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Abstract

In the Capacitated Open Pit Mining Problem, we consider the sequential extraction of blocks in order to
maximize the total discounted profit under an extraction capacity during each period of the horizon. We propose
a formulation closely related to the Resource-Constrained Project Scheduling Problem (RCPSP) where the
genotype representation of the solution is based on a priority value encoding. We use a GRASP procedure to
generate an initial population (swarm) evolving according to a Particle Swarm Procedure to search the feasible
domain of the representations. Numerical results are introduced to analyse the impact of the different parameters

of the procedures.
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1 Introduction

Consider the problem where a mining industry is
analyzing the profit of extracting the ore contained in
some site. In fact, the analysis includes two stages
where two different problems have to be solved. The
first problem is to determine the maximal open pit
corresponding to the maximal gain that the mining
industry can get from the extraction at the site. This
problem can be formulated as identifying the maximal
closure of an associated oriented graph. Picard
proposes a very efficient procedure to solve this
problem in [1].

The second problem, denoted block extraction
problem, is to determine the extraction order leading
to the maximum profit accounting for the discount
factor and particular constraints related to the
extracting operation. In general, the mining site is
partitioned into blocks characterized by several
numbers. One of these is the net value of the block
estimated from prospect ion data. This net value is
equal to the profit associated with the block
corresponding to the difference between the ore
content value and the cost of extracting the block.
Hence this value can be negative if the ore content
value is smaller than the cost of extracting it.
Furthermore, the physical nature of the problem may
require extracting blocks having negative net values
in order to have access to valuable blocks.

In their pioneering work, Lerchs and Grossman [2]
deals with this problem with an approach generating a
sequence of nested pits. Then several other approach
have been proposed : heuristics [3,4], Lagrangian

relaxation [3], parametric methods [5, 6, 7, 8],
dynamic  programming [9], mixed integer
programming [3, 5, 10], and metaheuristics or
artificial intelligence methods [11, 12]. In this paper,
we rely on an analogy with the Resource-Constrained
Project Scheduling Problem (RCPSP) [13] to propose
a particle swarm procedure [14] to solve a specific
variant of the problem referred to as the Capacitated
Open Pit Mining Problem. Recall that a particle
swarm procedure is an evolutionary population based
process. The swarm (population) is evolving through
the feasible domain searching for an optimal solution
of the optimization problem. In the concluding
remarks, we indicate how to extend it to other variants
of this problem.

The paper is organized as follows. In Section 2, we
formulate the two problems and we summarize
Picard’s procedure to solve the maximal open pit
problem. Our solution approach relying on an analogy
with the RCPSP to deal with the scheduling block
problem is summarized in Section 3, and Section 4
includes our particle swarm procedure. In Section 5,
we introduce numerical results to analyse the impact
of the different parameters of the procedures. The
numerical results allow verifying that the quality of
the solutions generated with the particle swarm
procedure is better than those obtained with greedy
genotype priority vectors.

2 Problem formulations

In this section we first introduce a mathematical
model for the maximal open pit problem and a
method to solve it. Then the scheduling problem
specifying the extraction order of the blocks is
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formulated. The solution approach for this problem is
given in the next section.

2.1 Maximal open pit

To formulate the maximal open pit model used to
determine the maximal gain expected from the
extraction, we denote by N the set of blocks in the
mining site and by b, the net value of extracting block
ieN. A binary variable x; is associated with each
block i:

1 if block i is extracted
X, =
" |0 otherwise.
The maximal open pit corresponds to the solution x
maximizing the objective function ) b,x,.
ieN

The only physical constraints considered are related to
the maximal pit slope leading to identify a set of
predecessors B; including the blocks of the preceding
layer above i that have to be removed before block i
can be extracted. The problem can be formulated
using an oriented graph (open pit graph) G=(V, A)
where ¥ ={i e N :nodei corresponds to block i} and
A= {(i,j) :JEB. i€ N} used to
indicate the precedence order of the block extraction.
Hence the mathematical model associated with the
maximal open pit problem can be summarized as
follows

the set of arcs

(MOP) Max > bx,
ieN
Subject to x,—x,20 (i,j))ed (1)
x;=0o0ul ieN. 2)

Now recall that the closure of an oriented graph [1] is
a subset of nodes such that all successors of any of its
node also belong to the set. It is easy to see that the
problem (MOP) is equivalent to determine the
maximal closure of the open pit graph G=(V, 4).

