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Relevant	Goal	Information	

Information	identifies	useful	subgoals	
Grounding	Subgoals	in	Information	Transitions,	2011	



InfoBot:	Identifying	Decision	State	

Agent	pays	the	price	for	querying	the	
goal.	
	

Variational	information	minimization	b/w	action	
and	goal	given	state	



“Querying”	the	goal	state	



●  High	KL	==	“Interesting	State”	
●  Train	Primitives	to	go	to	“High	KL”	states	to	

query	the	goal.	
●  Incentivize	agents	to	go	to	“High	KL	states”	==		

Use	KL	as	intrinsic	motivation	

						

Using	KL	for	Structured	Exploration	



Decision	States	v/s	Bottleneck	States	

Distinction	b/w		
•  bottleneck	states	and		
•  decision	states		
●  Decision	states		⇒	linked	to	available	information	to	an	agent	
●  Bottleneck	states	⇒	Based	on	MDP	connectivity	structure.	

	

Concept	of	decision	states	
	
-  Decision	states	are	not	binary,	it’s	more	of	a	continuum.	
-  Some	states	are	less	decision-ey,	and	other	states	are	more	decision-ey.		

	
	

	



Fundamental	distinction	between	automatic	and	controlled	action	selection.	

	

	

(Left)	Diagram	credit	-	Matthew	
Botvinick	

	
●  Automatic	Responding	-	Perceptual	

inputs	directly	trigger	actions.	
●  Controlled	Behaviour	-	Automatic	

responding	is	overridden	to	align	
behaviour	with	the	goal.	

	
	
	
Infobot	architecture	contains	2	pathways	
	
-  Goal	to	Action	(“controlled”)	
-  State	to	Action	(“Automatic	

responding”)	
	
	
	



Identifying	Decision	Points	
-  Agent	gets	a	partial	view	(POMDP)	
-  Policy	trained	on	smaller	maze	(left),	
generalizes	well	to	bigger	mazes	(right)	



Better	generalization	

-  Wall	following	strategy.		NXSY	-	Grid	with	X	no.	of	rooms,	of	atmost	size	Y.	

	



Better	Generalization	



Structured	Exploration	-	Use	KL	as	
exploration	Bonus	

NXSY	-	Grid	with	X	number	of	rooms,	of	atmost	size	Y	(procedurally	generated)		



Better	Exploratory	Policy	-	 	 	
	Continuous	Control	Tasks	

-  Use	high	value	states	as	goals	(Recall	Traces:	Backtracking	Model)		

●  Baseline	-	Proximal	policy	
optimization	(PPO)		

●  Infobot-low-value	=	Use	
low	value		states	as	goal.	

●  Infobot-zero-KL	-	coeff.	Of	
KL	loss	is	0.	

	



Disentangling 
optimization and 
generalization 
•  The	traditional	ML	picture	is	that	optimization	and	

generalization	are	neatly	separated	aspects	
	
•  That	makes	theory	easier	to	handle,	separately	

•  Unfortunately	not	the	case	

•  SGD	variants	influence	optimization	AND	generalization	



Memorization in 
Deep Networks 

Mostly	from	preprint	arXiv:1706.05394		
Devansh	Arpit,	Stanisław	Jastrzębski,	Nicolas	Ballas,	David	Krueger,	
Emmanuel	Bengio,	Maxinder	S	Kanwal,	Tegan	Maharaj,	Asja	
Fischer,	Aaron	Courville,	Yoshua	Bengio,	Simon	Lacoste-Julien	



Memorization in 
Deep Networks 

•  Deep	networks	trained	with	SGD	generalize	well	due	to	its	
implicit	regularization	effect	(Zhang	et	al	2016)	

•  Deep	networks	achieve	~100%	train	accuracy	on	random	data	
(Zhang	et	al	2016)	

•  Do	deep	networks	also	memorize	real	data?	



Real data has 
Dominant Patterns 

•  Real	data:	some	samples	are	
learned	first.	

•  Random	data:	samples	are	
learned	in	arbitrary	order.	

Fraction	of	times	each	of	1000	
samples	is	classified	correctly	
after	1	epoch	across	100	runs	



Larger Margin on 
Real data 

•  Real	data:	distance	from	
decision	boundary	is	large	

•  Random	data:	distance	from	
decision	boundary	is	small	

Critical	sample	ratio	=	
fraction	of	samples	which	
have	adversarial	examples	
in	their	vicinity	



Patterns come First 
•  Validation	accuracy	peaks	

before	falling	

•  Patterns	in	real	data	learned	
before	overfitting	noise	

Train	(full)	and	validation	
(dotted)	accuracy	on	
MNIST	during	training	
with	noisy	labels	



Regularization Hinders 
Memorization 

•  Dropout	is	best	at	hindering	
memorization	

•  Maintains	performance	on	
real	data	for	reduced	
memorization	on	random	
data.	

