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Abstract

Principal curves have beendefinedas “self consistent’smoothcurves
which passthroughthe “middle” of a d-dimensionabprobability distri-
bution or datacloud. Recently we [1] have offereda nen approachby
defining principal curvesas continuouscurvesof a givenlengthwhich
minimizethe expectedsquaredlistancebetweerthe curve andpointsof
the spacerandomlychosenaccordingto a givendistribution. The new
definitionmadeit possibleto carryout atheoreticalnalysisof learning
principal curvesfrom trainingdata. In this paperwe proposea practical
constructiorbasednthenew definition. Simulationresultsdemonstrate
thatthe new algorithmcomparedavorably with previous methodsboth
in termsof performanceindcomputationatompleity.

1 Intr oduction

Hastie[2] andHastieandStuetzlg3] (hereafteHS) generalizedhe self consisteng prop-
erty of principal componentsand introducedthe notion of principal curves Considera
d-dimensionalrandomvector X = (X3, ... X)) with finite secondmoments,and let
f(t) = (f1(t),..., f4(t)) beasmoothcurvein R parameterizetlyt € ®. Forary x € R4
let t; (x) denotethe parametewraluet for which the distancebetweenx andf(t) is mini-
mized. By the HS definition, f(t) is a principal curve if it doesnot intersectitself andis
self consistentthatis, f(t) = E(X|t;(X) =1t). Intuitively speakingself-consistencmeans
thateachpointof f is the average(underthedistribution of X) of pointsthatprojectthere.
Basedon their defining property HS developedan algorithm for constructingprincipal
curvesfor distributions or datasets,and describedan applicationin the StanfordLinear

Collider Project[3].



Principalcurveshave beenappliedby BanfieldandRaftery[4] to identify the outlinesof
ice floesin satelliteimages.Their methodof clusteringaboutprincipalcurvesledto afully
automatiomethodfor identifying ice floesandtheir outlines. On the theoreticakide, Tib-
shirani[5] introduceda semiparametricnodelfor principal curvesandproposedi method
for estimatingprincipal curvesusingthe EM algorithm. Recently Delicado[6] proposed
yet anotherdefinition basedon a propertyof the first principal component®f multivari-
atenormaldistributions. Closeconnectiondetweerprincipal curvesandKohonens self-
organizingmapswere pointedout by Mulier and Cherkassk [7]. Self-oganizingmaps
werealsousedby Deretal. [8] for constructingorincipalcurves.

Thereis an unsatislctory aspectof the definition of principal curvesin the original HS
paperaswell asin subsequenworks. Although principal curveshave beendefinedto be
nonpalmetrig their existencefor a given distribution or probability densityis an open
guestionexceptfor very specialcasessuchaselliptical distributions. This alsomakesit
difficult to theoreticallyanalyzeany learningschemegor principalcurves.

Recently we [1] have proposeda new definition of principal curveswhich resohesthis

problem.In the new definition,a curve f* is calleda principalcurve of lengthL for X if f*

minimizesA(f) = E[inf; || X — f(t)[|?] = E[|X — f(t:(X))||?, the expectedsquarediistance
betweernX andthecurve,overall curvesof lengthlessthanor equalto L. It wasprovedin

[1] thatfor any X with finite secondmomentgherealwaysexists a principal curve in the
new sense.

A theoreticalalgorithm hasalsobeendevelopedto estimateprincipal curvesbasedon a
commonmodelin statisticallearningtheory(e.g.see[9]). Supposehatthedistribution of
X is concentratedn aclosedandboundectorvex setk ¢ ®9, andwearegivenn training
pointsXi,...,Xp dravn independentlyrom thedistribution of X. Let .S denotethefamily
of curvestakingvaluesin K andhaving lengthnot greaterthanL. For k > 1 let Sk bethe
setof polygonal(pieceviselinear) curvesin K which have k sgmentsandwhoselengths

