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Abstract

We describe various derivative estimators for the case of steady-state performance
measures and obtain the order of their convergence rates. These estimators do not use
explicitly the regenerative structure of the system. Estimators based on infinitesimal
perturbation analysis, likelihood ratios, and different kinds of finite-differences are
examined. The theoretical results are illustrated via numerical examples.
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1. Introduction

Estimating derivatives of expected performance measures with respect to
some continuous parameters, in the context of stochastic discrete-event simulations,
has received a great deal of attention lately [3,5,10,11,13,15,21-24,26]. Such
derivative estimators are useful for sensitivity analysis, or can be used within
stochastic optimization algorithms [3,10,17,24]. For finite-horizon simulations,
Glynn [10] gives the convergence rates of different estimators, under given sets of
assumptions. In that context, the infinitesimal perturbation analysis (IPA) and likelihood
ratio (LR) (also called score function (SF)) estimators converge at the canonical rate
of n~V/2, where n is the number of replications (thanks to the central-limit theorem).
For finite-difference (FD) schemes, things are not so easy, because the bias component
must be taken into account. To make the bias go to zero, the FD interval must be
reduced towards zero, but then the variance typically increases to infinity. Therefore,
a compromise must be made and as a result, typically, one does not obtain the
canonical convergence rate. Glynn [10] gives (subcanonical) convergence rates for
forward and centered FD schemes, with and without common random numbers,
under specific assumptions. On the other hand, L’Ecuyer and Perron [18)] show that
in most interesting cases where IPA applies, FD with common random numbers
reaches the canonical rates.

The aim of this paper is to extend these results to derivative estimators of
steady-state performance measures. The system is viewed as a discrete-time Markov
chain with general state space. The model, with its assumptions, is stated in
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section 2. Section 3 describes the derivative estimators that we consider and we
derive bounds on their convergence rates. In this case, not only the number of
replications but also the run length for the individual replications, should increase
with the computer budget to get the initialization bias down to zero. Therefore, for
a given budget, we have to compromise between run length and number of runs.
It does not appear trivial, in this context, that the convergence rates will be the same
as for the finite-horizon case. Indeed, it turns out that the straightforward LR
estimators no longer reach the canonical rate. We derive their convergence rates
with and without the control variate approach proposed in [16]. (Note, however,
that there exist LR derivative estimators that converge at the canonical rate, but they
use explicitly the regenerative structure [9,21].) For IPA and FD, we obtain the
same rates as for the finite-horizon case.

2. Model and assumptions

As in [4], for any f: IN i [0, <), we define O(f(n)) as the set of functions
g :IN 1 [0, «) such that for some constant ¢ >0, g(n) < cf(n) for all nin IN.
The set Q(f(n)) is defined in the same way, with < replaced by 2, and
O(f(n)) = 0(f(n)) N Q(f(n)).

The setting is similar as in [17]. We consider a Markov chain {X;(6, w),
Jj=0,1,...} with general (Borel) state space S, defined over a probability space
(Q, Z, Py). Let Xy(6, ) = s, for some fixed initial state so € S. The sample point
o € Q represents the “randomness” that drives the system. The probability measure
Py depends (in general) on the parameter value 6. Here, 6 € (a, b), an open interval

of IR.
A cost g(60, x) is incurred whenever we visit state x (except for the initial state
Xo = 50), where g : (a, b) XS = IR is assumed measurable. Let

h(8.0)= 1 3 g(6,X;) M

j=1
be the average cost for the first ¢ steps and let

o (0) ¥ f h(0,0)dPs(0) = 1 Y Eol8(6, X))]. (2)

i1
Q }

Assume that for each 0 € (a, b),
o (60) — a(8)| € O(1/1), (3

where o(0) represents the steady-state average cost for running the system at parameter
level 6. We suppose that the derivative a’(8) exists for all 8 € (a, b) and we are
interested in estimating a’(6,) for some 6, € (a, b). We also suppose that
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log(8p) — &’ (6p)) € O(1/1). (4)

These assumptions hold for many systems of interest. For regenerative systems, for
example, the main theorem in [19] implies that under very mild assumptions, (3)
holds. However, since o;(8) = (1/1)Y"_,0Eg(g(8,X;))/90, the same result implies
that (4) also holds under appropriate mild assumptions (just replace Egg(8, X;)] by
its derivative).

