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Abstract

An interesting problem solved in Mermin [1990], exhibiting a Bell inequal-
ity for n spin- 1

2 entangled particles, corresponds to what is now called “pseudo-
telepathy game” in the quantum information community. Those ideas were
revisited recently by Broadbent [2004] and Brassard et al. [2003]. What fol-
lows is meant to be a (or yet another) unifying presentation of the relevant
concepts. (Those are in fact my working notes before I wrote Boyer [2004]).

§ 1. Introduction: Mermin’s parity game

Mermin [1990] proposes a “gedanken experiment” that establishes an exponen-
tial gap between expected values obtained in the quantum world and those ob-
tainable in a local theory. That experiment can be viewed as a game between n
players (whilst Mermin’s “game” is played by n particles in Nature) that goes as
follows: each player is given x j ∈ {0,1} where x is promised to have a Hamming
weight |x| that is even i.e.

n∑
j=1

x j ≡ 0 (mod 2) (1)

Each player is asked to output y j ∈ {0,1}. The game is won if

n∑
j=1

y j ≡ 1

2

n∑
j=1

x j (mod 2) (2)

Condition (1) is a “promise” on the inputs given to the m players and (2) is the
winning condition. It means that the parity of the output string y is equal to the
parity of 1

2

∑
j x j . In fact Mermin’s “game” is slightly diVerent: the promise is that

|x| is odd and the game is won if the parity of |y | is that of (|x|−1)/2. This game is
clearly equivalent to the one we have prefered to present here.
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§ 2. The quantum strategy

The players share the state |Φ+
n 〉 = 1p

2
|0n〉+ |1n〉. Remembering that

σ1|0〉 = |1〉 σ2|0〉 = i |1〉
σ1|1〉 = |0〉 σ2|1〉 =−i |0〉

and denoting σ1+x = ⊗ jσ1+x j we readily obtain that if |x| ≡ 2 (mod 4) then
σ1+x |Φ+

n 〉 =−|Φ+
n 〉 and if |x| ≡ 0 (mod 4) then σ1+x |Φ+

n 〉 = |Φ+
n 〉. Put diVerently

σ1+x |Φ+
n 〉 = (−1)

|x|
2 |Φ+

n 〉 (3)

This means that if we measureσ1+x on |Φ+
n 〉we get the parity of |x|

2 . This measure-
ment can be performed bitwise to get a bit y j and the result of the measurement
is the sum modulo 2 of the y j . This is the physical algorithm.

In order to translate this into a quantum computer algorithm where mea-
surements are performed in a standard basis (a result which was obtained inde-
pendently by Broadbent [2004]; see Brassard et al. [2003] for a short account) we
simply notice that:

σ1 = Hσ3H

σ2 = Sσ1S† = SHσ3HS†

Measuring σ1+x on the state |Φ+
n 〉 is thus measuring σ⊗n

3 i.e. parity on the state
obtained from |Φ+

n 〉 as follows

(1) if x j = 0, apply H on qubit j

(2) if x j = 1, apply HS† on qubit j

In all cases, player j applies (S†)x j , then H, and then measures σ3 i.e. measures
in the standard basis to get y j . From (3)

|y | ≡ |x|
2

(mod 2)

In Brassard et al. [2003], Sx j is applied by player j instead of (S†)x j , one reason
being that the result was derived independently of Mermin’s. In fact the state
used by Mermin is not |Φ+

n 〉 either, but 1
2 [|0n〉+ i |1n〉 and equality (3) is modified

accordingly.

§ 3. A derived expectation

In the previous section, the n bits x j could be generated equally likely by a quan-
tum circuit (apply H⊗(n−1) to |0n−1〉 and then add a parity bit using an n − 1 bit
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controled ⊕ so as to get an even string and then use the x j to control S and S†).

The output of the experiment is the parity of |Y|+ |X|
2 , or, equivalently

(−1)|Y|+
|X|
2

In the above experiment, the output is always 1 and so, the expectation or ex-
pected value of the measurements is 1. This is a value that is physically signifi-
cant.

§ 4. Classical strategies

We first give a rough interpretation. In order to compare with the quantum strat-
egy, Mermin essentially calculates the expectation1

〈
(−1)|Y|+

|X|
2

〉
(4)

of the random variable (−1)|Y|+
|X|
2 in the context where X = (X1, . . . ,Xn) is an equally

distributed multivariate random variable on strings of even parity in {0,1}n , Y =
(Y1, . . . ,Yn) is a multivariate random variable such that the Y j are {0,1} valued,
independent and depend only on X j and some shared random variable Λ. The

random variable (−1)|Y|+
|X|
2 takes only two values, 1 and −1; it is 1 if the game is

won and it is −1 if the game is lost. As a consequence〈
(−1)|Y|+

|X|
2

〉
= P[win]−P[lose] = 2P[win]−1

and

P[win] = 1

2
+ 1

2

〈
(−1)|Y|+

|X|
2

〉
(5)

so that bounding the expectation (4) is essentially nothing but bounding the prob-
ability of winning for any local random strategy with shared random value. This
is a possible meaning that can be given to Mermin’s formulas though, if we are
more careful, we can get from them a more useful bound without any assump-
tion on the distribution of X. The details follow.

