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Abstract

Principalcurveshave beendefinedas“self consistent’smoothcurveswhich passthrough
the“middle” of a d-dimensionaprobability distribution or datacloud. They give a summary
of the dataandalsosene asan efficient featureextractiontool. We take a newv approachoy
definingprincipal curvesascontinuouscurvesof a givenlengthwhich minimize the expected
squareddistancebetweenthe curve and points of the spacerandomlychosenaccordingto a
givendistribution. Thenew definitionmalesit possibleo theoreticallyanalyzeprincipalcure
learningfrom training dataandit alsoleadsto a new practicalconstruction.Our theoretical
learningschemechoosesa curve from a classof polygonallines with k segmentsand with
a given total length, to minimize the averagesquareddistanceover n training pointsdravn
independently Corvergencepropertiesof this learningschemeare analyzedanda practical
versionof this theoreticalalgorithmis implemented.n eachiterationof the algorithma newv
vertex is addedto the polygonalline and the positionsof the verticesare updatedso that
they minimize a penalizedsquaredlistancecriterion. Simulationresultsdemonstratéhatthe
new algorithmcomparegavorably with previous methodsbothin termsof performanceand
computationatompleity, andis morerobustto varyingdatamodels.

Keywords: learningsystemsunsupervisetearning featureextraction,vectorquantizationgcurve
fitting, piecaviselinearapproximation.
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1 Intr oduction

Principalcomponentinalysisis perhapghe bestknown techniquein multivariateanalysisandis
usedin dimensionreduction featureextraction,andin imagecodingandenhancemeniConsider
ad-dimensionakandomvectorX = (Xi,...,Xq) with finite secondnoments.Thefirst principal
componentine for X is astraightline which hasthe propertythatthe expectedvalueof thesquared
Euclideardistancdrom X to theline is minimumamongall straightlines. This propertymakesthe
first principal component conciseone-dimensionahpproximationto the distribution of X, and
theprojectionof X to thisline givesthebestlinearsummaryof thedata.For elliptical distributions
the first principal componenis also self consistenti.e., arny point of the line is the conditional
expectationof X overthosepointsof the spacewhich projectto this point.

Hastie[1] andHastieandStuetzleg[2] (hereafteHS) generalizedhe self consisteng property
of principalcomponentsindintroducedhenotionof principal curves Letf(t) = (fi(t),..., fa(t))
be a smooth(infinitely differentiable)curve in RY parametrizedy t € R, andfor ary x € RY let
t(X) denotethe largestparametewraluet for which the distancebetweernx andf(t) is minimized
(seeFigurel). More formally, the projectionindex t;(x) is definedby

tr(x) = sup{t : [[x = f(O)]| = inf [x — f(0)| } 1)

where|| - || denoteghe Euclideamormin RY.

Figurel: Projectingpointsto acurve.

By the HS definition,the smoothcurve f(t) is aprincipal curveif thefollowing hold:
(i) f doesnotintersecttself
(i) f hasfinite lengthinsideary boundedsubsebf RY

(iii) fis self-consistent,e.,f(t) = E(X|t;(X) =t).



Intuitively, self-consisteng meanghateachpoint of f is the average(underthe distribution of X)
of all pointsthatprojectthere.Thus,principal curvesaresmoothself-consistenturveswhich pass
throughthe “middle” of the distribution andprovide a goodone-dimensionahonlinearsummary
of thedata.

Basedon the self-consisteng property HS developedan algorithmfor constructingprincipal
curves. Similarin spirit to the Generalized.loyd Algorithm (GLA) of vectorquantizedesign[3],
theHS algorithmiteratesbetweera projectionstepandan expectationstep.Whenthe probability
densityof X isknown, theHS principalalgorithmfor constructingoprincipalcurvesis thefollowing.

Step0 Letf(© (t) bethefirst principalcomponentine for X. Setj = 1.
Step1 Definef()(t) = E(X|tyj-n(X) =1).
Step2 Setty)(x) = max{t : ||x — f)(t)|| = ming ||[x — f0)(1)||} for all x € R.

Step3 ComputeA(f)) = E||X — ) (t;;) (X))|2. I |A(F1) —A(fi-D)| < threshold thenStop.
Otherwiselet j = j+ 1 andgoto Stepl.

In practice,the distribution of X is often unknown, but a datasetconsistingof n samplesof
the underlyingdistribution is known instead. In the HS algorithmfor datasets,the expectation
in Step1l is replacedby a “smoother” (locally weightedrunninglines [4]) or a nhonparametric
regressionestimate(cubic smoothingsplines). HS provide simulationexamplesto illustrate the
behaior of thealgorithm,anddescribeanapplicationin the StanfordLinear Collider Project[2].
It shouldbe notedthatthereis no known proof of the corvergenceof the hypotheticalalgorithm
(Steps0-3; onemaindifficulty is that Stepl canproducenondifferentiablecurveswhile principal
curvesaredifferentiableby definition). However, extensvetestingon simulatedandrealexamples
have notrevealedary cornvergenceproblemsfor the practicalimplementatiorof thealgorithm([2].

Alternative definitionsandmethoddor estimatingprincipalcurveshave beengivensubsequent
to Hastieand Stuetzles groundbreakingvork. BanfieldandRaftery[5] (hereafteBR) modeled
the outlinesof ice floesin satelliteimagesby closedprincipal curvesandthey developeda ro-
bust methodwhich reduceghe biasin the estimationprocess.Their methodof clusteringabout
principal curvesled to a fully automaticmethodfor identifying ice floesandtheir outlines. Singh
etal. [6] usedprincipal curvesto extract skeletal structuresof hand-writtencharactersn faded
documentsReinhardandNiranjan[7] appliedprincipal curvesto modelthe shorttime spectrum
of speeclsignals. They foundthatprincipal curvescanbe usedefficiently to capturetransitional
informationbetweerphones.ChangandGhosh[8], [9] combinedthe HS andthe BR algorithms
to improve the performanceof the principal curve algorithm, and usedthe modified algorithm
for nonlinearfeatureextractionandpatternclassification.On the theoreticalkide, Tibshirani[10]



introducedasemiparametrimmodelfor principalcurvesandproposed methodfor estimatingprin-
cipal curvesusingthe EM algorithm. Closeconnectiondetweerprincipal curvesandKohonens
self-olganizingmapswere pointedout by Mulier and Cherkassk [11]. Recently Delicado[12]
proposed/et anotherdefinitionbasedn a propertyof thefirst principalcomponent®f multivari-
atenormaldistributions.

Thereremainsan unsatiséctory aspectof the definition of principal curvesin the original
HS paperaswell asin subsequentvorks. Although principal curves have beendefinedto be
nonpalmetrig their existencehasbeenproven only for somespecialdensitiessuchasradially
symmetricdensitiesandfor the uniform densityon arectangleor anannulusin the plane[13]. At
presentjt is anopenproblemwhetherHS principal curvesexistsfor all “reasonable’tlensities.It
is alsounknavn how the hypotheticaHS algorithmbehaesfor a probabilitydensityfor whichan
HS principal curve doesnot exist. At the sametime, the problemof existencemalkesit difficult
to theoreticallyanalyze(in termsof consisteng andcornvergencerates)ary estimationschemedor
HS principalcurves.

In this paperwe proposea new definition of principal curvesto resole this problem. In the
new definition, a principal curve is a continuouscurve of a givenlengthL which minimizesthe
expectedsquareddistancebetweenX andthe curve. In Section2 (Lemmal) we prove that for
ary X with finite secondnomentgherealwaysexistsa principalcurve in the new sense We also
discussconnectionsbetweenthe newnly definedprincipal curves and optimal vector quantizers.
Thenwe proposea theoreticallearningschemein which the model classesare polygonallines
with k sggmentsandwith a givenlength,andthe algorithmchooses curve from this classwhich
minimizesthe averagesquaredlistanceover n training points. In Theoreml we prove that with
k suitablychosermasa function of n, the expectedsquaredistanceof the curve trainedon n data
pointscorvergesto theexpectedsquaredlistanceof the principalcurve atarateO(n!/3) asn — co.