Best	validation	performance	(picked	
across	hyper	parameter	grid)	on	real	
data	vs.	training	performance	on	
noise	labels	for	the	same	model,	for	
different	regularizers.	



Take Home Message 
•  DNNs	learn	patterns	before	memorizing	noise	

•  Regularization	hinders	memorization	



On the relevance of 
loss function 
geometry for 
generalization 

Laurent Dinh, Razvan Pascanu,	
Samy Bengio, Yoshua Bengio	



Flatness



•  Flat minima                Sharp minima"
"
Sharp minima            Flat minima 

Reparametrization

•    









•  Differentiation at critical point



Reparametrization

Sharp minima can generalize
Flat minima can poorly generalize



Eppur, si muove!"
"

And yet, it moves



Factors 
influencing 
Minima in SGD 

Mostly	from	preprint	arXiv:1711.04623	
Stanisław	Jastrzębski,	Zachary	Kenton,	Devansh	Arpit,	Nicolas	Ballas,	Asja	Fischer,	
Yoshua	Bengio,	Amos	Storkey	

	



Behavior of SGD 
•  Small	mini-batch	finds	wider	minima	(Keskar	et	al	2016)	

•  What	dynamics/factors	govern	the	quality	of	minima	
found	by	SGD?	



SGD as Stochastic Differential 
Equation 
•  Mini-batch	gradient	g(S)(θ)	(due	to	CLT),	batch	size	S:	

•  SGD	with	learning	rate	η	is	described	by:	

•  Continuous	stochastic	differential	equation	(SDE)	form:	(Li	et	al	
2017)		

Note:	C(θ)	=	B(θ)TB(θ)	

If	small	enough	
learning	rate,	ie.	
small	steps	
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•  The	equilibrium	distribution	of	this	SDE	is	given	by:	

•  ~Inverse	relation	between	loss	and	density	

•  Noise	n	controls	the	granularity	of	the	
equilibrium	distribution		

Equilibrium 
Distribution of SGD 

Note:	η	=	learning	rate,	S	=	batch	size,	σ2 =	fixed	isotropic	gradient	variance	

n	=	η/S		



Implications of the 
Theory 
•  Probability	of	ending	in	a	minima	A	described	by	Hessian	HA:		
	

	
•  In	general,	minima	with	larger	volume	is	favored	more	(simply	

because	it	has	higher	probability	mass)	

•  Higher	noise	n	prioritizes	width	(volume)	over	depth	
•  Final	equilibrium	distribution	is	unchanged	when	learning	rate	

and	batch	size	are	scaled	proportionally	η→βη,	S→βS	

Note:	n	=	η/S,	η	=	learning	rate,	S	=	batch	size,	σ2 =	fixed	isotropic	gradient	variance	



Smaller Noise –  
Sharper Bowl 
•  Interpolation	between	apparent	minima	found	by	SGD	at	

large/small	noise	level	

α	=	0:	baseline	noise	level	

α	=	1:	small	noise	due	to	large	
batch	size	

α	=	0:	baseline	noise	level	

α	=	1:	small	noise	due	to	small	
learning	rate	



Equal noise –  
Equal Width 

•  Interpolation	between	minima	found	by	SGD	at	the	same	
noise	level	(due	to	different	learning	rate/batch-size	
configurations)	

α	=	0:	baseline	noise	level	η/S	

α	=	1:	same	noise	level	0.25η/
0.25S	

α	=	0:	baseline	noise	level	η/S	

α	=	1:	same	noise	level	4η/4S	



Same Noise - Same 
Learning Dynamics 
•  Theory	talks	about	final	equilibrium	distribution	but	seems	

to	apply	along	trajectory	as	well	
•  But	even	learning	dynamics	is	similar	when	learning	rate	

and	batch	size	are	scaled	proportionally								η→βη,	S→βS	

Cyclic	Learning	Rate	and	Cyclic	
Batch-size	

Constant	Learning	Rate	and	
Constant	Batch-size	



Take Home Messages 
•  DNNs	learn	patterns	before	memorizing	noise	

•  Regularization	hinders	memorization	

•  The	quality	of	final	minima	and	learning	dynamics	is	similar	

when	learning	rate	and	batch	size	are	scaled	proportionally	

•  Larger	noise	favors	large	volume	minima	over	deep	ones	

•  Larger	noise	(e.g.	due	to	BS	or	l.rate)	hinders	memorization	



A Walk with SGD 
Xing, Arpit, Tsirigotis & Bengio ArXiv:1802.08770 

•  Interpolate	in	parameter	space	
between	minibatch	SGD	
updates	and	see	convex	shape	