§ 5. Mermin’s bound

The assumption is that we are given random variables (X,Y,Λ) where Λ is shared
by all players, Y = (Y j ) is such that the Y j are {0,1} valued and independent, Y j

1The expectation of a random variable Y is denoted 〈Y〉or E[Y]; the notation E[Y] allows conditional
expectations E[Y | x] and will thus be prefered in the next sections.
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depending on X j and the shared Λ. We make no assumption on X. This implies
the (−1)Y j are independent and

E
[
(−1)|Y| | x,λ

]=∏
j

E
[
(−1)|Y j | | x j ,λ

]
(6)

For each Y j we can write

E
[
(−1)Y j | x j ,λ

]= P[y j = 0 | x j ,λ]−P[y j = 1 | x j ,λ] (7)

and this value lies in the interval [−1,1] of the real line. Let us now consider

n∏
i=1

{
E

[
(−1)Y j | x j = 0,λ

]+ i E
[
(−1)Y j | x j = 1,λ

]}
(8)

Using (6) this product is equal to∑
x∈{0,1}n

i |x|E
[
(−1)|Y| | x,λ

]
In the same way

n∏
i=1

{
E

[
(−1)Y j | x j = 0,λ

]− i E
[
(−1)Y j | x j = 1,λ

]}
(9)

is equal to ∑
x∈{0,1}n

(−i )|x|E
[
(−1)|Y| | x,λ

]
and if we add (8) and (9) and then divide by 2, we get∑

x∈P
(−1)|x|/2E

[
(−1)|Y| | x,λ

]
(10)

where P = {x ∈ {0,1}n s.t. |x| is even}. This is the value that is eVectively bound by
Mermin. If we let Lose be the random variable that is 0 if there is a win and 1 if
there is a lose, then

(−1)Lose = (−1)|Y|+|X|/2

and (10) is then equal to ∑
x∈P

E
[
(−1)Lose | x,λ

]
If we assume P[X = x] = 2−n+1, i.e. that the inputs x ∈ P are all equally likely, than
this can be rewritten 2n−1E

[
(−1)Lose | λ]

or 2n−1E
[
(−1)|X|/2+|Y| | λ]

but there is no
need to make that assumption.

The sum (10) is equal by construction to the real part of (8) which is of the form∏
j (a j+i b j ) with a j ∈ [−1,1] and b j ∈ [−1,1]. We now bound the real value of such
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products, this will provide a bound for (8). If n is even, the largest possible norm
for

∏
j (a j + i b j ), which is 2n/2, can be obtained as the real part of the product by

letting half the factors be 1+ i and the other half be 1− i (indeed, (1+ i )(1− i ) =
2 = ‖1+ i‖‖1− i‖). If n is even, the maximum real part is 2(n−1)/2 (the last factor
cannot increase the real part) and so∑

x∈P
E

[
(−1)Lose | x,λ

]≤ 2bn/2c (11)

Now
E[(−1)Lose | x,λ] = P[win | x,λ]−P[lose | x,λ] = 2P[win | x,λ]−1

and so (11) is equivalent to

1

|P|
∑
x∈P

P [win | x,λ] ≤ 1

2
+ 1

2dn/2e (12)

for allλ and, in the particular case where X is uniformly distributed, gives a bound
on P[win | λ] and thus on P[win]. Of course, since (11) holds for all λwe also have

1

|P|
∑
x∈P

P [win | x] ≤ 1

2
+ 1

2dn/2e (13)

§ 6. Optimal strategies

One relevant question for pseudo-telepathy games is to find all the deterministic
strategies for which the bound (12) is eVectively reached. For each player j there
are four possible deterministic strategies S s

j with s ∈ [0 ..3]:

(1) S0
j : player j answers y j = 0

(2) S1
j : player j answers y j = x j

(3) S2
j : player j answers y j = 1

(4) S3
j : player j answers y j = x j

Let us assume that player j uses strategy S s j

j and let S = (S s j

j ) be their global

strategy. If we let λ be s = (s j )1≤ j≤n , then using (7) and an appropriate polar rep-
resentation of ±1± i , we get

E
[
(−1)Y j | x j = 0, s

]+ i E
[
(−1)Y j | x j = 1, s

]=p
2e(2s j +1)iπ/4

and consequently, product (8) wich is equal to

n∏
j=1

{
E

[
(−1)Y j | x j = 0, s

]+ i E
[
(−1)Y j | x j = 1, s

]}
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gives as a result p
2

n
e

∑
j (2s j +1)iπ/4 (14)

When n is even, this is exactly 2n/2 provided
∑

j (2s j + 1) ≡ 0 (mod 8) which is
equivalent to ∑

j
s j ≡−n/2 (mod 4) (15)

For n even, there are thus 4n−1 (optimal) strategies for which there is equality in
(12). We can choose at will the values s j ∈ [0 ..3] for players 1 to n−1 and sn needs
to be chosen so that the sum is −n/2 modulo 4. We then have, for any such s,
denoting PS s [win] for P[win | x, s],

1

|P|
∑
x∈P

PS s [win | x] = 1

2
+ 1

2dn/2e

When n is odd, (14) cannot be real and the largest real part is obtained when the
resulting complex number has a phase of π/4 or −π/4 (and of course a norm ofp

2
n

. Projecting on the real axis leaves a value of 2bn/2c and the condition to be
met by the s j is

∑
j (2s j +1) ≡±1 (mod 8) which can be written

∑
j

s j ≡ −n ±1

2
(mod 4) (16)

We can choose at will the n −1 first strategies in [0..3] and there are two possble
choices for sn giving a total of 2×4n−1 strategies that are optimal when n is odd.

