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ALIGNEMENT DE SÉQUENCES

OU COMMENT COMPARER DES LIVRES SUR LE

MÊME SUJET



Mutations
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33 générations (F) ou 200 (M)

insertions, 
deletions, 
substitutions 

recombinaisons,
(+insertions, 
deletions, 
substitutions) 

les mutations s’accumulent pendant les années→ divergence de séquences d’origin
commun

grand divergence⇒ plus de temps et/ou moins de sélection négative



Distance entre deux mots
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Distance d’édition : nombre d’opérations pour transformer un mot à un autre.

Opérations : sur caractères
- insertion (I insert)
- suppression (D delete)
- substitution (S substitute)
- identité (M match)



Calcul de distance
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But : calculer le nombre minimal d’opérations pour la transformation.

Minimal : autant de M (identité) que possible.

Exemples : docment-document, docment-dorment, docment-doucement, docment-
moments

On peut avoir plusieurs suites de la même taille minimale : abbc-axc



Calcul de distance 2
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Idée : calculer les distances entre les préfixes successivement

Nos notions formelles :
- alphabet fini Σ (p.e. Σ = {A, . . . , z} ou Σ = {T, G, A, C})
- mot ou séquence : une suite de caractères de Σ

Soit S une séquence.
- taille de S, denotée par |S| = nombre de caractères
- caractère en position i : S[i]

- sous-mot S[i..j] : le mot formé par les caractères S[i], S[i + 1],. . . , S[j]

- préfixe : sous-mot de forme S[1..i].



Calcul de distance 3
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Def. Distance d’édition entre deux séquences S1 et S2 : nombre minimal de I, D,
S dans une suite d’opérations qui transforme S1 en S2.

Thm. La distance d’édition est une fonction symétrique.
Preuve. I⇔ D.

Thm. La distance d’édition satisfait l’inégalité du triangle

Levenstein

Frankenstein

Bourassa

Un fait intéressant :) la distance d’édition est parfois appellée
distance de Levenshtein

http://www.keldysh.ru/departments/dpt_10/lev.html


Calcul de distance 4
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Def. Soit S et T deux séquences. On définit D(i, j) par

D(i, j) =


distance entre S[1..i] et T [1..j] si i > 0 et j > 0,

i si j = 0

j si i = 0.

Donc D(i, j) est la distance entre les deux préfixes de tailles i et j.

Thm. Si i, j > 0, on a

D(i, j) = min
{
D(i− 1, j) + 1,

D(i, j − 1) + 1,

D(i− 1, j − 1) + {S[i] 6= T [j]}
}
.



Calcul de distance 5
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Preuve. 1. La dernière opération pour achever D(i, j) doit être I, D, ou S/M.
2. Tous les trois sont possibles.

Donc on peut calculer D(|S|, |T |) par récursion. . . pas une bonne idée. (La même
valeur sera calculée plusieurs fois.)

Distance: opra - uma

 D(1,1)

Quand même on n’a que (1 + |S|)× (1 + |T |) appels récursifs possibles.

Au lieu d’explorer l’arbre de récursions en descendant, il est mieux de le faire de
manière ascendante.



Tableau de calculs
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Les cases contiennent les D(i, j).

Parcours : ligne par ligne.

Exemple : AAAC→ AGC

Temps de calcul : O(mn) (on remplit chaque case du tableau en un temps constant :
trois comparaisons et deux ou trois additions)

Comment trouver une suite d’opérations qui correspond à D(i, j) ? Enregistrer
dans chaque case la direction du min de la recurrence.



Alignement
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Déf. alignement=vecteur d’appariements

Types d’appariements :
- (a, a) : occurence (match)
- (a, b) : erreur (mismatch/substitution)
- (a,−) et (−, a) : indel

C

C

T

A

–

C

G

G

C

–

A

A

A

A

T

C

C

C

séquence S

séquence T

1 2 3 4 5 6 7 8 9

identité

substitution
(match)

insertion

suppression
(deletion)



Alignement pondéré
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Tableau C de pondération d’appariements

A C G T −
A 1 −3 −3 −3 −5
C −3 1 −3 −3 −5
G −3 −3 1 −3 −5
T −3 −3 −3 1 −5
− −5 −5 −5 −5 X

ou :

A C G T −
A 91 −114 −31 −123 −300
C −114 100 −125 −31 −300
G −31 −125 100 −114 −300
T −123 −31 −114 91 −300
− −300 −300 −300 −300

Score ou valeur de l’alignement : somme des valeurs des appariements

Problème : trouver l’alignement avec le score maximal
PD pour maximiser la similarité

Chiaromonte et al. PSB 2002.



Génération d’une matrice de pondération
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Modèle probabiliste pour une séquence : caractères aléatoires iid (indépendants et
identiquement distribués) : P{S[i] = σ} = πσ

P.e., πA = πT = 32%, πC = πG = 18% : taux de (G+ C) à 36%.

Modèle probabiliste pour évolution S → T : substitutions aléatoires indépendantes :

P
{
T [i] = σ′

∣∣∣∣ S[i] = σ

}
= pσ→σ′ (pas de trous !)

Matrice de subsitutions : M =
[
pσ→σ′

]
σ,σ′∈Σ



Matrice de pondération 2
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Probabilité d’un «vrai» alignement : P1 = P{S, T}
Probabilité d’un alignement au hasard : P0 = P{S}P{T}

P1 =
n∏

i=1

P{S[i], T [i]} =
n∏

i=1

πS[i]pS[i]→T [i];

P0 =
n∏

i=1

P{S[i]}P{T [i]} =
n∏

i=1

πS[i]πT [i].



Matrice de pondération 3
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Rapport de P0 et P1 : LODS (logarithmes des chances) log P1
P0

.

On a

LODS =
n∑

i=1

log
πS[i]pS[i]→T [i]

πS[i]πT [i]
=

n∑
i=1

log
pS[i]→T [i]

πT [i]
.

Score de substitution σ → σ′ :

C
[

σ
σ′

]
=

⌈
α log

pσ→σ′

πσ′

⌉
,

où α est une facteur d’échelle (notez qu’on utilise le plafond pour valeurs entières)



Matrice de pondération 4
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Problème : comment estimer πσ et pσ→σ′ ?