•  After	initial	phase,	updates	
bounce	off	valley	floor,	which	
monotonically	improves,	
traversing	larger	distances	with	
smaller	batch	sizes	(BS)	

•  Learning	rate:	height	from	floor	
•  BS:	exploration	noise	
•  Pure	GD	gets	stuck	on	floor,	

while	SGD	finds	flatter	regions,	
36	

A Walk with SGD

Figure 1. Plots for VGG-11 Epoch 1 trained using full batch Gra-

dient Descent (GD) on CIFAR-10. Top: Training loss for the
1st 40 iterations of training. Between the training loss at every
consecutive iteration, we uniformly sample 10 points between the
parameters before and after a training update and calculate the loss
at these points. Thus we take a slice of the loss surface between two
iterations. These loss values are plotted between every consecutive
training loss value from training updates. For instance, between
iterations 20 and 21 (vertical gray lines), there are 10 loss values
interpolating the loss surface. The dashed orange line connects the
minimum of the loss interpolation between consecutive iterations
(this minimum denotes the valley floor along the interpolation).
Middle: Cosine of the angle between gradients from two consec-
utive iterations. Bottom: Parameter distance from initialization.
Gist: The loss interpolation between consecutive iterations have a
minimum for iterations where cosine is highly negative (close to
�1 after around 20 iterations meaning the consecutive gradients
are almost along opposite directions), suggesting the optimization
is oscillating along the walls of a valley like structure. The valley
floor (dashed orange line) reduces monotonously.

stochasticity. The plot of training loss interpolation be-
tween consecutive iterations (referred in the figure as train-
ing loss), cos(gt�1,gt), and parameter distance k✓t � ✓0k2
for CIFAR-10 on VGG-11 architecture optimized using full
batch gradient descent is shown in Figure 1 for the first 40
iterations of training. To be clear, the x-axis is calibrated by
the number of iterations, and there are 10 interpolated loss
values between each consecutive iterations (vertical gray
lines) in the training loss plot which is as described above
(the cosine and parameter distance plots do not have any
interpolations). This figure shows that the interpolated loss
between every consecutive parameters from GD optimiza-
tion update after iteration 15 appears to be a quadratic-like
structure with a minimum in between. Additionally, the
cosine of the angle between consecutive gradients after it-

Figure 2. Plots for VGG-11 Epoch 1 trained using SGD on CIFAR-
10. The descriptions of the plots are same as in Figure 1. Gist: The
loss interpolation between consecutive iterations have a minimum
for iterations and cosine is less negative compared with GD, sug-
gesting the optimization is oscillating along the walls of a valley
like structure but doing more exploration compared with GD. This
is verified by the larger distance traveled by SGD compared with
GD in Figure 1. The valley floor (dashed orange line) has many
ups and downs showing barriers along SGD’s path which do not
affect its dynamics because SGD travels at a height above the floor.

eration 15 is going negative and finally very close to �1,
which means the consecutive gradients are almost along
opposite directions. These two observations together sug-
gest that the GD iterate is bouncing between walls of a
valley-like landscape. For the iterations where there is a
minimum in the interpolation between two iterations, we
refer to this minimum as the floor of the valley (these valley
floors are connected by dashed orange line in figure 1 for
clarity). Thus we see that for GD, the floor is reducing
almost monotonously. As we will see, this is not the case
with SGD, and this GD behavior shows lack of exploration
for better minima. Take note that the parameter distance
from initialization during these 40 iterations reaches ⇠ 1.4.

Table 1. Number of barriers crossed during training of a whole
epoch (450 iterations) for VGG-11 and Resnet-56 on CIFAR-
10 and MLP on MNIST. We say a barrier is crossed during a
training update step if there exists a point interpolated between
the parameters before and after an update which has a loss value
higher than the loss at either points. For most parts of the training,
we find that SGD does not cross any significant number of barriers.

Epoch 1 Epoch 10 Epoch 25 Epoch 100

VGG-11 0 0 5 13
Resnet-56 0 0 2 23

MLP 0 3 5 -

which	generalize	better	



Sharpest Directions Along the SGD 
Trajectory  
(Jastrzębski, Kenton, Ballas, Fischer, Bengio, Storkey) 

•  Even	at	the	beginning	of	training,	a	high	learning	rate	or	small	
batch	size	influences	SGD	to	visit	flatter	loss	regions.		

•  the	largest	eigenvalues	appears	to	always	follow	a	similar	
pattern,	with	a	fast	increase	in	the	early	phase	and	a	decrease	
thereafter,	where	the	peak	value	is	determined	by	the	learning	
rate	and	batch	size.		

