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Abstract We are interested in Monte Carlo simulations of discrete-time Markov
chains on discrete and totally ordered state spaces. To improve simulation efficiency,
we use a technique previously introduced in the context of quasi-Monte Carlo simula-
tion of an array of N Markov chains. This method simulates the N copies of the chain
simultaneously, reorders the chains at each step by increasing order of their states,
and samples the next state by using N two-dimensional points in the unit square. The
first coordinate of each point is used to match a chain, and the second coordinate is
used to sample the next state by inversion from its cumulative distribution function
conditional on the current state. We study the case where the N points are obtained
at each step from Sudoku Latin square sampling, which means that (1) if the unit
square is uniformly divided into N identical subsquares, exactly one point lies in
each subsquare, (2) for each axis, the N projections of the points are distributed with
exactly one projection in each of the N subintervals of length 1 /N that partition the
unit interval, and (3) in both cases, each individual point has the uniform distribution
in the subsquare and interval to which it belongs. We prove that the variance of the
Sudoku Latin square sampling estimator is of order &'(N -3/ 2). The same conver-
gence rate is obtained when property (2) is removed, which gives simple stratified
sampling. However, in our numerical experiments, we observe empirically a much
smaller variance and better efficiency with the Sudoku Latin square sampling than
with simple stratified sampling alone.
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1 Introduction

We consider a discrete-time Markov chain {X,,, n > 0} over a countable state space
Z', where X, € 4 is the state at step n, and we are interested in estimating by
simulation the expected cost at step n, E[c(X,)], for one or several cost functions
c: & — [0,00) (we assume non-negative cost functions for simplicity). If the state
space is finite with small cardinality and sometimes when the chain has a very special
structure, it is possible to compute the exact distribution of X,, and the exact expected
cost at step n, for any n. Otherwise, one can use standard Monte Carlo (MC): simulate
the chain until step n, repeat N times independently, and average the N realizations
of ¢(X,). The main drawback of this general approach is its slow convergence: The
variance of the Monte Carlo estimator of E[c(X,,)] typically converges a &(N~!) for
any n.

A (deterministic) quasi-Monte Carlo (QMC) method for Markov chains has been
proposed in [9] for the case where the chain has a totally ordered state space. The
method simulates an array of N copies of the chain in parallel. At each step n, it
reorders the chains by increasing order of their states, and it uses two-dimensional
quasi-random points to move them ahead by one step. Convergence (in the deter-
ministic sense) of the average cost to the expectation when N — oo was established,
and the QMC approach outperformed plain MC in numerical experiments. However,
QMC error bounds are typically too loose and inconvenient for practical error assess-
ment. A randomized quasi-Monte Carlo (RQMC) approach named Array-ROMC,
which resembles the previous QMC scheme, was proposed and analyzed in [11, 12],
in the setting of a Markov chain model with general state space. The method was
shown to provide an unbiased estimator of E[c(X;,)] for any n, and variance bounds
for this estimator were proved under certain conditions. In particular, it was proved
that for a Markov chain with a one-dimensional state space, if stratified sampling
as in [2, 8] is used at each step to advance the array of chains by one step, and
under some technical conditions, the variance converges as & (N -3/ 2), which beats
Monte Carlo. In numerical experiments with Markov chains having one-dimensional
and higher-dimensional states, the empirical variance was typically much smaller
than the Monte Carlo variance, and was observed to decrease often at better rates
than ﬁ(N_3/2), sometimes even faster than ﬁ(N‘z): see [12, 13, 14], for example.
However, no proof of these faster rates is available so far, and the (N -3/ 2) rate has
been proved only for ordinary stratification of the unit square in identical subsquares,
for a one-dimensional state. A related convergence-rate result worth mentioning was
obtained in [7], in the context of particle filters. The authors proved that if the RQMC
point set used at each step is a (,m, s)-net with a nested uniform scramble [18] and
if the states are sorted using a Hilbert-curve when their dimension is larger than 1,
then the variance of the Array-RQMC estimator converges as o(N '), which is faster
than Monte Carlo.

The aim of this paper is to increase our theoretical understanding of the method by
expanding the class of sampling methods for which an &'(N -3/ 2) convergence rate
is proved. We revisit the simple stratified sampling (SSS) setting and we consider
a Sudoku Latin square sampling (SLSS) setting, which combines two-dimensional
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stratified sampling with Latin hypercube sampling [15, 20]. Our theoretical results
are consolidated by three numerical experiments in which we observe a significantly
lower variance with SLSS than with simple stratification.