Solution : prendre de «bons alignements»

Exemples : BLOSUMnn (nn=45,62,80 pour nn% d’identité, protéines) ;
PAMxxx (xxx=100,250,. . . , mesure divergence, protéines) ;
Chiaromonte (pour ADN)



Graphe d’édition
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A C G G T C A

A

T

G

G

T

A

C

A

ACGGT–CA
ATGGTACA

séquence T

séquence S



Graphe d’édition 2
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pondération des arêtes :

poids(vi−1,j−1 → vi,j) = C
[

S[i]
T [j]

]
;

poids(vi−1,j → vi,j) = C
[

S[i]
−

]
;

poids(vi,j−1 → vi,j) = C
[
−

T [j]

]
.

alignement global : trouver le chemin de v0,0 à v|S|,|T | avec poids maximal.



Alignement : variation
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Trouver la région de similarité maximale entre deux séquences —
alignement local

Dans le graphe d’édition : trouver le chemin de vi,j à vi′,j′ avec poids maximal
pour i′ ≥ i, j′ ≥ j quelconques

Les noms :
Needleman-Wunsch : problème de l’alignement global
Smith-Waterman : algorithme de l’alignement local



Alignement : chevauchements
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Trouver le meilleur chevauchement entre un suffixe (de S) et un préfixe (de T ).

 S

 T

séquence S

séquence T



Trous
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Pénalisation d’un trou par sa taille :
- quelconque : δ(longueur)

- constante
- linéaire : δ(`) = δouvrir + `δcont (avant on avait le cas spécial δouvrir = 0)

Récurrence pour pondération «quelconque» :

A(i, j) = max
{
A(i− 1, j − 1) + C

[
S[i]
T [j]

]
,

max
`=1,...,i

{A(i− `, j) + δ(`)}, max
`=1,...,j

{A(i, j − `) + δ(`)}
}
.

Cas de base : A(i,0) = δ(i);A(0, j) = δ(j).

Temps de calcul : O(nm2 + mn2) pour |S| = n, |T | = m.



Pondération — exemple
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Trous longs (disons ` ≥ 5) en S avec pénalisation constante δlong, trous courts
avec pénalisation quelconque δ(`) ; trous en T avec pénalisation simple δ′`.

Définir graphe d’alignement avec deux genres de sommets : vi,j pour alignements
de préfixes qui finissent pas par trous longs et ti,j pour ceux qui finissent par trous
longs.

Arêtes : vi,j ↘ vi+1,j+1 ponderée par C
[

S[i]
T [j]

]
, vi,j ↓ vi+k,j pour k =

1, . . . ,4 ponderée par δ(k), vi,j → vi,j+1 ponderée par δ′, ti,j → vi,j pon-
derée par 0, vi,j ↓ ti+5,j ponderée par δlong, ti,j ↓ ti+1,j ponderée par 0.



Calcul en espace linéaire
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Calcul de score V (i, j) rangée par rangée de gauche à droite (trou de taille `

pondéré par δ`)

A C G G T C A

A

T

G

G

T

A

C

A

séquence T

séquence S

On n’a besoin que de V (i− 1, j′): j′ ≥ j et de V (i, j′′): j′′ ≤ j.



Espace linéaire 2
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Algo ALI-LINESPACE

Entrée : séquences S, T avec n = |S| et m = |T | ; matrice de coûts C

L1 U [0]← 0 ; for j ← 1..m do U [j]← U [j − 1] + C
[
−

T [j]

]
L2 for i← 1..n do

L3 x← U [0] ; U [0]← U [0] + C
[

S[i]
−

]
L4 for j ← 1..m do
L5 tmp← U [j]

L6 U [j]← max
{

U [j − 1] + C
[

S[i]
−

]
, x + C

[
S[i]
T [j]

]
, U [j] + C

[
−

T [j]

]}
L7 x← tmp

U

x

j

tmp

j-1

Affectations en Ligne L6



Espace linéaire 3
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Mais comment trouver le meilleur alignement (et pas seulement son score) en es-
pace linéaire ?

Idée de clé : trouver le noeud en ligne i du graphe par lequel le chemin du meilleur
alignement doit passer

1. calculer ∀j : Vpre(i, j), le score du meilleur alignment de S[1..i] et T [1..j]
(Vpre(i, j) = U [j] en ALI-LINESPACE si appellé avec S[1..i] et T )

2. calculer ∀j : Vsuf(i, j), le score du meilleur alignement de S[i + 1..n] et
T [j + 1..m].

3. le meilleur alignement doit croiser rangée i en colonne j∗ qui maximise
V (i, j∗) = Vpre(i, j∗) + Vsuf(i, j

∗)

On peut calculer V ∗ en espace linéaire avec un algorithme similaire à ALI-LINESPACE



Espace linéaire 4 — Hirschberg
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Algo ALI-HIRSCHBERG

Entrée : séquences S, T avec n = |S| et m = |T | ; matrice de coûts C

H1 if m = 0 then return alignement
[

S[1] ... S[n]
− ... −

]
H2 if n = 1 then

H3 trouver j ∈ 1, . . . , m t.q. C
[

S[1]
T [j]

]
is maximal

H4 return alignement
[
− ... − S[1] − ... −

T [1] ... T [j−1] T [j] T [j+1] ... T [m]

]
H5 soit i← bn/2c
H6 calculer U [j] = Vpre(i, j) et W [j] = Vsuf(i, j) pour tout j = 0, . . . , m

H7 soit M ← maxj=0,...,m{U [j] + V [j]}
H8 soit j∗ ← min{j : U [j] + W [j] = M}
H9 calculer l’alignement A1 ← ALI-HIRSCHBERG(S[1..i], T [1..j∗],C)

H10 calculer l’alignement A2 ← ALI-HIRSCHBERG(S[i + 1..n], T [j∗+ 1..m],C)
H11 return la concaténation de A1 ·A2

(En lignes H9–H10, T [1..0] = ε et T [m + 1..m] = ε)

Hirschberg, Comm. ACM, 18 : 341



Alignement plus rapide
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1. méthodes heuristiques : hachage, arbres de suffixe, PD limitée (taille totale de
trous bornée)

2. PD éparse (pour sous-séquence commune ou chaı̂nage en alignement global
heuristique)



Hachage
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Deux séquences S, T

Fonction de hachage : h : {A, C, G, T}k 7→ H
hit : (i, j) avec h(S[i..i + k − 1]) = h(T [j..j + k − 1])