•  altering	the	learning	rate	just	in	the	direction	of	the	eigenvectors	
associated	with	the	largest	eigenvalues,	SGD	can	be	steered	
towards	regions	which	are	an	order	of	magnitude	sharper	but	
correspond	to	models	with	similar	generalization,	confirming	
that	curvature	of	the	endpoint	found	by	SGD	is	not	predictive	of	
its	generalization	properties.	

37	



Using a discriminator to 
optimize independence, 

mutual information or entropy!
•  Train a discriminator to separate 

between pairs (A,B) coming from P(A,B) 
and pairs coming from P(A) P(B)

•  Generalize this to measuring 
independence of all the outputs of a 
representation function (encoder). 
Maximize independence by 
backpropagating the independence 
score into the encoder 

 à NON-LINEAR ICA.

Brakel & Bengio ArXiv:1710.05050

Nonlinear 
ICA 

encoder!
!

Minibatch 
per-

variable 
shuffle!

!

Discriminator



(a) Anica PNL reconstructions ⇢max = .997. (b) Anica MLP reconstructions ⇢max = .968.

Figure 7: Reconstructions for the post-nonlinear mixture and MLP mixture of the synthetic sources.

(a) Audio source signals. (b) Anica PNL audio reconstructions ⇢max = .996.

Figure 8: Sources and reconstructions for the post-nonlinear mixture of audio signals.

13

Non-Linear Independent 
Component Analysis Results!
•  Sources were either mixed linearly or non-linearly, 

independent components recovered in both cases

APPENDIX

A SYNTHETIC SIGNALS

The synthetic signals were defined as follows:

s1(t) = sign(cos(310⇡t)),
s2(t) = sin(1600⇡t),

s3(t) = sin(600⇡t+ 6 cos(120⇡t)),

s4(t) = sin(180⇡t),

s5(t) ⇠ uniform(x|[�1, 1]),

s6(t) ⇠ laplace(x|µ = 0, b = 1).

The experiments were done using the first 4000 samples with t linearly spaced between [0, 0.4].

B FIGURES

(a) Source signals. (b) Anica reconstructions ⇢max = .997.

Figure 6: Sources and reconstructions for the linear synthetic source ICA task. The predictions
have been rescaled to lie within the range [�1, 1] for easier comparison with the source signals.
This causes the laplacian samples to appear scaled down. The scores ⇢max represent the maximum
absolute correlation over all possible permutations of the signals.
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Using a discriminator to 
optimize independence, 

mutual information or entropy!

•  Same architecture, but with a twist in 
the training objective which provides an 
asymptotically consistent estimator of 
mutual independence

MINE: Mutual Information Neural Estimator
Belghazi et al ArXiv:1801.04062

X!

Minibatch 
per-

variable 
shuffle!

!

Discriminator

Z!
concat!



Mutual information, KL divergence and 
Donsker-Varadhan Representation

•  GAN: Adversarial generative framework 
between D and G

•  Goal: generate from samples from noise, z, 
transformed by a function G, such that pg(x) is 
close (equal) to a target distribution pd(x).

•  Introduce a discriminator D

•  (Original) D maximizes the value function (min-
max game): 

•  At the optimal discriminator (maximizing V), 
minimizing V amounts to minimizing JSD 
between pg(x) and pd(x).

•  Train purely through back-prop

•  Produces highly realistic data compared to 
MLE methods

•  Does not work naturally with discrete data
41!

[Belghazi et. al., 2018]!

Mutual information: measure of dependence btwn 2 variables

MINE: Mutual Information Neural Estimation

assumptions about the underlying distribution of the data. One perspective on these works is that,
given the correct constraints on a neural network, the network can be used to compute a variational
lower-bound on the distance or divergence of implicit probability measures.

In this paper we look to extend this estimation strategy to mutual information as given in equation 1,
which we note corresponds to the Kullback-Leibler (KL-) divergence Kullback (1997) between the
joint, PXZ and the product of the marginal distributions, PX ⌦ PZ , i.e., DKL(PXZ || PX ⌦ PZ).
This observation can be used to help formulate variational Bayes in terms of implicit distribu-
tions (Mescheder et al., 2017) or INFOMAX (Brakel & Bengio, 2017).

We introduce an estimator for the mutual information based on the Donsker-Varadhan representa-
tion of the KL-divergence (Ruderman et al., 2012). As with those introduced by Nowozin et al.
(2016), our estimator is scalable, flexible, and is completely trainable via back-propagation. The
contributions of this paper are as follows.