SLSS turns out to be a special case of the U-sampling method of [21] for sampling
N points in the unit hypercube. The U-sampling first generates a random orthogonal
array-based Latin hypercube design, which is a selection of N small cubic boxes
of side size 1/N that form an orthogonal array of strength 7 [16, 17] and a Latin
hypercube at the same time. Then it samples one point uniformly inside each selected
small box, independently across the boxes. For the special case where t = 2, this
type of design (the selection of the boxes) gives a Sudoku Latin square [19] for each
two-dimensional projection of the points. Thus, each two-dimensional projection
satisfies the properties (1) to (3) mentioned in the abstract. An example of a Sudoku
Latin square is given in Fig. 1. Since our SLSS is in two dimensions, there is a single
two-dimensional projection and it must form a Sudoku Latin square. Sudoku Latin
squares are also studied in [22], although these authors are only considering discrete
designs and space filling constructions, and not in sampling random points uniformly
in the unit hypercube.

Fig. 1 Example of a Sudoku Latin square with 16 points.

A different sampling method that generalizes the SLSS to more than two dimen-
sions was studied in [5]. In d dimensions, that method generates N = p“ points
in a way that (1) there is always one point per subcube when we partition the d-
dimensional unit cube into N identical subcubes, (2) there is one value in each
subinterval when we project all the points over a single coordinate to obtain N values
in the unit interval, and we partition the unit interval into N subintervals of length
1/N, and (3) each point taken individually has the uniform distribution in the sub-
cube to which it belongs. Variance bounds have been obtained when the integral of a
function over the unit cube is estimated by the average of the function values at the N
points, under certain assumptions on the integrand. Different types of variance results,
in terms of the ANOVA decomposition of the integrand, were proved in [21] for the
same type of integration problem with U-sampling. SLSS is the two-dimensional
special case of each of these two methods.
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Our paper is the first to study the use of SLSS in the context of simulating an array
of Markov chains. SLSS gives stronger constructions than simple stratified points
over the unit square. Our aim is to investigate if, and how much, this strengthening
has an impact on the variance of expected cost estimators.

The remainder is organized as follows. In Sect. 2, we define our setting for Monte
Carlo simulation of discrete-state Markov chains and explain how we proceed with
plain (standard) Monte Carlo, with SSS, and with SLSS. With SSS, the way we
map the points to chain states at each step follows [6, 9] and differs from what was
done in [12]. In Sect. 3, we analyze the variance of these schemes. We prove that the
variance of the simulation estimator of an expected state-dependent cost at any given
step n is O(N—3/2) for both SSS and SLSS. This beats the known rate of &(N~")
for standard Monte Carlo. Results of computational experiments and comparison
between standard Monte Carlo, SSS, and SLSS are given in Sect. 4. The empirical
convergence rates of the variance for SSS and SLSS are close to those established in
Sect. 3, but the variance with SLSS is significantly smaller than with SSS. In Sect. 5,
we give the technical proofs of some results and we conclude in Sect. 6.

2 Monte Carlo Simulations of Markov Chains

Let {X,, n > 0} be a stationary discrete-time Markov chain over a countable and
ordered state space 2. Without loss of generality one can assume that 2" = N or Z.
Let P(i, j) = P(X,+1 = j|X, = i) denote the transition probabilities and P = (P(i, j) :
(i,j) € 2°?) the transition probability matrix. We denote by (i) = P(X, = i) the
state probabilities at step n and u, = (1, (i) : i € 2") the probability vector for step
n. We assume that the initial probability vector Ly is given (often, it is degenerate
over a single state).

Fori,je Z we set

qj(i) ==Y P(i,h). (1)
h<j

We define the conditional cumulative distribution function F;(j) := P(X,+1 < j|X, =
i) = q;(i). If I denotes the unit interval (0, 1] we have a disjoint union I = Ujc 5 I j»
where [; j := (gj—1(i),q;(i)]. So that for any i € 2" and u € I, there exists a unique
j € 2 such that u € I; j: we denote it by ;' (u). If X,, = i, then F,! (u) is the next
state.

Let §; be the Dirac measure at i, defined by

1 if j=i,
5,.(,->:{ -

0 otherwise.

For any integer n, the distribution u, is approximated by
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1 N
Up i= N ];l 61'%7

where N is a fixed integer and if,..., iy are calculated iteratively.

First, a set (ig :1 <k <N)of N states is sampled from Ly: several techniques are
proposed in [4]. In many applications, the initial state of the chain is fixed, and then
Ho = Ho.

We describe the transition from step n to n+ 1 for three Monte Carlo methods.
We introduce [, := H,P as an intermediate distribution (which is not used in
effective calculations). This I, is an approximation of (1,1, but it is generally
not an equally-weighted sum of Dirac measures, like [i,, so that an additional step
is needed. We formulate this step as a quadrature: the MC methods correspond to
quadrature algorithms, possibly combined with variance reduction techniques. To
that end, let us consider an arbitrary sequence s = (s(i) : i € Z") (a column vector);
we assume that s is non-negative, just to avoid worrying about convergence of series.
Then

