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Tas binaire : swim
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swim : placement de v dans H[1..i]

Entrée: tas H[1..], indice i, valeur v — placement de v dans H[1..i]

1 p bi/2c
2 while p 6= 0 && H[p] > v do H[i] H[p] ; i p ; p bi/2c
3 H[i] v

private static <T extends Comparable<? super T>>
void swim(T x, int i, T[] H)

{
int p = i/2; // arrondi automatique
while (p>0)
{

T vp = H[p]; if(vp.compareTo(x)<=0) break;
H[i]=vp; i=p; p=i>>>1; // décalage par x = div par 2ˆx

}
H[i]=x;

}



Tas binaire : sink
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sink : placement de v dans H[i..n]

private static <T extends Comparable<? super T>>
void sink(T v, int i, T[] H, int n)

{
assert (n<H.length); // capacité H.length, cases occupées 1..n
int c=2*i; // indice de l’enfant gauche
while (c<=n)
{

T vc = H[c];
if (c<n)
{

T v2 = H[c+1]; if (v2.compareTo(vc)<0){ c++; vc = v2;}
}
if (vc.compareTo(x)>=0) break;
H[i] = vc; i=c; c= i<<1; // décalage gauche = mul par 2

}
H[i] = x;

}



Tas binaire — efficacité
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Nombre d’itérations et temps d’exécution :

procédure itérations get set compare
(au pire) (=H[...]) (H[...]=)

swim(·, i, ·) d(i) = blg ic d d + 1 d
sink(·, i, ·, n) h(i) = blgn/ic 2h h + 1 2h

? deleteMin/sink : ⇠ 2 lgn comparaisons au pire
? insert/swim : ⇠ lgn comparaisons au pire
? findMin : O(1)





Heapisation
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Opération heapify (A) met les éléments de la vecteur A[1..n] dans l’ordre de tas.

Triviale ?

heapify � top(A) // tableau arbitraire A[1..n]

H1 for i 1, . . . , n do swim(A[i], i, A) // // insertion

) prend O(n logn)

Meilleure solution :

heapify(A) // tableau arbitraire A[1..n]

H1 for i bn/2c, . . . ,1 do sink(A[i], i, A, n)

) prend O(n)





Heapify (cont)
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Preuve du temps de calcul : si i est à la hauteur h = blgn/ic, alors sink(·, i, ·)
fait O(h) temps. Il y a  n/2h nœuds à la hauteur h. Comparaisons au total :
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h

n

2

h
O(h) = O

✓
n
1X

h=0

h

2

h

◆
= O(n).

⇤

«Évidemment», O(n) est optimal pour construire le tas.

Preuve formelle :
– Trouver le minimum des élements dans une vecteur de taille n prend n � 1

comparaisons, donc un temps de ⌦(n) est nécessaire pour trouver le minimum.
– Avec n’importe quelle implantation de heapify, on peut appeler findMin après

pour retrouver le minimum en O(1).
– Donc le temps de heapify doit être ⌦(n), sinon on pourrait trouver le minimum

en utilisant heapify+findMin en un temps o(n) + O(1) = o(n). ⇤



Tas d-aire
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Tas d-aire : on utilise un arbre complet d-aire avec d � 2.

indices 1..n :
parent de l’indice i est d(i� 1)/de, enfants sont à d(i� 1) + 2..di + 1

indices [0..n� 1] :
enfants à di + 1..d(i + 1), parent à b(i� 1)/dc

deleteMin/sink : ⇠ d logd n =

d
lg d lgn

insert/swim : ⇠ logd n =

1

lg d lgn

findMin : O(1)

Permet de balancer le coût de l’insertion et de la suppression si on a une bonne idée
de leur fréquence (d = 4 est toujours meilleur que d = 2)



Files de priorité avancées
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Bcp d’autres structures inventées (nécessaires pour un merge efficace) :
binomial heap, skew heap, Fibonacci heap

O(n)insert

merge

decreaseKey

O(1)

liste triée liste non-
triée binaire binomial

O(n)

O(n) O(1) O(log n)

deleteMin O(1) O(n) O(log n) O(log n)

O(log n) O(log n)

O(n) O(log n)