donotexceedL. Let ) )
A, ) = min|x—f(0)] &

denotethe squareddistancebetweenx andf. For ary f € § the empirical squareder-

ror of f on the training datais the sampleaverageAn(f) = %zi”:lA(Xi,f). Let the
theoreticalalgorithm choosean fy, € S which minimizesthe empirical error, i.e, let

fikn = amgming g, An(f). It wasshavn in [1] thatif k is choserto be proportionalto nt/3,

thenthe expectedsquaredossof theempiricallyoptimal polygonalcurve with k segments
andlengthat mostL corverges,asn — o, to the squaredoss of the principal curve of

lengthL atarateA(fxn) — A(f*) = O(n~%3).

Althoughamenablé¢o theoreticalanalysisthealgorithmin [1] is computationallyburden-
somefor implementation.In this paperwe develop a suboptimalalgorithmfor learning
principalcurves. This practicalalgorithmproducegolygonalcurve approximationso the
principal curve just asthe theoreticaimethoddoes,but global optimizationis replacedby
alesscomple iterative descenmethod.We give simulationresultsandcompareour algo-
rithm with previouswork. In general,on examplesconsideredy HS the performancef
thenew algorithmis comparablavith the HS algorithm,while it provesto be morerobust
to changesn thedatageneratingnodel.

2 A PolygonalLine Algorithm

Givenasetof datapoints X, = {X1,...,Xn} C R, thetaskof finding the polygonalcurve
with k segmentsandlengthL which minimizes% S, A(xi,f) is computationallydifficult.
We proposea suboptimalmethodwith reasonableompleity. The basicideais to start
with a straightline segmentf,, (k = 1) andin eachiterationof the algorithmto increase



thenumberof sggmentsby oneby addinganew vertex to thepolygonalcurvefy , produced
by thepreviousiteration.After addinganew vertex, thepositionsof all verticesareupdated
in aninnerloop.

(©)

Figurel: Thecurvesfy , produceddy thepolygonalline algorithmfor n = 100datapoints.
The datawas generatedy addingindependenGaussiarerrorsto both coordinatesof a
pointchoserrandomlyon a half circle. (&) f1n, (b) f2,n, (C) fan, (d) f11n (the outputof the
algorithm).
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Figure2: Theflow chartof the polygonalline algorithm.

The inner loop consistsof a projectionstepand an optimizationstep. In the projection
stepthe datapointsare partitionedinto “Voronoiregions” accordingto which segmentor

vertex they project. In the optimizationstepthe new positionof eachvertex is determined
by minimizing an averagesquaredlistancecriterion penalizedby a measureof the local

curvature. Thesetwo stepsareiterateduntil corvergenceis achievedand fy , is produced.
Thenanew vertex is added.

The algorithmstopswhenk exceedsa thresholdc(n,A). This stoppingcriterionis based
on a heuristiccompleity measuredeterminedy the numbersegmentsk, the numberof
datapointsn, andthe averagesquaredistanceln (fin).

THE INITIALIZATION STEP. To obtainfy , take the shortessegmentof thefirst principal
componentine which containsall of the projecteddatapoints.

THE PROJECTION STEP. Letf denotea polygonalcurve with verticesvy, ... ,vk+1 and
closedline sgmentssy, ... ,S, suchthats connectsverticesv; andvi;1. In this stepthe
dataset.x, is partitionedinto (at most) 2k + 1 disjoint setsVy,... ,Viy1 and Sy, ..., S,
the Voronoi regionsof the verticesand segmentsof f, in the following manner For ary
x € R9letA(x,s) bethesquaredlistancérom x to s (seedefinition(1)), andlet A(x, v;) =
[Ix — vi||2. Thenlet
Vi = {X € Xn 1 A(X, Vi) = A(X,f), A(X,Vi) <AX,Vm),m=1,...,i—1}.

UponsettingV = UF;LllVi, the S setsaredefinedby

S ={XxeXn:x€V,A(x,5) =A(X,f), AX,S)<A(X,Sm),m=1,...,i—1}.
Theresultingpartitionis illustratedin Figure3.