Technique : listes Occ(u) de positions où h−1(u) apparaı̂t

1. pour i← 1, . . . , |S| − k + 1 faire

2. clé← h(S[i..i + k − 1])

3. ajouter i à la fin de la liste Occ(clé)

4. pour j ← 1, . . . , |T | − k + 1 faire

5. clé← h(T [j..j + k − 1])

6. traitement [extension ?] des hits (i, j): i ∈ Occ(clé)



Hachage — structure de données
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Trouver les clés partagés : stocker les occurrences (Occ) de tous les clés de S en un
tableau de hachage

Implantation facile en Java : on peut utiliser les sous-mots w comme clés direc-
tement, Hashtable calcule des clés de hachage automatiquement, liste chaı̂née
pour chaque Occ(w)

(utilise plus de mémoire que nécessaire. . . )



Tableau de k-mers
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1

6

7

4

5

2

3

8

Séquence:

ta
bl

ea
u 

de
 h

ac
ha

ge
 (

k=
3)

ACCGTCCGTA

lis
te

s 
ch

aî
né

es

AAA

...

ACC

...

CCG

...

CGT

...

GTA

GTC

...

TCC

...

TTT

Ma, Tromp et Li. Bioinformatics 18 :440.



Implantation
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1. Encodage des k-mers en 2k bits :
A→ 00, C→ 01, G→ 10, T→ 11.

Java int : 32 bits (k ≤ 16) ; long : 64 bits (k ≤ 32).

2. Encodage des listes chaı̂nées :
chaque position de la séquence n’apparaı̂t qu’une fois !
Définir un tableau int[] successeur où successeur[i] donne la position
qui suit i dans une des listes chaı̂nées ou égale à −1 si i est la dernier objet dans
une liste.
Tête de chaque liste est trouvée par un tableau int[] tete où tete[i] donne
la première position ou le k-mer encodé par i se trouve.

Mémoire : (4k + |S|) fois taille de int (4 octets).



Implantation — Java
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HT1 int[] tete=new int[1<<(2*k)];
HT2 int[] successeur=new int[S.length()-k+1];
HT3 pour tout i, tete[i]← −1
HT4 for (int i=0; i<S.length()-k+1; i++){
HT5 calcul de l’encodage w pour le sous-mot S[i..i + k − 1] ;
HT6 successeur[i]=tete[w];
HT7 tete[w]=i;
HT8 }
HT9 for (int j=0; j<T.length()-k+1; j++){

HT10 calcul de l’encodage w pour le sous-mot T [j..j + k − 1] ;
HT11 int i=tete[w];
HT12 while (i != -1){
HT13 extension du hit (i, j)
HT14 i=successeur[i];
HT15 }
HT16 }



Hachage — performance
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Spécificité : mesurée par nombre de hits entre deux séquences sans homologies
(p.e., aléatoires)

Sensibilité : mesurée par la probabilité de hit dans une région de homologie

Probabilité de hit dans une région de similarité (n=120, q=60%)

0

0,25

0,5

0,75

1

1% 10% 100% 1000% 10000% 100000% 1000000%

Temps de calcul (référence: 10-mer)



Hachage — nombre de hits
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Modèle : S aléatoire, avec nucléotides iid selon p ; T aléatoire, avec nucléotides iid
selon q : P{S[i] = c} = pc et P{T [j] = c′} = qc′.

Fonction de hachage : identité h(u) = u, H = Σk (Σ = {A, C, G, T})

Thm. Soit β =
∑

c∈Σ pcqc. Alors le nombre de hits en espérance est stβk où
s = |S| − k + 1 et t = |T | − k + 1.



Détour — nombre de hits
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L’espérance de nombre de hits est la même pour tous les sous-mots w ∈ Σk. Est-ce
que la distribution est la même aussi ? Non !

Exemple : «pas tous les mots sont créés égaux»

Exemple : T est une séquence de longueur n «au hasard»
au hasard : chaque caractère de T est 0 ou 1 avec probabilités 1

2-12.

Quelle est la probabilité de voir w = 00 ou w = 01 ?



Extension d’un hit
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Techniques :

– extension rapide sur une diagonale
– X-drop
– programmation dynamique dans une bande



Extension rapide
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séquence T

séquence S

k-mer en commun
(hit)

région explorée

HSP

Rester sur la même diagonale ; explorer jusqu’à ce que le score devienne 0, prendre
le meilleur segment (high-scoring segment pair, HSP)



PD dans une bande
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séquence T

séquence S

bande autour d'un diagonal 

Bande de ±d sommets proches de la diagonale D : {vi,j : |(i− j)−D| ≤ d}



X-drop
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séquence T

séquence S

région traversée par X-drop

à partir d’une case initiale, explorer vers v0,0 et v|S|,|T | ; arrêter si le score tombe
par X

(exploration de toute une région ou quelques [même 1] diagonales)

Altschul et al, Nucleic Acids Res. 25 : 3389.



Détails : extension rapide [vers sud-est]
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ER1 Entrée i0, j0 départ de l’extension, s0 score initial
ER2 meilleur← s0 ; extension← 0
ER3 i← i0 + 1 ; j ← j0 + 1 ; score← s0

ER4 tant que i ≤ |S|, j ≤ |T |, score ≥ 0

ER5 score← score + C
[

S[i]
T [j]

]
ER6 si score ≥ meilleur alors meilleur← score, extension← j − j0
ER7 i← i + 1, j ← j + 1
ER8 retourner meilleur, extension



Détails : bande [vers sud-est]

Alignement ? IFT6299 A2005 ? UdeM ? Miklós Csűrös 40

B1 Entrée i0, j0 départ de l’extension, s0 score initial, d épaisseur
B2 A∗ ← s0, i← i0, D ← i0 − j0
B3 tant que i ≤ |S|
B4 j ← max{j0, i−D − d}
B5 tant que j ≤ min{|T |, i−D + d}
B6 calculer A(i, j) ; si A∗ < A(i, j) alors A∗ ← A(i, j)
B7 j ← j + 1
B8 si ∀j : A(i, j) ≤ 0 alors sauter à Ligne B10.
B9 i← i + 1