. ~ 1 ¥
Hni15 = UpPs = N Z Z POZ?])S(])
k=1jeZ
Let 1; be the indicator function of the interval /i :== ((k—1)/N,k/N] and 1; ; denote
the indicator function of the interval /; ;. If we associate to s the function Cy defined
by
N
Ciu):=Y ¥ Llw)lp j(u2)s(j), w=(ur,uz) €L, (2)
k=1je

then we have
18 = / C!u)du.
12

We obtain [i,; by approximating the integral with Monte Carlo estimation. In
the following, if m is an integer, we denote [1,m] := {1,2,...,m}. The notation
U ~ % (&) means that U is a random variable uniformly distributed over the set &’

2.1 Standard Monte Carlo

The transition from step n to step n+ 1 acts as follows: if the state of the chain is
i, i.e. X, = i, then a random number U with U ~ % (I) is generated and the new
state of the chain is F; ' (U), i.e. Xy41 = Fy 1(U). The operation is repeated N times
independently, in order to advance N copies of the chain. With our notations, this
may be written as follows. Let {Uy : 1 < k < N} be independent random variables
with Uy ~ % (I), then

ol = F}z_l(Uk)> 1 <k<N.
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That is, if, for any non-negative sequence s,

vn+l 1 o n k—1
X; = N Z G N Uk | (3)
k=1
then R
g5 =X )

2.2 Simple Stratified Sampling

We suppose that N = p?, for some integer p > 0. The transition from 7 to n + 1 has
two steps: renumbering of the states and numerical integration.

(S1)  The states are relabeled so that i < --- < iy, The technique was used in the
QMC context and ensures theoretical and numerical convergence of the scheme
(see [9)) .

(S2)  Consider a partition of I? into N squares: [, = Hy, % H;Z, where, for £ € [1, p]*:
Hy, := ((t1 —1)/p,t1/p] and Hy, := ((¢2—1)/p,2/p]. Let {V, : € € [1,p]*} be
independent random variables, where V, = (V;.1,Vy2) ~ % (Iy).

For an arbitrary non-negative sequence s, let

-~ 1
=g X G, )
Le(1,p)?
then R
Hoy1s =YL (6)
Ifuel, let
k(u) := [Nu], @)

where [x] is the least integer greater than or equal to x. Hence equation (6) means
that the next states are calculated as follows:

n+1 1 5
1(517]>p+b - Fi;’((v“) (V€,2)7 {e [l,p]

(the numbering of the states iZ“ is arbitrary). The first projection V; 1 of V; is
used for selecting the state at step 7 and the second projection V5 is used for
performing the transition to step n + 1. Note that with this scheme, the mapping
between the N points and the N states is not necessarily one-to-one: it is possible
to pick the same state more than once and leave out some of the states. This differs
from the SSS scheme used in [12, 14].
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2.3 Sudoku Latin Square Sampling

As before, we assume N = p?, and the transition from 7 to n+ 1 has two steps:
renumbering of the states and numerical integration.

(S1)  The states are relabeled so that i < --- < iy.
(S2)  We consider the same partition of 1> as before: I, for £ € [1, p]>. Let {W; : £ €
[1,p]?} be random variables, where W, = (W1, W), with

:él—l_i_O'l(fz)—l-i-égl W :€2—1+0'2(£1)—l+€[2'

02
2 2

W1
p

Here 01 and 0 are random permutations of [1, p] and §} ~ % (I) and &2 ~ % (I).
All these random variables being independent. The set of values of the random
variable W, is included in I; and has the properties:

(P1) forany /€ l, p]z, there is a unique point of this set in each square Iy,
(P2) forany k € [1,N], there is a unique point of this set in each rectangle I x I
or I x 1.

In addition W; ~ % (I;). For an arbitrary non-negative sequence s, let

~ 1
zm! = Y cw). (8)
Le[1,p)?
Then R
Hn1s =Z0. ©)

Due to property (P2), the mapping (see (7))
0= (f1,62) € [1,p* = k(W) € [1,N)

is one-to-one: each state of step n is considered exactly once for a transition (this
is not the case with SSS). Equation (9) means that the next states are calculated as
follows:

-n+1 _ 1 2

Lo —npre, = F;‘V’Z(W“)(W[.,Z)a tel,p]

(as before, the numbering of the states iZH is arbitrary). The first projection W

of Wy is used for selecting the state at step n and the second projection W, is
used for performing the transition to step n+ 1.

3 Convergence Analysis

In this section we prove, for each method, that the estimator of the expected cost
at each step is unbiased and we establish that the variance of the estimator used is
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O(N~") for standard MC and &(N—3/2) for SSS and SLSS, where N is the number
of simulation paths. In the following, A is the Lebesgue measure and A, the two-
dimensional Lebesgue measure; we put |&'| for the number of elements of a set &.
We use the sequence sy, forh € Z":

. 1 ifi<h,
sp(i) :{

0 otherwise.