• We introduce the mutual information neural estimator (MINE), providing its theoretical
bases and generalizability to other information metrics.

• We illustrate that our estimator can be used to train a model with improved support coverage
and richer learned representation for training adversarial models (such as adversarially-
learned inferences, ALI, Dumoulin et al., 2016).

• We demonstrate how to use MINE to improve reconstructions and inference in Adversari-
ally Learned Inference Dumoulin et al. (2016) on large scale Datasets.

• We show that our estimator provides a method of performing the Information Bottleneck
method Tishby et al. (2000) in a continuous setting, and that this approach outperforms
variational bottleneck methods (Alemi et al., 2016).

2 BACKGROUND

2.1 MUTUAL INFORMATION

Mutual information is a Shannon entropy-based measure of dependence between random variables.
Following the definition in Equation 1, the mutual information can be understood as the decrease in
the uncertainty of X given Z:

I(X;Z) := H(X)�H(X | Z) = H(Z)�H(Z | X), (2)

where H is the Shannon entropy and H(Z | X) is the conditional entropy of Z given X (the amount
of information in Z not given from X). Using simple manipulation, we write the mutual information
as the Kullback-Leibler (KL-) divergence between the joint, PXZ , and the product of the marginals
PX ⌦ PZ :

I(X;Z) = H(X) +H(Z)�H(X,Z) = DKL(PXZ || PX ⌦ PZ), (3)

where H(X,Z) is the joint entropy of X and Z. It can be noted here that the mutual information is
zero exactly when the KL-divergence is zero. The intuitive meaning is immediately clear: the larger
the divergence between the joint and the product of the marginals, the stronger the dependence
between X and Z.

There is also a strong connection between the mutual information and the structure between random
variables. We briefly touch upon this subject in Appendix 6.1.

2.2 THE DONSKER-VARADHAN BOUND

MINE relies on the Donsker-Varadhan representation of the KL-divergence, which provides a tight
lower-bound on the mutual information. The KL-divergence between two probability distributions
P and Q on a measure space ⌦, with P absolutely continuous with respect to Q, is defined as

DKL(P || Q) :=

Z

⌦
log

✓
dP
dQ

◆
dP = EP


log

dP
dQ

�
(4)

2
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where the argument of the log is the density ratio2 and EP denotes the expectation with respect to
P. It follows from Jensen’s inequality that the KL-divergence is always non-negative and vanishes
if and only if P = Q.

The following theorem gives a variational representation of the KL-divergence:
Theorem 1 (Donsker-Varadhan representation). The KL divergence between any two distributions
P and Q, with P ⌧ Q, admits the following dual representation (Donsker & Varadhan, 1983):

DKL(P || Q) = sup
T :⌦!R

EP[T ]� log(EQ[e
T ]) (5)

where the supremum is taken over all functions T such that the two expectations are finite. Given
any subclass F of such functions, this yields the lower bound:

DKL(P || Q) � sup
T2F

EP[T ]� log(EQ[e
T ]) (6)

The bound in Equation 6 is known as the compression lemma in the PAC-Bayes literature (Banerjee,
2006). A simple proof goes as follows. Given T 2 F , consider the Gibbs distribution G defined by
dG = 1

Z e
T
dQ, where Z = EQ[eT ]. By construction,

EP[T ]� logZ = EP


log

dG
dQ

�
(7)

The gap � between left and right hand sides of Equation 6 can then be written as:

� = EP


log

dP
dQ � log

dG
dQ

�
= EP log

dP
dG = DKL(P || G) � 0 (8)

and we conclude by the positivity of the KL-divergence. The identity (8) also shows that the bound
is tight whenever G = P, namely for optimal functions T ⇤ taking the form

T
⇤ = log

dP
dQ + C (9)

for some constant C 2 R.

It is interesting to compare the Donsker-Varadhan bound with other variational bounds proposed in
the literature. The variational divergence estimation proposed in (Nguyen et al., 2010) and used in
Nowozin et al. (2016) and Mescheder et al. (2017), leads to the following bound:

DKL(P || Q) � sup
T2F

EP[T ]� EQ[e
T�1] (10)

Although both bounds are tight for sufficiently large families F , the Donsker-Varadhan bound is
stronger in the sense that for any fixed T , the right hand side of Equation 6 is larger than the right
hand side3 of Equation 10. We perform numerical comparisons in Section 4.1.

We refer to the work by Ruderman et al. (2012) for a derivation of both representations (6) and (10)
from unifying point of view of Fenchel duality, in the more general context of f -divergences.

