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[SN08] Shadowing Ours (no elev. restriction) Ours (with restriction)
Comparing [SN08] shadows (le f t) to our shadowing without (middle) and with (right) key light restriction in the elevation direction. All
images are generated with a single key light restricted in the azimuthal direction as well.

1. Using NLPs for Visibility

In the case of direct-illumination, we represent visibility at
each azimuthal direction in the NLP basis, whereas the ap-
proach in [SN08] simply stores the maximum blocking an-
gle. In order to construct the SH visibility per azimuthal
wedge, we use the NLP-to-SH blending matrices, whereas
the approach in [SN08] queries pre-computed 2D tables of
linearly blended SH projections of individual SH wedge
functions. We interpolate pre-projected and blurred repre-
sentations of the maximum blocking angle instead of using
interpolated angles to query SH projections.

At a single azimuthal direction, an NLP coefficient vec-
tor captures all the variation in elevation of an SH coeffi-
cient vector of equal order. Using many azimuthally sam-
pled NLP functions (with some form of interpolation be-
tween samples) is a much more powerful representation of
spherical functions than SH, however our blending matrices
combine interpolation with re-projection into SH, effectively
smoothing out the sampled NLP representation. The benefit
of going back to SH is the ability to perform double product
integral reconstructions more efficiently.

Apart from having an analytic representation (as op-
posed to using pre-computed tables), another benefit of the
azimuthally-sampled NLP representation of visibility is the
ability to restrict key light source extents both in the az-
imuth as well as in elevation. In the figure above, we see that
without restricting the size of the area light in the elevation
(but with azimuthal restriction), the method in [SN08] gener-
ates slightly sharper shadows, however elevation restriction

(which is possible only with our NLP representation) allows
for slightly sharper shadows than those in [SN08].

2. Shading in Texture Space

We compute the visibility and IR vectors at (potentially
down-sampled) height field grid samples and the shading
is computed at the full-resolution height field grid samples.
This can be thought of as shading in receiver point space,
and not at pixels or vertices. Our performance is more or
less insensitive to changes in rendering resolution.

In practice, we tessellate the height field geometry at the
same resolution as the height field grid, and so we are ef-
fectively computing shading at vertices, however any alter-
native tessellation scheme may be employed. The tessellated
geometry is texture mapped with the shading computed us-
ing a GPGPU kernel implemented in a fragment shader.

3. Shader Source Code

We include source code listings for reference purposes. The
GPGPU fragment shader computes visibility and IR compu-
tation as well as direct and indirect shading. Furthermore, it
only implements Diffuse BRDF shading, assumes a single
environmental light source and does not use sub-sampling.
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/ / The B−s p l i n e c o e f f i c i e n t s used f o r 1D B−s p l i n e i n t e r p o l a t i o n
c o n s t f l o a t 4 W_mid_and_knot [ 2 ] = { 1 . f / 6 . f , 2 . f / 3 . f , 1 . f / 6 . f , 0 ,

1 . f / 4 8 . f , 2 3 . f / 4 8 . f , 2 3 . f / 4 8 . f , 1 . f / 4 8 . f } ;

/ /−−−−−−−−−−−−−−−−−−−−−−−−−−−−− GPGPU PIXEL SHADER −−−−−−−−−−−−−−−−−−−−−−−−−−−−−
/ / Takes i n t h e Volume T e x t u r e wi th t h e He ig h t and Shad ing Pyramids ,
/ / and r e n d e r s t h e d i r e c t and i n d i r e c t i l l u m i n a t i o n t o a bound R e n d e r T e x t u r e .
/ /−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
f l o a t 4 Shade ( V e r t e x S h a d e r O u t p u t In , un i fo rm i n t iNumAzimuthalSamples ,

un i fo rm i n t i L e v e l O f f s e t , un i fo rm i n t i S h a d i n g L e v e l O f f s e t ,
un i fo rm f l o a t fMul t iResUVStepS ize s [NUM_PYRAMID_LEVELS] ,
un i fo rm f l o a t f M u l t i R e s U V S t e p S i z e R e c i p r o c a l s [NUM_PYRAMID_LEVELS] ,
un i fo rm f l o a t 2 f C o s S i n C u r r e n t P h i 0 s [NUM_ENV_WEDGES ] ) : SV_Target {