Two mainfeaturesdistinguishthis learningschemedrom the HS algorithm. First, the polyg-
onalline estimateof the principal curve is determinedvia minimizing a datadependentriterion
directly relatedto the definition of principal curves. This facilitatesthe theoreticalanalysisof the
performanceSecondihe compleity of theresultingpolygonalline is determinedy the number
of sggmentsk, which whenoptimally chosens typically muchlessthann. This agreeswith our
mentalimagethatprincipalcurvesshouldprovide aconcisesummaryof thedata.ln contrastfor n
datapointstheHS algorithmwith scatterplosmoothingproducegolygonallineswith n segments.

Thoughamenableto analysis,our theoreticalalgorithmis computationallyburdensomeor
implementation.In Section3 we develop a suboptimalalgorithmfor learningprincipal curves.
The practicalalgorithmproducegolygonalline approximationgo the principal curve just asthe
theoreticalmethoddoes,but global optimizationis replacedby a lesscomple iteratve descent
method. In Section4 we give simulationresultsandcompareour algorithmwith previous work.



In general,on examplesconsideredy HS, the performanceof the new algorithmis comparable
with the HS algorithm,while it provesto be morerobustto changesn the datageneratingnodel.
In Section4 we alsoreportsomepreliminaryresultson applyingthe polygonalline algorithmto
find the medialaxes(“skeletons”)of pixel templatef hand-writtencharacters.

2 Learning Principal Curveswith a Length Constraint

A curvein d-dimensionaEuclideanspacds a continuousfunctionf : | — RY, wherel is aclosed
interval of therealline. Let the expectedsquaredlistancebetweenX andf be denotedoy

A(F) = Efinf X —f(1)[17] = EIX —f(t(X))[I? )

wherethe projectionindex t;(x) is givenin (1). Let f be a smooth(infinitely differentiable)curve
andfor A € R considerthe perturbatiorf + Ag of f by a smoothcurve g suchthatsup ||g(t)|| <1
andsup ||d'(t)|| < 1. HS provedthatf is a principalcurve if andonly if f is a critical point of the
distancdunctionin the sensehatfor all suchg,

AA(f -+ Ag)

| =0

It is nothardto seethatananalogousesultholdsfor principalcomponentinesif the perturbation
g is a straightline. In this sensethe HS principal curve definition is a naturalgeneralizatiorof
principal components.Also, it is easyto checkthat principal componentsarein fact principal
curvesif thedistributionof X is elliptical.

An unfortunatepropertyof the HS definitionis thatin generalt is notknown if principalcurves
exist for agivensourcedensity To resolwe this problemwe go backto thedefiningpropertyof the
first principalcomponentA straightline s(t) is thefirst principalcomponentf andonly if

E [min||X —s(t)[|?] < E[min||X —&t)||?]

for ary otherstraightline §(t). We wishto generalizehis propertyof thefirst principalcomponent
anddefineprincipal curves so that they minimize the expectedsquareddistanceover a classof
curvesratherthanonly beingcritical pointsof the distancefunction. To do this it is necessaryo
constrainthe length' of the curve, sinceotherwisefor ary X with a densityandary € > 0 there
exists a smoothcurve f suchthat A(f) < €, andthusa minimizing f hasinfinite length. On the
otherhand,if the distribution of X is concentratean a polygonalline andis uniform there,the

LFor thedefinitionof lengthfor nondifferentiablecurvesseeAppendixA wheresomebasicfactsconcerningurves
in RY have beencollectedfrom [14].



infimum of the squareddistanced\(f) is 0 over the classof smoothcurves,but no smoothcurve
canachieve this infimum. For this reasonwe relax the requirementhatf be differentiableand
insteadwe constrainthelengthof f. Notethatby the definitionof curves,f is still continuous We
give thefollowing new definitionof principalcurves.

Definition 1 A curvef* is calleda principal curve of lengthL for X if f* minimizesA(f) over all
curvesof lengthlessthanor equalto L.

A usefuladvantageof the new definitionis thatprincipal curvesof lengthL alwaysexist if X
hasfinite secondnomentsasthe next resultshows.

Lemma 1 AssumehatE||X||? < «. Thenfor anyL > 0 there existsa curvef* with | (f*) < L sudh
that
A(f) =inf{A(f) : 1(f) < L}.

Theproof of thelemmais givenin AppendixA.

Notethatwe have droppedthe requiremenbf the HS definition that principal curvesbe non-
intersecting. In fact, Lemmal doesnot hold in generalfor non-intersectingurves of length L
withoutfurtherrestrictingthedistributionof X, sincetherearedistributionsfor whichtheminimum
of A(f) is achiezedonly by anintersectingurve eventhoughnon-intersectingurvescanarbitrarily
approactthis minimum. Notealsothatneitherthe HS nor our definitionguaranteetheuniqueness
of principal curves. In our case,there might exist several principal curves for a given length
constraint. but eachof thesewill have the same(minimal) squaredoss.

Remark: (Connectiorwith vectorquantization)
Our new definition of principal curveshasbeeninspiredby the notion of anoptimal vectorquan-
tizer. A vectorquantizermapsa pointin RY to the closestpointin afixed set(calleda codebook)
{y1,...,¥x} CRY. The codepointsyi,...,Yx € RY correspondo anoptimal k-point vectorquan-
tizerif

E [min||X — ;2] < E[min||X -y

for ary other collection of k pointsys,...,yx € R3. In otherwords, the pointsyj,...,yx give
the bestk-point representatiorof X in the meansquaredsense. Optimal vector quantizersare
importantin lossydatacompressionspeechandimagecoding[15], andclustering[16]. Thereis
a strongconnectionbetweerthe definition of an optimal vectorquantizerandour definition of a
principal curve. Both minimize the sameexpectedsquaredlistancecriterion. A vectorquantizer
is constrainedo have at mostk points,whereasa principal curve hasa constrainedength. This



connections furtherillustratedby a recentwork of Tarpey etal. [17] who definepointsys, . .., Yk
to be self-consistenif
yi =E[X[X € §],

whereSy, ..., S arethe“Voronoiregions” definedas§ = {x: || x—vi|| < [|[x=VY;jl,i =1,...,k}
(ties are broken arbitrarily). Thus our principal curves correspondo optimal vector quantizers
(“principal points” by the terminologyof [17]) while the HS principal curvescorrespondo self
consistenpoints.

While principal curvesof a givenlengthalwaysexist, it appeardifficult to demonstrateon-
creteexamplesunlesghedistribution of X is discreteor is concentratednacur\e. It is presently
unknovn whatprincipalcurveslook lik e with alengthconstrainfor eventhe simplestcontinuous
multivariatedistributionssuchasthe Gaussian However, this factin itself doesnot limit the op-
erationalsignificanceof principal curves. Analogously for k > 3 codepointghereareno known
concreteexamplesof optimal vector quantizersfor even the mostcommonmodel distributions
suchasGaussianl.aplacian,or uniform (in a hypercube)n any dimensiongd > 2. Nevertheless,
algorithmsfor quantizerdesignattemptingto find nearoptimalvectorquantizersareof greatthe-
oreticalandpracticalinterest.In whatfollows we considerthe problemof principal curve design
basedntrainingdata.

Supposehat n independentopiesXy,...,X, of X aregiven. Theseare calledthe training
dataandthey areassumedo beindependendf X. Thegoalis to usethetrainingdatato construct
acurwe of lengthat mostL whoseexpectedsquaredossis closeto thatof a principalcurve for X.

Our methodis basedon a commonmodelin statisticallearningtheory (e.g.,see[18]). We
considerclassess$s, So, . .., of curvesof increasingcompleity. Givenn datapointsdravn inde-
pendentlyfrom the distribution of X, we choosea curve asthe estimatorof the principal curve
from the kth modelclasssSk by minimizing theempiricalerror By choosingthe complexity of the
modelclassappropriatelyasthe size of the training datagrows, the chosencurve representshe
principal curve with increasingaccurag.