B10 reporter A∗



Détails bande 2 — graphe

Alignement ? IFT6299 A2005 ? UdeM ? Miklós Csűrös 41

Calcul en ligne B6 (d = 2)

hit



Détails bande 2 — code
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Calcul en ligne B6 : pondération par C

– si i = i, j = j0, alors A(i, j) = s0

– si i = i0, et j > j0, alors A(i, j) = A(i, j − 1) + C
[
−

T [j]

]
– si i > i0 et j = j0, alors A(i, j) = A(i− 1, j) + C

[
S[i]
−

]
– si i > i0 + d et j = i−D − d, alors

A(i, j) = max
{
A(i− 1, j − 1) + C

[
S[i]
T [j]

]
, A(i− 1, j) + C

[
S[i]
−

]}



Détails bande 2 — code (cont.)
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– si i > i0 et max{j0, i − D − d} < j < min{|T |, i − D + d}, alors

A(i, j) = max
{
A(i−1, j)+C

[
S[i]
−

]
, A(i−1, j−1)+C

[
S[i]
T [j]

]
, A(i, j−

1) + C
[
−

T [j]

]}
– si i > i0 et j = min{|T |, i−D + d}, alors A(i, j) = max

{
A(i− 1, j −

1) + C
[

S[i]
T [j]

]
, A(i, j − 1) + C

[
−

T [j]

]}



Détails X-drop
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Idée : maintenir A∗ score du meilleur alignement et ne pas continuer l’extension si
A(i, j) < A∗ −X

Stocker colg, cold : colonnes de la dernière rangée que l’on a explorée.

(Ou code plus simple si l’exploration est dans une bande seulement : on n’a pas
besoin de colg, cold)

[Code pour extensions vers sud-est seulement]



Détails X-drop 2
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XD1 Entrée i0, j0 départ de l’extension, s0 score initial, X

XD2 A∗ ← s0, colg ← j0, cold ← |T |
XD3 i← i0
XD4 tant que i ≤ |S|, colg ≤ cold
XD5 j ← colg
XD6 tant que j ≤ min{cold + 1, |T |}
XD7 calculer A(i, j)
XD8 si A(i, j) > A∗ alors A∗ ← A(i, j)
XD9 si A(i, j) < A∗ −X alors A(i, j)← −∞

XD10 j ← j + 1
XD11 tant que colg ≤ cold et A(i, colg) = −∞ , colg ← colg + 1
XD12 cold ← cold + 1 ; tant que cold ≥ colg et A(i, cold) = −∞ , cold ← cold − 1
XD13 i← i + 1
XD14 retourner A∗



Détails X-drop 3
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Calcul en ligne XD7 : pondération par C

– si i = i0 et j > j0, alors A(i, j)← A(i, j − 1) + C
[
−

T [j]

]
– si i > i0 et j = colg alors A(i, j)← A(i− 1, j) + C

[
S[i]
−

]
– si i > i0 et j = cold + 1 alors A(i, j) ← max

{
A(i − 1, j − 1) +

C
[

S[i]
T [j]

]
, A(i, j − 1) + C

[
−

T [j]

]}
– sinon A(i, j)← max

{
A(i−1, j)+C

[
S[i]
−

]
, A(i−1, j−1)+C

[
S[i]
T [j]

]
, A(i, j−

1) + C
[
−

T [j]

]}



Un exemple : chevauchements en CAP3
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1 $ 2 $ ... $ m $ m+1 $ ... $ n

Séquence combinée de tous les fragments:

1. Tableau de hachage des k-mers de la séquence combinée.
2. Chaque fragment f ainsi que son complément sont comparés à la séquence
combinée, pour trouver des HSPs.
3. Les chevauchements potentiels de 2) sont évalués par alignement dans une bande.

Huang et Madan, Genome Res. 9 : 868.



Meilleur hachage : graines espacées
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S = {s1, . . . , sk} : graine (seed ) (`, k) ;
fonction de hachage : h(u) = u[s1] · u[s2] · · ·u[sk].

BLAST : graine contigue (11-mer) S = {1,2,3,4,5,6,7,8,9,10,11}
PatternHunter : graine espacée S = {1,2,3,5,8,10,13,14,16,17,18}

Ma et al. Bioinformatics 18 :440



Graines espacées
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Graine espacée est meilleure pour toutes distributions de similarité

5010 20 30 40
k

0.1
0.2

p

11-mer
PH seed

Hit probability in function of mismatches (region length=64)

Problème : trouver la meilleure graine (NP-difficile), calculer la sensibilité (NP-
difficile)



Calculer la sensibilité de la graine
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Modèle : région de similarité de longueur `, niveau de similarité p. Séquence d’in-
dicateurs X1X2 · · ·X` où Xi = 1 ssi un match en position i (avec probabilité
p).

Hit en position i : si Xi+k−1 = 1 pour tout k ∈ S.

Calculer cette probabilité . . .



Indépendance de positions
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Nombre de hits en espérance à peu près la même
hits sont plus dense avec graine contigue

hit? : 
6 nouvelles 
positions

Région de similarité

Graine 
espacée

hit

11-mer hit? : 
1 nouvelle 
position

hit

probabilité d’un deuxième hit : p6 ou p1

nombre de hits H : EH = E
[
H

∣∣∣∣ H > 0
]
P{H > 0}

or, E
[
H

∣∣∣∣ H > 0
]

est plus large avec k-mer



Sensibilité de la graine 2
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111011

    ε

1

10 11

101 111

1010 1011

1011110101

1110 1111

11101 11111

111111101011 101111

transition on 0

transition on 1
    ε

1

10 11

101 111

1010 1011

1011110101

1110 1111

11101 11111

hit

transition on 0

transition on 1

Graine = 101011



Alignement global dans les Megas
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alignement local 
heuristique (p.e., HSP)

chaîne d'ancres
choisie

Procédure : (1) recherche de homologies (hachage+extension), (2) sélection d’ancres,
(3) PD dans une bande autour de la chaı̂ne d’ancres et dans les régions entre ancres



Programmation dynamique éparse
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séquence T

sé
qu

en
ce

 S

(s1,t1)

(s2,t2)

Liste de rectangles (alignements locaux) :
rectangle R en position (R.s1, R.t1), (R.s2, R.t2) avec score R.v

chaı̂ne : ensemble de rectangles non-chevauchant



PD éparse 2
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Récurrence pour calculer V (R) : score maximum d’une chaı̂ne qui finit par rec-
tangle R

j

R.s2
rectangle actif à j :
fin de la meilleure chaîne 
dans la région [0..R.s2, 0..j ]

Clé : maintenir la liste Lj de rectangles actifs pour j = 0, . . . , |T |



PD éparse 3
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Déf. Rectangle R est actif pour j ssi
(1) R.t2 ≤ j ; et
(2) ∀R′ avec R′.t2 ≤ j : si R′.s2 ≤ R.s2 alors V (R′) ≤ V (R).
Lemme. Si R′.s2 = R.s2 et tous les deux sont actifs, alors V (R′) = V (R).