Basically, our derivative estimators are based on simulations of the system
for a finite number of transitions, each from initial state so. We perform n replications
of this. Some schemes (like IPA or LR) require only one simulation run per replication,
while others may require more (like the usual finite-difference schemes, which

require two). Replication i gives an estimate y, ; of the derivative and (except when
stated otherwise) the overall derivative estimate is

v =13
-—,,;1 (5)

Our “loss function” is the mean square error of Y, and we are interested in how fast
its square root converges to zero as a function of the total simulation time (computing
cost) C, required for the n replications. We assume that the simulation cost is
directly proportional to the number of simulated transitions. We have

R, = E[Y, — o/ (60)* =V, + B}, (6)

where R,, V,, and B, denote the mean square error, the variance, and the bias,
respectively. The convergence rate is defined as C#'2 (in terms of the total CPU
budget C), where ﬁ is the largest value of b for which Cf R, € O(1) (as a function
of n).

In most cases, all runs will have the same length ¢,, which yields C, € ©(nt,).
In general, it is necessary that ¢, — e and n — e to obtain B, — 0. The bias
component that is due to the fact that ¢, is finite is in O(1/t,). There might also be
other bias, that is, if E[Y,] # a;(qo) (like for finite differences). A reasonable
choice for the general shape of ¢, is

= l_T an (7)

for some constants p 20 and 7> 0. Then, C, = nL.T n? J € O(n?*).

Of course, the best way of reducing the bias due to the finite run length would
be to devote the entire budget to a single replication, that is, to take n = 1. However,
for FD there will still remain the finite-difference bias, while for LR, the variance
will then be so high (in general) to make the estimator totally useless. This has been
pointed out in particular by Glynn [9] and Rubinstein [24], who suggested truncation

approaches similar to the ones that we study here, but who did not derive convergence
rates.
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3. Derivative estimators and their convergence rates

3.1.  FINITE DIFFERENCES

In typical stochastic simulations, the sample point @ (which represents the
“randomness” that drives the system) can be viewed as a sequence of independent
uniform variates between 0 and 1. Then, P,=P is independent of 6. (This is a
standard interpretation; for more details, see [15,18].)

Finite-difference (FD) schemes have been used for a long time to estimate
derivatives. The most straightforward schemes use independent streams, as follows.
Let n be the number of replications and ,>0. Let @0y, . . . ,@,, @, ..., 0, be
2n independent sample points, where each @] and each w; is generated under P.
The forward FD estimator is

5 ok (8+€&,,07)—h (0,0
y FDf FDf_%Z A n e) iy ( :), (8)

n

-
i
—

'M=

=1
n

while the central FD estimator is

FDc_l < h 6+8nvw) hl (8- 8,,,(0)
T on Z 26, ©®)

FDc
Yn

'M=

-
il

—

-

=1
n

—

In practice, to compute each term of the sum in (8), one performs two different
simulation runs of length ¢,, with independent random numbers, to obtain A, (8, @] )
and k(0 + &,, @) (and similarly for ,_(6 — &,, w;) and k_(6 + €,, ;) in (9)).
(Technically, all @] and @] should be viewed as part of a unique sample point,
i.e. defined over the same probability space. However, this “abuse of notation” is
no serious problem since one can always take the product space, for which the
sample point effectively contains all the information.).

Alternatively, one can generate only n (independent) sample points @y, . . . , @,
from P and take @; = @] = w; for each i. This gives finite-difference estimators
with common random numbers (FDC). The forward FDC estimator is

1 « 1 & h(0+&,,0,)-h (6,0
P = ) VaiC = -2 S . '" ), (10)
i=l j= "
while the central FDC estimator is
FDCe _ 1 < FDCc__]__ o b, (046, 0,)=h, (60— &y, 0;)
o= 2y - 13 o

1

-
L

Again, in practice, two simulation runs are made to compute each term of the sum,
but these runs are made with common random numbers.
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In the context of finite-horizon simulations (where C, € 6(n)), it is well
known that FD with independent streams give nse to large variability [10, 18,20,27].
The variances of Y5 and yi>° are in ©(g,?) in general. The best convergence
rates for forward differences and central differences are in O(n~"%) and O(n~1/3),
respectively. For FDC and under a given set of assumptions (including the assumption
that the variances of yr; ' and yE?C° are in ©(¢;!)), Glynn [10] obtains respective
convergence rates in 0(n'”3) and O(n~%%). In what follows, we show that the
convergence rates for the infinite-horizon case are the same.

THEOREM 1

Let t, € ©(n?), €, € O(n?), and suppose that SUPg e (a,0)[ Var(h (6, w))]
€ 0(1/t). For the forward case (FDf and FDCY), suppose that a”(8) # 0 (and exists)
in a neighborhood of ;. For the central case (FD¢ and FDCc), suppose that a”'(6) # 0
(and exists) in a neighborhood of 8,. As in Glynn {10], we suppose that the
variance of W, ; is in ©(g;'t;!). Then, the “optimal” values of p, % B, and the
corresponding convergence rates are, respectively,

i p=y=13, B=1/2, and C~* for (8);

(i) p=1/2, y=1/4, B=2/3, and C~V3 for (9);
(i) p=y=1/2, B=2/3, and C'” for (10);

(iv) p=2/3, y=1/3, B=4/5, and C%’ for (11).