We assumethat the distribution of X is concentratedn a closedand boundedcorvex set
K c RY. A basicpropertyof convex setsin R4 shawvs thatthereexists a principal curve of length
L insideK (se€[19, Lemmal]), andsowe will only considercurvesin K.

Let S denotethe family of curvestakingvaluesin K andhaving lengthnot greaterthanL. For
k > 1 let S be the setof polygonal(piecevise linear) curvesin K which have k segmentsand
whoselengthsdo notexceedL. Notethat S, C S for all k. Let

A(x,f) = min|[x —f(t)||? 3)

denotethe squareddistancebetweera pointx € RY andthe curve f. For ary f € § the empirical



squarecerrorof f onthetrainingdatais the sampleaverage
M=13 . @
An(F) ==Y A(X], 4
”i;

wherewe have suppresseth the notationthe dependencef Ay(f) on thetraining data. Let our
theoreticaklgorithn? chooseanfy , € Sk which minimizestheempiricalerror, i.e,
fi,n = argminAn(f). (5)
fesSk
We measurehe efficiengy of fin in estimatingf* by the differenceJ(fy ) betweenthe expected
squaredossof fi , andthe optimal expectedsquaredossachievedby f*, i.e., we let

I(fign) = A(fign) — AF*) = A(fin) — Q?A(f)

Sincesk C S, wehave J(fi n) > 0. Our mainresultin this sectionprovesthatif thenumberof data
pointsn tendsto infinity, andk is choserto be proportionatto n/3, thenJ(fxn) tendsto zeroata
rateJ(fx n) = O(n~Y/3).

Theorem1 AssumehatP{X € K} =1 for aboundedandclosedcorvex setK, letn bethenumber
of training points,andlet k be choserto beproportionalto n'/3. Thentheexpectedsquaedlossof

theempirically optimalpolygonalline with k sgmentsandlengthat mostL corvemges,asn — oo,

to thesquaedlossof the principal curveof lengthL at a rate

I(fkn) = O(n 7).

The proof of the theoremis givenin AppendixB. To establishthe resultwe usetechniques
from statisticallearningtheory(e.g.,see[20]). First, the approximatingcapability of the classof
curvesS is consideredandthenthe estimation(generalizationgrroris boundedvia coveringthe
classof curves Sy with € accurag (in thesquaredlistancesensepy a discretesetof curves.When
thesetwo boundsarecombinedoneobtains

kC(L,D,d) DL+2
+ +
n k
wherethetermC(L, D,d) dependnly on the dimensiond, thelengthL, andthe diameterD of
thesupportof X, butis independentf k andn. Thetwo errortermsarebalancedy choosingk to
be proportionalto n'/3 which givesthe corveryencerateof Theorem.

J(fin) < Oo(n~%/2) (6)

2Theterm“hypotheticalalgorithm” might appeato be moreaccuratesincewe have not shavn thatan algorithm
for finding fy  exists. However, analgorithmclearly exists which canapproximatefy , with arbitraryaccurag in a
finite numberof steps(considemolygonallineswhoseverticesarerestrictedto a fine rectangulagrid). The proof of
Theoreml shavs thatsuchapproximatingcurvescanreplacefy » in theanalysis.
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Note that althoughthe constanthiddenin the O notationdependson the dimensiond, the
exponentof n is dimension-freeThis is not surprisingin view of the factthatthe classof curves
S is equivalentin a certainsenseo theclassof Lipschitzfunctionsf : [0, 1] — K suchthat||f(x) —
f(y)|| < L|x—y| (seeAppendixA). It is known thatthe e-entropy, definedby the logarithmof the
€ coveringnumberis roughly proportionalto 1/¢ for suchfunctionclasse$21]. Usingthisresult,
thecorvergencerateO(n~1/3) canbeobtainedby considering-coversof S directly (withoutusing
themodelclassesk) andpicking theempiricallyoptimalcurvein thiscover. Theuseof theclasses
Sk hastheadwantagethatthey aredirectly relatedto the practicalimplementatiorof the algorithm
givenin the next section.

NotealsothateventhoughTheoreml is valid for any givenlengthconstraint_, thetheoretical
algorithmitself giveslittle guidanceabouthow to choosd.. This choicedepend®ntheparticular
applicationandheuristicconsiderationsrelik ely to enterhere.Oneexampleis givenin Section3
wherea practicalimplementatiorof the polygonalline algorithmis usedto recover a “generating
curve” from noisyobsenations.

Finally, we notethatthe proof of Theoreml alsoprovidesinformationon the distribution of
theexpectedsquarederrorof fy , giventhetrainingdataXsy, ..., Xy. In particular it is shovn atthe
endof the proof thatfor all n andk, andd suchthatO < & < 1, with probability at leastl — o we
have

) —D%og(6/2) DL+2
+
n k
wherelog denoteshaturallogarithmandC(L, D, d) is the sameconstangsin (6).

E[A(X, fin) X1, ., Xn| — A7) < \/kC(L’D’d 7)

3 The PolygonalLine Algorithm

Givena setof datapoints X, = {X1,...,xn} C RY, the taskof finding a polygonalcurve with k
segmentsandlengthL which minimizes% S A(x, f) is computationallydifficult. We proposea
suboptimamethodwith reasonableompleity whichalsopicksthelengthL of theprincipalcurve
automatically Thebasicideais to startwith astraightline segmentfq , the shortessegmentof the
first principal componentine which containsall of the projecteddatapoints,andin eachiteration
of thealgorithmto increasehenumberof segmentsy oneby addinganew vertex to thepolygonal
line f n producedn the previousiteration. After addinga new vertex, the positionsof all vertices
areupdatedn aninnerloop.

Theinnerloop consistof a projectionstepandanoptimizationstep.In the projectionstepthe
datapointsare partitionedinto “nearestneighborregions” accordingto which segmentor vertex
they project. In the optimizationstepthe new positionof a vertex v; is determinedy minimizing
anaveragesquaredlistancecriterionpenalizedoy ameasuref thelocal curvature while all other



(@) (b)

(©) (d)

Figure2: Thecuresfy producedby the polygonalline algorithmfor n = 100 datapoints. The datawas
generatedby addingindependenGaussiarerrorsto both coordinate®f a point choserrandomlyon a half
circle. (@)fyn, (b) fon, (C) fan, (d) f15, (theoutputof thealgorithm).

verticesarekeptfixed. Thesetwo stepsareiteratedsothatthe optimizationstepis appliedto each
vertex vi, i =1,...,k+1,in acyclic fashion(sothataftervy 1, theprocedurestartsagainwith v),
until corvergenceis achiavedandfy , is produced.Thenanew vertex is added.

The algorithmstopswhenk exceedsa thresholdc(n,A). This stoppingcriterionis basedon a
heuristiccompleity measuregeterminedy the numberof segmentsk, the numberof datapoints
n, andthe averagesquaredistancen(fx pn).

Theflow-chartof the algorithmis givenin Figure 3. The evolution of the curve producedoy
thealgorithmis illustratedin Figure2. As with theHS algorithm,we have noformal proofthatthe
practicalalgorithmwill converge, but in practice,after extensve testing,it seemgo consistently
converge.

It shouldbe notedthatthetwo corecomponent®f thealgorithm,the projectionandthe vertex
optimizationstepsarecombinedwith moreheuristicelementsuchasthe stoppingconditionand
theform of the penaltyterm (8) of the optimizationstep.Theheuristicpartsof thealgorithmhave
beentailoredto thetaskof recoreringanunderlyinggeneratingurve for adistribution basedna
finite datasetof randomlydravn points(seetheexperimentakesultsin Sectiond4). Whenthealgo-
rithm is intendedfor anapplicationwith a differentobjective (suchasrobustsignalcompression),
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Figure3: Theflow chartof the polygonalline algorithm.

the corecomponentganbe keptunchangedbut the heuristicelementsnay bereplacedaccording
to thenew objectves.