§ 7. An optimal probabilistic strategy

Mermin’s argument allows bounding the average of P[win |x] for all even strings
x. If the adversary decides not to send those strings with equal probability, then
we may want to know the largest value

min
x

PS [win | x] (17)

can take for all possible strategies S . Clearly, (17) cannot be larger than the aver-
age of the values PS [win |x] can take and so, for all strategies S ,

min
x

PS [win | x] ≤ 1

2
+ 1

2dn/2e

By strategy is meant in principle any algorithm, deterministic or not, possi-
bly using some shared random generator. This corresponds to the most general
situation Mermin analyses, the common random generator corresponding to Λ.
However, we can put the random generators of all players in Λ and we will con-
sequently consider only situations where the strategy is deterministic for all λ.
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Proposition 7.1 (Broadbent [2004]) Let S be the strategy where the players share
λ = s randomly generated in the set of sequences s ∈ [0 ..3]n satisfying satisfying
(15) or (16) and, knowing s, apply the strategy S s . Then

min
x

PS [win | x] = 1

2
+ 1

2dn/2e

This is of course equivalent to saying that PS [win | x] = 1
2 + 1

2dn/2e for all x ∈ P. Here
is a proof using a diVerent approach than Broadbent’s.

Proof. For any optimal strategy defined by s, let P[win | x, s] be the probability of
winning if the input is x and the optimal strategy chosen is S s . By definition,

21−n
∑
x

P[win | x, s] = 1

2
+ 1

2dn/2e

and, for the strategy where the s are identically distributed amongst optimal s

21−n
∑
x

P[win | x] = 1

2
+ 1

2dn/2e

In order to show that P[win | x] = 1
2 + 1

2dn/2e we need only show that P[win | x] is
independent of x i.e.

P[(−1)|X|/2+|Y| = 1 | x]

is independent of x (so that the average is equal to the minimum). This is equiv-
alent to showing that

E
[
(−1)|X|/2+|Y| | x

]
does not depend on x. It suYces to show that if we take two bits that are 1 in x
and replace them by 0, then this expectation is left unchanged. We may assume
these two bits to be the first ones in x and we thus need only show that

E
[
(−1)|Y| | 11x ′]=−E

[
(−1)|Y| | 00x ′]

Since all the strategies are equally likely, this is equivalent to showing that∑
s

E
[
(−1)|Y| | 11x ′, s

]=−∑
s

E
[
(−1)|Y| | 00x ′, s

]
(18)

Since the conditions (15) or (16) for optimality if n is even or odd is on
∑

j s j mod-
ulo 4, we can sum (18) by keeping s1 + s2 fixed modulo 4 (for each value this sum
is allowed to take); we will do so with all the other s j fixed for 3 ≤ j ≤ n: more
precisely, let us compare for b = 0 and b = 1 the value for each a ∈ [0 ..3] of∑

s1+s2≡a (mod 4)
(−1)y1(b,s1)+y2(b,s2)+y ′(x′,s′) (19)
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for some x ′ and s′ fixed for 3 ≤ j ≤ n and the corresponding uniquely defined
string y ′(x ′, s′) (of length n−2). In this notation, y j (b,0) = 0, y j (b,1) = b̄, y j (b,2) =
1, y j (b,3) = b. It is an easy exercise (might be good for homework) to check that
for a = 0 and a = 2, (19) is 0. For a = 1 and a = 3, sum (19) for b = 1 is equal to the
negative of (19) for b = 0. Consequently, in all cases (including 0 sums), the sign
of (19) is changed when b is flipped. This proves (18) and the theorem.

§ 8. Conclusion

Mermin’s parity game provides a nice example where the optimal proportion of
winning inputs as well as the probability of winning on worst inputs can be pre-
cisely characterised. The use of expectations gives an elegant and short proof of
the upper bound.

As for the optimality of the probabilistic strategy, it seems to depart sensi-
bly from Mermin’s 1990 preoccupations and the result (but not the above proof)
belongs to Broadbent [2004]. This proposition shows that there is eVectively a
classical strategy that wins with a probability equal to the optimum and, in par-
ticular, with a probability larger than 1/2 on all inputs. This means that the quan-
tum strategy wins with a probability that is not even twice that of a well chosen
classical strategy.

Another reading of Mermin’s article can be found in Brassard et al. [2004]
where the above proposition in also proved.
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