O(log n)

O(1)

O(1) O(1)

skew
(amorti)

Fibonacci
(amorti)

O(1) O(1)

O(log n) O(1)

O(log n) O(log n)

d-aire

O(log n/
log d)

O(d log n/
log d)

O(log n/
log d)

O(n)



Changer la priorité
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changement de la priorité d’un élément — dans un tas binaire on peut le faire à
l’aide de swim (si priorité baissée) ou de sink (si priorité élevée)

même technique pour supprimer un élément au milieu du tas : lancer swim ou sink

à partir de la case vidée 0  i < n et placer H[n]

graphe pondéré avec n sommets et m arêtes — algorithmes fondamentaux basés
sur file de priorité contenant les sommets :
? algorithme de Prim trouve l’arbre couvrant minimal
? algorithme de Dijkstra trouve les plus courts chemins d’une source

(priorité de t = longueur du chemin de s à t)
appellent n fois deleteMin et m fois decreaseKey

) s’exécutent en O(n logn + m) temps si decreaseKey est O(1) amorti

Note : decreaseKey(e) nécessite la recherche de l’indice de l’élément e dans le tas
(dictionnaire élément! indice avec tas binaire)



Files de priorité : comparaison
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tas d-aire est très simple à implémenter — d’autres sont plus compliqués
Table 1: Programming e�ort

Heap variant Logical lines of code (lloc)
implicit simple 184
pairing 186
implicit 194
Fibonacci 282
binomial 317
explicit 319
rank-pairing 376
quake 383
violation 481
rank-relaxed weak 638
strict Fibonacci 1009

developed to support e�cient melding (which takes linear time in d-ary heaps), we have included it in our
study due to its simplicity. The binomial queue stores a forest of perfect, heap-ordered binomial trees of
unique rank. This uniqueness is maintained by linking trees of equal rank such that the root with lesser key
becomes the new parent. To support deletion of a node, each of its children is made into a new root, and
the resulting forest is then processed to restore the unique-rank invariant. This can lead to a fair amount
of structural rearrangement, but the code to do so is rather simple. Key decreases are handled as in d-ary
heaps by sifting upwards. Like d-ary heaps, binomial queues support all operations in worst-case � (log n)
time.

Most other heap variants can be viewed as some sort of relaxation of the binomial queue, with the
chronologically first one being the Fibonacci heap [17]. The Fibonacci heap achieves amortized O (1)-time
Insert and DecreaseKey by only linking after deletions and allowing some imperfections in the binomial
trees. The imperfections are generated by key decreases: instead of sifting, a node is cut from its parent
and made into a new root. To prevent the trees from becoming too malformed, a node is also cut from its
parent as soon as it loses a second child. This can lead to a series of upwardly cascading cuts. The violation
heap [12] and rank-pairing heaps [19] can be viewed as further relaxations of the Fibonacci heap. The
rank-pairing heaps allow rank di�erences greater than one, and propagate ranks instead of cascading cuts so
that at most one cut is made per DecreaseKey. Two rank rules were proposed by the authors, leading to
our implementations being labeled rank-pairing-t1 and rank-pairing-t2. The violation heap also propagates
ranks instead, only considering rank di�erences in the two most significant children of a node. It allows
two trees of each rank and utilizes a three-way linking method. The pairing heap [16] is essentially a self-
adjusting, single-tree version of the Fibonacci heap, where ranks are not stored explicitly, and linking is done
eagerly. Its amortized complexity is still an open question, though it has been shown that DecreaseKey
requires � (log log n) time if all other operations are O (log n) [15]. Two di�erent amortization arguments
can be used to prove either O (1) and O (log n) bounds for Insert and DecreaseKey respectively [21]
or O

�
22
�

log log n
�

for both operations [27]. It remains an open question to prove an o (log n) bound for
DecreaseKey simultaneously with O (1)-time Insert. All three relaxations are intended to be in some
way simpler than Fibonacci heaps, with the hope that this makes them faster in practice.