3 THE MUTUAL INFORMATION NEURAL ESTIMATOR

3.1 DEFINITION

We are interested in the case of a joint random variable (X,Z) on a joint probability space ⌦ =
X ⇥Z , and where P = PXZ is the joint distribution, Q = PX ⌦PZ is the product distribution. P is
then absolutely continuous with respect to Q. Using the expression (3) for the mutual information
in terms of a KL-divergence, we obtain the following representation:

I(X;Z) � sup
T2F

EPXZ [T (x, z)]� log(EPX⌦PZ [e
T (x,z)]). (11)

2Although the discussion is more general, we can think of P and Q as being distributions on some compact
domain ⌦ ⇢ Rd, with density p and q respect the Lebesgue measure �, so that DKL =

R
p log p

q d�.
3To see this, just apply the identity x � e log x with x = EQ[e

T ].

3

(Donsker & Varadhan, 1983):!
!
!!
Optimal T:                           With suboptimal T:  !
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where the argument of the log is the density ratio2 and EP denotes the expectation with respect to
P. It follows from Jensen’s inequality that the KL-divergence is always non-negative and vanishes
if and only if P = Q.

The following theorem gives a variational representation of the KL-divergence:
Theorem 1 (Donsker-Varadhan representation). The KL divergence between any two distributions
P and Q, with P ⌧ Q, admits the following dual representation (Donsker & Varadhan, 1983):

DKL(P || Q) = sup
T :⌦!R

EP[T ]� log(EQ[e
T ]) (5)

where the supremum is taken over all functions T such that the two expectations are finite. Given
any subclass F of such functions, this yields the lower bound:

DKL(P || Q) � sup
T2F

EP[T ]� log(EQ[e
T ]) (6)

The bound in Equation 6 is known as the compression lemma in the PAC-Bayes literature (Banerjee,
2006). A simple proof goes as follows. Given T 2 F , consider the Gibbs distribution G defined by
dG = 1

Z e
T
dQ, where Z = EQ[eT ]. By construction,

EP[T ]� logZ = EP


log

dG
dQ

�
(7)

The gap � between left and right hand sides of Equation 6 can then be written as:

� = EP


log

dP
dQ � log

dG
dQ

�
= EP log

dP
dG = DKL(P || G) � 0 (8)

and we conclude by the positivity of the KL-divergence. The identity (8) also shows that the bound
is tight whenever G = P, namely for optimal functions T ⇤ taking the form

T
⇤ = log

dP
dQ + C (9)

for some constant C 2 R.

It is interesting to compare the Donsker-Varadhan bound with other variational bounds proposed in
the literature. The variational divergence estimation proposed in (Nguyen et al., 2010) and used in
Nowozin et al. (2016) and Mescheder et al. (2017), leads to the following bound:

DKL(P || Q) � sup
T2F

EP[T ]� EQ[e
T�1] (10)

Although both bounds are tight for sufficiently large families F , the Donsker-Varadhan bound is
stronger in the sense that for any fixed T , the right hand side of Equation 6 is larger than the right
hand side3 of Equation 10. We perform numerical comparisons in Section 4.1.

We refer to the work by Ruderman et al. (2012) for a derivation of both representations (6) and (10)
from unifying point of view of Fenchel duality, in the more general context of f -divergences.

3 THE MUTUAL INFORMATION NEURAL ESTIMATOR

3.1 DEFINITION

We are interested in the case of a joint random variable (X,Z) on a joint probability space ⌦ =
X ⇥Z , and where P = PXZ is the joint distribution, Q = PX ⌦PZ is the product distribution. P is
then absolutely continuous with respect to Q. Using the expression (3) for the mutual information
in terms of a KL-divergence, we obtain the following representation:

I(X;Z) � sup
T2F

EPXZ [T (x, z)]� log(EPX⌦PZ [e
T (x,z)]). (11)

2Although the discussion is more general, we can think of P and Q as being distributions on some compact
domain ⌦ ⇢ Rd, with density p and q respect the Lebesgue measure �, so that DKL =

R
p log p

q d�.
3To see this, just apply the identity x � e log x with x = EQ[e

T ].
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The inequality in Equation 11 is intuitive in terms of deep learning optimization. The idea is to
parametrize the functions T : X ⇥ Z ! R in F by a deep neural network with parameters ✓ 2 ⇥,
turning the infinite dimensional problem into a much easier parametric optimization problem. In
the following we call T✓ the statistic network. The expectations in the above lower-bound can then
be estimated by Monte-Carlo (MC) sampling using empirical samples (x, z) ⇠ PXZ . Samples
x̄ ⇠ PX and z̄ ⇠ PZ from the marginals are obtained by simply dropping x, z from samples (x̄, z)
and (x, z̄) ⇠ PXZ . The objective can be maximized by gradient ascent.