In [1], Picard shows that the problem of finding the
maximal closure of G=(V, A) is equivalent to

determine a minimum cut |S,S) of the associated
Picard’s graph 52(?, 2) specified as follows. The
set on nodes ¥ =¥ U {s,¢} where s and ¢ correspond
to a super source and and ~a super sink, respectively.
A=4U4"U4",

={(s,0):ieV.,b, >0}, A~ ={i,0):ieV,b, <0} .
Furthermore, the capacity d; of arc (i, j)e A is

The set of arcs where

specified as follows:

+o0  if(i,j)e A
ifi=sand(s, j)e 4"
-b, if j=tand(i,t)e A~

Picard [1] shows that a maximal closure of G is the
set (S — {s}). It follows that the Ford and Fulkerson
labelling procedure [15] can be applied to determine
the maximal flow in the Picard’s graph associated
with G, and then the maximal open pit is equal to

= (S — {s}) where (S,E)
associated with the maximal flow.

is the minimal cut

2.2 Scheduling block extraction

The maximal open pit indicates the set of blocks to
extract in order to maximize the total profit, but it
does not give any indication of the order for
extracting the blocs under operational constraints, nor
does it account for the discount factor during the
extraction horizon. This problem is more complex and
hence more difficult to solve. In this paper, we
consider the capacitated open pit mining problem
where only one additional operational constraint
related to the maximal quantity that can be extracted
during each period of the horizon. In the concluding
remarks we indicate how to extend the solution
procedure to include other operational constraints.

Denote by p; the weight of block ie N, by C, the
maximal weight that can be extracted during period ¢,

1<t < T, and

the discount rate per period. A
I+«

binary variable x| is associated with each block i for
each period #:

1
x; =
b

Referring to the notation introduce in Section 2.1, the

if block i is extracted during period ¢

otherwise.

scheduling block extraction problem can be
formulated as follows:
T
SBE) Max — ! 3
BE) Mok 2 Y *
Subject to fo <l ieN (4)

t=1

1
Dxi=x20 (,j)ed =T (5
=1

z pix; <C,

ieN

t=1-T (6)

x=0oul ieN,r=1-T. (7

The objective function (3) accounts for the discount
factor in evaluating the net values of the blocs when
they are extracted. Constraints (4) guarantee that each
block i is extracted at most once during the horizon.
The extraction precedence is enforced by constraints
(5), and the constraints (6) are related to the extraction
capacity during each period of the horizon.

It can be shown that the set of blocks extracted in an
optimal solution of (SBE) is a subset of the maximal



open pit. Hence, in the model (SBE), we can replace
Nby N* =(S— {s}) determined in Section 2.1.

3 Solution approach

To find a schedule for the block extraction problem,
we consider the similarity between (SBE) and the
well known Resource Constraint Project Scheduling
Problem (RCPS) [13]. The open pit mine extraction
corresponds to the project, and the extraction of each
block, to an activity of the project. The precedence
relationship between the activities (blocks) is derived

from the open pit graph G = (V, 4): forall ie N

P = {blockipredecessors}z {j eN :(i,j)e A}.

The capacity constraints correspond to constraints (6)
in problem (SBE). Hence, for any period ¢, let

E, =\ie N :block i is extracted in periodt}, and the
extraction capacity constraints can be written as

3 p,<C, t=1,T.

iek;

The reward associated with activity (block) i depends

i

a)Fl :
The genotype representation PR = [prl,---, pr‘N‘J that

of the extraction period ¢:

we use is similar to the priority value encoding
introduced by Hartman in [13] to deal with the
RCPSP. The i" element pr; €[0,1] corresponds to the

priority of scheduling block i to be extracted. Hence

the priority of extracting block 7 increases with the
V]

value of pr;, and these values are such that Z pr,=1.