Figure3: TheVoronoipartitioninducedby theverticesandsegmentsof f

THE VERTEX OPTIMIZATION STEP. In this stepwe iterateoverthevertices,andrelocate
eachvertex while all the othersare kept fixed. For eachvertex, we minimize An(vi) +

ApP(vi), a local averagesquareddistancectriterion penalizedby a measureof the local

cunatureby usingagradient(steepestiescentmethod.

Thelocal measuref theaveragesquaredlistancds calculatedrom thedatapointswhich
projectto v; or to the line sggment(s)startingat v; (seeProjectionStep). Accordingly,
let 0.4 (Vi) = Yxeg AX,S), 0-(Vi) = Yxes_; A(X,S-1), andVv(Vi) = Fyey A(X,Vi). Now
definethelocal averagesquaredlistanceasa functionof v; by

(- V(Vi) + 04 (Vi)

Ve =1
o- (Vi) +V(Vi) +04(vi) . .
An(Vi) = fl k+1 2
(vi) =X S TMTS if 1<i<k+ (2)
o (Vi) +Vv(Vvj) —
\ 7|S—1|+|Vi| ifi =k+1.

In the theoreticalalgorithmthe averagesquaredistanceAn(x, f) is minimizedsubjectto
theconstrainthatf is a polygonalcurve with k sggmentsandlengthnot exceeding.. One
could usea Lagrangianformulation and attemptto find a new positionfor v; (while all
otherverticesarefixed) suchthatthe penalizedsquarecderror An(f) + Al (f)? is minimum.
However, we have obsened that this approachs very sensitve to the choiceof A, and
reproducesheestimatiorbiasof theHS algorithmwhich flattensthecurve atareasof high
cunvature. So, insteadof directly penalizingthe lengthsof the line segments,we chose
to penalizesharpanglesto obtaina smoothcurve solution. Nonethelessnotethatif only
onevertex is moved at a time, penalizingsharpangleswill indirectly penalizelong line
segments. At inner verticesv;, 3 <i < k— 1 we penalizethe sumof the cosinesof the
threeanglesat verticesvi_1, vi, andvj;1. The cosinefunction was picked becauseof
its regular behaior aroundr, which makesit especiallysuitablefor the steepestiescent
algorithm. To make the algorithminvariantunderscaling,we multiply the cosineshy the
squaredadiusof the data,thatis, r = 1/2maxcx, yex, [[X —Y||. At the endpointsandat
their immediateneighbors(vi, i = 1,2,k,k+ 1), wherepenalizingsharpanglesdoesnot
translateto penalizinglong line segmentsthe penaltyon a noneistentangleis replaced
by a direct penaltyon the squaredength of the first (or last) sgment. Formally, let y;
denotethe angleat vertex vi, let T(vi) = r2(1+cosy), let W (vi) = ||vi — vi41/|%, andlet
W (Vi) = ||vi — Vi_1||?. Thenthepenaltyatvertex v; is

20 (Vi) + Ti(Vig1) ifi=1
e (Vi) +THV)) + T(Vig1) ifi=2

P(vi) = ¢ T(vi—1) + (Vi) + T(vi+1) if2<i<k-1
T(Vi—1) +T0(Vi) + e (vi)  ifi=K
T(Vi—1) + 2 (Vi) if i =k+1.



Oneimportantissueis the amountof smoothingrequiredfor a given dataset. In the HS

algorithmone needsto setthe penaltycoeficient of the spline smootheyor the spanof

the scatterplotsmoother In our algorithm, the correspondingrarameteis the curvature
penaltyfactorAp. If somea priori knowledgeaboutthe distribution is available,onecan
useit to determinghe smoothingparameterHowever in the absencef suchknowledge,
the coeficient shouldbe data-dependentntuitively, A, shouldincreasewith the number
of sggmentsandthe sizeof the averagesquarecerror, andit shoulddecreasevith the data
size.Basedon heuristicconsiderationandaftercarryingout practicalexperimentsye set
Ap = Nokn™Y/3A,(fin)Y/2r~2, where)) is a parametenf the algorithm, and canbe kept
fixedfor substantiallydifferentdatasets.