The strict Fibonacci heap [2] on the other hand, intends to match the Fibonacci time bounds in the worst
case, rather than in an amortized sense. This leads to a fair amount of extra code to manage structural im-
perfections somewhat lazily. Rank-relaxed weak queues [11] are essentially a tweaked version of rank-relaxed
heaps, with an emphasis on minimizing key comparisons. They mark nodes as potentially violating after
a DecreaseKey operation and clean them up lazily. Quake heaps [5] are a departure from the Fibonacci
model, but are still vaguely reminiscent of binomial queues. A forest of uniquely-ranked tournament trees
is maintained. Subtrees may be missing, but the number of nodes at a given height decays exponentially in
the height, a property guaranteed through a set of global counters and a global rebuilding process triggered
after deletions. There are multiple implementation strategies mentioned in the original paper, but only the
one that was fully detailed (the full tournament representation) has been implemented here. It is possible
that the other implementations would be more e�cient.

3

(implicit, explicit = tas d-aire sans ou avec decreaseKey)

Larkin, Sen & Tarjan 2014, arXiv :1403.0252

https://arxiv.org/abs/1403.0252
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sous-réseaux de la carte routière des USA
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Figure 1: Dijkstra on the full USA road map. All operation counts are scaled by log n.

n is the average size of the heap. In Figure 2, only the DeleteMin count is scaled by log n. This scaling
approximately reflects the amortized bounds for each heap.

Before diving into the results, we first make a high-level observation. The number of L1 cache misses
appears to be the metric most strongly correlated with wallclock time. It is not a perfect predictor, and
inversions in ordering certainly exist. Some of these inversions can be explained by L2 cache misses, write
counts, or branch misprediction. Others appear to be outliers or are otherwise yet unexplained.

4.1 Conventional wisdom holds.

We first examine two cases where the conventional wisdom holds. As seen in Table 2, the implicit-simple
heaps handle sorting workloads very well. The best performance is achieved by the implicit-simple-4 heap.
The Fibonacci heap is almost seven times as slow as the fastest, which does indeed echo old complaints about
its speed. The pairing heap and binomial queue fare better here, but still poorly at at least four times as
slow as the fastest. Without any key decreases, the rank-relaxed weak queue is essentially just an alternate
implementation of a binomial queue, so it is not terribly surprising that it does better than the Fibonacci
heap.

Similarly with Dijkstra’s algorithm on the full USA road map (Table 3), we see implicit-4 heaps performing
quite well, while Fibonacci heaps are roughly three times as slow. The explicit heaps are noticeably slower
even than Fibonacci heaps, and the only Fibonacci relaxation to perform well here is the pairing heap. The
others are in fact slower than their conceptual ancestor. Although they exhibit similar caching behavior,
their code is somewhat more complicated, which may be contributing to the slowdown.

Both of the above workloads are very well-studied, and as such the relative performance of the older heap
variants should not be very surprising.

4.2 Degenerate results.

We now turn to our randomized insertion-deletion workload. The results here are more surprising. Recall
from Lemma 3.1 that this workload is degenerate, in that as the sequence goes on, the most recently inserted
item is very likely to be the next item deleted. Nevertheless, this sequence is commonly used in empirical

6
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Figure 2: Dijkstra on the full USA road map. The DeleteMin count is scaled by log n.

Table 2: Sorting
Heap Size – max = 4194304, average = 2097152
Ratio of Operations – Insert : DeleteMin : DecreaseKey = 1.00 : 1.00 : 0.00

queue time inst l1 rd l1 wr l2 rd l2 wr br l1 m l2 m br m
implicit simple 4 1.00 1.00 1.00 1.33 1.00 1.01 1.00 1.00 1.00 1.00
implicit simple 8 1.05 1.23 1.09 1.11 1.01 1.00 1.12 1.01 1.01 1.12

implicit simple 16 1.25 1.78 1.39 1.00 1.28 1.00 1.53 1.19 1.27 1.53
implicit simple 2 1.59 1.12 1.23 1.98 1.01 1.04 1.29 1.31 1.01 1.29

implicit 8 3.30 1.16 2.17 1.79 3.94 2.05 1.61 1.90 3.90 1.61
implicit 4 3.66 1.04 1.88 2.01 3.26 2.04 1.65 1.76 3.23 1.65

