a small body of research has devetoped-line approx-
imations of optimal Bayesian action selection (Deardenl.etl99; Duff, 2002;
Strens, 2000). However, the potential power of Bayesianeatnogl for approximat-
ing optimal action selection makes this approach worthstigating.

Before | present my idea for on-line action selection in Bage reinforcement

learning. First, | review the basic concepts of Baysiansias.

4.2 Bayesian Statistics

Bayesian statistics provide a rationalist theory of subjedeliefs in the context
of uncertainty. In particular, Bayes’ rule provides the keycombining beliefs in
the light of new evidence, such as observed data. In thewoitpsections, | will

review some important concepts in Bayesian statistics aoré mformation can be
find in text (Bernardo & Smith, 2000).

The Subjective View of Probability. Probability can be viewed as either a rel-
ative frequency of the observation of an outcome during nrapgatable experi-
ments Objectiveor frequentis} or an individual’s personal assessment of an out-
come’s likelihood gubjectiveor Bayesiai. Throughout this chapter, | adopt a sub-
jective interpretation of probability. Let(X') denote the probability of a random
variable or vectotX: p denotes a probability density function ariddenotes an
integration if X is continuous; otherwise X is discrete,P denotes a probabil-
ity mass function anfl denotes a summatiom(z) measures the agent’s level of

confidence or “degree of belief” in the likelihood &f taking valuez.

Bayes Rule. Let a random variable or vectér € ® denote the unknown pa-
rameter of a model, whe® characterizes a class of possible models for a given
problem, and let: represent the observed data. The prior probability of thdeho
parametemp(6) reflects our prior knowledge about the given problem. Thelilik
hood functiorp(z | #) reflects the conditional probability of observing datgiven

a model that is specified by parameter Bayes’ rule allows us to compute the
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posterior probability of model parametgnfter observing the dataas follows:

p(0] z) = 22 10P(E) (4.1)
p(z)
where
plz) = / _pla|Op(o)as 4.2)

Equation 4.1 can be explained informally as follows:

likelihood X prior

(4.3)

posterior = —
normalization factor

That s, a posterior distribution can be calculated by miylihg a prior distribution
with a likelihood function and then normalizing.

In Bayesian statistics, Bayes’ rule inverts the statistoanections, and shows
how the probability distribution of changes from the prior probabiligy(6) to
the posterior probability(d | =) after we have observed the data Bayes’ rule
provides a formal framework for uncertainty analysis andisien making as well

as a solution to the problem of how to learn from data.

Conjugate Priors. In general, the calculation of the probability in Equatio 4
(normalization factor) can be very difficult. However, fartain choices of a prior,
a difficult numerical integration can be avoided if a postehias the same functional
form as its prior (i.e., the prior distribution and the posiedistribution are in the
same family of distributions). Such a choice is callezbajugate prior and a prior
and posterior chosen in this way are said t@wbejugate

Conjugate priors make Bayesian estimation proceduressuexightforward be-
cause they can be simply expressed in terms of using theisoffatatistics of the
observed values to update the parameters of the conjugate pome useful con-
jugate priors can be found in Appendix E.

The choice of the functional form of the prior (posteriorpdads on the likeli-
hood, which is determined by the nature of the data-gemeyatiocess. For exam-
ple, if one is estimating the unknown parameters that defiagtobability distri-
bution of a Binomial random variable, then a Beta distribnis a common choice

of prior for those parameters. Since the Beta distributsaconjugate, the posterior
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is another Beta distribution. Similarly, if one is estinmgtithe mean parameter of a
Gaussian distribution, the use of a Gaussian prior on thenwdblead to another
Gaussian posterior. | will make particular use of Gaussraagsses below, which
are a generalization of multivariate Gaussian to gened@xrsets. Appendix D
reviews several specific probability models that | expleidv.

So far | have covered basic concepts in Bayesian statistidbe next section,

| will give a brief survey of Bayesian reinforcement leain

4.3 Bayesian Reinforcement Learning

The literature oBayesiarreinforcement learning is relatively small, although Bsige
approaches were considered almost from the beginning (Md®67; Bellman,
1961). However, interest has re-emerged in this approautelEet al., 2003; Dear-
den et al., 1999; Strens, 2000; Wyatt, 2001). In the Bayesignoach to reinforce-
ment learninguncertaintyis represented explicitly as a probability distributioreov
an MDP model fhodel baseyor the (action) value functiorv@lue basejl In this
way, the estimates of the unknown parameters of the modéh¢oralue function)
take into account the fact that the estimates themselvasaertain.

Overall, Bayesian modeling is a flexible tool that allowsopknowledge about
the transition and reward models to be explicitly statedldo allows generalization
across actions, states and rewards, through a principledlanesm. Some of the
best developed Bayesian modeling tools, such as Gaussaegses (Williams,
1999), are suited specifically for continuous state andadpaces, where classical
reinforcement learning methods are not always converyiaiblicable. Bayesian
approaches also naturally provide an explicit represiematf uncertaintyin the
posterior distribution, which is useful for exploratiorgdoitation decision making.

| attempt to exploit all of these advantages in Section 4.5.

M odel-based Bayesian Exploration
The most straightforward Bayesian approaches are gepenaldlel based In
this case, a prior is kept over the underlying MDP (i.e., tla@gition and reward

models,7 and’R) and learning consists essentially of updating the pasteri
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The model based Bayesian approach to reinforcement Iggraml review, is
equivalent to choosing actions in a meta-level MDP. Thisaatetel problem is
sometimes referred to as a belief state MDP or a Bayes-addyidP (Duff, 2002).
| will refer to the underlying MDP as the base-level MDP.

Let & and¢ to denote the unknown parameters of the state transitiorrend
ward models of the underlying MDP, respectively. Given dipalar ¢ and¢, the
corresponding base-level MDP is given by the tuiffeA, 79, R¢). However, the
parameter® and¢ are not precisely known, but instead assumed only to belong
to a general sef) € ©® and¢{ € E. We assume in particular thatpaior distribu-
tion P(0,£) = P(0,£|so) is defined over the models of the base-level MDP. The
prior is typically assumed to be factored into separatesit@m and reward models
P(0,€ls0) = P(8]50)P(€ls0) = ph(O)pS(€). Letp! £ P(6]soap...sr-10,15,) and
Pt 2 P(&|soaory...si_1a,_17¢). Given experienceoagr sy ...s;_1a;,_ s, ONe can
calculate theposterior distribution P (6, & | spagrisi...Si—1ai-178¢) = pfpf using
Bayes' rule.

The decision maker begins in an initial meta-level MDP stage= (so, pf, 1) €
M. At each time step, it executes an actiom, € A, and then receives a reward
r, drawn from the reward distribution specified ®{m,, a,, ;) (given in Equation
4.5 below), and finds itself in a new meta-level statg; = <st+1,pf+1,pf+1>,
wheres;;; € S. In fact, the meta-level states, = (st,pf,pf) are equivalent to
historiesm; = sgagri...s;_1a;_17:8;, and the state transition probability is simply
the probability of a particular history extension i, s;1 given the current history
S0QoT1...5¢—1a4—17S¢ and action,.

Formally, the meta-level Markov decision process can benddfby a tuple
(M, A, T, R), where

e M is the set of meta-level statdd = S x {P(0)} x {P(£)},
e Aisthe set of actions,
e 7 is atransition (probability) functiory (m, a, m’) = P(m'|m, a),

e R is areward (probability) functiomR(m, a,r) = P(r|m,a),
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wherem € M, m’ € M, a € A, r € R. The meta-level transition model is given
by

T(mtaatamt-i-l) = P(<3t+17p?+17p§+1> | <St7p?7p§>7at)

= U rraa | [ T et sa )00

EC)
/ 1[p§+1:P(§ | 50...5tatTe41)] _ ,Rﬁ(St, Qg, Tt+1)p§ (g)dgdrt-l-l
r€R (eE

(4.4)

and the meta-level reward model is then simply given by theeetation

R(my, ap,r41) = Rg(sta Qg 7“t+1)p§(€)d§
¢eE

(4.5)

Interestingly, even though the base-level transition aadrd models are not known,
the meta-level transition and reward models are known, andérdefine a known

meta-level MDP.

Reinforcement L earning with Gaussian Processes

The above discussion concernsnadel basedpproach to Bayesian reinforce-
ment learning. Recently, there has been an attempt to parsu@e direct, value
based approach to Bayesian reinforcement learning.

The idea is to use Gaussian processes as a tool for estintla¢iragtion value
function of a fixed policy (unfortunately not the optimal walfunction) from a
Bayesian perspective (Engel et al., 2003; Rasmussen & R€R!). Engel and
his colleagues put a Gaussian prior over the value functianfoxed policy and
assume that the reward distribution is also Gaussian. TieBéllman equation
update for the policy’s value function (see Equation 2.f) ba maintained by a
Gaussian process posterior update as shown in Section F.1.

Although this is an elegant approach, it is difficult to maintthe Gaussian
process representation when introducing ni@x operator for the optimal value
function Bellman’s optimality principles (see Equation8 2nd 2.12). Although
some work (Engel et al., 2003; Dearden et al., 1998) has derexd a Bayesian
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approach to value based learning, | consider a model baggdagh to Bayesian

reinforcement learning in my work.

4.4 Action Selection

Sections 4.2 and 4.3 presented the general technical acikgjrabout Bayesian
statistics and Bayesian reinforcement learning. Howéaarond estimating mod-
els, value functions, or policies, another key questioeanring isaction selection
That is, which actions should be executed during learningnsure that a large
value of reward is obtained over the agent’s lifetime or with learning episode?
This section reviews the existing techniques for addrgsgie problem of action
selection.

Previous research on action selection can be classifieddisgdo whether the
reward accumulated by the agent during the learning maiterst. The distinction
is captured in the termsn-line andoff-line reinforcement learning problems. On-
line learning is a very natural model for reinforcement &g as it captures the
characteristics of a learner that is improving its actiolec®n while performing
actions. Off-line or batch learning distinguishes an atitiaining phase from a sub-
sequent testing phase. During training, the learning d@lgorhas no responsibility
to obtain reward and focuses solely on gaining informati®@uring subsequent
testing, a non-adaptive policy is executed. The goal of tfentis actually very
different between on-line learning and off-line learninfhe goal of an on-line
learning agent is to maximize the total reward it can accabeutluring learning.
However, the goal of an off-line agent is to reduce the timensgearning; that is,
to minimize the total number of actions executed to achigveliay that is approx-
imately optimal, which is not the same as maximizing thelto#evard obtained
along the way. | am much more interested in on-line learnebusill only briefly
mention some work on batch learning in Appendix F.3.

Here existing on-line action selection strategies (seéeTald) will be catego-
rized according to their representation of the uncertagittheir estimates (e.g.,

estimates of action values). If uncertainty is represeasedl prior (posterior) distri-
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bution, the strategies are considered as Bayesian apgsiaitherwise, they belong
to the non-Bayesian approaches. Non-Bayesian stratediad) are all myopic and
do not consider the future estimates of the action valuefimtantroduced. Then

the Bayesian formulation of action selection is introduced

M ethod Bayesian Lookahead Uncertainty
e-greedy — — —

Boltzmann — — —

Interval Estimation — — Confidence Interval
Bayes Optimal v v Probability Distr.
Value of Perfect Information v/ — Probability Distr.
Thompson Sampling v — Probability Distr.