i=l

Starting from the genotype vector PR, a feasible
phenotype solution x of (SBE) is generated using the
following serial decoding scheme where the blocks
are scheduled sequentially to be extracted. To initiate
the first extraction period ¢ = 1, we first remove the
block among those having no predecessor (i.e., in the
top layer) having the largest priority. During any
period ¢, at any stage of the decoding scheme, the next
block to be removed is one of those with the highest
priority among those having all their predecessors
already extracted such that the capacity C, is not
exceeded by its extraction. If no such block exists,
then a new extraction period (¢ + 1) is initiated. We
denote by v(PR) the value of the feasible solution x of
(SBE) associated with the genotype vector PR. It is
worth noticing that this decoding scheme is closely
related to the Serial SGS procedure used to generate
phenotype schedule from genotype representation for
the RCPSP.

In order to associate a priority to a block, we need to
consider not only its net value b;, but also its impact

on the extraction of other blocks in future periods.
One such measure proposed by Tolwinski and

Underwood in [9] is the block lookahead value b .
This value is determined by referring to the spanning

cone SC; of block i in the optimal open pit N
specified as follows:

SC, = {j € N’ :there exists a path from j toin G}.
Hence, the value bi = ij .

JesC;

Referring to the lookahead values, several different
genotype priority vectors can be generated using the
following GRASP procedure [16] to determine
sequentially the block priorities. At the &

(k:1,~~-,N*)iteration, a block i, is selected as
follows:

e determine the subset of the % best (in terms of
their b; values) blocks not selected yet

o select randomly one block i, in this subset.
(V|-%+1)
1424+ |N ’

) 2(|N*
Y

—-k+1)
N|+1)

Then, pr, =

Note that the percentage (% is a parameter of the
procedure.

Several feasible solutions of (SBE) can be generated
by decoding different genotype vectors generated
with the GRASP procedure. Furthermore, other
process can be used to generate other genotype
vectors. In the next section, we introduce an
evolutionary process evolving in the set of genotype
vectors in order to converge to an improved feasible
phenotype solution of (SBE).

4 Particle Swarm Procedure

In this section, we introduce a particle swarm
procedure [17] evolving through the set of genotype
vectors in order to search the feasible domain of the
problem (SBE). Consider a population (swarm) P of
M genotype vectors (particles): P = {PR',u-,PRM }
The M initial genotype vectors are generated using the
GRASP procedure described in the preceding section.
To initialize the first iteration of the particle swarm
procedure, the genotype vector PR corresponds both
to the current vector and the best achieved vector

PR’ of the individual k (i.e., at the start of the first

iteration,ﬁk=PRk ). During the iterations of the
procedure, the individuals (genotype vectors) of the
population are evolving, and we denote by PRb the
best overall genotype vector achieved so far. Hence,
at the end of each iteration, ﬁk,k =1,---, M,

and PRb are updated as follows:



PR’ := ArgMax {v(PRk), v(ﬁ")} )

PRb := ArgMax {v(ﬁk )}. )
IsksM
Now we describe a typical iteration of the particle

swarm procedure. Each current vector PR* evolves
individually to a new current genotype vector
according to a probabilistic process accounting for its

current value PR*, for its best achieved value PR’ s
and for the best overall achieved vector PRb. More
specifically, with each component i of each vector £,
we associate a velocity [17] factor vc! evolving at each
iteration of the procedure. Its value is initialized at 0
(i.e., vcf= 0) when the procedure starts. At each
iteration, it evolves as follows:

vel i=wve! + ek (;k -pri)+
e,y (prb, = pr), (10)
and we define
ppri=ve! + prf an
The probabilistic nature of the procedure follows from

the fact that 7* e[0,1] and r €0, 1] are different

uniform random number selected at each iteration.
The impact of the terms is scaled by so called
acceleration coefficients ¢, and c,. The inertia weight
w was introduced in [18] to improve the convergence

rate.
} , we

determine the new current genotype PR". First, we

have to verify if all components of PPR*are non
negative. Hence, determine

Using the vector PPR" = { pprit e, ppr:*

ppr* = Min, {ppr},

*
I<is|N ‘

and if ppr* <0, then replace

ppr' = ppr = ppr'.
Thus the new current genotype vector PR"is
specified as follows:

]

where pr/' >0,i = 1,-~,|N*|, and Y pr' =1,as
i=1

required.