ADDING A NEW VERTEX. We startwith the optimizedfy , andchoosethe sggmentthat
hasthelargesthumberof datapointsprojectingto it. If morethenonesuchsegmentexists,
we choosethe longestone. The midpoint of this segmentis selectedasthe new vertex.
Formally, let | = {i:|S|>|Sj|, j =1,...,k}, and¢ = argmax, [|[vi — Vi1 Thenthe
new vertex is Vpey = (Vg + Vy11)/2.

SToPPING CONDITION. Accordingto the theoreticalresultsof [1], the numberof sey-
mentsk shouldbe proportionalto n/2 to achieve the O(n/3) corvergenceratefor the ex-
pectedsquaredlistance Althoughthetheoreticaboundsarenottight enoughto determine
the optimal numberof sggmentsfor a given datasize,we foundthatk ~ n*/3 alsoworks
in practice.To achieve robustnessve needto make k sensitve to the averagesquaredis-
tance.The stoppingconditionblendsthesetwo considerationsThe algorithmstopswhen
k exceedsc(n, An(fin)) = AnY30n(fcn) ~2r.

COMPUTATIONAL COMPLEXITY. The complity of the innerloop is dominatedoy the
compleity of the projectionstep,whichis O(nk). Increasinghe numberof segmentsby
oneatatime (asdescribedn Section?), andusingthe stoppingconditionof Section2, the
computationatomplexity of thealgorithmbecome®(n®/3). Thisis slightly betterthanthe
O(n?) compleity of the HS algorithm. The complexity canbe dramaticallydecreasedf,
insteadof addingonly onevertex, anew vertex is placedat the midpointof every segment,
giving O(n*/3logn), or if k is setto bea constantgiving O(n). Thesesimplificationswork
well in certainsituations put the original algorithmis morerobust.

3 Experimental Results

We have extensiely testedour algorithmon two-dimensionabatasets. In mostexperi-
mentsthe datawas generatedy a commonlyused(see,e.g.,[3] [5] [7]) additve model
X =Y + e, whereY is uniformly distributedon a smoothplanarcurve (hereaftercalledthe
geneating curve andeis bivariateadditive noisewhichis independentf Y.

Sincethe“true” principalcurve is not known (notethatthe generatingcurve in the model
X =Y +eisin generahota principal curve eitherin the HS senseor in our definition), it
is hardto give an objectve measuref performanceFor this reasonjn whatfollows, the
performancas judgedsubjectvely, mainly on the basisof how closelytheresultingcurve
followstheshapeof thegeneratingurve.

In generaljn simulationexamplesconsideredy HS the performancef thenew algorithm
is comparablavith the HS algorithm.Dueto the data-dependenad the curvaturepenalty
factorandthestoppingcondition,our algorithmturnsoutto bemorerobustto alterationsn

thedatageneratingnodel,aswell asto changesn the parametersf the particularmodel.

We usevaryinggeneratingshapesnoiseparametersanddatasizesto demonstratéhero-
bustnes®f the polygonalline algorithm. All of the plotsin Figure4 shav the generating
curve (GeneratorCurwe), the curve producedby our polygonalline algorithm (Principal



