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Abstract

By conventional wisdom, a feature that occurs too often or too rarely in a genome can indicate a
functional element. To infer functionality from frequencys, it is crucial to precisely characterize
occurrences in neutrally evolving DNA. We find that the frequency of oligonucleotides in a
genomic sequence follows primarily a Pareto-lognormal distribution, which encapsulates
lognormal and power-law features found across all known genomes. Such a distribution may be
the result of completely random evolution by a copying process. Our characterization of the
entire frequency distribution of genomic words opens a way to a more accurate reasoning about

their over- and under-representation in genomic sequences.
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Introduction

Determining what constitutes the surprisingly frequent and rare in a genome is a fundamental and
ongoing issue in genomics [5]. Sequence motifs might be unusually rare or frequent because they
belong to mobile, structural or regulatory elements, and are thus subject to selective and adaptive
forces. After examining oligonucleotide occurrences in more than sixty diverse genomes, we
found that a Pareto-lognormal distribution captures the crucial features of oligonucleotide
frequency distributions in all the studied genomes. While prevailing random sequence models fail
to produce such features, a neutral model of random duplications can. We illustrate our claim
with a completely random copy-and-paste process that induces a distribution similar to those

observed in real-life sequences.

Random sequence models

The simplest sequence motif is an oligonucleotide, or DNA word. A definite word frequency
distribution that characterizes a neutrally evolving sequence is necessary to establish whether a
word appears unusually often or rarely in a genome sequence. For instance, the statistical
significance of the (hypothetical) overrepresentation of a word w is routinely measured by the fail
probability P{N(w)= n}, where n is the number of times w occurs in the studied sequence, and
N(w) is the random number of occurrences in a null model. In this context we focus on the

distribution of frequencies across all words of the same length £ (i.e., £-mers), called the word

frequency distribution or spectrum.

Standard null models in bioinformatics are random texts [15], including Bernoulli and Markov

models (see Glossary). Random text models imply a rapidly decreasing tail in the spectrum of
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short words (typically, 8</<16). In particular, they imply that the number of oligonucleotides that

occur the same number of times decreases exponentially with the number of occurrences. In
reality, genomic word frequencies exhibit no such behavior (Figure 1). Depending on the genome
and word lengths, the spectrum can show a power-law decrease on the right, a lognormal shape,
or even a power-law tail on the left. Such features are at odds with random text models (see
Figure 1A and Supplementary Material). As a consequence, random text models tend to

underestimate the probability of frequent and rare words in long sequences.

We examined whether combining a random text model with the mosaic-like variation of
cytosine-guanine content [1] explains the shape of spectra (for vertebrates, at least). Localized
random shuffling, which preserves the landscape of cytosine-guanine variation, also produces a

light tail (Figure 1A), and is thus not a substitute for an adequate null model.

The distribution of oligonucleotide frequencies

To date, genomic spectra have not been fully characterized, aside from the observation of power-
law behavior for certain word sizes [7-9] in the right-hand tail. Here we point out that a
parametric distribution describes word frequencies extremely well. The distribution in question is
the so-called double Pareto-lognormal (DPL) distribution [14]. The DPL distribution fits many
real-life size distributions, including that of personal incomes, human settlements, and files on the

Internet [11]. It has four parameters: o, 3, V and T; its density function has a power-law (Pareto)
tail to the left and to the right, with slopes of (3-1) and (- -1) on a log-log scale, respectively; in

the middle, its shape is dominated by a lognormal distribution with parameters vV and T.
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Figure 1B illustrates that the four parameters of a single DPL distribution can be adjusted to
describe hundreds or thousands of word frequencies in non-vertebrate genomes. (More examples
are given as Supplementary Material.) We initially sought to characterize vertebrate genomes. To
our surprise, we found that in spite of considerable differences in the organization, composition
and the structure of the genetic material between organisms, the DPL distribution applies to

genomes from all domains of cellular life, and thus represents a universal genomic feature.