Table 4.1: On-line methods for action selection

4.4.1 Non-Bayesian Methods for Action Selection

First | will review the most commonly used non-Bayesian@ttselection strate-
gies:e-greedy, Boltzmann, and interval estimation. Non-Bayesiaproaches very
often assume that a point estimate of the action value fomo)(s, a), is main-

tained (either by Q-learning or Sarsa or some other mearagedon these point
estimates, some decision needs to be made about which &ztiake in a current

states.

e-greedy. e-greedy is the most commonly used strategy to balance extpar
and exploitation in reinforcement learning. The idea ishoase the action with
the highest estimated action value, thai‘is= arg max, Q(s, a), with probability

1 — ¢, or choose a (uniform) random actianc A with probabilitye.? It is also
referred to as semi-uniform random exploration. It is comrtmdecrease over
the learning processe-greedy is popular for its simplicity and it is widely used
in reinforcement learning algorithms (Sutton & Barto, 1R98owever, it ignores
the estimated action values of the non-greedy actions, rstdad treats them all

equally. As a consequencegreedy will select promising actions with the same

IFor infinite action spaces we assume the range of possitimads bounded.
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probability as ones that are known to be poor. A more soaited action selection

strategy, Boltzmann exploration, takes these differeimtesaccount.

Boltzmann Exploration. The Boltzmann exploration strategy (Luce, 1959), also
called the softmax strategy, randomly selects actionsrdoup to their estimated
action values, so that the probability of an action beingael increases with the
current estimate of its action value. That is, actions witjhhestimated values
(relatively good actions) are more likely to be chosen whitdons with low es-
timated values (relatively poor actions) are less likelpéotaken. Formally, the
Boltzmann strategy samples a random action according tordi®bility P(a|s) =
exp <Q(s, a)/7‘> /Z wherer is a temperature parameter afids a normalization
constant. When the temperature parameter oo, the Boltzmann strategy behaves
like uniform random action selection; when the temperapamameter — 0, the
Boltzmann exploration behaves like greedy action selactitowever, Boltzmann

exploration does not account for the uncertainty of theoactalue estimates.

Interval Estimation. The basic intuition behind interval estimation (Kaelbling
1994) is that the greater the uncertainty in an action’sejaloe greater the chance
that it might actually prove to be optimal, and therefore \wewdd select it with
a greater probability. Thus, considering the uncertairftyhe estimated action
value, interval estimation adds the confidence level to gienated action value

and chooses an action accordingite: arg max,[Q(s,a) 4+ U(s,a)| whereU (s, a)

isa(l — ¢) upper bound of the confidence interval on the point estir@arsea).2

Although generally interval estimation is thought to be ensophisticated and
more effective tham-greedy or Boltzmann exploration, it is still a myopic sagy.
That is, the above action selection strategiegréedy, Boltzmann, and interval
estimation) do not explicitly consider the effects thai@ts have on future value
estimates. Interval estimation tries to overcome its mgbpiusing uncertainty as a

proxy for lookahead. One difficulty with this type of intwé reasoning, however,

2This approach has been extended to general MDPs (Wieririf; 1Strehl & Littman, 2005)
and bandit-based Monte-Carlo planning (Kocsis & Szep@s2a06).
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is that it is hard to quantify and ignores horizon effects.(ione would like to
exploit more heavily if nearing the end of a decision makingcess). These three
selection procedures are heuristic, sometimes difficyligtfy, and do not perform
well in all circumstances, as we will see below.

There are a few other simple non-Bayesian action selectiategies that peo-

ple have considered, particularly for bandit problems.

Uniform Random. This strategy chooses actions randomly and uniformly. Ever

action has an equal probability of being selected.

Round Robin. This method selects actions one after another accordingne s
fixed order. This is a potentially useful strategy when tgyia gather data about all

the actions.

Biased Robin. Given that the actions are arranged in some fixed order, H#sedi
Robin method will stick to an action as long as it receivesveard that is higher

than some fixed value; otherwise, it switches to the nexbaatith wrap-around.

Probability Matching. Given pointwise estimates for the value of each action,
the probability matching method normalizes each estimatédildding it over the

sum of the estimates, then selects an action according tetinealized probability.

4.4.2 Bayesian Action Selection

Classically, action selection in reinforcement learnirag Imot been thought of in
Bayesian terms but instead tackled intuitively. Typicadliyen a current Q-function
estimate@(s, a), an exploitation step is one where an optimal or near optaoiidn

is selected according to the current estimate, whereasgarakon step involves
choosing an alternative action, hoping that its currentéstimated value is just an

underestimate.

Bayes Action Selection. A conceptually elegant solution to the action selection

problem is offered by Bayesian decision theory. A Bayesigpr@ach to learn-
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ing optimally in a Markov decision process is equivalentdtvimg for an optimal
action selection strategy in the meta-level Markov decigimcess (see Equations
4.4 and 4.5). That is, an optimal action selection strategydinforcement learning
in this setting is given by the policy that obtains maximurpeoted reward in the
meta-level Markov decision process. However, even tholigtiarmalization char-
acterizes optimal action selection for Bayesian reinforeet learning, there is no
efficient way to compute this strategy in a guaranteed wayn@dhenk et al., 2000;
Lusena et al., 2001). One obvious difficulty is that therefaremore meta-level
states (i.e., base-level histories) than original bagel&ates. In all but trivial cir-
cumstances, there is no hope of exactly following an optawtbn selection strat-
egy. Perhaps the only well known exception to this is theltegGittins (1989)
which shows that in the special case where there are finitalyractions, each with
their own independent (finite) state spaces (i.e., bandiilpms), then optimal ac-
tion decisions can be made in polynomial time to maximizesttgected sum of in-
finite horizon discounted rewards (see Appendix F.2). Hareahe restrictiveness
of the independence assumption has prevented this appiroatheing widely ap-
plied in reinforcement learning problems. Beyond the wdraganicoff & Ungar
(1995) and Duff (2002), very few successes have been repiortais direction.
For the most part, work on approximating Bayes optimal acsielection has
followed two approaches: pre-compilation and on-line catapon. In thepre-
compilationapproach, one attempts to derive a compact approximatitiretopti-
mal value function (as in Section 2.3.1) for the meta-levalesMDP. In fact, any
approximation strategy for general POMDPs is applicablinis case, although a
few interesting specializations have been attempted fbefbetate MDPs (Duff,
2002). One potential shortcoming of the pre-compilatioprapch is that once an
action selection strategy has been fixed, it is hard to atlapthe meta-level states
that are actually encountered during learning. Moreowés, dpproach necessarily

cannot obtain a uniformly accurate approximation over thi&e state and action

3The multi-armed bandit problem is a mathematical modeHertroblem of optimizing the total
reward accumulated by choosing actions from a number of égrgs a slot machine), whose reward
distributions are unknown. An informal review of the mudtimed bandit problem is presented in
Appendix F.2.
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space, and there is no guarantee that the approximatios bukt the meta-level
states that are encountered in a particular learning epidee-compilation might
nevertheless be the only viable approach if actions need selected with little or
no serious computation.

In contrast, then-lineapproach to approximating Bayes optimal action selec-
tion attends only to the particular meta-level states entsyad during learning,
which would seem to relax the burden on the approximatioatesyly and offer
the prospect of higher quality decisions. The drawback & thstead of exten-
sive pre-compilation (allowing fast on-line decisionggs$e techniques can require
non-trivial computation for each action selection degisito date, on-line approx-

imation strategies to Bayesian optimal decision makingleMbeen myopic.

Thompson Sampling. One of the most interesting myopic action selection strate-
gies in the Bayesian setting is in fact one of the first actieletion strategies to
have ever been proposed (Thompson, 1933; Thompson, 193§, &d-ristedt,
1985). In the context of learning in MDPs, Thompson samptiagforms the fol-
lowing procedure. Given a current meta-level st(al;epf,p§>, sample a transition
and reward model and¢, from the distributiong! andpt. Solve for the optimal
action value functiord)y (s, a) for this model, then select the optimal action

a; = argmax Qoe (s, a) (4.6)
acA

This technique was originally proposed by Thompson (1988)&ndit prob-
lems, and has recently reemerged in the reinforcementifgnliterature (Strens,
2000). Thompson sampling selects actions according t@tbigability that they
are optimal in models drawn randomly from the current meteel state. Although
old, this remains an elegant and effective action seledimategy that often out-
performs modern proposals (Berry & Fristedt, 1985). Thoonpsampling is not
Bayes optimal, however, as it is still myopic. In our expezits (see Section 4.6)
we find that it tends to over-explore, which is obviously tatéhe horizon.

Like non-Bayesian myopic strategies, Thompson samplireg amt explicitly

account for the effects that actions have on future metat-ksates, and therefore
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can only supply proxy summaries for the future rewards thghimndirectly accrue

as the result of a current action.

Myopic Value of Perfect Information. A more recent action selection strategy
is that of Dearden et al. (1998; 1999) and Wyatt (2001), whitbmpts to take the
effects of exploration explicitly into account. This appoh is based on considering
the value that is gained by improving a Q-value estimate.

Consider the distribution over action value functiof¥s; (s:, a), defined by the
current meta-level stat@t,pf,pf), whered ~ p?, ¢ ~ p5. Then, for each action
a € A, consider the value of learning the exact valyegs,, a) under the true
model. Leta; anda, be the actions with the largest and second largest expected
action values respectively. Tlgainin value of learningl*(s;, a) for an actioru is
given by definition

, . B (Q(st,a2) — Q*(s¢,a1)) if a =a,
Gain (Q"(si,a)) = { (Q(st,a) — Q(s¢, ar)) " otherwise (4.7)

J’_

where the mean Q-valuég s, a) is defined as

Qs.a) 2 B,y ¢[Que(s,0) (4.8)

are taken with respect 6 ~ p?, ¢ ~ pt5 (That is, value is gained only if a
new action becomes the best, but not otherwise.) The valleaafing the exact
Q-value of an action in the current meta-level state is themply given by the
expected gaiVPl,(a) = Ep:Gain (Qoe(st, a)), which provides an upper bound on
the myopic value of information of executing actian Finally, one chooses the

action that maximize®; (s, a) + VPl(a).

Other Strategies. Many non-Bayesian strategies in fact can be reformulated in
Bayesian way. Bayesian variants of tigreedy, Boltzmann, and interval estima-

tion action selection strategies are straightforward. €ingly uses thexpected

“Wyatt (1997) proposed Q-value sampling, which is also uBiagesian method for representing
and propagating prior/posterior over action values. Tleaidias originally developed for solving
bandit problems.

z fxz>0

SHere we use the notatida) . = { 0 ifzr<0
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action value function (see Equation 4.8) defined by the atimreeta-level state and
select actions as described in Section 4.4.1.

The main drawback with these Bayesian action selectionoagpes is that
computing the mean action value functiap, or even just computing the action
value function for a sampled base-level MDP (as in Thompsaon@ing) requires
solving the planning problem in a base-level MDP. The faat Bayesian on-line
action selection strategies require (even limited) repilaon for every meta-level
state they encounter is probably the single greatest baoridgeir use. Neverthe-
less, replanning is still viable in a range of interestingasa which we will exploit
in the Section 4.5. For example, planning is trivial in fint@ndit problems and
remains feasible in many episodic problems. Dearden ef889) also show how
importance sampling and prioritized sweeping can redugedist of replanning to
just a few sampled models while maintaining reasonablenestis ofQ, (s, a).

In next subsection, | present my study on the problem of m@-diction selection
in relatively simple reinforcement learning problems (trafrmed bandits). The
idea is to grow a sparse lookahead tree, intelligently, ptating information in
a Bayesian posterior—rather than enumerate action brar(sparse sampling) or
compensating myopically (value of perfect informationheloutcome is a flexible,
practical technigue—“Bayesian sparse sampling”— for iovprg action selection

in simple reinforcement learning scenarios.