⇒ L contient des rectangles actifs avec .s2 différents — choisir R avec R.t2

minimum si > 1 rectangles actifs avec le même .s2.



PD éparse 4
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Trier les .t1, .t2 : liste J , calculer Lj pour j ∈ J en ordre ascendant

Ag, Cg, Cd, Gg, Ad, Dg, Gd, Bg, Dd, Bd, Hg, Eg, Fg, Fd, Hd, Ed

C

G

B

F

H

D

A

E



PD éparse 5
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en arrivant au côté gauche du rectangle R :
- trouver R′ ∈ LR.t1 t.q. R′.s2 ≤ R.s1 avec V (R′) maximal
- V (R)← V (R′) + R.v (si aucun tel R′, V (R)← R.v

Lemme. Si R, R′ ∈ Lj, alors R.s2 6= R′.s2 et R.s2 < R′.s2 ssi V (R) <

V (R′).

Preuve. Par définition de Lj.

⇒ stocker Lj dans l’ordre de .s2 et V (·) en même temps



PD éparse 6
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en arrivant au côté droit du rectangle R — mise à jour de L :
- supprimer R′ ∈ L t.q. R′.s2 ≥ R.s2 et V (R′) < V (R)

- trouver R′ ∈ L t.q. R′.s2 ≤ R.s2 et V (R′) max. : si V (R′) = V (R) et
R′.s2 < R.s2, ou si V (R′) < V (R), alors insérer R dans L juste après R′ (ou
s’il n’y a pas de R′ avec R′.s2 ≤ R.s2, insérer au début)

Temps de calcul : O(r log r) pour r rectangles (utiliser un arbre binaire balancé ;
chaque rectangle est inclus à ou est supprimé de L une fois au plus)



Chaı̂nage avec pénalisation de trous
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Régions de PD complète

extremité de la chaîne

petit trou 
entre 2 ancres

trou long 
(p.e., intron) 

donne le score de joindre deux HSPs : modifier l’algorithme de sélection de chaı̂ne
pour inclure ce score aussi

Slater & Birney BMC Bioinformatics 6 :31



LAGAN : alignement global avec ancres
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bande autour 
des ancres

rectangle entre 
les ancres

sélection d’ancres : chaı̂ne optimale d’alignements locaux

Brudno & al. Genome Res. 13 : 721



Quelques autres idées
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- recalcul de scores (alignement local avec trous : trouver le placement optimal du
trou entre deux hits)

- génération de nouveaux ancres plus épais dans des régions sans ancres par hachage
plus sensible



Alignement — réarrangements
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(B. transposition, C. inversion, D. duplication)

Dans des synténies humain-souris : par 1 Mbp on a en moyenne
2 inversions, 17 duplications, 7 transpositions, 200 deletions de longueur > 100

pb,

Brudno & al. Bioinformatics 19 :i54 ; Kent & al. PNAS 100 : 11484



Alignement glocal
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réarrangements : inversions et translocations sont permises

A. alignements locaux
B. chaı̂ne 1-monotone
C. LAGAN dans les blocs sans inversions

Brudno & al. Bioinformatics 19 : i54



Visualisation des alignements : PIPs
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PIP — percent identity plot

(on considère les blocs entre les trous, et on affiche le pourcentage de matchs dans
chaque bloc)

Schwartz & al. Genome Res. 10 : 577



Constitution d’un génome
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Constitution d’un génome 2
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génome 
humain
3200 M

séquences 
intra-géniques 

2000 M

répétées 
dispersées
1400 M

répétées en 
tandem
90 M

unique
510 M

gènes
48 M

introns, UTRS

fragments 
géniques

pseudogènes

reliés aux gènes
1152 M

en Procaryotes : 90–97% codant

après Watson et al Molecular Biology of the Gene (2004)



Alignement de génomes
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Problème : beaucoup de réarrangements, insertions indépendantes dans les deux
génomes

→ n’utiliser que les chaı̂nes d’alignements locaux

on veut détecter des régions synténiques — déscendantes de la même région dans
l’ancêtre commun



Synténies
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(chromosomes humains coloriés par syntenies dans souris et rat)

http://www.genboree.org/

http://www.genboree.org/


Micro-réarrangements
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beaucoup de réarrangements à tous les niveaux

The chains also included a substantial number of simultaneous
gaps in both species (Fig. 3). For smaller gap sizes, simultaneous
gaps are quite rare, but the phenomenon becomes increasingly
important with increasing gap size. The frequency of large
simultaneous gaps is roughly consistent with a model in which
they arise from two independent indel events, one in each species
(Fig. 3c).

The nested ‘‘net’’ structure of chains produced by the CHAIN-
NET program was used to examine the rearrangements that have
occurred since the divergence of human and mouse in the form
of inversion (Fig. 4), deletion, transposition, retrotransposition,
tandem duplication, and interspersed duplication. Because of
various types of duplications, 52% of coding regions and 3.3% of
the human genome as a whole are covered by more than one
BLASTZ mouse alignment (3) even after excluding transposons.
This can make it difficult to separate ortholog from paralog and
gene from pseudogene. The net structure helps to disambiguate
these. The net structure is not symmetric between species: the
human net is constructed by allowing only the single best aligning
DNA from the mouse genome to align to any single place in the
human genome and the mouse net is constructed in the opposite
manner. This one-sided ‘‘best-in-genome’’ requirement is not as
strong as the requirement of ‘‘reciprocal best’’ matching, where

only alignments that are best-in-genome for both species are
allowed. The latter prohibits the investigation of lineage-specific
duplications by cross-species alignments, because it allows at
most one copy of the duplicated region to align to the other
species, and often not even one copy can be fully aligned. With
human and mouse, this results in a substantial reduction of the
total amount of genomic DNA covered by cross-species align-
ments. We found that requiring reciprocal-best alignment re-
duces the coverage in the human net by 11%, and in the mouse
net by 9%. These numbers are quite close, suggesting that a
similar level of duplication has been occurring in both genomes
since the common ancestor. In what follows, we will explore the
human net further, constructed as described in Methods, without
the reciprocal best requirement.