3.1 The Projection Step

Let f denotea polygonalline with verticesvy,...,vky1 andline sgmentssy, ..., S, suchthats
connectserticesv; andvj 1. In thisstepthedatasetX; is partitionedinto (atmost)2k+ 1 disjoint
setsVy,...,Vky1 and S,. .., &, the nearesmneighborregions of the verticesand sggmentsof f,
respectiely, in thefollowing manner For ary x € RY let A(X,s) bethesquaredistancerom x to
s (seedefinition(3)), let A(x,v;) = ||x — vi||?, andlet

Vi = {X € Xn 1 A(X, Vi) = A(X,T), A(X, Vi) <AXX,Vm), m=1,...,i—1}.

UponsettingV = Uf‘ill\/i, the S setsaredefinedby

S ={xeXn:x€V,A(X,5) = AX,f),AX,S) < A(X,Sm),m=1,...,i —1}.

Theresultingpartitionis illustratedin Figure4.

As aresultof introducingthe nearesteighborregions§ andV;, the polygonalline algorithm
substantiallydiffers from methodsbasedon the self-oiganizingmap. Although we optimizethe
positionsof the verticesof the curve, the distancef the datapointsaremeasuredrom the sey-
mentsandverticesof the curve onto which they project,while the self-olganizingmapmeasures
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Figure4: A nearesheighborpartition of R? inducedby the verticesandsegmentsof f. The nearespoint
of f to any pointin thesetV; is thevertex v;. Thenearespointof f to ary pointin thesetS is apoint of the
line sgments.

distancesxclusively from the vertices. Our principle makesit possibleto usea relatively small
numberof verticesandstill obtaingoodapproximatiorto anunderlyinggeneratingurve.

3.2 The Vertex Optimization Step

In this stepthe new positionof a vertex v; is determined.In the theoreticalalgorithmthe average
squareddistanceAn(x, f) is minimized subjectto the constraintthat f is a polygonalline with
k segmentsand length not exceedingL. One could usea Lagrangianformulation and attempt
to find a new positionfor v; (while all otherverticesarefixed) suchthat the penalizedsquared
error An(f) + Al (f)? is minimum. Although this direct length penalty canwork well in certain
applicationsijt yieldspoorresultsin termsof recoveringa smoothgeneratingcurve. In particular
this approachs very sensitve to the choiceof A andtendsto producecurveswhich, similarly to
theHS algorithm,exhibit a “flattening” estimationbiastowardsthe centerof the curvature.

To reducethe estimationbias,we penalizesharpanglesbetweenine segments.At innerver-
ticesvj, 3 <i < k— 1 we penalizethe sum of the cosinesof the threeanglesat verticesv;_1,
vi, andvi;1. The cosinefunctionis corvex in the interval [11/2, 1] andits deriative is zero at
1t which makesit especiallysuitablefor the steepestiescentalgorithm. To make the algorithm
invariantunderscaling,we multiply the cosinesby the squareof the “radius” of the datadefined
by r = maxex,|[X— £ Syex, Y||- Notethatthechoserpenaltyformulationis relatedto theoriginal
principle of penalizingthe lengthof the curve. At innervertices,sinceonly onevertex is moved
atatime, penalizingsharpanglesndirectly penalizedong segments At theendpointsaandattheir
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immediateneighborgqv;, i = 1,2 k, k+ 1), wherepenalizingsharpanglesdoesnot translateto pe-
nalizinglong line segments the penaltyon a noneistentangleis replacedby a direct penaltyon
thesquaredengthof thefirst (or last) segment.

Formally, lety; denotetheangleatvertex vi, letTi(vi) = r?(1+cosy), let i (vi) = ||vi = Vis1||%,
andlet i (vi) = ||vi — vi_1||?. ThenthepenaltyP(v;) atvertex v; is givenby

ru+(vi) + 11(Vit1) ifi=1
e (Vi) +1I(vi) +T(vig1) ifi=2
P(Vi) = § T(vi_1) + (Vi) + T(viy1) if 2<i<Kk (8)
T(Vieg) + Vi) + W (vi)  ifi=Kk
[ TO(Vi—1) + J (Vi) if i =k+1.

The local measureof the averagesquareddistanceis calculatedfrom the datapoints which
projectto v; or to theline sggment(s)startingatv; (seeProjectionStep).Accordingly, let

o (vi) = ;M&$
o_(vi) = % A(X,S—1)

v(vi) = A(X, V).

XeV

Now definethelocal averagesquaredlistanceasa functionof v; by

V(Vi)+ 04 (Vi) ifi=1
An(Vi) =< o_ (Vi) +V(Vv) +0.(vi) ifl<i<k+1 )
o_ (Vi) +Vv(vi) if i =k+1.

We useaniterative steepestlescenmethodto minimize
G(vi) = 1A (Vi) +A 1 P(vi)
i) = n n\Vi pk+l i

whereA, > 0. Thelocal squarediistanceermAn(vi) andthelocal penaltytermP(v;) arenormal-
ized by the numberof datapointsn andthe numberof vertices(k+ 1), respectiely, to keepthe
global objective function z,k;“ll G(v;) approximatelyin the samemagnitudeif the numberof data
pointsdrawvn from the sourcedistribution or the numberof line segmentsof the polygonalcurve
arechanged.

We searchfor a local minimum of G(v;) in the direction of the negative gradientof G(v;)
by usinga proceduresimilar to Newton’s method. Thenthe gradientis recomputedandthe line
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searclhis repeatedTheiterationstopswhentherelative improvementof G(v;) is lessthanapreset
threshold. It shouldbe notedthat An(v;) is not differentiableat ary point v; suchthat at least
onedatapoint falls on the boundaryof a nearesneighborregion S_1, S, or Vi. ThusG(v;) is

only pieceavise differentiableand the variantof Newton’s methodwe use cannotguarantedhat
the global objective function z!‘illG(vi) will alwaysdecreasen the optimizationstep. During

extensietestruns,however, thealgorithmwasobsenedto alwayscorverge. Furthermorewe note

thatthis partof thealgorithmis modulari.e., the procedurave areusingcanbe substitutedvith a

moresophisticate@ptimizationroutineatthe expenseof increaseccomputationatompleity.

Oneimportantissueis the amountof smoothingrequiredfor a given dataset. In the HS al-
gorithm oneneedsto determinethe penaltycoeficient of the spline smootheror the spanof the
scatterplosmootherin ouralgorithm,the correspondingparameteis the curvaturepenaltyfactor
Ap. If somea priori knowledgeaboutthe distribution is available, one canuseit to determine
the smoothingparameter However in the absenceof suchknowledge,the coeficient shouldbe
data-dependenBasedon heuristicconsiderationgxplainedbelow, andafter carryingout practi-
cal experimentswe setAp = A},kn*l/SAn(fk7n)1/2r*1, Where}\’p is an experimentallydetermined
constant.

By settingthe penaltyto be proportionalto the averagedistanceof the datapointsfrom the
curve we avoid the zig-zaggingbehaior of the curve resultingfrom overfitting whenthe noiseis
relatively large. At the sametime, this penaltyfactorallows the principal curve to closelyfollow
thegeneratingurve whenthe generatingurweitself is a polygonalline with sharpanglesandthe
datais concentratean this curve (the noiseis very small). The penaltyis setto be proportional
to the numberof segmentsk becausén our experimentsve have foundthatthealgorithmis more
likely to avoid local minimaif a small penaltyis imposedinitially andthe penaltyis gradually
increasedasthe numberof segmentsgrows. Sincethe stoppingcondition(Section3.4) indicates
thatthefinal numberof line segmentss proportionako thecuberoot of thedatasize, we normalize
k by n'/3 in the penaltyterm. The penaltyfactoris alsonormalizedby the radiusof the datato
obtainscaleindependenceThe value of the parameteﬁx’p was determinedby experiments,and
wassetto a constan0.13.