/ / S t o r e t h e f i n a l IR RGB v e c t o r s , v i s i b i l i t y v e c t o r , a s w e l l some t e m p o r a r y IR v e c t o r s .
f l o a t 4 IRSHVectorR [ 4 ] = { 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 } ;
f l o a t 4 IRSHVectorG [ 4 ] = { 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 } ;
f l o a t 4 IRSHVectorB [ 4 ] = { 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 } ;
f l o a t 4 V i s i b i l i t y [ 4 ] = { 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 } ;
f l o a t 4 tempIR [ 4 ] = { 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 } ;
f l o a t 4 t empIRRota t ed [ 4 ] = { 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 } ;
f l o a t 3 r e c e i v e r N o r m a l = g_HFNormals . Sample ( g_samLinearClamp ,

f l o a t 2 ( In . t e x . x , 1 . 0 f − In . t e x . y ) ) . xyz ;

/ / Pre−f e t c h swath−i n d e p e n d e n t d a t a f o r t h e h e i g t h−d i f f e r e n c e c a l c u l a t i o n . . .
f l o a t f_x0 [NUM_PYRAMID_LEVELS ] ;
f o r ( i n t i = 0 ; i < NUM_PYRAMID_LEVELS; i ++ )

f_x0 [ i ] = LookupHFPyramidLowToHigh ( In . t e x . x , In . t e x . y , i , NUM_PYRAMID_LEVELS ) ;

/ /−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
/ / I t e r a t e ove r a l l a z i m u t h a l sw a t h s :
/ / 1 . G e n e r a t e t h e v i s i b i l i t y / IR v e c t o r f o r each swatch
/ / 2 . I n t e r p o l a t e , r o t a t e and sum them up
/ /−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

/ / D i s c r e t e b l o c k i n g a n g l e s ( w i th padd ing : 1 a t [ 0 ]
/ / and 2 a t [NUM_PYRAMID_LEVELS] f o r B−S p l i n e s u p p o r t )
f l o a t w_plus [NUM_PYRAMID_LEVELS + 3] =( f l o a t [NUM_PYRAMID_LEVELS + 3 ] ) 0 ;

f l o a t D[NUM_PYRAMID_LEVELS] = ( f l o a t [NUM_PYRAMID_LEVELS ] ) 0 ;
f l o a t 2 f _ d e l t a [NUM_PYRAMID_LEVELS] = ( f l o a t 2 [NUM_PYRAMID_LEVELS ] ) 0 ;

/ / Legendre IR and v i s i b i l i t y c o e f f i c i e n t v e c t o r s
f l o a t 4 IR_LPr [NUM_ENV_WEDGES] = ( f l o a t 4 [NUM_ENV_WEDGES] ) 0 ;
f l o a t 4 IR_LPg [NUM_ENV_WEDGES] = ( f l o a t 4 [NUM_ENV_WEDGES] ) 0 ;
f l o a t 4 IR_LPb [NUM_ENV_WEDGES] = ( f l o a t 4 [NUM_ENV_WEDGES] ) 0 ;
f l o a t 4 V i s i b i l i t y _ L P [NUM_ENV_WEDGES] = ( f l o a t 4 [NUM_ENV_WEDGES] ) 0 ;
f l o a t fMaxBlockingAngle ;

f o r ( i n t i S w a t h S t a r t = 0 ; i S w a t h S t a r t < iNumAzimuthalSamples ; i S w a t h S t a r t ++ ) {
f l o a t f B a s e B l o c k i n g A n g l e = 0 ;
f l o a t N d o t A z i m u t h a l D i r e c t i o n = d o t ( r e c e i v e r N o r m a l . xy , f C o s S i n C u r r e n t P h i 0 s [ i S w a t h S t a r t ] ) ;
i f ( N d o t A z i m u t h a l D i r e c t i o n > 0 ) f B a s e B l o c k i n g A n g l e = −a s i n ( N d o t A z i m u t h a l D i r e c t i o n ) ;