implicit 16 3.91 1.54 2.84 1.68 5.58 2.09 1.94 2.33 5.50 1.94
pairing 4.29 1.06 2.08 6.78 2.35 38.14 2.04 3.05 3.13 2.04

binomial 4.63 1.73 4.22 9.45 1.51 44.62 2.58 5.15 2.44 2.58
implicit 2 4.75 1.25 1.98 2.66 3.82 2.07 2.41 1.99 3.78 2.41
explicit 4 5.10 3.11 6.52 10.60 2.06 117.30 7.07 6.99 4.56 7.07

rank relaxed weak 5.14 2.46 6.06 9.86 2.43 10.69 4.85 6.50 2.61 4.85
explicit 2 5.69 4.13 8.43 13.60 1.51 113.31 8.87 9.01 3.93 8.87
fibonacci 6.81 2.37 4.80 13.53 1.54 101.32 5.09 6.53 3.70 5.09
explicit 8 7.93 3.38 7.48 12.49 3.71 162.24 8.22 8.10 7.14 8.22

rank pairing t2 8.35 2.39 5.21 7.37 1.96 47.12 5.70 5.32 2.94 5.70
rank pairing t1 8.40 2.39 5.21 7.37 1.96 47.12 5.70 5.32 2.94 5.70

violation 10.13 3.39 6.23 10.29 3.45 6.46 7.52 6.71 3.51 7.52
explicit 16 12.62 4.41 10.17 16.95 5.90 250.87 11.49 11.00 11.21 11.49

quake 13.76 6.84 16.98 31.33 3.10 123.25 10.40 19.10 5.71 10.40
strict fibonacci 14.91 11.60 31.49 62.56 4.33 52.71 19.47 36.49 5.38 19.47

7
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Table 3: Dijkstra – full USA road map
Heap Size – max = 4200, average = 2489
Ratio of Operations – Insert : DeleteMin : DecreaseKey = 13.98 : 13.98 : 1.00

queue time inst l1 rd l1 wr l2 rd l2 wr br l1 m l2 m br m
implicit 4 1.00 1.00 1.00 1.10 1.35 1.06 1.00 1.00 1.00 1.00
implicit 8 1.07 1.12 1.12 1.03 1.61 1.18 1.01 1.07 1.20 1.01
implicit 2 1.17 1.10 1.01 1.27 1.35 1.00 1.33 1.05 1.00 1.33

implicit 16 1.37 1.42 1.38 1.00 2.20 1.35 1.21 1.24 1.63 1.21
pairing 1.68 1.09 1.12 2.95 1.71 28.57 1.39 1.60 1.75 1.39

binomial 2.37 1.49 1.83 3.49 1.30 34.57 1.49 2.24 1.56 1.49
fibonacci 3.15 2.00 2.09 5.03 1.73 79.53 2.91 2.85 2.67 2.91

rank pairing t2 3.26 1.98 2.16 2.85 1.34 35.46 3.19 2.29 1.61 3.19
rank relaxed weak 3.27 2.21 2.72 3.62 2.34 10.01 3.08 2.90 1.89 3.08

rank pairing t1 3.29 1.98 2.16 2.85 1.33 35.35 3.19 2.29 1.60 3.19
explicit 4 3.39 2.69 2.83 4.11 1.97 104.57 4.22 3.11 3.29 4.22
explicit 2 3.84 3.35 3.39 4.84 1.00 74.61 5.01 3.71 2.05 5.01
explicit 8 4.20 3.01 3.32 5.00 4.50 168.91 5.04 3.70 6.28 5.04
violation 4.74 2.85 2.67 3.92 2.60 4.24 4.38 2.95 1.97 4.38

explicit 16 5.94 3.94 4.56 6.81 8.02 276.59 7.13 5.06 10.76 7.13
quake 8.40 5.84 6.82 10.69 3.45 137.91 6.90 7.72 4.97 6.90

strict fibonacci 12.49 9.47 12.50 22.07 6.96 84.51 11.47 14.83 6.58 11.47

studies. The shortest sequence we tested, c = 1 (Table 19), remains rather close to the sorting workload.
On the other hand, when the sequence is very long (c = 1024), as shown in Table 4, we see a very di�erent
picture. The queue-based structures outperform the implicit heaps by a factor of at least two. Under these
assumptions about the distribution, an Insert operation in a d-ary heap results in the node being sifted
all the way to the top, and the subsequent DeleteMin on average results in another long sifting sequence.
In a queue structure with lazy insertion, the Insert commonly results in a singleton node which is simply
removed afterwards with little to no restructuring.