The fitted distribution's parameters reflect some idiosyncrasies of the genome at hand. For
instance, the upper power-law tail, which reflects genome repetitiveness, is generally steeper in
prokaryotes than in eukaryotes. The prevalence of frequent words in vertebrate genomes cannot
be entirely attributed to mobile elements, as the contribution of non-repeat regions diminishes
very slowly and does not vanish when moving toward higher frequencies. On human
chromosome 12, for example, about 25% of very frequent 12-mers occur in non-repeat regions
(see Supplementary Material for detailed analysis). Furthermore, frequent words are plentiful
even in repeat-masked vertebrate and many non-vertebrate genomes (Figures 1B and D). Figures
1C and D illustrate vertebrate spectra using the example of chromosome 12, which is
representative of the genome with respect to repeat element distribution and cytosine-guanine

content [17].

Random evolution by duplication

Why would the DPL distribution systematically appear in genomic spectra? The answer may well
lie in duplicative processes. The power-law tail of protein domain and gene family size
distributions [7] can be explained by birth and death models [4,13], in which family size changes

by duplication and deletion processes, and new families are introduced by a steady innovation
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process. A similar model applies to genomic word frequencies. Consider a particular word’s
occurrences along the genome as a “family.” The family size is affected by mutational events,
including duplications, insertions, deletions and point mutations. The family can increase by any
copying mechanism, including genomic duplication and retrotranscription. The family decreases
if a mutation destroys an occurrence. Point mutations can create new words, but so can insertions
(at the insertion boundaries) and deletions (by fusing two halves of a word). A neutral model
equipped with constant-rate duplication, deletion, and mutation processes thus corresponds to a
birth and death model of gene families. In order to illustrate how power-law features arise in a
neutral duplication model, we carried out a simulation experiment in which a DNA sequence
evolved solely by a “copy-and-paste” mechanism. We iteratively expanded an initial random
Bernoulli sequence, by selecting a contiguous piece of a fixed length m in every iteration, and
copying it back into the sequence at a random position. While this procedure may seem
surprisingly simple (perhaps even too abstract), it is, in fact, quite effective at achieving a similar

spectrum to real-life sequences (Figure 1A).

As another sign of the importance of duplications, we note the association between heavy-tail
distributions and long-range autocorrelation, which are tokens of self-similarity. Long-range
autocorrelation at the single nucleotide level was observed before (see [3] for a review), and it
was shown that it could result from so-called expansion-randomization processes [10], which

model sequence evolution by deletions, mutations and duplications of single nucleotides.

Practical implications

As we have just suggested, the birth and death model implies that some words occur often simply

by chance, and not because of their functionality. Words that are abundant at an early point of
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evolution tend to stay frequent in the course of random events. Therefore, even the high
frequency of a particular word across many related species does not imply functionality on its

own, as the word might have been frequent by chance in a common ancestor already.

The success of computational sequence analysis hinges on adequate criteria for unusual word
frequencies in a wide range of applications, including identification of regulatory elements [2]
and repeat families [12], whole-genome assembly [18] and homology search [6]. Random text
models can cause many false signals, as they imply the statistical concentration of empirical word

frequencies.

An example of underestimating the probability of frequent word occurrences is apparent in a
recent study by Rigoutsos et al [16]. They reported that certain DNA words, termed pyknons,
appear frequently in human gene-related sequences andin noncoding regions, in restricted
configurations, and presented many arguments for the pyknon’s functionality. By relying on a

Bernoulli model, they reasoned that 16-mers should appear in a random genome sequence more
than forty times with a probability <1072, Such a word frequency, however, is not as

extraordinary if we take into account the universal shape of genomic spectra. A DPL distribution
fitted to the human genome spectrum yields a P-value of 0.001 (see Supplementary
Material). This latter translates to about four million 16-mers that are expected to occur at least
forty times in a random genome-sized sequence. Strikingly, at least 460 thousand frequent words
appear already in the repeat-masked sequence as accidental constituents of the fitted

distribution’s heavy tail.
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Conclusion

Word frequencies bear witness to a long history of evolutionary tinkering: copying, deleting, and
changing different parts of the genome. We argue that global features of genomic spectra arise
from duplicative evolutionary processes, and not necessarily from intricate word-level selection
on point mutations and deletions that are enacting adaptation and conservation, or simply obeying
structural constraints. In practice, the heavy tail of word frequency distributions means that
caution should be exercised when inferring functionality of motifs from frequency alone,
especially if overrepresentation is related to word occurrences in random texts. Our investigations
reveal the suitability of a simple Pareto-lognormal distribution for the statistical assessment of

unusual word frequencies.
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Figure legend

Genomic spectra and fitted DPL distributions. The ordinate plots the number of words that occur
n times, for each n shown on the X-axis. For each spectrum, dots show the /-mer frequency
distribution, and a solid line traces the fitted double Pareto-lognormal (DPL) distribution.