fMaxBlockingAngle = f B a s e B l o c k i n g A n g l e ;
f l o a t 3 p r e v C o l o r = { 0 , 0 , 0 } ;
f l o a t 3 c o l o r = { 0 , 0 , 0 } ;
f l o a t 4 L e g e n d r e C o e f f s = { 0 , 0 , 0 , 0 } ;

/ / T r a v e l i n +ve \ t a u d i r e c t i o n
f o r ( i n t i = NUM_PYRAMID_LEVELS − 1 ; i >= 0 ; i−− ) {
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i n t i L e v e l = min ( i − 1 + i L e v e l O f f s e t , NUM_PYRAMID_LEVELS − 1 ) ;
f _ d e l t a [ i ] = fMul t iResUVStepS ize s [ i ] ∗ f C o s S i n C u r r e n t P h i 0 s [ i S w a t h S t a r t ] ;
f l o a t f_x1 = LookupHFPyramidLowToHigh ( In . t e x . x + f _ d e l t a [ i ] . x , In . t e x . y +

f _ d e l t a [ i ] . y , i L e v e l , NUM_PYRAMID_LEVELS ) ;
D[ i ] = ( f_x1 − f_x0 [ i L e v e l ] ) ∗ f M u l t i R e s U V S t e p S i z e R e c i p r o c a l s [ i ] ;
w_plus [ i +1] = a t a n ( D[ i ] ) ;

}

w_plus [ 0 ] = 0 ;
w_plus [NUM_PYRAMID_LEVELS + 1] = w_plus [NUM_PYRAMID_LEVELS ] ;
w_plus [NUM_PYRAMID_LEVELS + 2] = w_plus [NUM_PYRAMID_LEVELS ] ;

/ / R e c o n s t r u c t b l o c k i n g a n g l e s wi th B−s p l i n e i n t e r p o l a t i o n i n p o s i t i v e \ t a u d i r e c t i o n
f o r ( i n t m = NUM_PYRAMID_LEVELS − 1 ; m >= 0 ; m−− ) {

f o r ( i n t j = 0 ; j < 1 ; j ++ ) { / / Sample b−s p l i n e a t k n o t s and mid−p o i n t s
f l o a t f B l o c k i n g A n g l e = d o t ( W_mid_and_knot [ j ] ,

f l o a t 4 ( w_plus [m] , w_plus [m + 1 ] ,
w_plus [m + 2 ] , w_plus [m + 3] ) ) ;

i f ( f B l o c k i n g A n g l e > fMaxBlockingAngle ) {
i n t i S h a d i n g L e v e l = min ( m − 1 + i S h a d i n g L e v e l O f f s e t ,

NUM_PYRAMID_LEVELS − 1 ) ;
c o l o r = g_ShadingMipPyramid . SampleLevel ( HFPyramidSampler ,

f l o a t 3 ( ( In . t e x + f _ d e l t a [m ] ) . xy ,
NUM_PYRAMID_LEVELS − 1 −
i S h a d i n g L e v e l ) , 0 ) . xyz ;

/ / NLP a c c u m u l a t i o n : a c c u m u l a t i o n l a g s be h i nd by one v a l u e
/ / ( which i m p l i c i t l y h a n d l e s t h e base c a s e ) .
/ / L a s t v a l u e added a t t h e end s e p a r a t e l y . ( E q u a t i o n 12)
N L P O c c l u s i o n C o e f f i c i e n t s ( fMaxBlockingAngle , L e g e n d r e C o e f f s ) ;
IR_LPr [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ∗ ( p r e v C o l o r . r − c o l o r . r ) ;
IR_LPg [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ∗ ( p r e v C o l o r . g − c o l o r . g ) ;
IR_LPb [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ∗ ( p r e v C o l o r . b − c o l o r . b ) ;
p r e v C o l o r = c o l o r ;
fMaxBlockingAngle = f B l o c k i n g A n g l e ;