Although degenerate in the above case, a generalization of this sequence becomes a natural sequence for
which e�cient structures have been designed. Consider workloads which frequently insert new items near
the minimum rather than toward the bottom of the heap. Let r(x) denote the rank of x among the items
in the heap, such that the rank of the minimum is 1 and the maximum is n. Similarly let m(x) be the
maximum value of r(x) over the lifetime of x in the heap. Then there are structures which are optimized for
both the case of frequently deleting small-rank items and the case of frequently deleting large-rank items.
The fishspear data structure achieves an O (log m(x)) bound for deletion, while rank-sensitive priority queues
achieve an O (log (n/r(x))) bound [8, 14]. Additonally, pairing heaps have been shown to support DeleteMin
in O (log k) time where k is the number of heap operations since the minimum item was inserted [21].

The event simulation literature, largely orthogonal to the theory literature, includes more sophisticated
random models for generating insertion-deletion workloads. One in particular to note is the so-called “classic
hold” model which is essentially the same as the degenerate model, except that instead of inserting a
completely random key in each iteration, the new key is equal to the most recently deleted key plus a
positive random value. This avoids the degeneracy. This and other models were explored in a previous
experimental study [28]. That study also considers several special-case priority queues with poor theoretical
bounds (e.g., �(log n)) which nonetheless perform quite well for event simulation workloads.

4.3 Surpising results.

As noted in our discussion of the workloads, adding even a single key decrease per iteration to the random
sequences lessens the degeneracy. Furthermore in Table 5 we see that if the key decreases do not always
generate a new minimum, as would be the case in many applications such as graph search, then implicit
heaps with large branching factors continue to perform well. When the key decreases always produce new
minima, the amortized structures come out ahead, while worst-case structures (implicit heaps and binomial

8

time = wallclock, inst = compte d’instructions, l1/l2 : cache L1/L2, br : branching,
rd : read, wr : write, m : miss

Larkin, Sen & Tarjan 2014
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Algo TRI-SELECTION(A[0..n� 1])

S1 for i 0,1, . . . , n� 2 do
S2 minidx i
S3 for j  i + 1, . . . , n� 1 do
S4 if A[j] < A[minidx] then minidx j

// (maintenant A[minidx] = min{A[i], . . . , A[n]})

S5 if i 6= minidx then échanger A[i]$ A[minidx]

Complexité :

? comparaison d’éléments (n� 1) + (n� 2) + · · · + 1 =

n(n�1)

2

fois ;

? échange d’éléments [ligne S5]  (n� 1) fois
Temps de calcul : toujours ⇥(n2

) toujours
mais pas nécessairement une mauvaise idée si l’échange est beaucoup plus cher

que la comparaison



et si on se sert d’une file de priorité ?
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Algo TRI-PQ(A[0..n� 1])

P1 for i 0,1, . . . , n� 1 do PQ.insert(A[i])
P2 for i 0,1, . . . , n� 1 do A[i] PQ.deleteMin()

on peut utiliser heapify en P1 avec un tas binaire (d-aire)
la boucle de P2 suggère la borne inférieure ⌦(logn) pour le temps amorti

de deleteMin dans n’mporte quel implémentation (⌦(n logn) temps minimal
pour tri)
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HEAPSORT(A) // vecteur non-tri

´

e A[1..n]

H1 heapify(A)

H2 for i |A|, . . .2 do
H3 échanger A[1]$ A[i]
H4 sink(A[1],1, A, i� 1)

A[1..n] est dans l’ordre décroissant à la fin

(pour l’ordre croissant, utiliser un max-tas)

Temps O(n logn) au pire, sans espace additionnelle !

quicksort : ⇥(n2

) au pire (mais très rarement)
mergesort : O(n logn) toujours mais utilise un espace auxiliaire de taille n