Proof
Using Taylor’s expansion, it is easily seen that the bias component due to the

fact that we use finite differences is in ©(g,) for forward differences and in
9(8 ) for central differences. For (8), one has V, = Var(YFDf) € 0(1/(n£ )
= O(n"P*21), B, € O(1/t, + £,) = O(n™P + n™?), Cy € O(n?*), and
CPR, e O(n»*VBLY, + B2])
= O(nPHOB g~ 1=P*2Y 4 (gmP 4 " TY2))
= O(nPHOB [~ 1=PH2Y 4 2P 4 g2V 4 mPeTY),
Then, CPR, will be in O(1) if
(p+DB <max(1+p-2y, 2p, 27, p+ 7).
The maximal value of B for this inequality to be satisfied is B=1/2, with

P=7=1/3. (In this case, the maximum is reached for all four values and
equality holds.) Also, CPR, € Q(n(P*VB[p~1-P*¥2Y _ y=27]), 50 that (p+ 1)B
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<max(l +p- 272y is a necessary condition for CfR,, to be in O(1). Again,
B =1/2 is the best possible value that satisfies this (with 4y=p + 1) and Jén) follows.
Results (ii) to (iv) are obtained in a similar way. The expressions of C, R, for (ii)

to (iv) are, respectively,
CPR, € O(n'P*DBp~1=P42Y 4 (5P 4 n72T)2]);
CPR, € O(nP*DP[p=1-P*Y 4 (5P 4 07 2],
CPR, € O(nPHOB[p1=P*Y 4 (n7P 4 n727)2)), O
Now, instead of using the same ¢, and &, for all n replications, one can use,

say, t; € ©(if) and g € ©(i~") for replication i, for i=1,...,n. Y, can then be
defined as

y, = ZiVei (12)
Zl=] Wi
for some positive weights wy, ..., w,. We have C, € O(TL,i?) = e(n?*!). For

forward FD, the bias and variance expressions become

n (P4
B, € 9[ ‘=1w‘£l ! )J
i Wi

and

One can take, for example, w; = 1 for all i, or w; = t; (weight proportional to work).
In both cases, it is easy to see that B, € @(n™? + n~") and V, € O(n~' =7 +27), the
same as for (8) above, so that theorem 1(i) still applies. It can be verified in the
same way that (ii) to (iv) in theorem 1 also remains unmodified.

Instead of performing n replications from a given initial state, one can also
Jjust perform one very long replication, in order to diminish the bias component due
to the initial state (transient). Perform one (long) simulation of length in
O(nt,) =O(n”* 1) at 6, + &,, then another one at 6. Here, n is just a parameter, not
a number of replications. Equivalently, one can view the run length as being cut
into n pieces of size in ©(n”), in a “batch-means” fashion. The (only) gain here is
that the bias component due to the initial transient will now be in

n

[% 3 zt,,) [n"”lg %] = (n " In(n)).
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Then, for forward FD, B, € ©(n?~!In(n) + n~") and
CPR, € O(n'P*DB =P~ 142Y 4 (n~(P*D In p) 4 727 4 P17 In p)),

To obtain (p+1)B-1-p+2y=(p+1)f-2y=0, we need f=1/2 and
4y=p + 1. These conditions are also sufficient to obtain CfR,, € O(1). So, there is
no improvement of the convergence rate. It can be verified that the same also
applies to the case of central differences and to the forward and central versions
of FDC. This is no surprise. Recall that the convergence rates in theorem 1 are the
same as for the finite-horizon case, for which there is no transient bias. Therefore,
reducing the transient bias should not be expected fo improve the convergence rate.

3.2.  INFINITESIMAL PERTURBATION ANALYSIS

As for FDC, let us view the sample point @ as a sequence of independent
uniform variates between 0 and 1, and denote P by P. Under some conditions (see
[6,15]), the random variable (6, ®) = dh (6, ®)/d6 can be used as an unbiased
estimator of (). This is the IPA derivative estimator.

One can obtain n i.i.d. replicates of 4, (6, @) and use the estimator

= Zh, (6, ;). (13)

i=l

Here, ;, @, ..., @, are independent sequences of independent uniform variates.
(In practice, for complex simulations, #; (6, ®@) is not always easy to compute.
There are also many cases where it gives a biased or even totally meaningless
derivative estimator. See [15].)

THEOREM 2

Assume that E[4/(0y, w)] = ¢;(6y) for each t> 0 and that the variance of
h (8, ®) is in ®(1/t). Let t, € ©(n?). Then, the convergence rate of C~V2 (B=1)
is obtained for any p > 1.