}
}

}

/ / NLP a c c u m u l a t i o n : l a s t v a l u e added a t t h e end h e r e ( E q u a t i o n 12)
N L P O c c l u s i o n C o e f f i c i e n t s ( fMaxBlockingAngle , L e g e n d r e C o e f f s ) ;
IR_LPr [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ∗ ( p r e v C o l o r . r ) ;
IR_LPg [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ∗ ( p r e v C o l o r . g ) ;
IR_LPb [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ∗ ( p r e v C o l o r . b ) ;

/ / Now t h a t we have t h e maximum b l o c k i n g ang le , we can
/ / compute t h e Legendre v i s i b i l i t y v e c t o r ( E q u a t i o n 11)
V i s i b i l i t y _ L P [ i S w a t h S t a r t ] −= L e g e n d r e C o e f f s ;
N L P O c c l u s i o n C o e f f i c i e n t s ( M_PI / 2 . f , L e g e n d r e C o e f f s ) ;
V i s i b i l i t y _ L P [ i S w a t h S t a r t ] += L e g e n d r e C o e f f s ;

}

/ / Take a l l t h e LP v e c t o r s h e r e and g e n e r a t e t h e SH v e c t o r :
f o r ( i n t w = 0 ; w < iNumAzimuthalSamples − 1 ; w++ ) {

/ / L i n e a r LP−>SH B l e n d i n g ( u s i n g e q u a t i o n from a p p e n d i x )
LPtoSH_Linea rBlend ing ( IR_LPr [w] , IR_LPr [w+1 ] , tempIR ) ;
S H _ r o t a t e z _ 4 ( f C o s S i n C u r r e n t P h i 0 s [w] , tempIR , t empIRRota t ed ) ;
IRSHVectorR [ 0 ] += tempIRRota t ed [ 0 ] ; IRSHVectorR [ 1 ] += tempIRRota t ed [ 1 ] ;
IRSHVectorR [ 2 ] += tempIRRota t ed [ 2 ] ; IRSHVectorR [ 3 ] += tempIRRota t ed [ 3 ] ;

LPtoSH_Linea rBlend ing ( IR_LPg [w] , IR_LPg [w+1 ] , tempIR ) ;
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S H _ r o t a t e z _ 4 ( f C o s S i n C u r r e n t P h i 0 s [w] , tempIR , t empIRRota t ed ) ;
IRSHVectorG [ 0 ] += tempIRRota t ed [ 0 ] ; IRSHVectorG [ 1 ] += tempIRRota t ed [ 1 ] ;
IRSHVectorG [ 2 ] += tempIRRota t ed [ 2 ] ; IRSHVectorG [ 3 ] += tempIRRota t ed [ 3 ] ;

LPtoSH_Linea rBlend ing ( IR_LPb [w] , IR_LPb [w+1 ] , tempIR ) ;
S H _ r o t a t e z _ 4 ( f C o s S i n C u r r e n t P h i 0 s [w] , tempIR , t empIRRota t ed ) ;
IRSHVectorB [ 0 ] += tempIRRota t ed [ 0 ] ; IRSHVectorB [ 1 ] += tempIRRota t ed [ 1 ] ;
IRSHVectorB [ 2 ] += tempIRRota t ed [ 2 ] ; IRSHVectorB [ 3 ] += tempIRRota t ed [ 3 ] ;

/ / Note : re−u s i n g t h e t e m p o r a r y v a r i a b l e s t o compute t h e SH V i s i b i l i t y
LPtoSH_Linea rBlend ing ( V i s i b i l i t y _ L P [w] , V i s i b i l i t y _ L P [w+1 ] , tempIR ) ;
S H _ r o t a t e z _ 4 ( f C o s S i n C u r r e n t P h i 0 s [w] , tempIR , t empIRRota t ed ) ;
V i s i b i l i t y [ 0 ] += tempIRRota t ed [ 0 ] ; V i s i b i l i t y [ 1 ] += tempIRRota t ed [ 1 ] ;
V i s i b i l i t y [ 2 ] += tempIRRota t ed [ 2 ] ; V i s i b i l i t y [ 3 ] += tempIRRota t ed [ 3 ] ;