4.5 Bayesian Sparse Sampling

My investigation on the problem of learning to behave optiynia an initially un-
known MDP is a model based Bayesian approach discussediiosdc3. Recall
that 7%(sy, as, s.41) and R4 (sy, as, 7441 ) denote the transition and reward models
with unknown parameter& and ¢ respectively, and consider a learning scenario
where the transition and reward parametérand¢, are not precisely known, but
instead assumed only to belong to a generaltset,® and{ € =. Furthermore,
assume we are given priorB(6) and P(£), ond and¢ respectively. As we have

seen this creates a meta-level MDP whose state spacetitamsodel and reward
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model are novknown Optimal action selection in this meta-level MDP specifies
the best possible action choices in the underlying Bayesigwfiorcement learning
problem. Unfortunately, it is not practical to solve the mb&tvel MDP, and the
real question is how best ipproximateBayesian optimal action selection. Bayes
optimal action selection essentially involves enumegaginssible futures, averag-
ing according to their realization probabilities, and céiog the best action. It is
no surprise therefore that the only guaranteed way to appeig Bayes optimal
action selection at a given meta-level state is to simulserteta-level MDP to the
effective horizon.

In my research, | exploit the sparse sampling technique cii@e2.3.2, which
employs lookahead to derive a better approximation to Bagesptimal action
selection than myopic strategies. Note that sparse saghpuuires a generative
model, but this is conveniently exactly what a model-basageBian approach pro-
vides, as shown in Equations 4.4 and 4.5. In this approaokaltead is performed
only by simulation in the meta-level MDP which is maintainaternally, not by
actually taking actions in the world. That is, sparse sangpis an action selec-
tion strategy where, upon entering a meta-level statensite computation is per-
formed to determine an action that would yield near optirealard over the long
run (i.e., to the horizon) in the meta-level MDP. Once chosiamaction is executed,
and a new meta-level state is entered. To the extent thatathedtan posterior con-
centrates on the true underlying model, this next meta-kate would have been
influential in the previous computation. Surprisingly, iggasampling has never
been applied to approximating optimal action selection ayd&sian reinforcement
learning before.

Even though sparse sampling can be parameterized to achievstrollable
lookahead strategy, it is still not an efficient action vakstimator, and can be
easily improved by addressing some shortcomings. My ideaddfessing these
shortcomings is to first grow a sparse lookahead tree addytihen evaluate the
values of the nodes from leaves to the root by alternativelgmuting expectation
at outcome nodes and maximum at the decision nodes.

First note that given a meta-level stdte, p?, Pt ), the goal is to use lookahead
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search to estimate the long term value of possible actiohis situation is similar
to game tree search where one wants to expand the lookakegti¢re an expecti-
max tree) intelligently so that search effort is not wasted anportant branches
are explored. One limitation of the sparse sampling algoriin this respect is that
it requires one t@numeratell possible actions to achieve its guarantee of approx-
imating the optimal action with high probability. Howevenumerating actions is
not necessary in a Bayesian setting. The Bayesian appr@achrhadvantage in
that it allows one to approximate the maximum of a set of ramdariables with-
out enumeration. Given a prior and sampled values, a posisridetermined over
the distribution of the remaining variables. Thus, it isgibke to stop whenever the
expected posterior maximum value is no larger than the sumaximum value,
pluse. In this way, it appears as though one can derive sparserisgnjounds in
the Bayesian setting that are applicable to infinite actmacses. The main point is

that it is not necessary to branch on every action to yieldalgizcision.

Grow a Tree. Thus my goal is not to build a fully balanced lookahead treg, b
instead attempt to grow the tree adaptively. The intuiteothat one need only in-
vestigate actions that are actually optimal, and not wasteptitational resources
on proving that unpromising actions are, indeed, suboptifteat is, uniformly ac-
curate estimates are not required at every decision node ilobkahead tree. The
next idea | pursued uses an effective myopic action selestiategy—specifically
Thompson sampling—to preferentially expand the tree belotions that at least
appear to be locally promising (see Figure 4.1). Also, tacedthe variance of the
estimates at outcome nodes, | also exploit the fact thatageli reward expecta-
tions, locally, can be obtained by sampling them from themmaadel, rather than
first sampling a model and then sampling rewards from a ranaockel. Finally,
although it seems subtle, the last idea | considered wasplbciby include the
myopically greedyaction at each decision node in the sparse lookahead trég. Th
small detail actually led to a significant improvement in@acselection quality and
is necessary to ensure an advantage over myopically gréedgges. These ideas

led to the algorithm shown in Table 4.2.
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Figure 4.1: lllustration of an irregular lookahead treetthaas generated by
Bayesian sparse sampling idea.

GrowSparseBayesianTrérode, budgetp, horizon)

While # nodes< budget
branchnode BayesDescerftbot, p)
If branchnode.type = “decision”
Add outcome then leaf node below branchnode
If branchnode.type = “outcome”
Add leaf decision node below branchnode
returnEvaluateTregoot)

BayesDescen¢hode,p)

If node.type = “decision”
a = ThompsonSampleode.belstate)
If a ¢ node.children; return [nod4,
Else returrBayesDescerfdode.childg))

If node.type = “outcome”
If possible to branch, with probability; return node
Else [rew,0bs] = sample(hode.belstate,node.act)
returnBayesDescerjdode.child([rew,obs]))

Table 4.2: Modified evaluation peocedure for sparse santpbed that explicitly
includes myopically.
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Evaluate a Tree. Once grown, the sparse lookahead tree must be evaluated to
choose an action at the root. There are a few subtleties imgdsn effectively.
Clearly, values are backed up from the leaves; averagingitabme nodes, and
maximizing at decision nodes, as shown in Figure 4.1. Howevieen evaluating
leaf nodes (which are always decision nodes in this appjoadch important to
account for differing depths. Therefore, at each leaf, teamposterior reward for
each action is first multiplied by the number of decisionsagmnmg to the horizon,
thus correcting the leaf values to the same absolute depibth&r important issue
is to always consider the greedy action at each decision,ream if it was not
sampled during the tree growing phése.

Note that in this action selection procedure, myopic stjiateare only used
to decide where to look ahead in the simulation, not make aal/action selec-
tion decisions. Real decisions are left to the full lookahsearch. The procedure
exploits the fact that there is much freedom, during lookahéo make heuristic
action choices at the internal decision nodes (i.e., maeg)pdn fact, the Bayesian
sparse sampling procedure can be easily appliedfittite action spaces, whereas

sparse sampling is inapplicable if actions cannot be enateer

4.6 Experimental Results

To investigate the effectiveness of the improved samplimgy@ach, | conducted
experiments on a number of simple domains where the plamprioglem is not
difficult. These include bandit problems, but also episadinforcement learning
problems. My goal in this research is not to focus on MDP piagnbut rather
to demonstrate action selection improvements, which msadly a challenge even
in simple reinforcement learning scenarios. Subject tar@pwith possible MDP
planning challenges (Dearden et al., 1999), the approatltveapplied to a very
rich class of domains.

| compared Bayesian sparse sampling (BayesSamp) withespamspling (Sparse-

8In the continuous action case | did not consider actions heybose explicitly sampled, al-
though additional local sampling could be used to ensureahiaasonable number of actions are
considered at each decision node.
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Samp) and standard myopic action selection strategieseliheluded Bayesian
greedy withe = 0.1 (eps-Greedy), Boltzmann exploration with temperature 0.1
(Boltzmann), and interval estimation (IE) with a range obtstandard deviations,
all using the expected Q-values given the current metd-$&tate. | also compared
to Thompson sampling (Thompson) and the myopic value ofeperhformation
(MVPI), using the same number of samples as a full lookahesaldf depth one
to estimate the Q-value distributions. Finally, | compare@ lookahead strategy
for action selection in MDPs proposed by (Péret & Garci®4)0For this strategy,
independent trajectories to a fixed horizBhare generated (set td = 5 in my
experiments) and the action with the best overall trajgcteward on average is
selected at the root.

For each problem domain, | set a finite horizon timand measure the rewards
accumulated by each action selection strategy, averagad @ to 10, 000 repe-
titions to estimate the expected total reward achieved aa@ibn of horizon time
T = 5,10, 15, 20. | also have collected the standard deviations for all theselts
which are reasonably small. The lookahead strategies vetrepsto give a con-
trolled comparison with each other. First, sparse sampliag run with a given
lookahead depthl(or 2) and fixed decision and outcome branching factors, yield-
ing a balanced tree. Then the total number of nodes expanded balanced tree
generated by sparse sampling was set as a maximum node budgath Bayesian
sparse sampling and Péret & Garcia sampling. Figures #45tshow the results
obtained.

The first domain is a simple bandit problem with five actiorsgheyielding
{0, 1} rewards according to independent Bernoulli distributiasith payoff prob-
abilities distributed according to a Beta prior. Here ona sae that lookahead
strategies outperform the myopic strategies, even MVPklvhises comparable
computation (Figure 4.2). Nevertheless this simple pmobiwes not show much
advantage for Bayesian over sparse sampling. Similarteesre obtained for a
related five action bandit problem where instead each agt@ds a reward accord-
ing to an independent Gaussian distribution with meansibliged according to a

Gaussian prior (Figure 4.3).
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Figure 4.2: Results: Bernoulli bandits
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Figure 4.3: Results: Gaussian bandits
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1-dimensional Continuous Gaussian Process
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Figure 4.4: Results: 1-dimensional continuous action Gangrocess

2—dimensional Continuous Gaussian Process
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Figure 4.5: Results: 2-dimensional continuous action Gangprocess
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More interesting domains involve actions where their relsaare correlated,
and the number of actions is large or infinite. To examinedh®iations, | con-
ducted experiments in a scenario that involeedtinuousaction spaces. Specifi-
cally, | considered problems where the reward distributger actions is defined
by aGaussian procegsrior over the action space (Williams, 1999). This creates a
interesting exploration problem where rewards are caedlaetween actions, and
actions themselves are not restricted to a trivial finite set

Figures 4.4 and 4.5 show the results of the two continuousi@nas | consid-
ered. Thefirstinvolved a 1-dimensional action space ansdbend a 2-dimensional
action space. In each case, a Gaussian process prior ovadsewas defined by
an RBF kernel on actions, specifying the covariance betveetion rewards. (|
used a Gaussian RBF kernel with width parameter 1. The ntaselard deviation
was set tar = 0.5.) Technically, sparse sampling and MPI are unable to cofie wi
continuous action spaces, so | sampled actions for themrtsider according to
a uniform distribution. Figures 4.4 and 4.5 show a clear athge for Bayesian
sparse sampling over sparse sampling and the myopic ap@®aaising the same
number of lookahead nodes as sparse sampling and Péret@aGampling, and
similar computation to MVPI. Surprisingly, Péret & Gargampling performed
nearly as well in this case, even though it exhibits weakgop@ance in the bandit

problems.

4.7 Conclusion

| have proposed a simple approach to improving action sefequality in model
based Bayesian reinforcement learning. My approach pesvalflexible frame-
work for integrating the prior knowledge of the problem wite interactive expe-
rience of a decision maker.

| have observed that this approach achieved good perforerarer other action
selection strategies, in particular ferdimensional continuous Gaussian process
domain, where both action space and reward space are coasin@The main ad-

vantage of my approach is that it yields improved explordgaploitation decision
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making whenever Bayesian posteriors can be convenienitylated. The main
drawback of my approach is shared by all model based Bayegiproaches to
reinforcement learning: the need to repeatedly solve an MRRning problem.
Nevertheless, there are many interesting domains wheseighot a significant
barrier, and promising approaches have been developedtigating this expense
(Dearden et al., 1999).

In the next chapter, | am going to present an approximate PRMIanning
algorithm.
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Chapter 5

Quadratic Approximations for
POMDP Planning

Partially observable Markov decision processes (POMDisgmintuitive and gen-
eral way to model sequential decision making problems uadegrtainty. Unfortu-
nately, even approximate planning in POMDPs is known to bbé,lzand developing
heuristic planners that can deliver reasonable resultsactioe has proved to be a
significant challenge.

In this chapter, | present a new approach to approximateesgduation for
POMDP planning that is based on quadratic rather than pisedimear function
approximators. Specifically, | approximate the optimalrealunction by a convex
upper bound composed of a fixed number of quadratics, anchizetit at each stage
by semidefinite programming. | demonstrate that this apgroan achieve compet-
itive approximation quality to current techniques whild shaintaining a bounded
size representation of the function approximator. Morecse upper bound on the
optimal value function can be preserved if required. OVgitaé technique requires
computation time and space that is only linear in the numbdeoision stages.