5 Numerical Results

Numerical results are now introduced to analyse the
impact of the parameter values on the efficiency of
the solution approach. The different procedures are
implemented in Java 1.5, and the tests are executed on
an AMD Athlon(tm) 64 Processor 3200, 2.2 GHz
having 2.00 Go Ram.

We are using 20 different problems randomly
generated over a two dimensions grid having 20
layers and being 60 blocks wide. For each problem,
10 clusters including the blocks having ore inside are
randomly generated (note that these clusters can
overlap). The value b, of the blocks belonging to the
clusters is selected randomly in the set {6, 8, 12, 16}.
The rest of the blocks outside the clusters have no ore
inside, and they have a negative value b, equal to -4.
The optimal pit of each problem is determined with
the approach described in Section 2.1. The number of
blocks |N *| in the optimal pit of each problem is

indicated in Table 1.

Table 1: Optimal pit sizes

Problem |N *| Problem |N*|
1 64 11 291
2 78 12 307
3 88 13 320
4 90 14 353
5 95 15 382
6 113 16 385
7 156 17 428
8 158 18 434
9 205 19 495
10 230 20 508

The weight p; of each block i is equal to 1, and the
maximal weight C, = 3 for each period.

We use the first 10 problems having smaller maximal
open pit to analyse the impact of the different
parameters. Each problem is solved using 12 different
sets of parameter values as summarized in Table 2.
Note that iter denotes the number of iterations of the
particle swarm procedure.

For each set of parameter values /, each problem p is
solved 5 times to determine
vay, : the average of the best values v(PRb) achieved
vby, : the best values v(PRb) achieved
%, : the average % of improvement

va,, - v(PRD) at first iter. 5

(V] Ip .
V(PRD) at first iter.

it, : the last iteration where an improvement
of PRb occurs.

0,




Table 2: Parameter values

Set | B M Iter | w c1 [
1 10 {50 |20 |07 |14 |14
2 50 |50 |20 |07 |14 |14
3 100 |50 |20 |07 |14 |14
4 10 | 25 20 107 |14 |14
5 50 | 25 20 107 |14 |14
6 100 | 25 20 107 |14 |14
7 50 |50 |20 |01 |14 |14
8 50 |50 |20 |07 |07 |14
9 50 |50 |20 |07 |14 |07
10 | 50 | 25 20 |01 |14 |14
11 | 50 |25 20 107 107 |14
12 | 50 |25 20 107 |14 |07

Then for each set of parameter /, we compute the
average values va;, vb, %, , and it; over the 10
problems. These values are summarized in Table 3,
and they are used as criteria to evaluate the impact of
the parameter values.

Table 3: Average values of criteria

Set | it %1 va; vh,

1 4.06 | 0.351 | 240.25 | 242.71
2 5.52 ] 3.580 | 233.82 | 239.69
3 5.06 | 4.600 | 217.44 | 226.84
4 6.14 | 0.566 | 239.35 | 241.64
5 5.10 | 2.795 | 231.22 | 237.72
6 4.88 | 5.566 | 213.02 | 220.80
7 3.04 | 2.721 | 232.91 | 238.55
8 3.26 | 2.663 | 233.52 | 237.98
9 5.58 | 2.031 | 235.27 | 240.92
10 | 3.68 | 2.016 | 231.63 | 236.44
11 | 3.06 | 2.488 | 230.08 | 235.50
12 | 4.80 | 2.872 | 232.00 | 236.32

Impact of the % in the GRASP procedure
Comparing rows 1, 2, and 3 of Table 3, we observe
that the values of va; and vb, decrease while the value
of %; increases as the value of f increases. The same
observations apply for rows 4, 5, and 6. Referring to
the definition of the GRASP procedure in Section 3, it
is easy to see that in general, the priority of blocks
with larger lookahead values get larger when f
decreases. Hence, we can expect the individuals in the
initial population to have better profit values inducing
that we can reach better solutions, but that the
percentage of improvement % is smaller.