On the basis of analysis of the human net, the frequency of
various rearrangements on the draft mouse sequence as a whole
and on the 48-million-base (2%) subset of the sequence that is
finished is shown in Table 2. Overall rearrangement patterns
were very similar in the finished subset of the mouse genome as
in the genome as a whole. The same held for the finished subset
of the human genome (data not shown). There were significantly
more local duplications in the finished subset, likely reflecting
the collapse of local duplications, a common artifact of the

Fig. 3. (a) Log histogram of gap frequencies for gaps !50 bases long. (b) Log histogram of gap frequencies for gaps up to 1,500 bases long. (c) Log histogram
of gap frequencies for gaps up to 50,000 bases long. Relative frequency of simultaneous and single gaps are shown in both sequences. The horizontal axis is used
for gaps in the mouse sequence, which represent either insertions in human or deletions in mouse. The vertical axis is used for gaps in human. The log of the
number of simultaneous gaps of a particular size range is converted into a level of gray to create a 2D histogram. The horizontal and vertical axes are not drawn
in; the dark lines where the axis would be reflect the log frequencies of gaps that are in only one sequence. (a) Gaps of !50 bases. Gaps that are purely in mouse
or purely in human are especially prominent here. (b) Gaps of 10–1,500 bases. The transposon-induced effects in Fig. 1 can also be seen here. Note also the relative
concentration near the diagonal for inserts of !200 bases. This occurrence is mostly due to small inversions and locally divergent sequence. (c) Gaps of
1,000–50,000 bases. In this range, the log frequency of simultaneous gaps of a given combined (human and mouse) gap size differs roughly by a constant from
the sum of the log frequencies of the individual one-sided gap sizes in each species. In this sense, these longer simultaneous gaps act as if they arise from
independent gaps in each individual species.

Fig. 4. A 15,000-base inversion containing two transcripts and showing chr7:2077222–2497100 in the November 2002 assembly of the human genome.
Numerous smaller rearrangements are also visible in the net track in this picture. In some cases, the smaller ones simply represent paralogous mouse regions filling
in when the orthologous mouse region is not yet sequenced.

Kent et al. PNAS ! September 30, 2003 ! vol. 100 ! no. 20 ! 11487
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Kent & al. PNAS 100 : 11484



BLASTZ
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1. masquer les régions répetées

2. hits avec la graine espacée 1110100110010101111 (12 sur 19 positions) + une
transition A-G ou T-C permise

3. extension sans trou + extension avec trou si score est assez grand

4. hit+extend dans les régions entre alignements locaux (hits avec 7-mers)

5. chaı̂nage d’alignements proches

Schwartz & al Genome Res. 13 : 103



PASH
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Parallèlisation par diagonales + aucune extension

quences on the basis of their k-mer representation is as sensitive
as methods that perform nucleotide alignments, although per-
forming much faster and conferring superior ability to trade sen-
sitivity for speed.

METHODS

Dividing the Comparison Problem Across Diagonals
Any sequence similarity occurs along a particular diagonal of the
comparison matrix (Fig. 1A, diagonal lines). In contrast to other
sensitive comparison methods, Positional Hashing divides the
comparison problem into the subproblems of finding similarities
within subsets of diagonals, each subset consisting of diagonals L
basepairs apart (Fig. 1B). These subproblems are each indepen-
dently solvable on a separate node of a computer cluster. To
further localize detection of similarities, diagonals are divided
into diagonal segments, also of length L (Fig. 1C, dashed lines).

The alignment diagonals that start at the same position
modulo a fixed distance L (typically around 500 bp) are jointly
referred to as a “diagonal” and are denoted by D(d), d = 0, …,
L ! 1. The two compared sequences, S and T, are conceptually
divided into the following nonoverlapping subsequences
of length L: Si = S[i * L + 1, …, (i + 1)*L] where i = 0, …,|S|/L ! 1
and Ti" = T[i" * L + 1, …, (i" + 1) * L], where i" = 0, …, |T|/L ! 1.
Positional hash tables H(d)

j,j+d, where j = 0, …, L ! k, which corre-
spond to the diagonal D(d) contain the indices i and i" of k-mers

Si[j + 1, …, j + k] and Ti"[d + j + 1, …, d + j + k] for all i and i".
Identical k-mers are translated into the same hash key, and their
corresponding indices are consequently collected in the same
hash table bin. The k-mers hashed in an individual table are
illustrated in Figure 1C (short bold line segments).

Positional hash tables are created in the first step of the Pash
algorithm (Fig. 2, step 1). In the subsequent inversion step (Fig. 2,
step 2), pairs of matching k-mers in S and T are detected. Specifi-
cally, a k-mer match along diagonal D(d) between subsequences Si
and Ti" in position j is detected whenever indices i and i" co-occur
in the same bin of hash table H(d)

j,j+d.
In the collation step (Fig. 2, step 3), the lists of matching

k-mers are grouped by subsequence pair (Si, Ti"). Subsequence
pairs with one or more k-mer matches are assigned a significance
score (see Significance of Similarities).

The hash tables H(d)
j,j+d, where j = 0 … L ! k, corresponding

to diagonal D(d), are processed on the same node of a computer
cluster. Each of the L diagonals D(d), d = 0, …, L ! 1 may be
processed independently and in parallel across up to L comput-
ing nodes. If only one computer is available, the diagonals may
be processed sequentially.

Analysis of Running Time
In the worst case, an all-against-all comparison of two sequences
of length M and N requires time proportional to M * N because
the size of the output can be proportional to M * N. The worst
case may occur, for example, when sequences are made up en-

tirely of the same kind of repetitive element.
In many practical applications, such as de-
tection of orthologous anchors between two
mammalian genomes, the size of the output
is roughly linearly proportional to M + N. In
the following text, we show that under rea-
sonable assumptions, Pash runs in O(M + N)
wall time on a cluster consisting of L nodes,
for inputs that result in outputs of size
O(M + N).