This chapter is organized as follows. Section 5.1 motivtegproblem. Sec-
tion 5.2 introduces the POMDP model. Section 5.3 surveysvittige function
approaches. Section 5.5 demonstrates my approximatethtgoon benchmark
POMDP problems.
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5.1 Motivation

Partially observable Markov decision processes (POMDRsaaeneral model of
an agent acting in an environment, where the effects of teatagactions and the
observations it can make about the current state of the@mwient are both subject
to uncertainty. The agent’s goals are specified by rewamsdives (as a function
of the states it visits and actions it executes), and an @ptoehavior strategy in
this context chooses actions, based on the history of olseng, that maximizes
the long term reward of the agent.

POMDPs have become an important modeling formalism in fob@nd au-
tonomous agent design (Thrun et al., 2005; Pineau et al3&0Much of the cur-
rent work on robot navigation and mapping, for example, i8 hased on stochastic
transition and observation models (Thrun et al., 2005; R@&}.£2005). Moreover,
POMDP representations have also been used to design autos@gents for real
world applications, including nursing (Pineau et al., 2608nd elderly assistance
(Boger et al., 2005).

Despite their convenience as a modeling framework how&®@iNDPs pose
difficult computational problems. It is well known that swlyg for optimal be-
havior strategies or even just approximating optimal styigts in a POMDP is in-
tractable (Madani et al., 2003; Mundhenk et al., 2000). &fwe, a lot of work
has focused on developing heuristics for computing redderisehavior strategies
for POMDPs. These approaches have generally followed thwegd strategies:
value function approximation (Hauskrecht, 2000; Spaan &s¥is, 2005; Pineau
etal., 2003b; Parr & Russell, 1995), policy based optinnratNg & Jordan, 2000;
Poupart & Boutilier, 2003; Poupart & Boutilier, 2004; Amagt al., 2006), and
stochastic sampling (Kearns et al., 2002; Thrun, 2000)hi¢hapter, | focus on
the value function approximation approach and contributeva perspective to this
strategy.

Most previous work on value function approximation for POR¥has focused
on representations that explicitly maintain a setvefectors or belief states. This is

motivated by the fact that the optimal value function, cdesed as a function of the
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belief state, is determined by the maximum of a set of linaacfions—specified
by a-vectors—where each-vector is associated with a specific behavior policy.
Since the optimal value function is given by the maximum ofaagge) set ofa-
vectors, it is natural to consider approximating it by a gle«-vectors, or at least
a small set of linear functions. In fact, even an exact repriegion of the optimal
value function need not keep evetiyvector, but only those that are maximal for
at least some “witness” belief state. Motivated by this elktarization, most value
function approximation strategies attempt to maintain allnsubset ofv-vectors
by focusing on a reduced set of belief states (Spaan & VIa2635; Hauskrecht,
2000; Pineau et al., 2003b). Although much recent prograssbeen made on
a-vector based approximations, a drawback of this approsithat the number
of a-vectors stored generally has to grow with the number of evétlerations to
maintain an adequate approximation (Pineau et al., 2003b).

In this chapter, | consider an alternative approach thagpsithe notion of an
a-vector entirely from the approximation strategy. Instéadploit the other fun-
damental observation about the nature of the optimal valoetion: since it is de-
termined by a belief-state-wise maximum over linear fumtsi the optimal value
function must be a convex function of the belief state (Sknt®78; Boyd & Van-
denberghe, 2004). My strategy, then, is to compute a cormesoaimation to the
optimal value function that is based on quadratic rathen timear functions of the
belief state. The advantage of using a quadratic basis faevianction approxi-
mation is several-fold: First, the size of the represeatatioes not have to grow
merely to model an increasing number of facets in the optsohltion; thus one
can keep a bounded size representation at each horizomd&ecquadratic repre-
sentation allows one to conveniently maintain a provablgeufpound on the opti-
mal values in an explicit compact representation withogtingng auxiliary linear
programming to be used to retrieve the bound, as in curréshbgised approaches
(Hauskrecht, 2000; Smith & Simmons, 2005). Third, the cotaponal cost of
updating the approximation does not change with iteratiomlmer (either in time
or space), so the overall computation time is only lineahmhorizon. Finally, as

| demonstrate below, despite a significant reduction ingggmtation size, convex
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guadratics are still able to achieve competitive approtimnaguality on benchmark
POMDP problems.

5.2 Partially Observable Markov Decision Processes

| begin with Markov decision processes (MDP) since | will dge exploit some
basic concepts from MDPs in my approach below. Recall thsRR is defined by
a set of states, a set of actionsl, a state transition model(s'|s, a), and a reward
modelR (s, a). In this setting, a deterministic policy is specified by adtion from
states to actionsy : S — A, and thevalue functiorfor a policy is defined as the

expected future discounted reward the policy obtains fraohestate

80:8]

Here the discount factof, < v < 1, expresses a tradeoff between short term and

Vi(s) = En[ZVtR(SuW(St))

long term reward. It is known that there exists a determimgttimal policy whose
value function dominates all other policy values in eveatestBertsekas, 1995).

This optimal value function also satisfies the Bellman eiguat

V*(s) = mélxR(s,a)+72p(s’|s,a)V*(s’) (5.1)

Computing the optimal value function for a given MDP can beoagplished in
several ways. The two ways | consider below aadue iterationandlinear pro-
gramming Value iteration is based on repeatedly applying the Bellrhackup

operator\V, ., = ‘HV,, specified by

Vosi(s) = mng(s,a)—i—va(s’|s,a)Vn(s’) (5.2)

It can be shown thdt,, — V* in the L, norm, and thu$’* is a fixed point of (5.2)

(Bertsekas, 1995)/* is also the solution to the linear program

min > V(s)st.V(s)>R(s,a)+7 > _p(s'|s,a)V(s) (5.3)

forall s € S anda € A. It turns out that forcontinuousstate spaces, the Bellman

equation (see Equation 5.1) still characterizes the optralae function, replacing
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the transition probabilities with conditional densitiexahe sums with Lebesgue
integrals. However, computationally, the situation is sotsimple for continuous
state spaces, since the integrals must now somehow be solgkte of the sums,
and Equation 5.3 is no longer finitely defined. Neverthelesstinuous state spaces
are unavoidable when one considers POMDP planning.

POMDPs extend MDPs by introducing an observation mgdel|a, s') that
governs how a noisy observatioh € O is related to the underlying staté and
the actiona. Having access to only noisy observations of the state doatpk the
problem of choosing optimal actions significantly. The agew never knows the
exact state of the environment, but instead must infer ailoligsion over possible
statesp(s), from the history of observations and actions. Nevertlslgiven an
actiona and observation’ the agent'delief statecan be easily updated by Bayes’

rule
bao(s) = plo]a,s) D p(s']s,a)b(s)/Z (5.4)

whereZ = p(d'|b,a) = >_, p(o'a, s') 32, p(s']s, a)b(s).
By the Markov assumption, the belief state is a sufficientesgntation upon

which an optimal behavior strategy can be defined (SondikK81L9Therefore, a
policy is naturally specified in this setting by a functioarr belief states to actions,
m: B — A, whereB is the set of all possible distributions over the underhstae
spaceS (an|S| — 1 dimensional simplex). Obviously for any environment witlot
or more states there are an infinite number of belief statebnat every policy can
be finitely represented. Nevertheless, one can still definevalue function of a

policy as the expected future discounted reward obtaired &ach belief state

E. [Z v (by, m(by)) ) by = b]

wherer(b,a) = > R(s,a)b(s). Thus, a POMDP can be treated as an MDP over
belief states; that is, a continuous state MDP. As befor@pimal policy obtains

the maximum value for each belief state, and its value fonctatisfies the Bellman
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equation (Sondik, 1978)
V() = maxr(b,a)+7 > p(t/[b,a)V*(¥)
bl

= mélXT(b, a)+72p(0/|b, G)V*( /(b,a7o’)) (55)

Unfortunately, solving the above functional equation ¥6t is hard. Known
techniques for computing the optimal value function areegelty based owalue
iteration (Cassandra et al., 1997; Zhang & Zhang, 2001); althouglcyblased
approaches are also possible (Sondik, 1978; Poupart & lByu®003; Poupart
& Boutilier, 2004). As above, value iteration is based oneagpdly applying a
Bellman backup operatoy,, . ; = HV,,, to a current value function approximation.
In this case, a current lower bound,, is represented by a finite set @fvectors,
I, = {a : 7" € 11,,}, where eaclu-vector is associated with anstep behavior
strategyr’. GivenI',, the value function is represented by

Vo(b) = max b-am

OzTr/EFn

At each stage of value iteration, the current lower boungdated according to the

Bellman backupV;,.; = HV,,, such that

Vo1 (b) = mgxr(b,a)+vzp(0'|b,a)Vn(b'(bﬂ,O,)) (5.6)

o

= maxb-ra+vzb- arg max b gz 4.0

9! a0y T Elln

= max b-agfo—m) (5.7)

a,{o’—n'}

where | use the quantities
Giwaon(s) = D p(d|a,8)p(s|a, s)am(s)
g {o'—7'} = ra_l_’yzg(w’,a,o’)

Once again it is known that, — V* in the L., norm, and thud’* is a fixed point
of Equation 5.6 (Sondik, 1978).
Although the size of the representation gy, ; remains finite, it can be expo-

nentially larger thar/, in the worst case, since enumerating every possibility for
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a,{o’ — '} overa € A, 0 € O, € Il,, yields |II,.;,| < |A||IL,|°! combi-
nations. Many of thesa-vectors are not maximal for any belief state, and can be
pruned by running a linear program for each that verifies idrethere is a witness
belief state for which it is maximal (Cassandra et al., 199IMus, the set of-
vectors,I',,, action strategied],,, and witness belief state®,,, are all associated

1 to 1. However, even with pruning, exact value iterationngdrbe run for many

steps, even on small problems.

5.3 Value Function Approximation Strategies

Much research has focused on approximating the optimakviioction, aimed
for the most part at reducing the time and space complexith@falue iteration
update. Work in this area has considered various stratégasskrecht, 2000), in-
cluding direct MDP approximations and variants, and usuimgfion approximation
to fit V,, ., over sampled belief states (Parr & Russell, 1995; Littmaal.et1995).
However, two approaches have recently become the most doinigrid based and
belief point approximations.

The grid based approach (Gordon, 1995; Hauskrecht, 2006y ZhHansen,
2001; Bonet, 2002) maintains a finite collection of beligites along with associ-
ated value estimatggb, V,,(b)) : b € B,..q}. These value estimates are updated by
applying the Bellman update éne B,,,,. Animportant advantage of this approach
is that it can maintain an upper bound on the optimal valuetfan. Unfortunately,
maintaining a tight bound entails significant computatia@aense (Hauskrecht,
2000): First,B,,;4 must contain all corners of the simplex so that its convesuie
spansB. Second, each successor belief state@ Equation 5.6 must have its in-
terpolated value estimate minimized by a linear prograno(Z& Hansen, 2001).
Below | show that this large number of linear programs candmaced with a
single convex optimization.

Unlike the grid based approach, which takes a current bst&é inB,,,, and
projects it forward to belief states outside Bf,,,, the belief point approach only

considers belief states in a witness &kt; (Pineau et al., 2003b; Smith & Sim-
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mons, 2005). Specifically, the belief point approximatioaimtains a lower bound

by keeping a subset ei-vectors associated with these witness belief states. To
further explain this approach, 1€, = {a, : 7’ € II,}, so that thereisa 1to 1
correspondence betweenvectors inl',,, action strategies ifl,, and belief states

in B,;:. Then the set ofi-vectors is updated by applying the Bellman backup, but
restricting the choices in Equation 5.7 46 € II,,, and only computing Equation
5.7 forb € B,;. Thus, the number af-vectors in each iteration remains bounded
and associated withe B,,;;.