3.3 Adding a New Vertex

We startwith the optimizedfy , andchoosethe segmentthathasthe largestnumberof datapoints
projectingto it. If morethanone suchsegmentexist, we choosethe longestone. The midpoint
of this segmentis selectecasthe new vertex. Formally, letl = {i:|S|>|Sj|, j=1,...,k}, and
£ =amgmax ||Vi — Vi+1||. Thenthenew vertexis Vnay = (V¢ +Ver1)/2.
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3.4 Stopping Condition

Accordingto the theoreticalresultsof Section2, the numberof segmentsk is animportantfac-

tor that controlsthe balancebetweenthe estimationand approximationerrors,andit shouldbe

proportionalto n'/3 to achieve the O(nl/ 3) corvergencerate for the expectedsquareddistance.
Althoughthetheoreticaboundsarenottight enougho determingheoptimalnumberof sggments
for agivendatasize,we foundthatk ~ n/3 worksin practice.We alsofoundthat, similar to the

penaltyfactorA, thefinal valueof k shouldalsodependntheaveragesquarediistanceo achieve

robustness.If the varianceof the noiseis relatively small, we cankeepthe approximationerror
low by allowing a relatively large numberof sggments.On the otherhand,whenthe varianceof

the noiseis large (implying a high estimationerror),a low approximatiorerrordoesnotimprove

theoverall performancesignificantly soin this casea smallernumberof segmentscanbe chosen.
The stoppingconditionblendsthesetwo considerationsThealgorithmstopswhenk exceeds

c(n,An(fin)) = BNY30n(fin) ~Y2r (10)

wheref3 is a parametepof the algorithmwhich wasdeterminedy experimentsandwassetto the
constanwvalue0.3.

Notethatin apracticalsensethe numberof segmentsplaysamoreimportantrole in determin-
ing the computationacompleity of the algorithmthanin measuringhe quality of the approxi-
mation. Experimentshovedthat, dueto the datadependenturvaturepenaltyandthe constraint
that only onevertex is moved at a time, the numberof sggmentscanincreaseeven beyond the
numberof datapointswithout any indicationof overfitting. While increasinghe numberof sey-
mentsbeyonda certainlimit offersonly maiginalimprovementn the approximationijt causeshe
algorithmto slow down considerably Thereforein on-line applicationsvherespeedhaspriority
over precision,it is reasonabléo usea smallernumberof segmentsthanindicatedby (10), andif
"aesthetic’smoothness anissue to fit a splinethroughthe verticesof the curve.

3.5 Computational Complexity

The complity of the inner loop is dominatedby the compleity of the projectionstep,which
is O(nk). Increasingthe numberof sggmentsone at a time (as describedin Section3.3), the
complity of thealgorithmto obtainfyp, is O(nk?). Usingthe stoppingconditionof Section3.4,
the computationatompleity of the algorithmbecomesO(n>/3). Thisis slightly betterthanthe
O(n?) compleity of the HS algorithm.

The compleity canbe dramaticallydecreaseth certainsituations.One possibilityis to add
morethanonevertex at atime. For example,if insteadof addingonly onevertex, a new vertex
is placedat the midpoint of every segment,thenwe canreducethe computationalcompleity
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for producingfy » to O(nklogk). Onecanalsosetk to bea constanif the datasizeis large, since
increasingk beyondacertainthresholdoringsonly diminishingreturns.Also, k canbenaturallyset
to aconstantn certainapplicationsgiving O(nk) computationatomplexity. Thesesimplifications
work well in certainsituations put the original algorithmis morerobust.

4 Experimental Results

We have extensiely testedthe proposedalgorithmon two-dimensionatlatasets.In mostexperi-
mentsthe datawasgeneratedby a commonlyused(see.e.g.,[2] [10] [11]) additive model

X=Y+e (11)

whereY is uniformly distributedon a smoothplanarcurve (hereaftercalledthe geneiating curve
ande s bivariateadditive noisewhichis independentf Y.

In Sectiord.1we comparehepolygonalline algorithm,theHS algorithm,and,for closedgen-
eratingcurves,theBR algorithm[5]. Thevariousmethodsarecomparedubjectvely basednainly
on how closelytheresultingcurve follows the shapeof thegeneratingurve. We usevaryinggen-
eratingshapesnoiseparametersanddatasizesto demonstrat¢éherobustnes®f thepolygonalline
algorithm. For the caseof a circular generatingcurve we alsoevaluatein a quantitatve manner
how well the polygonalline algorithmapproximateshe generatingcurve asthe datasize grows
andasthenoisevariancedecreases.

In Section4.2 we shawv two scenariosn which the polygonalline algorithm (alongwith the
HS algorithm)fails to producemeaningfulresults.In thefirst, the high numberof abruptchanges
in the direction of the generatingcurve causeghe algorithmto oversmooththe principal curve,
evenwhenthe datais concentratesn the generatingcurve. This is a typical situationwhenthe
penalty parameteo\'p shouldbe decreased.In the secondscenario,the generatingcurve is too
comple (e.g.,it containsloops,or it hasthe shapeof a spiral), so the algorithmfails to find the
globalstructureof the dataif the processs startedfrom thefirst principal componentTo recover
the generatingcurve, onemustreplacetheinitialization stepby a more sophisticatedoutinethat
approximatelycaptureghe globalstructureof the data.

In Section4.3 an applicationin featureextractionis briefly outlined. We departfrom the
syntheticdatageneratingnodelin (11) anduseanextendedversionof the polygonalline algorithm
to find the medialaxes(“skeletons”)of pixel templateof hand-writtencharactersSuchskeletons
canbeusedin hand-writtencharacterecognitionandcompressiomf hand-writtendocuments.
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4.1 Experimentswith the generatingcurve model

In general,in simulationexamplesconsideredoy HS the performanceof the new algorithmis
comparablewith the HS algorithm. Due to the datadependencef the curvaturepenaltyfactor
andthe stoppingcondition, our algorithmturns out to be morerobust to alterationsin the data
generatingnodel,aswell asto changesn the parametersf the particularmodel.

We usemodel(11) with varyinggeneratingshapesnoiseparametersanddatasizesto demon-
stratethe robustnessof the polygonalline algorithm. All plots shov the generatingcurve, the
curve producedby our polygonalline algorithm (Polygonalprincipal curve), andthe curve pro-
ducedby the HS algorithmwith splinesmoothing(HS principal curve), which we have foundto
performbetterthanthe HS algorithmusing scatterplotsmoothing. For closedgeneratingcurves
we alsoincludethe curve producedby the BR algorithm[5] (BR principal curve), which extends
the HS algorithmto closedcurves. Thetwo coeficientsof the polygonalline algorithmaresetin
all experimentgo the constanvaluesf = 0.3 and)\’p =0.1.

In Figure5(a)the generatingcune is a circle of radiusr = 1, ande = (e1, ) is azeromean
bivariate uncorrelatedGaussiarwith varianceE(e?) = 0.04, for i = 1,2. The performanceof
thethreealgorithms(HS, BR, andthe polygonalline algorithm)is comparablealthoughthe HS
algorithmexhibits morebiasthanthe othertwo. Note thatthe BR algorithm[5] hasbeentailored
to fit closedcurvesandto reducethe estimationbias. In Figure5(b), only half of thecircleis used
asageneratingcurve andthe otherparametersemainthe same.Here, too, boththe HS andour
algorithmbehae similarly.

Whenwe departfrom theseusualsettingshe polygonalline algorithmexhibits betterbehaior
thanthe HS algorithm. In Figure6(a) the datawasgeneratedimilarly to the datasetof Figure5,
andthenit was linearly transformecusingthe matrix (_%% 93). In Figure 6(b) the transforma-
tion (710 ~53) wasused. The original datasetwasgeneratedy an S-shapedjeneratingcurve,
consistingof two half circlesof unit radii, to which the sameGaussiamoisewasaddedasin Fig-
ure5. In bothcaseghe polygonalline algorithmproducesurvesthatfit the generatocurve more
closely Thisis especiallynoticeablein Figure 6(a) wherethe HS principal curve fails to follow
the shapeof the distortedhalf circle.