Curwe), andthe curve producedoy the HS algorithmwith splinesmoothing(HS Principal
Curwe), which we have found to performbetterthanthe HS algorithm using scatterplot
smoothing.For closedgeneratingcurveswe alsoincludethe curve producedoy the Ban-
field andRaftery(BR) algorithm[4], which extendsthe HS algorithmto closedcurves(BR
PrincipalCurve). Thetwo coeficientsof the polygonalline algorithmaresetin all exper
imentsto the constanwalues\, = 0.3 andAj, = 0.1. All plotshave beennormalizedo fit
in a2 x 2 square.The parametergivenbelow referto valuesbeforethis normalization.
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Figure4: (a) The Circle Example: the BR andthe polygonalline algorithmshaw less
biasthanthe HS algorithm. (b) The Half Cir cle Example: the HS andthe polygonalline
algorithmsproducesimilar curves.(c) and(d) Transformed Data Sets the polygonalline
algorithmstill follows fairly closelythe “distorted” shapes(e) Small NoiseVariance and
(f) Large Sample Size the curvesproducedby the polygonalline algorithmare nearly
indistinguishabldérom the generatingurves.

In Figure4(a)thegeneratingurveis acircleof radiusr = 1,ande= (e, &) isazeromean
bivariateuncorrelatedsaussiawith varianceE (€?) = 0.04,i = 1,2. The performanceof
thethreealgorithms(HS, BR, andthe polygonalline algorithm)is comparablealthough
theHS algorithmexhibits morebiasthanthe othertwo. Notethatthe BR algorithm[4] has
beentailoredto fit closedcurvesandto reducetheestimatiorbias. In Figure4(b), only half
of thecircleis usedasa generatingurve andthe otherparametersemainthe same Here,
too, boththeHS andour algorithmbehae similarly.

Whenwe departfrom theseusualsettingsthe polygonalline algorithmexhibits betterbe-
havior thanthe HS algorithm. In Figure4(c) thedatasetof Figure4(b) waslinearly trans-
formedusingthematrix (_3$ 9§). In Figure4(d) thetransformation( ~3-0 ~33) wasused.
The original datasetwas generatedy an S-shapedjeneratingcurve, consistingof two
half circlesof unit radii, to which the sameGaussiamoisewasaddedasin Figure4(b). In
both caseghe polygonalline algorithmproducesurvesthatfit the generatocurve more
closely Thisis especiallynoticeablen Figure4(c) wherethe HS principal curve fails to

follow the shapeof the distortedhalf circle.



Therearetwo situationswhenwe expectour algorithmto performparticularlywell. If the
distribution is concentrate@n a curve, thenaccordingto boththe HS andour definitions
the principal curve is the generatingcurve itself. Thus, if the noisevarianceis small,
we expectbothalgorithmsto very closelyapproximatehe generatingcurve. The datain

Figure4(e) wasgeneratedisingthe sameadditive Gaussiaitmmodelasin Figure4(a), but
thenoisevariancevasreducedo E (&) = 0.001for i = 1,2. In this casewe foundthatthe
polygonalline algorithmoutperformedoththe HS andthe BR algorithms.

The secondcaseis whenthe samplesizeis large. Althoughthe generatingcurve is not
necessarilythe principal curve of the distribution, it is naturalto expectthe algorithmto
well approximatehe generatingcurve asthe samplesizegrows. Sucha caseis shavn in
Figure4(f), wheren = 10000datapointsweregeneratedbut only a smallsubsebf these
wasactuallyplotted). Herethe polygonalline algorithmapproximatethegeneratingurve
with muchbetteraccurag thantheHS algorithm.

The Javaimplementatiorof thealgorithmis availableat the WWW site
http://www.cs.concordia.ca/"grad/ kegl/p curve demo. html

4 Conclusion

We offered a new definition of principal curves and presented practicalalgorithm for

constructingorincipal curvesfor datasets.Onesignificantdifferencebetweerour method
and previous principal curve algorithms([3],[4], and[8]) is that, motivatedby the new

definition,our algorithmminimizesadistancecriterion(2) betweerthedatapointsandthe
polygonalcurveratherthanminimizing adistancecriterionbetweernthedatapointsandthe
verticesof thepolygonalcurve. This andtheintroductionof thedata-dependesimoothing
factorA, madeour algorithmmorerobustto variationsin the datadistribution, while we

couldkeepcomputationatompleity low.
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