The quality of both these approaches is strongly deterngete sets of belief
points, B, and B,,;;, they maintain. For the belief point approach, one generall
has to grow the number of belief points at each iteration tontam an adequate
bound on the optimal value function. (Pineau et al., 2008gpssted doubling the
size at each iteration, but recently a more refined approastswggested by (Smith
& Simmons, 2005).

54 Convex Quadratic Upper Bounds

The key observation behind my proposed approach is that oee ribt need to be
confined to piecewise linear approximations. The intuitgotihat convex quadratic
approximations are particularly well suited for value ftioo approximation in
POMDPs. This is motivated by the fact that each value itenastep produces a
maximum over a set of convex functions, yielding a result thalways convex.
Thus, one can plausibly use a convex quadratic function peupound the max-
imum overa-vectors, and more generally to upper bound the maximum awgr
set of back-projected convex value approximations fromaitenn. The basic goal
then is to retain a compact representation of the value appation by exploiting
the fact that quadratics can be more efficient at approximgaticonvex upper bound
than a set of linear functions (see Figure 5.1). As with pigse linear approxima-
tions, the quality of the approximation can be improved lkyrtg a maximum over
a set of convex quadratics, which would yield a convex piesewuadratic rather

than piecewise linear approximation. In this chapter, hard will focus on the
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Convex quadratic
upper bound

a2

b

Figure 5.1: lllustration of a convex quadratic upper boupgraximation to a max-
imum of linear function$ - o.,.

most naive choice, and approximate the value function wisingle quadratic in
each step of value iteration. The subsequent extension ttippteuguadratics is
discussed below.

An important advantage the quadratic form has over othestimm approxima-
tion representations is that it permits a convex minimaabf the upper bound, as
| demonstrate below. Such a convenient formulation is naditg achievable for
other function representations. Also, since one is not @ieq to grow the size of
the representation at each iteration, one can obtain amagpthat runs in linear
time in the number of value iteration steps.

There are a few drawbacks in dropping the piecewise lingaiesentation how-

ever. One drawback is that | lose the 1 to 1 correspondenoebat-vectors and

behavior strategies’, which means that greedy action selection requires a ope ste

look ahead calculation based on Equation 5.5. The secombdrk is that the con-
vex optimization problem | have to solve at each value itenais more complex

than a simple linear program.
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54.1 Convex Upper Bound Iteration

The main technical challenge | face is to solve for a tightdyatic upper bound on
the value function at each stage of value iteration. Intergly, this can be done
effectively with a convex optimization as follows. | repeses the value function
approximation over belief states by a quadratic form

Vo(b) = b'Web+w b+ w, (5.8)

wherelV,, is a square matrix of weightsy,, is a vector of weights, and,, is a
scalar offset weight. Equation 5.8 definesamvexfunction of belief staté if and
only if the matrix IW,, is positive semidefinite (Boyd & Vandenberghe, 2004). |
denote the semidefinite constraint @r), by W,, = 0. As shown above, one step
of value iteration involves expanding (and back-projeg}tia value approximation
from stagen; defining the value function at stage+ 1 by the maximum over the
expanded, back-projected set. However, back-projectiaile some additional
complication in this case because | do not maintain a set-wdctors, but rather
maintain a quadratic function approximation at stageThat is, the approximate
value iteration step has to pull the quadratic form throdghldackup operator. Un-
fortunately, the result of a backup is no longer a quadrhtita rational (quadratic
over linear) function. Fortunately, however, the resultho$ backup is still convex,
as | now show.

Let the action-value backup &f be denoted by
Gu(b) = r(b,a)+7Y_ p(o|b,a)V (bs40) (5.9)

To express this as a function &fl need to expand the definitions&f , andV/,
respectively. First, note that, , ,, is a ratio of a vector linear function éfover a

scalar linear function of by Equation 5.4, therefore one can represent it by

M /b M /b
Vpuo) = —oe = 5.10
be T p(olba) 1T Magb 19

whereM, , is a matrix such thad/, , (s, s) = p(d'|a, s")p(s']s, a), and1 denotes
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a vector of all 1s. Substituting Equations 5.8 and 5.10 irgodEion 5.9 yields

bM)W M, b .
q.(b) = r(bya) + 7; M, b + £w+w1) Mayb (5.11)

Vv
_ linear

scalar

v
convex

Theorem 8 ¢,(b) is convex in.

Proof: SincelV = 0, we haveM, ,W M, , = 0. Therefore M, , WM, , = UU"

. A BTMT WM, b . . . .
for someU. Letting f(b) = W this quadratic-over-linear function can

a,o

be written as

T T
f(b) = b gTUb b (UTH) " (v"bI)"H(U b) (5.12)
wherev's = 1" M, ,b. SinceM, , > 0 andb > 0, v"bI = 0 holds.
Recall that a function is convex iff its epigraph is a conve(see Section 3.1.7
in (Boyd & Vandenberghe, 2004)). By the definition of the epjgh of a function
(Boyd & Vandenberghe, 2004),

epif = {(b,v"bI,6) | v'bI = 0,(U"d) " (v"0I)"1 (U ") < 6} (5.13)

vl UTh

1
By the Schur complemeriéemma,* we have{ U s

} = 0. Then the
epigraph off (b) becomes

T T
epif = {(b, vTbI,5) | v bl = 0, [ (;]’TZI)} U(Sb } - o} (5.14)

epif is convex because this set can be written as a linear magguility? There-
fore, we havef(b) is convex.

Thus,q,(b) is convex inb sinceq,(b) is a sum of a scalar, a convex function in

b, and a linear function ih. |j

Corollary 1 Given a convex quadratic representation for max, q.(b), and hence

HV,,, is convex irb.

vl UTh . .
Hf v 7ol =0, then{ T 6 } = 0iff 6—(U )T (v"bI)~H({UTh) > 0 (see Appendix

A.5.5in (Boyd & Vandenberghe, 2004)).
2See Example 2.10 in (Boyd & Vandenberghe, 2004).
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So back-projecting the convex quadratic representatithyisids a convex re-
sult. The goal is to optimize a tight quadratic upper boundhenmaximum of
these convex functions (which of course is still convex).séme approaches be-
low | will use the back-projected action-value functionsedily. However, in other
cases, it will prove advantageous if one can work with linggwer bounds on the

back-projections.

Proposition 1 The tightest linear upper bound ag(b) is given byg,(b) < u]b

for a vectoru, such thatu 1, = ¢,(1,) for each corner belief statg,.

5.4.2 Algorithmic Approach

| would like to solve for a quadratiE, ., ; at stage:+1 that obtains as tight an upper
bound onHV,, as possible. To do this, one appeal to the linear progranactesr
ization of the optimal value function (see Equation 5.3)ahhalso is expressed as
minimizing an upper bound on the back-projected value fonctUnfortunately,
here, since one is no longer working with a finite space, oma@aformulate a
linear program but rather have to pose a generalized sémiténprogram

Vr{;ﬁn/ (b"Wb+w'b+w) pu(b) db subjectto (5.15)
ww fp

b'Wh+w'™+w > qub), Ya,b; W =0

wherep(b) is a measure over the space of possible belief states. Trhisiisinite
program specifies a linear objective subject to linear cags (albeit infinitely
many linear constraints); and hence iscavexoptimization problem iV, w, w.
There are two main difficulties in solving this convex optzation problem.
First, the objective involves an integral with respect to @asureu(b) on belief
states. This measure is arbitrary (except that it must halsdpport on the belief
spaceB) and allows one to control the emphasis the minimizationggaon differ-
ent regions of the belief space. For simplicity, | assumentieasure is a Dirichlet
distribution, specified by a vector of prior parametéfs), Vs € S. The Dirichlet
distribution is particularly convenient in this contextse one can specify a uniform

distribution over the belief simplex merely by settif\gs) = 1 for all s. Moreover,
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the required integrals for the Dirichlet have a closed foahutson, which allows us
to simplyprecomputehe linear coefficients for the weight parameters, by
/b (O"Wb+w'b+w) p(b)db = (W,E[bb']) +w'E[b]+w

where Eb| = 0/0]|,; E[bb"] = (diag(E[t]) + [|], EIDJE[E]T)/(1 + [|6],) (Gelman
etal., 1995); andA, B) = Zij A;;B;;. Thatis, one can specifyand compute the
linear coefficients ahead of time.

The second and more difficult problem with solving Equatiof55is to find
a way to cope with the infinite number of linear constraintseré{ | address the
problem with a straightforward constraint generation apph. The idea is to solve
Equation 5.15, iteratively, by keeping a finite set of coaisitis, each corresponding
to a belief state, and solving the fingemidefinitgorogram

Inin (W,E[bb"]) + w" E[b] + w  subject to (5.16)

b;erz+waz +w Z qa(bz-), Va, bz € C; W t 0

Given a putative solution}/, w, w, @ new constraint can be obtained by finding a

belief state that solves

min b'Wb+w'b+w—q,(b) subjectto
b>0, S.b(s) =1 (5.17)

for eacha. If the minimum value is nonnegative for allthen there are no violated
constraints and | have a solution to Equation 5.15.

Unfortunately, Equation 5.17 cannot directly be used forst@int generation,
sinceq,(b) is a convex function ob (see Theorem 8) and heneeg,(b) is concave;
yielding a non-convex objective. Thus, to use Equation %ot ¢onstraint genera-
tion | need to follow an alternative approach. | proposedtdiferent approaches
to this problem.

The first strategy maintains a provable upper bound on thenaptalue func-
tion by strengthening the constraint threshold with thedinupper bouna, b >
qa(b) from Proposition 1. Replacing,(b) with «b (in Equations 5.15 and 5.17)
ensures that an upper bound will be maintained, but alsacesdEquation 5.17 to
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a quadratic program that can be efficiently minimized to poada belief state with
maximum constraint violation.

The second strategy relaxes the upper bound guaranteeybpgudostituting., b
for ¢,(b) in the constraint generation procedure, maintaining aniefft quadratic
programming formulation there, but keepingd) in the main optimization (see
Equation 5.16). This no longer guarantees an upper bourd;aoustill produce
better approximations in practice because the bounds dbawvetto be artificially
strengthened.

The third strategy side-steps optimal constraint germnantirely, and instead
chooses a fixed set of belief states for the constraint g@Equation 5.16. In this
way, the semidefinite program (see Equation 5.16) needsdoltied only once per
value iteration step. This strategy doesn’t produce an uppend either but the
resulting approximation is fast and effective in practice.

Finally, to improve approximation quality, one could augrthe approximate
value function representation with a maximum over a set @fdgatics, much as
with a-vectors. One natural way to do this would be to maintain asstp quadratic

for each actiong, in Equation 5.15.

5.5 Experimental Results

| implemented the proposed approach using SDPT3 (Toh 4949) as the semidef-
inite program solver for solving the finite semidefinite piam in Equation 5.16.
Specifically, in my experiments, | have investigated thedttisimplest) strategy
mentioned above, which only used a random sample of bebé&fsto specify the
constraints in the constraint s&tl compared this method to two current value func-
tion approximation strategies in the literature: Pers&paén & Vlassis, 2005) and
PBVI (Pineau et al., 2003b). Here, both Perseus and PBVI wer&vith the num-
ber of belief states fixed at 1000, whereas the convex quadrethod, CQUB,
was run with 100 random belief states.

In my experiments, | considered the benchmark problénviaze (Hauskrecht,

3http://www.cassandra.org/pomdp/examples
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1997), Tiger-grid, Hallway, Hallway2, and Aircraft. Tab#el gives the problem
characteristics. In each case, a number of value iterateps svas fixed as shown
in Table 5.1, and each method was run 10 times to generatetiarats of value
function approximation quality.