Therearetwo situationswhenwe expectour algorithmto perform particularlywell. If the
distribution is concentratedn a curve, then accordingto both the HS and our definitionsthe
principal curwve is the generatingcurve itself. Thus,if the noisevarianceis small, we expectboth
algorithmsto very closelyapproximatehegeneratingurve. Thedatain Figure7(a)wasgenerated
using the sameadditive Gaussiammodelasin Figure 5, but the noisevariancewas reducedto
E(qz) = 0.0001for i = 1,2. In this casewe foundthatthe polygonalline algorithmoutperformed
boththe HS andthe BR algorithms.
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(a) Circle, 100datapoints (b) Half circle, 100datapoints

Data points ° Data points
— Generating curve — Generating curve
””” Polygonal principal curve o ~~~==~ Polygonal principal curve &
~ BR principal curve HS principal curve °

HS principal curve

Figure5: (a) The BR andthe polygonalline algorithmsshawv lessbiasthanthe HS algorithm. (b) The HS
andthe polygonalline algorithmsproducesimilar curves.

(a) Distortedhalf circle, 100datapoints (b) DistortedS-shapel100datapoints

Data points ° Data points

Generating curve Generating curve

””” Polygonal principal curve ° ~=~== Polygonal principal curve
HS principal curve ° » HS principal curve

Figure6: TransformedataSets. The polygonalline algorithmstill follows fairly closelythe “distorted”
shapes.

The secondcaseis whenthe samplesizeis large. Althoughthe generatingcurve is not neces-
sarily the principal curve of the distribution, it is naturalto expectthe algorithmto well approxi-
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matethe generatingcurve asthe samplesizegrows. Sucha caseis shavn in Figure 7(b), where
n = 10000datapointswere generatedbut only 2000 of thesewere actually plotted). Herethe

polygonalline algorithmapproximateghe generatingcurve with much betteraccurag thanthe
HS algorithm.

(a) Circle, 100datapoints (b) S-shapel0000datapoints

© Data points Data points
Generating curve Generating curve
Polygonal principal curve o | T Polygonal principal curve
- ag Pr@nc@pa} e oo L. HS principal curve
principal curve===
o

Figure7: SmallNoiseVariance(a) andLarge SampleSize(b). The curvesproducedy the polygonalline
algorithmarenearlyindistinguishabldrom the generatingcunes.

Although in the model (11) the generatingcurve is in generalnot the principal curve in our
definition (or in the HS definition)it is of interestto numericallyevaluatehow well the polygonal
line algorithmapproximateshegeneratingurve. In theseexperimentshegeneratingurveg(t) is
acircle of unit radiuscenteredttheorigin andthenoiseis zeromeanbivariateuncorrelatedsaus-
sian. We chose21 differentdatasizesrangingfrom 10 to 10000,and 7 differentnoisestandard
deviationsrangingfrom o = 0.01to o = 0.4. For themeasuref approximatiorwe chosetheaver-
agedistancedefinedby 6 = % J ming||f(t) — g(s)||dt, wherethe polygonalline f is parametrized
by its arclength. To eliminatethe distortionoccurringat the endpointswe initialized the polygo-
nal line algorithmby an equilaterakriangleinscribedin the generatingircle. For eachparticular
datasizeandnoisevariancevalue,100randomdatasetsweregenerateé@ndtheresultingd values
wereaveragedover theseexperiments.Thedependencef the averagedistanced on the datasize
andthenoisevariances plottedon alogarithmicscalein Figure8. Theresultingcurvesjustify our
informal obsenation madeearlierthat the approximationsubstantialliymprovesasthe datasize
grows, andasthe varianceof the noisedecreases.
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Figure8: Theapproximatiorerrord decreaseasn grows or  decreases.

4.2 Failuremodes

We describetwo specificsituationswhenthe polygonalline algorithmfails to recover the gener
atingcune. In thefirst scenariowe usezig-zagginggeneratingcurvesf; for i = 2, 3,4 consisting
of 2' line sgmentsof equallength,suchthattwo consecutie segmentsjoin at a right angle(Fig-
ure9). In theseexperimentsthe numberof the datapointsgeneratedn aline segmentis constant
(it is setto 100),andthevarianceof thebivariateGaussiamoiseis 12- 0.0005,wherel is thelength
of aline sggment.Figure9 shaws the principal curvesproduceddy the HS andthe polygonalline
algorithmsin thethreeexperiments Althoughthepolygonalprincipalcurvefollowsthegenerating
curve morecloselythanthe HS principalcurve in thefirst two experimentgFigures9(a) and(b)),
the two algorithmsproduceequallypoor resultsif the numberof line segmentsexceedsa certain
limit (Figure9(c)). The datadependenpenaltyterm explainsthis behaior of the polygonalline
algorithm. Sincethe penaltyfactorA, is proportionatlto the numberof line segments the penalty
relatively increasessthe numberof line segmentsof the generatingcurve grows. To achieve the
samdocal smoothness thefour experimentsthepenaltyfactorshouldbegraduallydecreaseds
the numberof line sggmentsof the generatingcurve grows. Indeed,if the constanof the penalty
term s resetto )\’p = 0.02 in the fourth experiment,the polygonalprincipal curve recoversthe
generatingurve with highaccurag (Figurell(a)).

The secondscenariovhenthe polygonalline algorithmfails to producea meaningfulresultis
whenthe generatingcurve is too comple, sothe algorithmdoesnot find the global structureof
thedata.To testthegradualdegradationof the algorithmwe usedspiral-shapedeneratingurves
of increasingength,i.e., we setg;(t) = (tsin(itt),tcogimt)) for t € [0,1] andi = 1,...,6. The
varianceof the noisewassetto 0.0001,andwe generated. 000 datapointsin eachexperiment.
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(@) (b) (c)

Data points Data points Data points

Generating curve — Generating curve — Generating curve .

””” Polygonal principal curve ===~~~ Polygonal principal curve
HS principal curve HS principal curve

,,,,,, Polygonal principal curve
HS principal curve

Figure 9: Abrupt changesn the direction of the generatingcurve. The polygonalline algorithm over-
smootheshe principal curve asthe numberof directionchangesncreases.

Figure 10 shaws the principal curves producedby the HS andthe polygonalline algorithmsin
threeexperimentdi = 3,4, 6). In thefirst two experimentqFigures10(a)and(b)), the polygonal
principalcurveis almostindistinguishablérom thegeneratingurve while theHS algorithmeither
oversmootheshe principal curve (Figure 10(a)), or fails to recover the shapeof the generating
curve (Figure10(b)). In thethird experimentbothalgorithmsfail to find theshapeof thegenerating
curve (Figure10(c)). Thefailurehereis dueto thefactthatthealgorithmis stuckin alocal minima
betweenthe initial curve (thefirst principal componentandthe desiredsolution (the generating
curwe). If thisis likely to occurin anapplication theinitialization stepmustbereplacedy amore
sophisticatedoutine that approximatelycapturesthe global structureof the data. Figure 11(b)
indicatesthatthis indeedworks. Herewe manuallyinitialize bothalgorithmsby a polygonalline
with eight vertices. Using this “hint”, the polygonalline algorithm producesan almostperfect
solution,while the HS algorithmstill cannotrecover the shapeof the generatingcurve.

4.3 Recovering smoothcharacter skeletons

In this sectionwe usethe polygonalline algorithmto find smoothskeletonsof hand-writtenchar
actertemplatesTheresultsreportecherearepreliminary andthefull treatmenof thisapplication
will be presentedn a future publication. Principalcurves have beenappliedby Singhet al. [6]
for similar purposes.In [6] theinitial treesare producedusinga versionof the SOM algorithm
andthenthe HS algorithmis appliedto extractskeletalstructureof hand-writtencharactersThe
focusin [6] wason recovering the topologicalstructureof noisy lettersin fadeddocumentsOur
aim with the polygonalline algorithmis to producesmoothcurveswhich canbe usedto recover
thetrajectoryof the penstrole.
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Figure10: Spiral-shapegeneratingurves. The polygonalline algorithmfails to find thegeneratingurve
asthelengthof the spiralis increased.