The total variation of a sequence s = (s(i) : i € £") is defined by

TV(s):= ) |s(i+1)—s(i)]. (10

e
We use below the total variation of g, for h € Z". We recall that we have from (1):
qn(i) = P(Xu11 < h|X, = 1),
and from (10):

TV(gn) =Y, [P(Xup1 < h[Xy =i+1) —P(Xps1 < hIX, =)
ieZ
In the following, we assume that

M := sup TV (qp) < +oo.
heZ

There are situations for which g; is monotone and situations for which M < 1 (or
both), but this is not always true. See [13, 14] for examples and further discussion.
Our M corresponds to A; in [12].

3.1 Standard Monte Carlo

Lemma 1. Let s be a non-negative sequence. The standard Monte Carlo estimator

of Hn-+15:
> 1Y k—1
xpth==Y o —.U
s ngl s( N k)

has the following properties.

1. X"V is unbiased.

2. If s=sp, forhe X, then
N 1
+1
Proof.

1. We have
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n k—1 oo .
E Cs TaUk = Z P(lk7])s(.])7
jeZ
so that E[X" 1] = [, s.
2. The variable L
-1
G, <N7Uk) = Z L j(Uk)
JjeX  j<h

is a Bernoulli random variable, with variance < 1/4. Hence the result.
O
We then obtain an error bound by using the same techniques as in [12]. We assume
that, for any non-negative sequence s, the standard Monte Carlo estimator os of Los
is unbiased and that, for any h € 2",

- X0
Var(Hosn) < -

for some x( > 0 (as noticed before, in many applications, iy = L).
Proposition 1. For the standard Monte Carlo method, it holds:

1. for any non-negative sequence s
E [.ans] = Uy,

2. foranyhe %,
. Xn
Var(Uy,s;) < v

where x, 11 = M?x, +1/4 (n > 0).
Proof.
1. We have

~ ~ ~ ~ ~ ~ S 1
Mp18 — Hp 18 = Mg 18 — My 18+ M 18 — Upgp 18 = HnPS—#nPS+H;z+1S—Xf+ )

s0, by using Lemma 1, the result follows by induction.
2. The variables 1,115, — Hyt 154 and [y,415, — Unt15; are uncorrelated and [, 15, —
Wi 15h = My 15k —Xs’;l“ is a centered variable, consequently

Var(fns150) = E [(Har155 — Base15n)] +E [(Bas15n — Basrsn)?] - (11)
For any i € 27, we have Ps;,(i) = F;(h), hence

Mpy185h — ,Hn—&-lsh =U,Ps, — .anPsh = Z ,un(l)E(h) - Z ﬁn(l)E(h)

ieZ ez
- Zfr“nSi(FiH(h)*E'(h))Jr Y fusi(Fip1(h) — Fi(h)
ic? ieZ
= Z (ﬁnSi - I»Lnsi)(Fi-‘rl (h) _E(h))

e
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On the one hand, we write

2
E [(tn415h — Bns150)*] = E < Y (Hnsi — tnsi) (qn(i+1) — ‘lh(i))>

e

= Y E[(Hnsi— tnsi) (gn(i+1) = gn(0)) (Hns; — Mas;) (qn(j+ 1) — qn(j))]
(i.)er?

< Yy \/Vaf(ﬁnsi)vaf(ﬁnsj)|61h(i+1)—Qh(i)|><|61h(j+1)—6]h(j)\~
(ij)ea?

On the other hand, Lemma 1 gives

~ ~ ~ S 1
E [(En+15% —Nn+1sh)2} =E [(un+1sh—th+‘)2 < N

So, by using (11), the result follows by induction.
O
The bounds for Var()A’S’I‘IH) (SSS) and Var(Zg’h“) (SLSS) are not so easily obtained,
and the proofs of Lemma 2 and 3 are given in Sect. 5.

3.2 Simple Stratified Sampling

Lemma 2. Let s be a non-negative sequence. The SSS estimator of U, 15:

= 1
Y;Hrl [—— Z
N le(l

Cy (V)
P2

has the following properties.

1. Y™V is unbiased.
2. If s=sy, forhe X, then

Var(¥p!) < (TV(gn) +2).

= N2

A similar result (with the same N3/ order) was established in [12], but the SSS
method studied there differs from the one used here, so we provide a different proof
(see Sect. 5). Intermediate results from this proof (eqgs. (12) and (13)) will be re-used
afterwards for the analysis of SLSS.

The proof of the next result is similar to the proof of Proposition 1. We assume
that, for any non-negative sequence s, the SSS estimator [ys of s is unbiased and
that, for any h € 27,

~ Yo
Var(‘U{)Sh) S T/Z

for some yg > 0.
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Proposition 2. For the SSS method, it holds:

1. for any non-negative sequence s

E [ﬁns] = Hns,
2. foranyhe 2,
Var(ﬁnsh) < };7”/2)

where Y1 = M*y, + (M +2)/4 (n>0).

3.3 Sudoku Latin Square Sampling

Lemma 3. Let s be a non-negative sequence. The SLSS estimator of [1,415:

N 1
Zith = N L G
£e[1,p]?
has the following properties.