Table 5.2 shows the results obtained by the various valugiumapproxima-
tion strategies on these domains, reporting the expecseduinted reward obtained
by the greedy policies defined with respect to the value fanastimates, as well
as the average time and the size of the value function appedidn? Interest-
ingly, the convex quadratic strategy CQUB performed ssmpgly well in these
experiments, competing with state of the art value funcipproximations while
only using 100 random belief states for constraint genamati Equation 5.16. The
policies that computed from CQUB are competitive with otétate of the art tech-
niques (Perseus and PBVI). The result is significantly gfeomn the Hallway do-
mains, reasonable good in the Maze and Aircraft domain, aghtly weaker in
the Tiger-grid domain. The size of the representation fduevdunction (i.e., the
number of unknown variables) requires by CQUB is signifiatgss due to the
representational power of quadratics. Thatis, convex@i@sg capture value func-
tion structure more efficiently than the linear approxiraatpproaches. Moreover,
the size of representation in CQUB grows much slower thaoties in Persus and
PBVI. However, the running time of CQUB is significant higliean previous tech-
niques due to the need to solve a semidefinite program foy éamk projection of

the value function.

5.6 Conclusion

| have introduced a new approach to value function appratxem&r POMDPs that
is based on a convex quadratic bound rather than a piecengse hpproximation.
The unknown parameters in the quadratics are optimizedcht @ecision making
stage by semidefinite programming.

From the empirical studies on the benchmark problems, | ftaved that quadratic

4For Perseus and PBVI, the sizg & times the number af-vectors. For CQUB, the size is just
[S](]S|+1)/24]|S]|+1, which corresponds to the number of variables in the quedipproximator.
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Problems| |S| |A] |O| | value iters
Maze 20 6 8 40
Tiger-grid| 33 5 17 76
Hallway 57 5 21 55
Hallway2 | 89 5 17 33
Aircraft 100 10 31 10

Table 5.1: Problem characteristics.

cQuB Perseus PBVI
Maze
Avg. reward | 45.35+3.28 30.49+0.75 46.70+2.0
Run time (s) 197.71 60.00 0.66
Size 231 460 1160
Tiger-grid
Avg. reward| 2.16+0.02 2.34+0.02 2.25+0.06
Runtime (s)| 7.5 x 103 61.36 28.47
Size 595 4422 15510
Hallway
Avg. reward| 0.58+0.14 0.51+0.06 0.53+0.03
Runtime (s)| 7.5 x 103 61.26 39.79
Size 1711 3135 4902
Hallway?2
Avg. reward| 0.43+0.25 0.34+0.16 0.35+0.03
Runtime (s)| 1.8 x 10* 63.72 27.97
Size 4095 4984 8455
Aircraft
Avg. reward | 16.70+0.58 12.73+4.63 16.37+0.42
Runtime (s)| 3.8 x 10° 60.01 8.03
Size 5151 10665 47000

Table 5.2: Experimental results. Mean discounted rewatdinéd over 1000 tra-
jectories using the greedy policy for each value functioprapimation, averaged
over 10 runs of value iteration.
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approximators can achieve highly competitive approxioratjuality without grow-
ing the size of the representation, even while explicitigusing on a tiny fraction
of the belief states. In summary, CQUB maintains a compgeesentation of the
value function and only requires computational time anadspiaear in the number
of decision stages. The drawback of CQUB is that it téahkger run time than
Perseus or PBVI in my runs above, which mainly comes fromithidtion of the
speed of the current semi-definite program solver.

Since this approach introduces a new perspective on appabxig POMDP

planning, | hope that it can lead to new avenues of researchlire approximation
for POMDPs.

113



Chapter 6

Conclusions

This thesis addresses the challenge of scaling up algaifomsequential deci-
sion making under uncertainty. Specifically, my researtbngpts to tackle three
key outstanding issues in sequential decision making irerain environments:
combining off-policy updates with generalization, baligcexploration and ex-

ploitation, and handling partial observability of the exwviment.

6.1 Contributions

The key contributions of this thesis can be summarized &s/sl

Dual representations and algorithms (Chapter 3). | have introduced dual rep-
resentations and a body of novel dual algorithms for sedieshecision making
problems. Dual representations maintain an explicit regmation of stationary
distributions as opposed to value functions. Therefora] dlgorithms, since they
are based on estimating normalized probability distrdngirather than unbounded
value functions, avoid divergence even in the presence foapnation and off-
policy updates. Moreover, dual algorithms remain stablgtimations where stan-
dard value function estimation diverges. Furthermores thial view offers a co-
herent and comprehensive perspective on optimal sequéetizion making prob-
lems, provides an alternative to standard value functieset#echniques, and opens
new avenues for solving sequential decision making probleinstudied the con-
vergence properties of the dual dynamic programming &lgos both theoretically

and empirically. | observed that on-policy updates conea@ndoth primal and dual
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dynamic programming algorithms while off-policy updatesedge when composed
with gradient operator in the primal, not in the dual. Leagnfrom the techniques
for proving convergence for the primal algorithms, | protleel convergence of tab-
ular on-policy (0), tabular off-policy (M), and projection on-policy®O) updates
for the dual. The reason is that these updates are non-agpgjas contraction)

operators with respect to the right norm.

A new technique for on-line action selection (Chapter 4). | have proposed a
simple approach to improving action selection quality indelobased Bayesian
reinforcement learning. The technique exploits inforimatin a Bayesian poste-
rior to make intelligent actions by growing an adaptive,rspdookahead tree. |
demonstrate that Bayesian sparse sampling improves asleation in simple re-
inforcement learning scenarios. The main advantage isttigatipproach yields
improved exploration/exploitation decision making whesreBayesian posteriors
can be conveniently calculated. The main drawback of myagris shared by all
model based Bayesian approaches to reinforcement leathmgeed to repeatedly

solve an MDP planning problem.

A novel algorithm for approximate POMDP planning (Chapter 5). Finally,

| have introduced a new approach to value function appratkémdor POMDPs
that is based on a convex quadratic bound rather than a peseénear approxi-
mation. Specifically, | approximate the optimal value fumctby a convex upper
bound composed of a fixed number of quadratics, and optirhizg semidefinite
programming. | have found that quadratic approximatorsazdmeve highly com-
petitive approximation quality without growing the sizetbé representation, even
while explicitly focusing on only a tiny fraction of the befistates. Overall, the
technique requires computation time and space that is ordgd in the number of
decision stages. However, CQUB totmnger run time than Perseus or PBVI in
my runs above. This drawback of my approach mainly comes frarimitation
of the speed of the current semi-definite program solvell stice this approach

introduces a new perspective on approximating POMDP platiexpect that this
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approach can lead to new avenues of research in value ap@atan for POMDPs.

6.2 FutureResearch

There are a number of future research directions suggesteédebwork in this

thesis.

Exploiting the joint primal-dual view of DP/RL. The dual view offers a co-
herent and comprehensive perspective on optimal sequéetizion making prob-
lems, provides a viable alternative to standard value fandiased techniques, and
opens new avenues for solving sequential decision makiablggms. Neverthe-
less, a problem can be solved jointly by a combination of le¢hprimal and dual

approaches.

Extensions of Bayesian sparse sampling. One possible future research for the
Bayesian sparse sampling idea is to compare on-line acétatt®on strategies
with pre-compilation approaches (Boyan & Moore, 1996). sltalso interesting
to contemplate the prospect of hybrid action selectiorteggras that combine pre-
compilation with on-line computation, perhaps by allowsgre-compiled value
function approximation to guide lookahead simulation withthe need for on-line

MDP planning.

Extensions of approximate POMDP planning. The quadratic approximation
for POMDP planning can be extended by considering strudtf® MDP mod-
els, and combining value function approximation with ppliased and sampling
based approaches. Also the idea of belief state compre@oupart & Boutilier,
2002; Poupart & Boutilier, 2004; Roy et al., 2005), and faetbmodels (Boutilier
& Poole, 1996; Feng & Hansen, 2001; Poupart, 2005) can heke@OMDPs
with large state spaces. Another idea | am exploring is ttegnetation of convex
guadratics as second order Taylor approximations to thienapwalue function,
which offers further algorithmic approaches with the ptitdrior tight theoretical

guarantees on approximation quality.
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Combining Bayesian spar se sampling with approximation. The unification of
Bayesian sparse sampling and quadratic approximate PON&DRipg should pro-
vide a principled methodology for integrating prior knoddge of the problem with
the interactive experience of a decision maker. Althoughaittion selection strat-
egy (Bayesian sparse sampling) in Chapter 4 is proposed iPdlthe idea of
making use of both prior knowledge and interactive expegdry growing a sparse
lookahead tree can be applied to sequential decision makmgneral. Potentially,
the Bayesian sparse sampling idea can be extended to hantidie selection in
partially observable environments. However, the extansmon-trivial because a
belief state in a POMDP is continuous. Fortunately, appnate POMDP planning
algorithm in Chapter 5 can be a natural choice for computiegvglues of the leaf
nodes in the tree evaluation. Combing Bayesian sparse saywith convex up-
per bound iteration algorithm can give us a general framkwwreflect a decision
maker’s the domain knowledge while allow it to behave adabtias it can learn

from its interactive experience.

Roboticsapplications. A robotic application | am currently pursuing is designing
a mobile Vendorbot (a wheeled Pioneer Il robot). The godVerfidorbot project
is to provide a real world domain to evaluate and extend mgddémagine a robot
wandering around an office building (like ours) selling camiérs and coffee to
the people who might want to have them without stepping ouheir offices. In
addition to taking Internet food requests via wireless camitation, the robot can
try to learn the preferences and habits of its customers ftermbservations and
experiences. One candidate strategy for a robot to selegham-line (e.g., where
to visit) will be the ideas mentioned in Chapter 4 of this thked’he robot might
choose to give high priority to the Internet orders that atleee expected to have
high payoff or be trustworthy. By saying that orders arestworthy”, | mean that
the orders are from customers who have never cheated theinolhe past by re-
fusing to pay for the delivery. Although | have to face chafjang problems besides
decision making, e.g., robot navigation, | hope that Vebhdbproject provides an

opportunity to investigate the flexibility of Bayesian spasampling strategy.
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Appendix A

Notation for Chapter 3

S set of states |S] se s
A setof actions |A| acA
r reward model |S||A|x1 I'(sq)
7 stationary policy |S]|A| %1 T (sa)
P transition model |S]|A| %S| Plsa,s
IT  sparse policy matrix |S]x|S||A| Hs,5a)
Z  stationary state-action distribution |S|| Al x|S]|A]

v state value function |S|x1 Vi(s)

q State-action value function |S]|A| x 1 d(sa)
p initial state distribution |S| %1

v initial state-action distribution |S]| Al x 1

= marginalization matrix |S] < |S||A]

c joint prob. distr. over state pairs |S]|x1 C(s)

d joint prob. distr. over state-action pairs  |S||A| x 1 d(sa)
M prob. of discounted state visits |S] %S| M55y
H  prob. of discounted state-action visits  [S||A|x|S||A| Hsasa)
w adjustable weights kx1

¢ bases for the primal representation |S||A| x k

U bases for the dual representation (|S]|A])? x k

T basis matrix, nonnegativegw normalized |S||A| x|S||A|

r '®lh)v |S||A| x k
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Appendix B

Tabular Reinforcement Learning

Beyond demonstrating novel dual representations for jawith a given MDP
model, | can also show how these representations can beaidedve novel forms

of learning algorithms without a MDP model as well. In reirdement learning
algorithms, e.g., temporal difference (TD) evaluationts8aand Q-learning, the
environmental modeP andr are unknown, but instead access to the environment

is limited to the selection of actions and observation aestansitions and rewards.