(@) (b)

Data points Data points
— Generating curve — Generating curve

****** Polygonal principal curve "7 Initial curve
****** Polygonal principal curve

HS principal curve

Figurell: Improvedperformancef the polygonalline algorithm.(a) The penaltyparameteis decreased.
(b) Thealgorithmsareinitialized manually

To transformblack-and-whitecharactetemplatesnto two-dimensionatatasets,we placethe
midpoint of the bottom-mosteft-mostpixel of the templateat the centerof a coordinatesystem.
Theunit lengthof the coordinatesystemis setto thewidth (andheight)of a pixel, sothe midpoint
of eachpixel hasintegercoordinatesThenwe addthe midpointof eachblackpixel to thedataset.

Thepolygonalline algorithmwastestedonimagesof isolatechandwritterdigitsfrom theNIST
SpecialDatabasel9 [22]. We foundthatthe polygonalline algorithmcanbe usedeffectively to
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find smoothmedialaxesof simpledigits which containno loopsor crossing®f strokes. Figure12
shavs someof theseresults.

To find smoothskeletonsof morecomplex charactersve modifiedandextendedthe polygonal
line algorithm. We introducednew typesof verticesincidentto morethantwo line segmentsto
handleloops and crossings.and modified the vertex optimizationstepaccordingly The initial-
izationstepwasalsoreplacedoy a moresophisticatedoutinebasedon a thinningmethod[23] to
produceaninitial graphthatapproximatelycaptureghetopologyof thecharacterFigure13showns
someof theresultsof the extendedpolygonalline algorithmon morecomple charactersDetails
of theextendedpolygonalline algorithmandmorecompletetestingresultswill be presentedh the
future.

Character template Character template
Polygonal principal curve — Polygonal principal curve

Character template Character template
— Palygonal principal curve — Polygonal principal curve

Figure12: Resultsproducedby the polygonalline algorithmon charactersiot containingloopsor cross-
ings.

5 Conclusion

A new definitionof principalcurveshasbeenoffered. Thenew definitionhassignificanttheoretical
appeal;the existenceof principal curveswith this definition can be proved undervery general
conditions,and a learningmethodfor constructingprincipal curvesfor finite datasetsyieldsto
theoreticallyanalysis.

Inspiredby the new definitionandthe theoreticalearningschemewe have introduceda new
practicalpolygonalline algorithmfor designingprincipal curves. Lackingtheoreticakesultscon-
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Character template Character template
Polygonal principal curve — Polygonal principal curve

Character template Character template
Polygonal principal curve Polygonal principal curve

Figure 13: Resultsproducedby the extendedpolygonalline algorithmon charactersontainingloopsor
crossings.

cerningboth the HS and our polygonalline algorithm, we comparedhe two methodsthrough
simulations.We have foundthatin generalour algorithmhaseithercomparableor betterperfor

mancethanthe original HS algorithmandit exhibits better morerobustbehaior whenthe data
generatingnodelis varied. We have alsoreportedpreliminaryresultsin applyingthe polygonal
line algorithmto the problemof handwrittencharacteiskeletonization.We believe that the new

principalcurve algorithmmayalsoprove usefulin otherapplicationsuchasdatacompressiomand
featureextractionwherea compactandaccuratedescriptionof a patternor animageis required.
Theseareissuedor futurework.

Appendix A

Curvesin RY

Letf: [a,b] = RY acontinuousmapping(curve). Thelengthof f overaninterval [a, B]  [a, b],
denotedby I (f, a, B), is definedby

N
f.0,8) = supy 1) (&) (A1)

wherethe supremumis taken over all finite partitionsof [a, ] with arbitrary subdvision points
a=ty<t;<---<ty=pfor N> 1. Thelengthof f overits domain[a,b] is denotedby I (). If
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[(f) < oo, thenf is saidto berectifiable It is well known thatf = (fy,..., fq) is rectifiableif and
only if eachcoordinatefunction f; : [a,b] — R is of boundedvariation.

Two curvesf : [a,b] — RY andg: [&,b] — RY aresaidto be equivalentif thereexist two
nondecreasingontinuougealontofunctions: [0,1] — [a,b] andn : [0, 1] — [&,b/] suchthat

f(@t) =g(n(), forte[o,1]

In this casewe write f ~ g, andit is easyto seethat ~ is an equivalencerelation. If f ~ g, then
[(f) =1(g). A curve g overa,b] is saidto be parametrizedy its arc lengthif 1(g,a,t) =t — a for
ary a<t <b. Letf beacurveover[a,b] with lengthL. It is not hardto seethatthereexistsa
uniquearclengthparametrizedurve g over [0, L] suchthatf ~ g.

Let f be ary curve with lengthL’ < L, and considerthe arc lengthparametrizedcurve g ~ f
with parameteinterval [0,L']. By definition(A.1), for all s1,s; € [0,L'] wehave ||g(s1) — 9(s2) || <
|s1 — sp|. Define@(t) = g(L't) for 0 <t < 1. Thenf ~ §, and{ satisfiesthe following Lipschitz
condition: For all ty,t € [0, 1],

lott) —6(t2) | = llg(L't) —g(L't)|
< LUt -ty
< Lfta -t (A.2)
Ontheotherhand,notethatif g is acurve over[0, 1] which satisfieshe Lipschitzcondition(A.2),

thenits lengthis at mostL.
Let f beacurve over [a, b] anddenotethe squaredEuclideardistancerom ary x € R9 to f by

A, f)=inf [x—f()||"

Notethatif | (f) < o, thenby the continuity of f, its graph
Gi={f(t):a<t<b}

is a compactsubsebf R4, andthe infimum above is achieved for somet. Also, sinceG; = Gy if
f ~ g, we alsohave thatA(x, f) = A(x, g) for all g ~ f.

Proof of Lemma 1 Define
A" =inf{A(f) : I(f) < L}.

Firstwe shav thatthe above infimum doesnot changef we addtherestrictionthatall f lie inside
aclosedsphereS(r) = {x: ||x|| < r} of large enoughradiusr andcenteredat the origin. Indeed,
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without excludingnontrivial casesye canassumehatA* < E||X||2. Denotethe distribution of X
by pandchoose > 3L large enoughsuchthat

/ IX][2H(dX) > A"+ (A.3)
s/3

for somee > 0. If f is suchthatG; is notentirelycontainedn S(r), thenfor all x € S(r /3) we have
A(x,f) > ||x||? sincethediameterof G is atmostL. Then(A.3) impliesthat

A(f) > /5( PRCOTCOR

andthus
A =inf{A(f) : 1(f) <L,Gt C §(r)}. (A.4)

In view of (A.4) thereexistsasequencef curves{f,} suchthatl (f,) <L, G, C S(r) for all n,
andA(fn) — A*. By thediscussiorprecedingA.2), we canassumavithoutlossof generalitythat
all f, aredefinedover [0, 1] and

[fn(t2) — fn(t2)[| < Ljt1 -t (A.5)

for all t1,to € [0,1]. Considerthe setof all curves C over [0,1] suchthatf € C if andonly if
|If(t1) —f(t2)|] < Ltz —to| for all t1,t> € [0,1] andGs C S(r). It is easyto seethat C is a closed
setunderthe uniform metricd(f, g) = sup<;<1 [|f(t) —9(t)||- Also, C is anequicontinuousamily
of functionsandsup ||f(t)|| is uniformly boundedover C. Thus C is a compactmetric spaceby
the Arzela-Ascolitheorem(see,e.g.,[24]). Sincef, € C for all n, it follows that thereexists a
subsequenck, cornverging uniformly to anf* € C.