1. ZV is unbiased.
2. If s=sy, forhe Z', and if q;, is a piecewise monotonic sequence, with r pieces,
then

Var(ZiH) < ﬁ <(143 —|—r> (TV (qn) +2)+2(TV (q1) +2)2> .

The constant involved in the &(N—3/?) bound of Var(f?h“) (SLSS) is larger than

the corresponding constant for Var(IA/S’;,“) (SSS), since r > 1 in Lemma 3; this would
suggest degraded performance. But in the examples of Sect. 4 we see that it is not
necessarily the case.

The proof of the next result is similar to the proof of Proposition 1. We assume
that, for any non-negative sequence s, the SLSS estimator fios of s is unbiased and
that, for any h € 27,

~ 20
Var(Hos;) < N2
for some zo > 0.
Proposition 3. For the SLSS method, it holds:
1. for any non-negative sequence s
]E [:ZI”S] = /.l.ns,

2. foranyhe X,
- Z
Var(fsp) < NTn/Z’
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where 2,11 = M2z, + (13/4+7r)(M +2) +2(M +2)? n>0.

Remark 1. The bounds in Propositions 1, 2, and 3 increase exponentially with n when
M > 1, and remains bounded if M < 1, which is not uncommon; see [14].

Remark 2. The variance of each estimator is bounded for a test sequence of the form
sp, for h € 2. We obtain a bound for a nonnegative cost function ¢ by the same
reasoning as in Proposition 1 (see [12]):

HpC — ﬁnc = Z (//J\nsi - /.inS,')(C(i—‘y- 1) - C(i))7
e

hence

E[(te el < Y/ Var(uso) Var(fis))e(i+1) (i) x[e(j+1) ()],
(i,))e2?

and then

Var(fi,c) < TV (c)? x sup Var(li,sy).
heZ’

4 Numerical Examples

In this section, we compare standard Monte Carlo to the variance reduction strategies
analyzed previously: SSS and SLSS, for three examples. For each example, each
strategy, and each N considered, we compute the unbiased estimator fi,s of s for
the selected n, replicate this 100 times, and compute the empirical variance Var of the
100 realizations of f1,s. We then plot log,, Var as a function of log;,N. Assuming
that Var =~ KN~ % for some positive constants K and o, we estimate the variance rate
« by linear regression. We also compute the (empirical) efficiency of each simulation
estimator, defined as the inverse of the product of Var by the CPU time [10], and
we plot log efficiency as a function of log; N. Note that for standard Monte Carlo,
the efficiency does not depend on N. For SSS and SLSS, it takes into account the
additional work to compute the estimators.

4.1 A Geo/Geo/l Queue

We consider a discrete-time Geo/Geo/1 queue (see [1]): the queue is empty at the
initial time. During each unit of time, the customer in service (if there is one)
completes it with probability 0.5, and one new customer arrives with probability 0.6.
We estimate the mean number of customers in the queue at time n» = 12. Figure 2
(top) shows log;, Var as a function of log;y N on the left and log;efficiency as a
function of log;y N on the right, for N = 10%,50?,1007, ...,1000%. We find from the
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plots that SSS and SLSS give not only smaller variances than standard MC (for the
same N), but also better efficiencies, and that SLSS outperforms SSS. The regression
estimates of ¢ are given in the first row of Table 1. They match the upper bounds of
O(N—3/?) established in Sect. 3.

4.2 A Gambler in a Casino

A gambler is going to a casino for four hours. He plans to play the same game every
ten seconds (so he will play 1440 times). At this game, for each Euro that he bids,
he gets O with probability 0.9 and m € {1,2,...,10} with probability 0.01 each. His
policy is the following: if he has more than 100 Euros, he plays 2 Euros, but if he
has 100 Euros or less, he plays only 1. To make sure that he can play during the four
hours, he brings 2780 Euros with him. The model is a Markov chain on state space
E =[0,28700]. We estimate the probability that the gambler has more than 1500
Euros at the end of the game. Here we use N = 10%,20%,302,...,200%. The results
are reported in the middle rows of Fig. 2 and Table 1. We find that SSS and SLSS
produce both smaller variances and better efficiencies than standard MC for large
enough N, and that SLSS outperforms SSS. The regression estimate of o for SLSS
corresponds to the bound established in Sect. 3, but for SSS it is better. However, the
variance itself is smaller for SLSS than for SSS, and the better rate of SSS might not
hold beyond the observed range (it is likely caused by a few poor values of Var for
the smallest values of N).