In what follows we use the notation P̂(n)
X for the empirical distribution associated to a given set of n

iid samples drawn for PX . If we denote

✓̂n = arg sup
✓2⇥

EP̂(n)
XZ

[T✓(x, z)]� log(EP̂(n)
X ⌦P̂(n)

Z
[eT✓(x,z)]) (12)

as the optimal set of parameters under the above conditions, we obtain the Mutual Information
Neural Estimator (MINE):
Definition 3.1 (Mutual information neural estimator (MINE)).

\I(X;Z)n = EP̂(n)
XZ

[T✓̂n
(x, z)]� log(EP̂(n)

X ⌦P̂(n)
Z

[eT✓̂n
(x,z)]). (13)

Algorithm 1 presents details of the implementation of MINE.

Algorithm 1 . Mutual Information Estimation
✓  initialize network parameters
repeat

(x(1)
, z

(1)), . . . , (x(n)
, z

(n)) ⇠ PXZ . Draw n samples from the joint distribution
z̄
(1)

, . . . , z̄
(n) ⇠ PZ . Draw n samples from the Z marginal distribution

V(✓) 1
n

Pn
i=1 T✓(x(i)

, z
(i))� log( 1n

Pn
i=1 e

T✓(x
(i),z̄(i)

)
. Evaluate the lower-bound

✓  ✓ +r✓V(✓) . Update the statistic network parameters
until convergence

We will also use an adaptive gradient clipping method to ensure stability whenever MINE is used in
conjunction with another adversarial objective. The details of this are provided in Appendix 6.3.

3.2 CONSISTENCY

In this section we discuss the consistency of MINE. The estimator relies on (i) a neural network
architecture and (ii) a choice of n samples from the data distribution PXZ . We define consistency
in the following way:

Definition 3.2 (Consistency). The estimator \I(X;Z)n is (strongly) consistent if for all ✏ > 0, then
there exists a positive integer N and a choice of neural network architecture such that:

8n � N, |I(X,Z)� \I(X;Z)n|  ✏ with probability one

In other words, the estimator converges to the true mutual information as n ! 1, almost surely
over the choice of samples. The question of consistency breaks into two problems: an approxima-
tion problem related to the size of the family F , and inducing the gap in the inequality (11) ; and an
estimation problem related to the use of empirical measures in (12). The first problem is addressed
by the universal approximation theorem for neural networks (Hornik, 1989). For the second prob-
lem, classical consistency theorems for extremum estimators apply (Van de Geer, 2000), under mild
conditions on the parameter space.

This leads to the two lemmas below. The proofs are given in Appendix 6.2. In what follows we use
the notation Î[T ] for the argument of the supremum in Equation (11):

Î[T ] := EPXZ [T ]� log(EPX⌦PZ [e
T ])
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close (equal) to a target distribution pd(x).

•  Introduce a discriminator D

•  (Original) D maximizes the value function (min-
max game): 

•  At the optimal discriminator (maximizing V), 
minimizing V amounts to minimizing JSD 
between pg(x) and pd(x).

•  Train purely through back-prop

•  Produces highly realistic data compared to 
MLE methods

•  Does not work naturally with discrete data
44! [Belghazi et. al., 2018]
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since  H(X|Z)=0
I(X;Z)=H(X)

GAN! GAN+MINE!

Maximizing ENTROPY: avoid GAN mode 
dropping by max MI(X,Z)
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MINE: Mutual Information Neural Estimation

assumptions about the underlying distribution of the data. One perspective on these works is that,
given the correct constraints on a neural network, the network can be used to compute a variational
lower-bound on the distance or divergence of implicit probability measures.

In this paper we look to extend this estimation strategy to mutual information as given in equation 1,
which we note corresponds to the Kullback-Leibler (KL-) divergence Kullback (1997) between the
joint, PXZ and the product of the marginal distributions, PX ⌦ PZ , i.e., DKL(PXZ || PX ⌦ PZ).
This observation can be used to help formulate variational Bayes in terms of implicit distribu-
tions (Mescheder et al., 2017) or INFOMAX (Brakel & Bengio, 2017).

We introduce an estimator for the mutual information based on the Donsker-Varadhan representa-
tion of the KL-divergence (Ruderman et al., 2012). As with those introduced by Nowozin et al.
(2016), our estimator is scalable, flexible, and is completely trainable via back-propagation. The
contributions of this paper are as follows.

• We introduce the mutual information neural estimator (MINE), providing its theoretical
bases and generalizability to other information metrics.

• We illustrate that our estimator can be used to train a model with improved support coverage
and richer learned representation for training adversarial models (such as adversarially-
learned inferences, ALI, Dumoulin et al., 2016).