(A) 13-mer frequencies in repeat-masked human chromosome 5 (“real”), and in random
sequences of the same length (Bernoulli and a first-order Markov model). The spectrum of a

shuffled sequence is also plotted, which was produced by randomly garbling the

nucleotides within windows of length 1000 to preserve large-scale heterogeneity. A verisimilar
word frequency distribution is achieved by random “copy-and-paste” of 33-mers. The procedure
started with a Bernoulli sequence of 5000 random nucleotides with 38.5% guanine-cytosine

content, matching the composition of chromosome 5.
(B) Some smaller spectra. Notice the lower power-law tail in the B. subtilis genome.

(C) 9-mer spectra of repeat-masked human chromosome 12. In organisms with strong
dinucleotide bias, such as for CpG in vertebrates, the spectrum can be decomposed into multiple
DPL distributions by dinucleotide content. By grouping the words according to the number of

non-overlapping CpG dinucleotides in them, frequencies in each group follow a
DPL distribution.

(D) CpG-free /-mers on repeat-masked chromosome 12. Notice the transition from a lognormal

to a power-law shape as the word length increases.

11
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Glossary

Bernoulli model

The simplest random sequence model is the Bernoulli, or “coin-flip” model. Each nucleotide of

the sequence is chosen independently, by the same background nucleotide probabilities p(A),

p(C), p(G) and p(T). Accordingly, a DNA word w=w w,...W, occurs in a given sequence
position with probability p(w)=p(w,)p(W,)...p(w,). For a long random sequence, the number

of occurrences N(w) can be approximated [21] by a Poisson distribution with parameter L p(w).

Consequently, the /-mer spectrum of a Bernoulli sequence follows a mixture of Poisson

distributions, with one Poisson distribution for each possible value of p(w).

Markov model

Markov models capture compositional biases present at the level of very short oligonucleotides.
In this model,a random sequence is generated by a k-th order Markov chain. In other words, each

random nucleotide depends on the k preceding nucleotides so that dinucleotide bias, for example,

can be represented with k=1. Mathematically, the model is defined by the probabilities p(a | u)
where aE {A,C,G, T} and u takes values in the set of k-mers. Depending on the relationship

between L and /, the tail probabilities may be approximated by a Poisson or Gaussian distribution

[15], which imply exponentially small values for P{N(w)=n}. Notice that the model has 3-4*

independent parameters p(a | u).

12
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Power laws and heavy tails
The term “>power law’” applies to any function f{r) which is essentially polynomial, i.e., f(¢)=

k . e .
c't with some constants ¢ and k. In the context of probabilities, an upper power-law tail means

mathematically that the tail probability p,=P{X= t} is asymptotically proportional to 1/¢* with
some constant >1 as #—>00. Conversely, X has a lower power-law tail if p_=P{X< t}~ " for

some >0 as t—0.

A power-law tail is “heavy” in the sense that log(p,,)= —alog ¢, and thus the same tail

probability is reached at much larger ¢ values than in light-tailed distributions, such as Gaussian

and Poisson, where log(p.,)= —poly(#) for some polynomial of #. Random quantities with light-

tailed distributions have a typical magnitude, where all observations are concentrated, whereas
heavy-tailed distributions span several orders of magnitude, and have no obvious "“typical’’

value.

Long-range autocorrelation

Autocorrelation of a sequence is measured by the function
f)=2Z e cor (L1)'2; g(@)g;, (@)L 2, (g(a))?)

where g,(a)=1 if the sequence has the nucleotide a in position i, otherwise g,(a)=0. In a

Bernoulli model, the expected value of f(r) is zero; in Markov models, it decays exponentially

fast with r. Autocorrelation in genome sequences has a long range, as it follows a power law. It

has been argued that long-range autocorrelation affects the statistical significance in homology

13



1 search programs such as BLAST [20], and that it should be taken into account in isochore

2 segmentation [19].
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