Each of approximately L2 positional
hash tables is populated (Fig. 2, step 1) with
(M + N)/L sampled k-mers (e.g., Fig. 1C,
short, bold, line segments). To avoid the
need for subsequent sorting, k-mers are in-
serted into the hash table in the order of
their position in the input sequences. The
hash bin occupied by each k-mer is recorded
in a list to preserve this ordering informa-
tion. In the subsequent inversion step (Fig.
2, step 2), matching k-mers are detected by
visiting the hash table bins in the same or-
der and recording the positions of matching
k-mers. The list of matching k-mers is thus
produced in order, sorted by position in the
input sequences.

If k-mers of sufficient length are used,
the number of k-mer matches detected per
single hash table is O((M + N)/L). For ex-
ample, the results in this paper were ob-
tained with k = 13 and genome sizes of ap-
proximately 3 Gbp each. Each 13-mer is ex-
pected to occur by chance approximately
45 times in genomes of this size, resulting in
about 2000 randomly occurring k-mer
matches. For genomes that are four times
larger (12 Gbp), for the time spent on de-
tecting random matches to increase only
linearly, one would need to use 14-mers. In
general, to keep the number of random
matches constant, the parameter k would
need to be logarithmically proportional to
genome size. Beause the lists of matching
k-mers are sorted, collation to find groups of
matching k-mers (Fig. 2, step 3) involves
single traversal of each list.

Figure 1 Division of the comparison problem along diagonals. (A) Sequence similarities are
contained within diagonals of the comparison matrix. (B) A subset of these diagonals, separated by
a fixed offset L, is simultaneously considered by each computing node and is referred to as
“diagonal” (modulo L). (C) The diagonals are conceptually divided into segments of length L,
delineated by broken horizontal lines. All k-mer matches in a specific sampled position (short, bold,
line segments) along each diagonal segment are simultaneously detected in a single positional
hash table. This is repeated for all sampled positions along diagonal segments. The k-mer matches
that occur within the same diagonal segment are collated together and assigned a significance
score.

Sequence Anchoring by Positional Hashing

Genome Research 673
www.genome.org

(humain-souris : 24 CPU jours vs. 481 avec BLASTZ)

Kalafus & al. Genome Res. 14 : 672
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Chaı̂nage récursive — chaı̂nes imbriquées

alignment program will either break the alignment into two or
force nonhomologous bases to align. Traditional programs are
also not able to accommodate inversions, translocations, or
duplications. They can align only shorter segments of genomic
DNA in which none of these events has occurred. Therefore,
whereas considerable analysis of variation at the single base scale
is available from traditional sequence alignments to complement
the analysis of large-scale rearrangements, analyzing variation at
the middle scales is still an interesting challenge. The role of
segmental duplication of several thousand to several million
bases in our own evolution (17) is one indication of the impor-
tance of variation at the middle scales.

In this article, we describe automated methods for linking
together traditional alignments into larger structures, chains and
nets, that can effectively bridge the gap between chromosome
painting and sequence alignment (Fig. 1). These methods can
accommodate inversions, translocations, duplications, large-
scale deletions, and overlapping deletions. We apply these tools
to BLASTZ-generated alignments (18) to investigate the patterns
of variation that have occurred at all scales since the divergence
of the mouse and human lineages.

Methods
The November 2002 freeze of the human genome and the
February 2002 freeze of the mouse genome were taken from
http:!!genome.ucsc.edu. The two genomes were aligned by the
BLASTZ program as described in ref. 18, except that in addition
to masking out transposon repeats [identified by REPEATMASKER
(19)], simple repeats of period 12 or less found by TANDEM
REPEAT FINDER (20) were masked out, and the artifact-prone
‘‘chrUn’’ mouse sequence, a sequence that could not be assem-
bled into sizeable contigs or effectively mapped to the mouse
chromosomes, was excluded. The BLASTZ alignments were con-
verted to axt format (see ref. 18) by using the program LAVTOAXT.

By using the same nucleotide scoring matrix as BLASTZ but a
novel piecewise linear gap scoring scheme, a new program,
AXTCHAIN, formed maximally scoring chained alignments out of

the gapless subsections of the input alignments (Fig. 1). A
chained alignment (or ‘‘chain’’) between two species consists of
an ordered sequence of traditional pairwise nucleotide align-
ments (‘‘blocks’’) separated by larger gaps, some of which may be
simultaneous gaps in both species. The order of blocks within the
chain must be consistent with the genomic sequence order in
both species. Thus, a chain cannot have local inversions, trans-
locations, or duplications among the parts of the DNA that it
aligns. However, a chain is allowed to skip over segments of DNA
in either or both species. In particular, intervening DNA in one
species that does not align with the other because it is locally
inverted or has been inserted in by lineage-specific translocation
or duplication is skipped over during construction of the chain.
Thus, the chain can represent widely scattered pieces of genomic
DNA in the two contemporary species that are in fact descended
from a single genomic segment in the common ancestor without
rearrangement.

To build chains efficiently, AXTCHAIN uses a variation of the
k-dimensional tree (kd-tree) based algorithm described in ref.
21. To detect cases of overlapping deletions in both species,
scoring is defined such that the alignment program will typically
open a simultaneous gap rather than forcing alignments of
nonhomologous regions, because penalties incurred by a run of
mismatches exceed the simultaneous gap penalty. This strategy
for allowing simultaneous gaps also helps cope with local
inversions and missing sequence (blocks of Ns) in unfinished
genomes. The resulting chains often span multiple megabases.

For many purposes, one wants to select only a single best
alignment for every region of the human genome. Previously
(18), we developed a program, AXTBEST, for this purpose.
However, the chains in many ways represent a better substrate
for picking the ‘‘best’’ alignment than single BLASTZ alignments.
We developed a new program, CHAINNET, to improve on this
process. In this program, all bases in all chromosomes are
initially marked as unused. The chains are then put into a list
sorted with the highest-scoring chain first. The program goes into
a loop, at each iteration taking the next chain off of the list,

Fig. 1. Mouse!human alignments at Actinin !-3 before and after chaining and netting, as displayed at the genome browser at http:!!genome.ucsc.edu. The
RefSeq genes track shows the exon!intron structure of this human gene, which has an ortholog as well as several paralogs and pseudogenes in the mouse. The
all BLASTZ Mouse track shows BLASTZ alignments colored by mouse chromosome. The orthologous gene is on mouse chromosome 19, which is colored purple.
Although BLASTZ finds the homology in a very sensitive manner, it is fragmented. The chained BLASTZ track shows the alignments after chaining. The chaining links
related fragments. The orthologous genes and paralogs are each in a single piece. The chaining also merges some redundant alignments and eliminates a few
very low-scoring isolated alignments. The Mouse!Human Alignment Net track is designed to show only the orthologous alignments. In this case, there has been
no rearrangement other than moderate-sized insertions and deletions, so the net track is quite simple. Clicking on a chain or net track allows the user to open
a new browser on the corresponding region in the other species.