B.1 Temporal Difference Evaluation

First, | address TD prediction methods for policy evaluatilm the primal case, the
value of a given policy can be estimated by the standard Tuatian algorithm,

with the update step given by
Oviy = (1= a)vi +ar+yve) (B.1)

Note that a simple entry of the state value vector is updatés: computational
complexity of primal TD evaluation algorithm @3(1).
In the dual representation, an analogous TD evaluationighgocan be derived

with respect to the state distribution matrix. In this cdbe,update step is given by
OMsy = (1—a)Miy+a[(l—7)e] +yMy ] (B.2)

ande, is the vector of all zeros except forlan the s** position. Note that a row
of the discounted state visit distribution matrix is updit@nd no reference to the

immediate rewara is made. The computational complexity of dual TD evaluation
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algorithm isO(|S

), which is more expensive than the primal TD algorithm unless

the sparsity of the matrix/ can be exploit.

B.2 Sarsa: On-Policy TD Control

Next we consider the on-policy control problem. In the piiroase, the Sarsa
algorithm approximates the action-value function of thikgydoeing followed, and

interleaves this with policy improvement. The action-walpdate step is

Oqisey = (1 —a)qse) +a [7“ + vq(srar)] (B.3)

The policy improvement step here is implicit since the nesttam is chosen
greedily with probabilityl — ¢ with respect to the estimated updaje That is,
choosing:’ = argmax,, q(s.) from s” with probability1 — e.

In the dual representation, an analogous Sarsa algoritinbealerived with
respect to the state-action distribution matrix. In thisezahe distribution update

can be given by
OH(sa,:) - (]- - Q)H(sa,:) + « [(1 - V)e;ra + ’YH(S’a’,:)} (B4)

ande,, is the vector of all zeros except forldn the sa'” position. Note that here a
row of the state-action distribution matrix is updated, agdin, no reference to the
immediate rewara is made.

The computational complexity of primal Sarsa algorithn®id ) per time step
while the computational complexity of dual Sarsa algoriiki®(|.S||A|). The dual
Sarsa algorithm can be much more expensive than standazd &gorithm unless

the sparsity of the matrix/ can be exploited.

B.3 Q-Learning: Off-Policy TD Control

Finally, I consider the off-policy control problem. In thamal case, the Q-learning
algorithm directly approximateg*, the optimal action-value function. Here the

state-action value update is
MQ(sa) = (1 - a)Q(sa) +a|r+ ’)/Hlaélix Q(s’a’)] (BS)
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The update is a convex combination of the new estimate anelsichate.
In the dual representation, an analogous Q-Learning @lgorcan be derived

with respect to the state-action distribution matrix, byngghe distribution update
MH(sa,:) = (1 - a)H(sa,:) + [(1 - 7)6; + VH(s’a’*,:)] (BG)

wherea” = argmax,, Hy v ande, is the vector of all zeros except forlan
the sa'" position.

The computational complexity of primal Q-learning algbnit is O(|A|) per
time step while the computational complexity of dual Q-feag algorithmisO(|.S|| AJ?).
The dual Q-learning algorithm can be much more expensivedteandard Q-learning

algorithm unless the sparsity of the matfixcan be exploited.
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Appendix C

Approximate Reinfor cement
L earning

In a reinforcement learning scenario, the gradient updptrators are applied
pointwise with a single sampled transition, in place of & &xjpectation with re-
spect toPII in dynamic programming algorithms. This update is callethsad

gradient operator.

Primal Case
In the primal, recall that the gradient of objectile= 1|lq — ¢|.” = 1|jq — ®w],’
with respect tow is
Vulg = ®'Z(q-q)
= Z (I)(sa Z(sa sa) sa) — q(sa))

- E(SG)NZ(I)(sa,:)( A(sa) — q(sa)) (Cl)

wherediag(Z) corresponds to the stationary distribution over stateagbairs.

Sampling the expectation in the above equation, we can getaimpled gradient

VWJQ = (bgza,:)(él(sa) - q(sa)> (C2)

Therefore, we have the stochastic gradient update of thghiveector

Wi = Wy —aVyJg

= W;— aq)z;a7;) ((Al(sa) - q(sa)) (CS)
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Sinceq = dw, we haveq.,) = ®(.,.)w. Plugging it back into the above update

Wi = Wy — a@éa,:)(®(3a7;)wt — Q(Sa)) (C.4)

Because the true value of is unknown, we approximate it by sampling either
Oq = r + yPllq or Mq = r + vPII*[q]. This yields the stochastic gradient
updates

Wir1 = Wy — aq)z;m;)(q)(sa,:)wt — I(sa) — 7¢(s’a’,:)wt) (C5)

and

T

Wil = Wi — aq)(sm;)(q)(sa,:)wt — T(sa) — VH}IE}X (I)(s’a’,:)wt) (C6)

respectively for the on-policy and off-policy cases.

Thus, the unknown parameter can be learned iteratively with the above up-
dates. Then one can recover the estimation of action vabuedr= dw.

The computational complexity for one iteration of samp{a@ (see Equation
C.5) isk, which is the number of bases in the linear approximatione ¢bmpu-
tational complexity for one iteration of sampl€d\1 (see Equation C.6) is|A|.
The total computational complexity of the primal sampleaidient algorithm is the

product of the number of iterations (samples) and the costdoh iteration.

Dual Case
In the dual, recall that the gradient of objectiyig = 1| H — JEI||Z,r2 with respect

tow is

Vwly = T'Z@x" @I)(h—h)
= I Z((r" @ )¥w — (r" @ 1)h))
= I'"Z(I'w — Hr)
= > Tl Zisasa)TanW = Hisant)

sa

- E(Sa)’“ZPZ@a,:)(F(Sdﬁ)W - H(sa,:)r) (C?)

Sampling the expectation in the above equation, we can getaimpled gradient

VWJH = 1—‘2;&;) (F(sa,z)w - H(sa,:)r) (C8)
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Therefore, we have the stochastic gradient update of thghiveector

Wi = Wy —aVylJy

= W; — (XFZ‘;W)(F(SCL,;)Wt — H(sa,;)r) (C.9)

Because the true value @f is unknown, we approximate it by sampling either
OH = (1 — 4)I + vPIIH or MH = (1 — ~)I + vPIL*[H]. This yields the

stochastic gradient updates

Wil = Wy — oze;a,:) (F(sa7:)Wt — (1 — v)r(sza/) — ’}/F(s/a/,:)WJ (C].O)

and
Wi = Wy — aF(TW) (F(Sa,:)wt — (I =y)ray — %@XVF(S’Q’#)WJ (C.11)

for the on-policy case and off-policy cases respectively.

Thus, the unknown parameter can be learned iteratively with the above up-
dates. Note that we need check if thesatisfies the constraints of the weights
(positive and normalized) and enforce constraints if ndedéen one can recover
the estimation of state-action visit distribution frdh= reshape(Uw).

The computational complexity for one iteration of samp{a@ (see Equation
C.10) isk, which is the number of bases in the linear approximatiore démpu-
tational complexity for one iteration of sampl€d\U (see Equation C.11) i8|A|.
The cost of dual stochastic gradient updates are the sarhe asitnal ones. How-
ever, in the dual one needs to check if the leaweshtisfies the constraints. If not,
an extra step of enforcing the constraints of the weightsgsired, e.g., projecting
w to its linear constraints/” 1 =1 costsO(k?). The total computational complex-
ity of the dual sampled gradient algorithm is the produchefnumber of iterations
(samples) and the cost for each iteration (update and enfpconstraints).

Although approximate dual algorithms are interestingy ten be computation-
ally more expensive than their counterparts in the primale theoretical analysis
of the convergence of the approximate dual reinforcememhiag algorithms has

not been conducted yet.
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Other Algorithms
Here | only give a brief review of primal approximate reirdement learning
algorithms.

It is proven that TDK) with linear function approximation converges (with
probability one) in both the discounted (Tsitsiklis & RoyW97) and average re-
ward case (Tsitsiklis & Roy, 1999; Tsitsiklis & Roy, 2002)D{T)\) can diverge with
nonlinear function approximation (Tsitsiklis & Roy, 1997)

Least-squares temporal difference (LSTD) learning atgori(Bradtke & Barto,
1996; Boyan, 1999) is an approximate policy evaluation we@tlvhich minimizes
mean squared TD errors over sampled data. The state valctoiurs represented
as a linear combination of features with unknown paramete33 D first estimates
its model A andb) from sampled data, then it computes the unknown parameters
from the estimated model. The underlying update of LSTD isguprojection op-
eratorP on approximate state value function. Recursive LSTD (Xul.et2802)
and ILSTD (Geramifard et al., 2006) are approaches to spe&dbuiD.

Least-squares policy iteration (LSPI) is approximate @oiteration, which is
a combination of policy evaluation LSTDQ (LSTD on statei@ttvalue function)
and policy improvement. Itis a stable algorithm and recgihe storage of samples
to estimate the coefficients of a linear system (mairand vectob) to compute the
learned parametesg (Lagoudakis & Parr, 2003). An approximate policy iteration
algorithm was shown to be able to find an “approximately” i solution in
polynomial time (Kakade & Langford, 2002). Their algoritmssumes that a restart
distribution over states is given so that the trajectori@s lbe sampled from the
same state during estimation and treats the step of gemgatjreedy policy as a
regression problem.

Approximate Sarsa is a combination of state-action valuiatgs; O (see Equa-
tion C.5) and an implicit policy improvement. It has beenwhahat Sarsd)) with
linear function approximation cannot diverge, but mightilbaste (Gordon, 2000;
Singh et al., 2000).

Q-learning with linear function approximation whose ugdiaig M (see Equa-

tion C.6), is a common algorithm attempted in reinforcemeatning. It is inter-
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esting as explained in Chapter 1. However, it can divergadie, 1993; Boyan
& Moore, 1995; Baird, 1995). Fortunately, an off-policy atghm that combines
TD()\) over state-action pairs with importance sampling is pnageconverge with
probability one (Precup et al., 2001).
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Appendix D

Common Probability Distributions

Distribution ProbabilityP () E[X] Variance(X)
Bernoulli(x | 0) 0*(1—0)* x=0,1 7 6(1—0)
0<0<1

Binomial(zx | 6,t (H)er(1—0)—", 2=0,1,.,t to to(1 — 0)

)
0<f<1,t=1,2,..

1
2ro

Gaussian(z |y, 0?) e~ @207 oo < g < 400 p o?

LB ,.a—1(7 _ ..\8-1 _a _aB
Beta(x |, 3), 0, 3> 0 morme® (1—2)"0<2 <1 %5 Gopasm
D(z|a,B),a,8>0  foam e o >0 af ap?

Table D.1: Some common probability distributions. The ditgrr is a realization
of the random variable, andl 1, o, o, 3 are unknown parameters of the distribu-
tions.
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Appendix E
Some Useful Conjugate Priors

Likelihood P(x |#) Conjugate PrioiP(d) PosteriorP (6 |x)

Binomial(x |0,t)  Beta(f|a, ) Beta(@|a+s,6+t—s)
Poisson(x | \) Gamma(\ | a, 5) Gamma(\ |a+t,6+1)

Gaussian(z | p,0%)  Gaussian(p | po,02)  Gaussian(p| py, 0?)

Table E.1: Some useful conjugate priors. The quantitg a realization of the
random variable, andl 1, o, o, § are unknown parameters of the distributions. Here
the notationr stands for the observed value, ahis the generic symbol for the
parameter to infer (correspondingcando of a Gaussiarg of a binomial and\

of a Poisson distribution). The quantitys the total number of observations, the
notations represents the number of outcomie (successes).
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Appendix F
Other Related Wor k

F.1 Exponential Family

In probability and statistics, the exponential family isierportant class of prob-
ability distributions as they have nice algebraic progsrthat make them mathe-
matically convenient. All members of tlexponential familjhave conjugate priors
and can express a wide range of beliefs. The Bernoulli, Gaudsinomial, multi-
nomial, Gamma, Poisson and Beta distributions are membdisecexponential
family and their probability distribution functions can k&pressed as a general
form

P(x|n) = h(z) exp {n T(x) — A(n)} (F.1)
where

e 1 is arandom variable,

e 7 is the vector of natural parameters whose transpdse: (7, ...,7,) is a
row vector,

e h(x) reflects the underlying measure with respect to whickn) is a prob-
ability density distribution,

e T'(z) is a sufficient statisticof the distribution, which is a column vector

whose number of scalar components is the same as thegothaty " T'(x)
is a scalar,

e A(n) is a normalization factor.