• We demonstrate how to use MINE to improve reconstructions and inference in Adversari-
ally Learned Inference Dumoulin et al. (2016) on large scale Datasets.

• We show that our estimator provides a method of performing the Information Bottleneck
method Tishby et al. (2000) in a continuous setting, and that this approach outperforms
variational bottleneck methods (Alemi et al., 2016).

2 BACKGROUND

2.1 MUTUAL INFORMATION

Mutual information is a Shannon entropy-based measure of dependence between random variables.
Following the definition in Equation 1, the mutual information can be understood as the decrease in
the uncertainty of X given Z:

I(X;Z) := H(X)�H(X | Z) = H(Z)�H(Z | X), (2)

where H is the Shannon entropy and H(Z | X) is the conditional entropy of Z given X (the amount
of information in Z not given from X). Using simple manipulation, we write the mutual information
as the Kullback-Leibler (KL-) divergence between the joint, PXZ , and the product of the marginals
PX ⌦ PZ :

I(X;Z) = H(X) +H(Z)�H(X,Z) = DKL(PXZ || PX ⌦ PZ), (3)

where H(X,Z) is the joint entropy of X and Z. It can be noted here that the mutual information is
zero exactly when the KL-divergence is zero. The intuitive meaning is immediately clear: the larger
the divergence between the joint and the product of the marginals, the stronger the dependence
between X and Z.

There is also a strong connection between the mutual information and the structure between random
variables. We briefly touch upon this subject in Appendix 6.1.

2.2 THE DONSKER-VARADHAN BOUND

MINE relies on the Donsker-Varadhan representation of the KL-divergence, which provides a tight
lower-bound on the mutual information. The KL-divergence between two probability distributions
P and Q on a measure space ⌦, with P absolutely continuous with respect to Q, is defined as

DKL(P || Q) :=

Z

⌦
log

✓
dP
dQ

◆
dP = EP


log

dP
dQ

�
(4)
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How to improve 
generalization!

Conjecture: some novel points which are off of the manifold 
contain combinations of attributes which we’ve seen during 
training.  

-Examples: 

-A deer with wheels instead of legs

-Tokyo city but with the eiffel tower in the skyline.  

-A blue pig.  



Manifold Mixup!
-Augment the training set by randomly combining attributes.  

-How to combine attributes?  

-Take a convex combination of the representations.  

-I.e. King - Queen + Child == Boy

-What attributes? In the latent space of a deep net! 

-Earlier layers cover more of the network.  

-Later layers make it easier to span the space.  



Details of Manifold Mixup!
-On each update, pick a random layer uniformly (including the 
input).  

-Sample    

-Mix between two random examples from the minibatch at that 
layer with coeff   .  

-Mix the labels for those two examples accordingly (soft label).  
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Results - Classification!

CIFAR - 10! CIFAR - 100!

-ShakeShake is 97.14% on CIFAR-10.  !
-Best or close-to-best results on CIFAR-10 that don’t use complicated and 
expensive hyperparameter search procedure (like AutoAugment or Neural 
Architecture Search)!



Results - Likelihood!
-Likelihood is WAY better with manifold mixup.  Means it’s less 
confident when it makes wrong predictions.  

Negative 
Log-
Likelihood 
(lower is 
better)!

Epoch!



Results - Novel Deformations!

CIFAR-100!



Results - Adversarial 
Examples!



Semi-supervised Learning!

-Not too close to SOTA (CIFAR-10 down to 5%).   
-For computational reasons, may still be preferable over VAT.  



Analysis - How are 
representations changed?  !

-If we block gradients at the mixing points - Manifold Mixup no 
longer helps!  

-Manifold Mixup is changing our representations to make 
interpolations less likely to collide.  



Analysis - interpolations 
actually have lower loss!

-So manifold mixup helps a lot along hidden space interpolations.  

-But input mixup helps a lot with hidden interpolations too.  Why?  



Visualizing interpolations!



Biological Plausibility!
-Let’s say that you’re a neuron and your job is recognizing 
animals.  

-Another part of the brain uses your outputs, but takes a variable 
amount of time to return a feedback signal.  

Neuron!

brain!

x[t=0]!

x[t=0] 
is a cat!!

Neuron!

brain!

x[t=1]!

x[t=1] 
is a 
dog!!

Neuron!

brain!
Actually 
x[t=1] 
was a 
cat!!

Neuron!

brain!

x[t=3]!

You were 
wrong: x[t=0] 
is a dog!!

x[t=2]!



Current Practical Value!
-Applying Manifold Mixup is rather straightforward.  

-Requires (essentially) no additional computation or memory.  

-Competitive with virtual adversarial training for semi-supervised.  

-Provides significant gains in classification.  
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