Kent et al. PNAS " September 30, 2003 " vol. 100 " no. 20 " 11485
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distribution de trous

throwing out the parts of the chain that intersect with bases
already covered by previously taken chains, and then marking
the bases that are left in the chain as covered. The program uses
red–black trees to keep track of which areas of a chromosome
are already covered. If a chain covers bases that are in a gap in
a previously taken chain, it is marked as a child of the previous
chain. In this way, a hierarchy of chains is formed that we call a
net. The CHAINNET program also keeps track of which bases are
covered by more than one chain to help distinguish duplicated
from nonduplicated regions.

The resulting net files are further annotated by the program
NETSYNTENY, which notes which chains in the net are inverted
relative to their parents, displaced, or on different chromosomes.
Additional annotations on repeats, including lineage-specific
repeats and repeats that predate the mouse!human split, are
added by the NETCLASS program. Short chains embedded within
a longer chain that come from regions distinct from that of the
longer chain, as well as short chains between long chains at the
top level of the net, are often processed pseudogenes. Because
these can confound many types of analysis, we also prepared a
subset of the chains that are judged to be ‘‘syntenic.’’ To be
considered syntenic, a chain has to either have a very high score
itself or be embedded in a larger chain, on the same chromo-
some, and come from the same region as the larger chain. Thus,
inversions and tandem duplications are considered syntenic. The
syntenic subset of the alignments was created with the NETFILTER
program by using the –syn flag. Although NETFILTER does not
eliminate pseudogenes that arise from tandem duplication, it
does eliminate processed pseudogenes, which are much more
plentiful.

Further details of these algorithms are described in the source
code, which, along with Linux executables for LAVTOAXT,
AXTCHAIN, CHAINNET, NETSYNTENY, NETCLASS, and NETFILTER,

are available at www.soe.ucsc.edu!!kent. The chains and nets
are displayed alongside other annotations at the genome browser
at http:!!genome.ucsc.edu (22) and may also be downloaded in
bulk from that site.

Results
The initial BLASTZ mouse alignments cover 35.9% of the human
genome. This is less than the 39.9% reported in ref. 3, due to
masking of the tandem repeats of period 12 and less and removal
of the artifact-prone mouse sequence in ‘‘ChrUn.’’ The con-
struction of longer chains from the initial BLASTZ alignments
resulted in fewer and substantially longer alignments (Fig. 1).
Chained alignment length can be measured in two different
ways. We define the (human) span of a chain to be the distance
in bases in the human genome from the first to the last human
base in the chain, including gaps, and we define the size of the
chain as the number of aligning bases in it, not including gaps.
Both of these showed substantial increases due to chain con-
struction, with the average human span increasing from 608 to
22,830 bp and the average size increasing from 574 to 7,062 bp.
Because many smaller BLASTZ alignments were often merged
into a single longer chain, there was also a substantial reduction
in the total number of alignments involved in the human–mouse
comparison, from "8.5 million to "150,000. In some cases, small
low-scoring BLASTZ alignments are discarded after chaining as
well. This results in a decrease from 35.9% to 34.6% of the bases
in human genome being aligned to mouse. These and other
comparative statistics are listed in Table 1.

The genomewide collection of these chains was used to study
the length distribution of gaps induced by indels of all sizes since
the divergence of these species, from single base to multikilo-
base-size indels. The affine gap score model conventionally used
in sequence alignment programs corresponds to a statistical
model where indel sizes follow a geometric distribution, in which
the number of gaps of size N # 1 would be a constant fraction
of the number of gaps of size N for all N. The length distribution
we observed violates this model. Fig. 2 shows a histogram of gap
sizes observed in the set of chains we constructed, with frequency
of occurrence for various indel lengths plotted on a logarithmic
scale. A geometric distribution would appear as a straight line on
such a plot. In actuality, the plot is fairly complex. In general,
there are more short and long gaps than we would see in a
geometric distribution, and there are sharp spikes in the numbers
of gaps observed in the human sequence at "300 bases corre-
sponding to ALU insertions (19).

Table 1. Comparison of BLASTZ alignments!chains before and
after processing with AXTCHAIN and after building the human net

BLASTZ AXTCHAIN

Number of alignments!chains 8,560,148 147,445
Longest human span, bp 63,780 115,044,604
Average human span, bp 608 22,830
Most aligning bases, bp 59,559 27,056,473
Average aligning bases, bp 574 7,062
Bases aligned in human genome, % 35.9 34.6

Fig. 2. (a) Small insertions and deletions. (b) Large insertions and deletions and transposons. Counts of genomewide insertions and deletions plotted vs. their
size. The blue line shows a combination of human insertions and mouse deletions, whereas the red line shows mouse insertions and human deletions. The vertical
scale is the natural logarithm of the number of insertions!deletions of that size. In b, the counts are grouped in bins of 25. The green line shows the percentage
of bases in mouse gaps of that size that are covered by human-specific transposons. The peaks in the insertion!deletion graphs appear to be due to transposons.
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[breakpoint dans le souris]

Tufarelli & al. Genome Res. 14 :623 (2004)
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Annotation d’un génome : segments avec des propriétés (gène, promoteur, exon,
intron, . . . )

Alignment de deux ou plusieurs génomes : peut être consideré comme l’annotation
d’un génome par les autres

Alignement : ensemble de blocs où chaque bloc est une région d’un seul génome,
ou l’alignement local de multiples génomes

Blanchette & al. Genome Res. 14 : 708
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Projection des blocs sur un génome

1 2 3 4 5 4 6

1 2 3 4 5

6

génome

Blanchette & al. Genome Res. 14 : 708
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