4.3 Diffusion

The 1-D diffusion equation

2
%(x,t) = Dﬁ(x’t)’ xeR >0 and c¢(x,0)=co(x), x€R
(where ¢ > 0 and [ co(x)dx = 1) may be discretized with a time step A¢ and a spatial
step Ax and the solution is approximated using a random walk: P(i,i — 1) = P(i,i +
1) = DAt/Ax?, P(i,i) = 1 —2DAt/Ax* (we refer to [3] in a QMC context). Here we
specify D = 1 and ¢y is the indicator function of the interval [—1/2,1/2]; we want
to approximate fi{?zc(x, T)dx. We choose T = 1, with At = 6.25 10~* and Ax =

5.0 1072, Here we take N = 112,192,312, ...,1992. In a previous version of the paper,
we had N = 10%,20%,302,...,2002, but this gave oscillations in SLSS outcomes, with
better results when p = VN was a multiple of 20, because of interactions with other
discretization parameters. To avoid this, we changed our choices of p. So we use
prime numbers near the previous ones for p. The bottom part of Figure 2 and the
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14 Rami El Haddad, Joseph El Maalouf, Christian Lécot, and Pierre L’Ecuyer
last row of Table 1 give the results, which are very similar to those of the previous

example. Again, SLSS outperforms the other methods.

Table 1 Calculation of order o of the sample variance: comparison of standard Monte Carlo (MC),
SSS, and SLSS for three examples and estimators

Calculation MC SSS SLSS
Geo/Geo/1 queue E[X12] 0.99 1.50 1.51
Gambler in a casino P(X; 440 > 1500) 1.02 1.76 1.53
Diffusion e, T)dx 0.98 1.61 1.49

5 The Proofs

5.1 Proof of Lemma 2

Proof.
1. We have

N

E[C =N </ Li(up) 1 ’j(uz)du) s(j).
k=1jeZ
Hence
on+l 1 ¥ aon N~
E¥y™] = N Y X PG, i)s(j) = busrs.
k=1jeZ
J

2. The function C;‘h is the indicator function of the set

N N
;: = U (Ik X U ’k7j> = U Ik X (quh(l;cl)] (12)

k=1 jeZ j<h k=1

The variable Cy, (V) is a Bernoulli random variable, with expectation f}, =
NA(Jy N Ip). Here f}', = 1if I, C J; and f}}, = 0 if I, NJ} = 0. Consequently,
Var(Cy, (V) = fi (1= fj ;) < 1/4 and Var(C§, (V¢)) = 0if I, C Jj orif ;N J} =0,
so that '

Var(Y”“)gmHZe [1,p)*: I, ¢ J; and I, N J} # 0}].

a. If I, ¢ J?, then there exists (u1,uy) which belongs to I; and not to J}'; since
this u; is in some I, we have:

Page: 14 job: EELL_2018_R2_v3 macro: svmult.cls date/time: 2-Sep-2019/12:54



Sudoku Latin Square Sampling for Markov Chain Simulation

—+-MC
-B-858
—+—5UDOKY

15

1. Geo/Geo/1 queue: sample variance (left) and efficiency (right) of 100 copies of the calculation
of E[X5] as a function of N (N = 10%,50%,1002,...,1000%) (log-log scale)
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2. Gambler in a casino: sample variance (left) and efficiency (right) of 100 copies of the calculation
of P(Xj440 > 1500) as a function of N (N = 102,202,307,...,200?) (log-log scale)

—+-MC

3. Diffusion: sample variance (left) and efficiency (right) of 100 copies of the calculation of

Ll/liz c(x,T)dx as a function of N (N = 112,192,312,...,199?) (log-log scale)

Fig. 2 Comparison of standard Monte Carlo (MC) to SSS and SLSS (Sudoku) for three examples
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=1 ¢
Tk e [1,N], Iur,uz) €1 : uy elkc< lp pl] and uy ¢ (0,q5, (i),

so that

b1 ¢ .,
3k€{P(£1_1)+1>p(€1_1)+277PZI}73’42€ ( 217 7;:| :M2>qh(lk)u

consequently

by > min i7).
? pp(51—1)<kﬁpflqh( 0

b. Analogously, if I, N J}' # 0, then there exists (u1,uz) which belongs to I, and
also to J; and we eventually obtain:

by < max i7)+1.
2P e, B

We then have the following bounds

[{te [1,p)* I, ¢ JP and [N J}! # 0}

p
<p ( max qn(i}) — min qn(i} ) +2
<4121 sk B0 7y, TRy, )
<N'/? < Y lan(i+1) —Clh(i)|+2> ,
ez
because the states are relabeled so that i < --- < iy. Consequently,

{ee(l,p) I ¢ JFand NI £ 0} < NVX(TV(gr)+2),  (13)

and the result follows.