Impact of the size M of the population

The value va, in row 1 is larger than in row 4. The
same is true if we compare rows 2 and 5, and rows 3
and 6. This indicates that the values of the solutions
generated are better when the size of the population is
larger. This makes sense since we generate a larger
number of different solutions.

Impact of the values of the particle swarm
parameters

Comparing the results in rows 2, 7, 8,and 9, and those
in rows 3, 10, 11, and 12, there is no clear impact of
modifying the values of the parameters w, c¢; and c;.
Note that the values w = 0.7, ¢, = 14, and ¢, = 1.4
were selected accordingly to the authors in [19] who
shown that setting the values of the parameters close
to w=0.7298 and ¢, = ¢, = 1.49618 gives acceptable
results.

Note that the number of iterations iz, used by the
particle swarm procedure to reach the best solution is
smaller than the number ifer of iterations completed.

One could ask the following legitimate question. How
the solutions obtained with an evolutionary process
like particle swarm compare with the one obtained by
decoding a greedy genotype priority vector generated
with a variant of the GRASP procedure where, at each

iteration, the block 7 with the largest value b; among

those left is selected? To complete this analysis we

use the last 10 problems (numbered from 11 to 20)

having larger maximal open pit to obtain the results in

Table 4. Using the parameter values in set 1, each

problem p is solved 5 times to determine

va,, : the average of the best values v(PRb) achieved
for parameter values in set 1

vb,, : the best value v(PRbD) achieved for parameter
values in set 1

vwi,: the worst value v(PRb) achieved for parameter
values in set 1

Vereedy : the value obtained by decoding a greedy

genotype priority vector.

This choice of the parameter values is justified by the

results in Table 3 where the best value for va; is

obtained with the parameter values in set 1.

The results in Table 4 indicate that even the worst
values vw,, is better than vy for all problems.
Furthermore, the percentage of improvement of va,,
OVET Vgreeqy Tanges from 2.32% to 52.24%. We can
conclude that using particle swarm induces a gain in
the solution quality.

Table 4: Improved solutions with particle swarm

Problem | va,, vhy, YWy, Voreedy
11 166.07 | 170.08 | 163.09 | 156.56
12 54534 | 547.32 | 544.43 | 532.66
13 14493 | 15549 | 137.59 | 116.84
14 254.14 | 287.45 | 232.67 | 173.72
15 72.36 84.92 70.84 | 43.24
16 289.85 | 314.99 | 277.77 | 240.86
17 400.36 | 408.72 | 384.06 | 356.74
18 450.11 | 459.71 | 442.40 | 425.59
19 384.27 | 389.60 | 380.19 | 343.11
20 72.01 81.25 62.86 | 34.39

Referring to Table 4, we can also observe that for
each problem, the interval [vwy,, vb,,] including the
values v(PRb) is quite small. Indeed, the smallest ratio



W,

A, =

is equal to .774 for problem p = 20. This

vb,,
indicates that the Particle Swarm procedure is stable.

6 Conclusion

In this paper we consider the Capacitated Open Pit
Mining Problem where we have to determine the
sequential extraction of blocks maximizing the total
discounted profit under an extraction capacity during
each period of the horizon. We propose a formulation
closely related to the Resource-Constrained Project
Scheduling Problem (RCPSP) where the genotype
representation of the solution is based on a priority
value encoding. We use a GRASP procedure to
generate an initial population (swarm) evolving
according to a Particle Swarm Procedure to search the
feasible domain of the representations. The numerical
results indicate that the better are the individuals in
the initial population, the better is the solution
generated but the smaller is the benefit of using an
evolutionary process like particle swarm. Also, the
quality of the solution increases with the size of the
population. The numerical results in our
experimentation do not seem to be very sensitive to
the parameter values of the particle swarm procedure.
Finally, the numerical results allow verifying that the
quality of the solutions generated with the particle
swarm procedure is better than those obtained with
greedy genotype priority vectors.

Additional experimentations should be completed on
problems of larger size closer to real world
applications. Furthermore, it is easy to see that the
decoding procedure of the genotype priority vectors
can be adapted to account for additional constraints
found in other variants of the scheduling block
extraction problem.
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