To simplify the notationlet us rename{f,, } as{fn}. Fix x € RY, assumeA(x, fn) > A(x,*),
andletty besuchthatA(x,f*) = ||x — f*(tx)||%>. Thenby thetriangleinequality

IAX, ) = AXfr)] = AX,fn) —A(X, )
< lx=falbll? =[x = (611
< (IIx=fa(boll +11x = (6 ) Ifn(te) — * (BOIl-

By symmetryasimilarinequalityholdsif A(x,fn) < A(x,*). SinceGy:, Gy, € (r), andE||X||? is
finite, thereexists A > 0 suchthat

E[A(X,fn) —AX, )| < A sup [[fn(t) —(t)]]

0<t<0
andtherefore
A = rI]inmA(fn) = A(f").
Sincethe Lipschitzconditionon f* guaranteethatl (f*) < L, theproofis complete. O

25



Appendix B
Proof of Theorem 1. Letf; denotethecurvein S minimizing thesquaredoss,i.e.,

k = argminA(f).
fesk

The existenceof a minimizing f; can easily be shavn using a simpler versionof the proof of
Lemmal. ThenJ(fx ) canbedecomposeds

I(fin) = (B(ficn) —AF)) + (A(FR) — A(F))

where,usingstandarderminology A(f n) — A(fg) is calledthe estimationerror andA(fy) — A(f*)
is calledthe approximationerror. We considerthesetermsseparatelyirst, andthenchoosek as
a function of the training datasize n to balancethe obtainedupperboundsin an asymptotically
optimalway.
ApproximationError

For ary two curvesf andg of finite lengthdefinetheir (nonsymmetricgistanceoy

p(f,g) = maxmin||f(t) — g(s)||-

Notethatp(f,§) = p(f,g) if f ~ f and§ ~ g, i.e., p(f,g) is independenof the particularchoiceof
theparametrizationvithin equivalenceclassesNext we obserethatif thediameterof K isD, and
Gt,Gq € K, thenfor all x € K,

andtherefore
A(g) — A(f) < 2Dp(f, 9). (B.2)
To prove (B.1), let x € K andchooset’ ands' suchthat A(x,f) = ||x — f(t")||? and mins||g(s) —
f(t")[ =llg(s) —f(t')[]. Then
A, 9) =B f) < [Ix=gE&)[I? = lIx—f(t")?
= (Ix=g&)I+IIx= 1)) (IIx—g(s)Il = Ix—F(t)]])
2DJ|g(s) —f(t)]]

<
< 2Dp(f,9).

Letf € S beanarbitraryarclengthparametrizedurve over [0,L'], whereL’ < L. Defineg as
a polygonalcurve with verticesf(0),f(L'/k),...,f((k—1)L'/k),f(L"). Forary t € [0,L'] we have
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lt—iL’/k| < L/(2k) for somei € {0,...,k}. Sinceg(s) = f(iL’/k) for somes, we have
min([ft) —g(s)ll < If(t) —f(iL'/K)|
L
< =ik’ /kl < =.
< ft-ib/k = o

Notethatl (g) < L', by constructionandthusg € Sx. Thusfor everyf € § thereexistsag € S such
thatp(f,g) < L/(2k). Now let g € Sk be suchthatp(f*,g) < L/(2k). Thenby (B.2) we conclude
thattheapproximatiorerroris upperboundedas

A(fR) —A(f) < A(g)—A((F)
< 2Dp(f*,9)
< %; (B.3)

EstimationError

For eache > 0 andk > 1 let S ¢ beafinite setof curvesin K which form ane-cover of S in
thefollowing senseFor ary f € S thereis anf’ € S ¢ which satisfies

suplA(x, f) — A(x, )| <e. (B.4)
xeK

The explicit constructionof S, is givenin [19]. Sincefy, € S« (see(5)), thereexists an f{m €
Ske suchthat|A(x, fin) — A(x,fi )| < € for all x € K. We introducethe compactnotation X, =
(X1,...,Xy) for thetrainingdata. Thuswe canwrite

E[A(Xafk,n)‘xn] —A(fii) = E[A(Xafk,n)‘xn] - An(fk,n)
+ An(fk,n) - A(fﬁ)

< 26+ E[AX,fi ) [Xa] — An(fi )

+ Bn(ficn) — A(F)) (B.5)
< 26+ E[AX, i) [Xn] —Bn(fip)

+An(f) — A(F}) (B.6)
< 264+2- max |A(f)—An(f B.7
< -+ f€5k7su{f*}| () n()|a ( )

where(B.5) follows from the approximatingoropertyof f{<’n andthefactthatthe distribution of X
is concentratedn K. (B.6) holdsbecausdy , minimizesAn(f) overall f € S, and(B.7) follows
becausgivenXn = (X1,...,Xn), E[A(X, fi ))[Xq] is anordinaryexpectatiorof thetype E[A(X, f)],

27



f € Ske. Thusfor ary t > 2e theunionboundimplies

P{E[A(X, fin) | Xn] — A(fY) >t}

t
<P A(f) = Bn()] > - —
< P max I8()=ba(f)] > 5 —¢}

t
< (IScel +1) fesrk',lﬂ?f*} P{|A(f) — &n()| > 5= e} (B.8)

where| Sy ¢| denoteshe cardinalityof Sy .
Recallnow Hoeffding’s inequality[25] which statesthatif Y1,Ys,...,Y, areindependenand
identicallydistributedrealrandomvariablessuchthat0 <'Y; < A with probabilityone,thenfor all

u>o0,
P{IZT Y —EY;
n i;
Sincethediameterof K is D, we have ||x — f(t)||? < D? for all x € K andf suchthatG; € K. Thus
0 < A(X,f) < D? with probabilityoneandby Hoefiding’sinequality for all f € S U{f*} we have

> u} < 22/,

P{IAM) ~ Ba(f)| > 5 — &} < 2e2n/2-27/0"
whichimpliesby (B.8) that
PLEIA(X, ficn) | X] — A(f) > t} < 2(|Se| +1) e 2(/2=2)%/P° (8.9)

for any t > 2¢. UsingthefactthatE[Y] = [5° P{Y > t} dt for any nonngative randomvariableY,
we canwrite for ary u > 0,

Afun) —A(f) < /OOOP{E[A(X,fk,n)\)qﬂ—A(f;)>t}dt

< ut2e42(Sel+1) [ e MO0 g (B.10)
u+2¢
e~/ (2D%)
< u+2€+2(|S<,s|+1)D4-T (B.11)

\/2D4Iog(|&,e| Y | 26 o112 (B.12)
n .

where(B.11)followsfrom theinequality [ e*/2dt < (1/x)e™’/2, for x > 0, and(B.12)follows

4
by settingu = w, wherelog denotesiaturallogarithm. Thefollowing lemma,which

is provedin [19], demonstratethe existenceof a suitablecoveringsetSee.
Lemma 2 For anye > 0 there existsa finite collectionof curvesS ¢ in K sud that

SUp‘A(X,f) o A(Xafl)‘ <E
xeK
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and
kd

S \<ze+3k+1vk+1(Df f) (LW +3f>

whee Vj is thevolumeof the d-dimensionalnit sphee andD is the diameterof K.
It is nothardto seethatsettinge = 1/k in Lemmaz2 givestheupperbound
2D*log(|Skel+1) < kC(L, D, d) (B.13)

whereC(L, D,d) doesnotdependon k. Combiningthis with (B.12) andthe approximatiorbound
givenby (B.3) resultsin

kC(L,D.d DL+2
A(fyn) — A7) < <L) | DLF

~1/2
< n K +0(n~*).

Therateatwhich A(fx n) approachea(f*) is optimizedby settingthe numberof sggmentsk to be
proportionatto n'/3. With this choiced(fx n) = A(fx n) — A(f*) hastheasymptoticcorvergencerate

I(ficn) = O3,

andtheproofof Theoreml is complete.
To shav thebound(7), let 6 € (0, 1) andobsene thatby (B.9) we have

P{E[A(X, fin)[Xn] = A(FY) <t} >1-3

wheneert > 2¢ and
5=2(|Scel+1)e e—2n((t/2)-€)?/D*

Solvingthis equationfor t andletting e = 1/k asbefore,we obtain

| 2D*log(|S1/kl +1) —2D*log(3/2)
N n

_2oD4
- kC(L,D,d) n2D log(8/2) +§.

,2
k

Thereforewith probabilityatleastl — o, we have

E[AX, ficn) [ Xn] — AFY) < \/ kC(L,D,d) —n2D4Iog(6/2) . E |

Combiningthis boundwith the approximatiorboundA(fy) — A(f*) < (DL) /k gives(7). O
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