O
5.2 Proof of Lemma 3
Proof.
1. Since W; ~ % (I;), the demonstration is the same as in Lemma 2.
2. In the following, we have many summations with ¢, ¢/ m,m’ € [1, p]z. In order to

lighten the notations, we omit this set. We have

~ ~ 1
Var(Zgh“):Vo(Zg’hH)—i—m Y., Cov(Cl(Wp).Co (W),
(0040

where
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5 1
Vo(Zit!) = e Y Var (CI (W) .
]
a. The function Cy, is the indicator function of the set J; defined by (12). Since

Wy ~ % (Iy), we have, as in Lemma 2:

- 1
Vo(zith) < WW € [1,p*:1 ¢ J; and [, N J}} # 0}

From the bound (13), we deduce

(") <

(TV(qn) +2).

b. We split Var(Z1) = Vo(ZiH) + Vi (ZiF1) + Va(Z0Y) + V3 (Z2H), with

1
N2 Cov (C, (W), Cy (Wpr))
(0):0, 204 Lr=0)

= 1
Va(zth) =2 Y Cov (C}, (W), Cy (Wpr))
(000, =0, L0,

~ 1
V3(ZiH) i=— Y  Cov(ClL(W),CL(Wp)).

00):00 A0 A0,
2

Vi(Zgth) =

We introduce the N? squares Iy m = Hy, jn, X Hy, iy, Where, for (£,m) € [1, p]*:

Hyy oy =01 = 1)/p+ (m1 = 1)/N, ({1 = 1) /p+my /N],
Hpymy :=((l2—=1)/p+(ma—1)/N, (2 — 1)/ p+ma /N].

‘We have
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/\n N n n
Vl(Zsh+l) = ( 1 Z aIZ(IZ,mth))Q(IZ’,m’m‘lh)
(0,0):0#0 =L p (mm):my=m| myF#m),
— LI NJp) A (Iy ﬂJ,’:)) ,
Zn+1 N n n
Vz(Zsh ) = ] Z A2(14,711 th)AZ(I[’ﬁm’th)
(0,00, =0, L0, p (m ")y #m| my=m,
=L (INJp) A (Iy ﬂJ,’;)) ,
Zn+1 N n n
V3(Zsh ) = m Z lZ(If,mth);\'Z(Il’,m' ﬁJh)
(00040 A0 \\P (Y, ol ma oy
— L (I;NJp) A (Ip ﬂ];:)) .
i. We have R
wzith =y Y v,
CLETTNTIAD 00 407 0=t
where
/ N n n
Vi(£,0) ::E lz(]gﬁmﬂfh)lz(lg/,mlﬂfh)

(mm):my=m| my7Fml

— (I ﬂ.];:))tz([g/ ﬂ.];:).

We split Vi (£,0') = Vi (£,0") + Vi (£,£'), with

N N
Vl(ﬁ,ﬁl) e Z lz(]g,mﬂ‘/;:))»z(lg/ym/QJZ)
pP— 1 I — gl /
(mm'):my=m mo#£m
N
- — Z lz(]gymﬁ.];:)lz(][cmlﬂ],’;),
p (mm’):my=m)
Vl (Eael) =p
X Z lz(]g,mﬂ‘];:))»z(lg/ym/ﬂJ;’Z) —}{,2([(2 mJ}’;)AQ(Iel QJZ).
(m,m'):my=m]
On one side
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‘71 (f,él) ZNZAZ(Ié,m mJ}Y:)

1 1
X | — Z A,z(lglﬁm/ ﬂ];:) ——A (I[/’m ﬁ];:)
P(P o 1) m' i =my,mlyFmy p

Since both terms inside the parentheses are bounded by 1/(pN?), we have
V1 (£,))] < 1/(pN?) and so

00\ £, =0,
On the other side

(Z 6/ Z )Q Hgl o ><Hg2 ﬂ]n Z V1 l, 4 ml,ml)
my€[1,p] m€(l,p]

where Vi (¢,0',my,m}) := lz((HZ/
We have

X Hy,)OJ}) = Ma((Hy, o, % Hiy ) OVTR).

,my

V(6,0 mam) = (A (Hey 10,000 1y ))
2 (Hey 0 0,01y )) )
As we have

. 1
Vi (6, D<=
| 1( ’ 7m1’m1)|—N

XA | Hp, N min i), max i} ,
< 0, L(g,llkkw,lqh(k) p(z,lkkgpg,lqh(k)D

we deduce

. 1 . - n
Vi(6,0)] < N—pk (ng N [ min g (iy), ~max qh(zk)]> .

p(t)—1)<k<pt} p(t)—1)<k<pt}

Consequently

1
W) < 5
0040,y =t

X Al Hy,N min g (i) max  qp()] |-
4'16[1%}4#1 ( ’ L(fi—1><k<l’fi Pl —1)<kspl]
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Since g, is a piecewise monotonic sequence, and because the states are
relabeled so that i <--- < i}, the intervals

min i max M, el
(p([/l—l)<k<p[/l qh( k)’p(Z’lfl)<k§pZ’| qh( k)> ! [ ’p]

are pairwise disjoint on each of the r pieces where g, is monotonic, and we
obtain

~ / r r
< —A(Hp,) £ —.
V(L) < oA < 5

0 A0 =L
And so, using the bound (13):

(r+1)p—1

Zn+1
V2] < S TV () +2),
ii. We have R
VZ(Z;lh+l) = Z Z V2<£,€/),
K:IﬁZJ”,Igﬁ]]';#@ Z/:fll =€1,(/275€2

where

Va(0,0) = ——

2( 3 ) p—l

X ) Mo (Tgn O I) A2 (T e NI ) = Ao (T VT ) Ao (I OV

(mm):my #m my=m,

We split Vo (£,¢') = Vo (£,£') + Vo (¢, £'), with

N N

V(0,0 =21 Y A2 (Te.n VI A2 (L NV
N
= Y AlwnI) e 0Iy),

p (m,m’):my=m,

“et)=p Y, eI w N3) = a(leNT) Al O 7).