Note that the concept of sufficient statistic applies moabty than just to members of the
exponential family.
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The Bernoulli Distribution

A Bernoulli experiment has only two possible outcomegsuccespwith prob-
ability # and 0 tailure) with probability1l — 0. Let a random variabl& represent
the success of an experiment. The probability mass funcfiarBernoulli random

variableX is given as follows.

P(z]0) = 6°(1 — 0)" = exp {log <1’%9) 2+ log(1 — 9)} (F.2)

The Bernoulli distribution is an exponential family digtation with

whered, () is the unit impulse function, such th#it f(x)d,(x)dz = f(y) for all
continuousf. Note that the relationship betwegmndd is invertible; therefore we

. 1 . .
havet = ——; by solving the above equations.

Beta Posterior Update. A conjugate prior for the Bernoulli parameteis a Beta
distribution. That is, consider a Bernoulli process wittkknown parametef, and
choose a Beta distributioBeta(a, (3) to be the prior ove#, given by P (0|, 3) =
62=1(1—0)°1 FF((:;;E@) . Herel' is the Gamma function. The parameteilenotes the
“prior” number ofsuccessesbserved; the parametgrdenotes the “prior” number

of failuresobserved before the new observatiénafter observing the outcome of
the Bernoulli process, eitheucces®r failure, we can update the Beta posterior

simply by adding one to the corresponding Beta parameter.

a=a+1 if successs observed

p:=p3+1 if failure is observed (F3)

Beta posterior = {

That s, the posterior density overs given byP (0 | s,t) = Beta(0 | a+s, f+t—s),
wheres the number of successes and s is the number of failures.

2Beta(1, 1) is the uniform distribution.
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The Univariate Gaussian Distribution
The univariate Gaussian (normal) density of a random veriabwith meanu

and variancer? can be written as follows:

1 1 W 1 1
N(z|p,o0?) = o exp {—(z — p)?/20%} = Nor exp {;x—ﬁxz—ﬁuz—lna
(F.4)
It is in the exponential family with
_ | w/o?
= { ~1/20° }
1= | 4]
W
A(n) = 552 +Ino
1
h _
(z) Nors

Univariate Gaussian Posterior Update. A conjugate prior for the Gaussian mean
1 is just another Gaussian. Consider a data-generatinggs ticat can be described
by the likelihoodP(z|n) = N (x| u, 0%), where parameter is unknown and pa-
rameters is known. Assume we have prior knowledge about the disiobutf 1

of the form P(u) = N (i | po, 02), where bothy, is our best guess of ando? is
our uncertainty about the guess. After observimgdependent samples;, ..., x;,

we have the posterior distribution

P(:u ‘ 1, X2, "'7xt> :N</~L | [, 52) (F5)
where
~ 1(:/0'2 _ 1/0‘8

5% = (t/o® +1/02)"!

andz = % 22:1 xy, is the sample mean (Duda et al., 2001).

The Multivariate Gaussian Distribution

The multivariate Gaussian (normal) distribution of a ramdectorX € R™ with
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meanu (ann x 1 vector), and varianc& (ann x n symmetric positive definite

matrix) can be written as follows:

Nx|p,X) = Wexp{—%(x—u)—rﬁ_l(x—u)} (F.6)

Multivariate Gaussian Posterior Update. A conjugate prior for the multivari-
ate Gaussian meanis also just another multivariate Gaussian (Duda et al.1200
Consider a data-generating process that can be descriltled liyelihoodP (x| ) =
N (x| p, X), where the parameter vectaris unknown and the parameter vec¥or
is known. Assume prior knowledge about the distributionhe tinknown vector
p in the form P(u) = N (| py, o). After observingt independent samples,
X1, ..., X;, We have the posterior distribution

Pp|x1, %9, ..., %) = N(p| 1, 2) (F.7)
where

i 1.\ 1 1\
- 1.\ '1

andx = % 22:1 x;, is the sample mean (anx 1 vector).

Gaussian Processes

A Gaussian process can be thought of as a possibly infinitertsional general-
ization of the multivariate Gaussian. FormallyGaussian procesgF'(x) | x € X'}
is a (finite, countably infinite, or uncountably infinite) t=adtion of random vari-
ables indexed by a variable or vectore X such that any finite subset of the
F-variables has a joint multivariate Gaussian distributf@villiams, 1999). A
Gaussian Process can be fully specified by its mean fungtiginand covariance
function K (x, x'), wherex, x’ € X, andK is a symmetric and positive-definite

function kerne). For any finite subset of indices;, x,,...,x; € X, we have
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Ft ~ N(Mt, Kt) Tha.t |S

F(x1) p(x1) k(xi,x1) k(xi,x2) -+ k(x1,xy)
F(x2) N w(xs) k(xo,%x1) k(xg,%X3) -+ k(x2,%;)
Fx) ux) || knxn) k(xexa) e E(xx)

(F.8)
Gaussian processes allow us to express priors over fusctidne property of
Gaussian processes is that the posterior distribution is&an given that both the
prior distribution and likelihood are Gaussian. As with etltonjugate distribu-

tions, this is computationally convenient.

Gaussian ProcessPosterior Update. Consider a data-generating process that can
be described by a Gaussian procgg$x) | x € X'}. Normally in the posterior up-
date for Gaussian processes we do not assume that we obbseahees directly, but
get noisy observations corrupted by some additional indeget Gaussian noise.
That is, we define

Y(x) = F(x)+ N(x) (F.9)

where F' is the underlying Gaussian process avds an independent zero mean
Gaussian process. Then given a sequence of sarles), i = 1, ..., ¢, we havet
equations

Y, =F, + N, (F.10)

whereY; = [Y(x;),...,Y(x,)]" andN; = [N(x1), ..., N(x;)]". From Equation F.8

and the definition ofV we then have
F, ~N(p, Ki), Ny~ N(0,%,) (F.11)
whereF; and N, are independent. Therefore, from Equation F.10 we get
Y, ~ Ny, K+ ) (F.12)

The posterior#'(x) conditioned on the observatioh$is Gaussian distributed.
The mean EF'(x) | Y;] and the covarianc€ov(F(x), F'(x') | Y;) can be updated

by
E[F(x)]Y; =y = po(x) + ke(x) (K, + )y, (F.13)
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Cov(F(x), F(x) | Y = yi) = k(x,x') = ki(x) " (K + 2) 7 'ki(x')  (F.14)

wherep = [po(x1), s to(X)] Ty ¥ = [y, - v T ke(x) = [k(x1,%), -0 k(xp, %)) T,
andK; is the same as in Equation F.8.

F.2 Multi-armed Bandit Problem

The multi-armed bandit problem is a mathematical modeltergroblem of opti-
mizing the total reward accumulated by choosing to play almemof arms (“slot
machines”), whose reward distributions are unknown andpeddent.

Early work on the multi-armed bandit problem (Berry & Fridtel1985) con-
centrated on finite horizon problems with Bernoulli arms.e3é& were introduced
in the framework of clinical trials by Thompson (1933) forawreatments whose
outcomes are eithér(succespor 0 (failure) and the prior distribution over the out-
comes is uniform. Robbins (1952) reintroduced the mukiea bandit problem
from a non-Bayesian viewpoint, proposed the play-the-effswitch-from-a-loser
strategy, and discussed the asymptotic behavior of thenrmaxidecision rules for
the Bernoulli case. Bradt, Johnson and Karlin (1956) wriogsfirst paper to search
for Bayes decision rules for this problem. Bellman (195&)@dd a Bayesian for-
mulation of multi-armed bandit for the infinite-horizon daainted case.

There are various multi-armed bandit problems, which cacelbegorized from
dimensions such as discrete-time vs. continuous-timeitgrfthite horizon vs.
infinite horizon case, and discount factor (uniform, geoiogand exponential).

Here we consider the basic version of the bandit problemdiia8. Karatzas,
1993) to introduce the key terms. Given a collectionN\ofstatistically indepen-
dent reward processes, a decision maker chooses one ptocastivate” at each
decision stageé. The activated process yields an immediate reward and elsang
its state; the other processes remain “frozen” in theirenrstates and yield no
reward. The goal for the decision maker is to choose a segquainprocesses to

maximize the expected total discounted rewards

E

thRa%Sft)] (F.15)
t=0
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An optimal strategy for a multi-armed bandit problem can ké&dnined by
computing the Gittins index of the state of each arm, therosimg the arm with
highest Gittins index (Gittins, 1989). Consider a singlmail he Gittins index of
states, = ¢ of the arm,¢(7), is defined as the supremum of expected discounted
reward per expected unit of discounted time over all posstdpping rules

gi) = SupE [ZZ:_OIJZR(&NSO - i]
>0 K [Et:O Ytlso = ’L]

Theorem 9 The N-armed bandit problem (with independent arms and geometric

(F.16)

discount) can be solved by solvingone-armed bandit problends.

Theorem 10 The optimal policy is to play the bandit arm with the great8gtins

index at each stage.

Rigorous proofs of the above two theorems could be foundsitgiklis, 1994b;
Bertsimas & Nino-Mora., 1996; Frostig & Weiss, 1999).

Remark 11 The multi-armed bandit problem can be decomposed into sipipiv-
dimensional subproblems (stopping problems). Therettwe problem of finding
optimal policies for the original MDP (Markov Decision Pregs) can be reduced
to a sequence of stopping problems (Varaiya et al., 1985gKaiis & Veinott,
1987).

The papers (Auer et al., 1995; Mickova, 2000; Kleinberg,2Qqfrovide some

recent work on the multi-armed bandit problem.

F.3 Batch Methodsfor Action Selection

Although batch (off-line) learning is a slightly unnaturabdel for reinforcement
learning, important theoretical results have been obthimkich show that near
optimal policies can be learned in time polynomial in thesifthe state and action
spaces (as well as other variables). Even though | did na&ssecily work on this

topic for my thesis, for completeness, | include a brief dgston here.

3The one-armed bandit problem can be viewed as two-armedtipantdlem. The reward distri-
bution of arm1 is unknown while the arr gives a constant return each time when it is pulled.
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Explicit Exploration Exploitation. The Explicit Exploration Exploitation?)

algorithm (Kearns & Singh, 1998) was considered the firsvgloty optimal poly-

nomial time algorithm for optimizing average reward on an RIIX divides the
states of the MDP being learned into two parts: the knowrestahd unknown
states. A good estimate of an unknown state transition pibtyafunction can be
gained by visiting the unknown state a sufficient numbenmoés. When in a known
state of the MDP, planning is used to determine a policy thatefficiently reach
an unknown state, which is necessary to reduce the numbtaps equired to visit
some unknown state. The algorithm can be shown to producsea approximation

to the optimal value function with high probability in polgmial time.

R-max. As a follow up to this line of research, the R-max algorithmigiBhan
& Tennenholtz, 2001) employs a much simpler idea but alsdeael polynomial
time guarantees. R-max puts high artificial rewards on unknstate-action pairs
(optimistic initialization) and then simply executes epifive actions by planning
in the optimistic MDP. After observing a sufficient numbertadnsitions from a
particular state and action, the new optimistic MDP is solf@ a new policy.
Similar results ta&? can be established, but for a much simpler algorithm.
Both methods are theoretically interesting as they prowetl & near optimal
policy could be found in polynomial time with high probabjli However, they
do not attempt to maximize the rewards obtained during thmiag. In addition,
the number of actions taken is chosen (up to a polynomial ¢hploy the methods

themselves and not under direct external control.
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