}

/ / D i r e c t I l l u m i n a t i o n Shad ing : ( V i s i b i l i t y ∗ BRDF) d o t SH_Ligh t ing
f l o a t 4 Colo r ;
c o n s t f l o a t 4 zhemi_canon = { 1 . f / M_PI ∗ 0 .886227 f , 1 . f / M_PI ∗ 1 .02333 f ,

1 . f / M_PI ∗ 0 .495416 f , 1 . f / M_PI ∗ 0 . f } ;
f l o a t 4 r o t a t e d _ h e m i [ 4 ] , t r a n s f e r [ 4 ] ;
SH_zh_rot_4 ( r e c e i v e r N o r m a l , zhemi_canon , r o t a t e d _ h e m i ) ;
SH_product_4 ( r o t a t e d _ h e m i , V i s i b i l i t y , t r a n s f e r ) ;

Co lo r . r = d o t ( t r a n s f e r [ 0 ] , RLight [ 0 ] ) + d o t ( t r a n s f e r [ 1 ] , RLight [ 1 ] ) +
d o t ( t r a n s f e r [ 2 ] , RLight [ 2 ] ) + d o t ( t r a n s f e r [ 3 ] , RLight [ 3 ] ) ;

Co lo r . g = d o t ( t r a n s f e r [ 0 ] , GLight [ 0 ] ) + d o t ( t r a n s f e r [ 1 ] , GLight [ 1 ] ) +
d o t ( t r a n s f e r [ 2 ] , GLight [ 2 ] ) + d o t ( t r a n s f e r [ 3 ] , GLight [ 3 ] ) ;

Co lo r . b = d o t ( t r a n s f e r [ 0 ] , BLight [ 0 ] ) + d o t ( t r a n s f e r [ 1 ] , BLight [ 1 ] ) +
d o t ( t r a n s f e r [ 2 ] , BLight [ 2 ] ) + d o t ( t r a n s f e r [ 3 ] , BLight [ 3 ] ) ;

/ / I n d i r e c t I l l u m i n a t i o n Shad ing : r o t a t e c a n o n i c a l BRDF ZH v e c t o r and d o t w i th IR v e c t o r s .
Co lo r . r += d o t ( r o t a t e d _ h e m i [ 0 ] , IRSHVectorR [ 0 ] ) + d o t ( r o t a t e d _ h e m i [ 1 ] , IRSHVectorR [ 1 ] ) +

d o t ( r o t a t e d _ h e m i [ 2 ] , IRSHVectorR [ 2 ] ) + d o t ( r o t a t e d _ h e m i [ 3 ] , IRSHVectorR [ 3 ] ) ;
Co lo r . g += d o t ( r o t a t e d _ h e m i [ 0 ] , IRSHVectorG [ 0 ] ) + d o t ( r o t a t e d _ h e m i [ 1 ] , IRSHVectorG [ 1 ] ) +

d o t ( r o t a t e d _ h e m i [ 2 ] , IRSHVectorG [ 2 ] ) + d o t ( r o t a t e d _ h e m i [ 3 ] , IRSHVectorG [ 3 ] ) ;
Co lo r . b += d o t ( r o t a t e d _ h e m i [ 0 ] , IRSHVectorB [ 0 ] ) + d o t ( r o t a t e d _ h e m i [ 1 ] , IRSHVectorB [ 1 ] ) +

d o t ( r o t a t e d _ h e m i [ 2 ] , IRSHVectorB [ 2 ] ) + d o t ( r o t a t e d _ h e m i [ 3 ] , IRSHVectorB [ 3 ] ) ;

Co lo r . a = 1 . 0 f ;
r e t u r n Colo r ;

}
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