(mm):my=mty

(mm!):my #m my=m,

On one side
Vz(f, él) :NZQLz(Ig’m QJZ)

1 n 1 n
Z,Q(I[/’ml ﬂJh) - ;lz (I/,’,m ﬂJh)

p(p— l) m' il #mymlhy=my
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Since both terms inside the parentheses are bounded by 1/(pN?), we have
[V2(£,£)] < 1/(pN?) and so

020\ =040,
On the other side

(f f/ Z Aa(( Hgl Xngmz NJ;) Z V2 gﬁ mz,mz)
ma€[l,p] my€[1,p]

where Vz(f,ﬁ/,mz,mé) ::;Lz((Hgl XHE/Z_’,@)QJZ) —lz((Hgl XH@/Z’m/z)ﬁJ,?);

we have
. 1 ;
V2(£’£l’m27ml2) = N Z[, ] (l (HZ/Z,mz N (07qh(12(€171)+m/1)])
mi€[l,p

-1 (Hglz,m’z n (07qh(i2(51—1>+m/1)])) .

Note that the difference in the parentheses is equal to 0 if ¢, # €5 (¢1,m}) :=
[ngn (i) (6= 1)+, . )]+ 1. Consequently

y 1
V(60 <= Y M((Hyy x Hyymy) NI7)
00 =01, 0 myell,p]

x Z (Hf’ (€y,my ) (O’qh(i2(51—1)+mﬁ )])

—A (H[,Z(Zl’mll) N0, (i, 1)+m’1)])’

1 1 1
<v X al(Hy, X Hiyy) V) < 3 20(0) = 5.

m€[L,p]

And so, using the bound (13):

Sn 2p—1
Va2 ) < P (T (@) +2),
iii. We have
Bzt = % Y wee),
Cly @I L OTRF0 22070, G #0
4/<ZJZ MV"#@
where
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_N
(p—1)?
X ) (Lo VIR A (L NI = Ao (L NVI) A2 (I NI,

(mm"):my Fm'| mo 7,

V3(€,£/) =

We split V3(£,0') = V{1 (£,0') = V2(0,0)) = VE(L,0) = VE(€,0), with

N
Vi) = (2 — 1) Y Ao (Tem N I) Ao (T e V),
(mm"):my #m| my#m)y

(p—1)
V3b(f,€/) = Z lZ(Ié,m mJZ)A’Z(lﬁ’,m/ m‘]}r:)v
(m,m’):my #m' ;my=mly
Vi) = ) AL NI M2 (T e N,

(mm" )y =m'| my -y

Vfi(&g/) = Z)Q(Ié,m mJ}?))‘Z(IZ’,mmJ}’:)‘

m

Since
2p—1 p—1 . p—1 1
V3a(€7€/) < N3 V3b<€a€/) < N3’ V;(E,E/) < N3 VBd(EaKI) < ﬁa
using the bound (13), we obtain:
= 2p—1
Va(Zygth)| < Nz (TV(qn)+2).
Hence the final result.

O

6 Conclusion

In this article, we analyze the convergence of Monte Carlo methods, possibly com-
bined with variance reduction techniques, for the simulation of Markov chains on
one-dimensional discrete state spaces. We prove a bound of the variance of estimators
used in one step of the simulation. We show that the convergence order (relative to
the number of simulation paths) corresponds to the experimental order as calculated
in various numerical experiments.

Albeit the theoretical convergence rates of SSS and Sudoku Latin square sampling
are the same, for the numerical examples we see that the variance reduction of the
Sudoku Latin square sampling approach is superior to that of the SSS. The difference
is smaller for pure integration problems (see [5]). A drawback of the SSS approach
for simulation is that it is not guaranteed that each state is considered exactly once
for a transition.
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The study aims to fill a gap between the theoretical results on variance reduction
techniques used in Monte Carlo simulations and the actual improvements observed
in computations. The Sudoku Latin square sampling is suited to situations where the
state space is one-dimensional, with a natural order. Our interest has been in physical
problems, where the states are related to particles. A numerical constraint is that N
must be a square number. The method should be extended in many directions, such
as continuous state spaces and multi-dimensional problems. This will be the subject
of forthcoming research.
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