Proof

We have C,€ @(nP* 1), v € 0(1/(nt)) = 0(n™P~1), and B? € 0(1/3)
= O(n"2P). Therefore, CPR, = CP(V, + B?) € O(nP* VB (nP1 + n=2P)) = 0(1) for
B=1and p>1. )

This is clearly the best convergence rate that one can expect. Again, as for
FD, one can perform just one run of length in &(n? * 1y to reduce the transient bias.
This could reduce the mean square error, but will not improve the convergence rate.
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Sufficient conditions under which E[#/(6y, ®)] = a;(8;) are given in [6, 15].
In most interesting cases where IPA applies, these conditions are satisfied. In the
context of finite-horizon simulations, L’Ecuyer and Perron [18] show that whenever
these conditions are satisfied, the variances of y£>" and w2 are in O(1) (instead
of 8(1/¢,)) and the convergence rates for both the forward and central versions of
FDC are the same as for IPA. This is also true in the steady-state case. For forward

FDC, one has in that case
CPR, € (PP =P 4+ (0P + 07T ).

A convergence rate of C~V2 is obtained when =1, p =1, and ¥ 2 max(1, (p + 1)/2).
For example, p=1 and any ¥ 21 will do. For central FDC, one has

CPR, € 0P B n71=P 4 (0P + n727)2)).

A convergence rate of C~/2 is obtained when =1, p>1, and ¥ = max(1/2, (p + 1)/4).
Here, with p=1, any y 2 1/2 will do.

33. LIKELIHOOD RATIOS

The likelihood ratio (or score function) derivative estimation technique, aimed
for the case where Py really depends on 6, goes as follows [3,9,11,15,21-24]. To
fix ideas, suppose that @ can be “viewed” as @ = ({, . . ., {;), where {; is the value
taken by a continuous random variable with density f; ¢, and the {;’s are independent.
Given X;_1, the value of Cj determines the next state X; of the Markov chain. (A
similar development can be made for discrete or mixed random variables.) Let
G = Py, and suppose that G dominates the Py’s in a neighborhood of 6,. One can
rewrite

o,(0) = fH,(@, W) dG(w), (14)
Q
where
) o fio(g) 1
Hl(evw)_hl(evw):jl;ll f).ﬂo(Cj). (5)

Now, generate o according to G and compute

1
H{(8, ) = K/(6, ®) + 1, (8, w) ), S;(0, ) (16)
j=1

as the LR derivative estimate at €= 6§,, where

5j(6,0) = =% (In £ (£, an
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The sum in (16) is called the score function. For n replications of length ¢,, one has,
as in (13):

l z ?
YR = - > H{ (0, w;). (18)
i=1

This can be viewed as a generalization of IPA [15]. On the other hand, as explained
in [18], this is equivalent to applying IPA after replacing h, and Pg by H, and G,.
i.e. on top of an importance sampling scheme. Consequently, known results on IPA
can be applied to LR. In particular, the sufficient conditions for unbiasedness of
IPA also apply to LR [15].

Since the {;’s are independent, the variance bf the score function is the sum
of the variances of the S§;’s. When the latter variances are non-zero, the variance of
the score function is typically in ®(¢). Under mild conditions [16], the variance of
H/(8, ®) is also in ©(z), i.e. increases linearly with the simulation length. This is
a most unfortunate situation. This also means that the assumptions of theorem 2 are
usually not satisfied when IPA is applied on top of an importance sampling scheme
as in (16). On the other hand, in the “degenerate” special case where IPA is applied
directly to (1), the score function is always zero and does not contribute to the
variance.

L’Ecuyer and Glynn [16] have proposed a control variate scheme for LR
under which that variance gets down to ©(1). Let us denote it by CLR. When the
variance of y,; was in the order of 1/t,, as in theorems 1 and 2, V, depended
essentially only on the total simulation length C,, and not on the way it was cut
down into pieces (replications). However, this is no longer the case here. Intuitively,
we expect that the run lengths should be kept shorter to keep the variance down.
This is exactly what the next theorem tells us.

THEOREM 3

Assume that E[H/(8y,®)] = a;(6y) for each > 0. Let t, € ©(n®). For LR,
if the variance of H;(6,®) is in ©(¢), then the best convergence rate is C~1*
(B =1/2) and is obtained for p = 1/3. For CLR, if the variance H,(0;, ®) is in 6(1),
then the best convergence rate is C™/3 (8= 2/3) and is obtained for p = 1/2.

Proof

For LR, we have V, € ®(nf/n), while for CLR, V, € 8(1/n). Therefore, for
LR, CPR, € O(nP*VB(nP1 4 n=2P)), which is O(1) for B=1/2 and p=1/3,
while for CLR, CPR, € 0(n#*YP (n~! + n™2P)), which is O(1) for f=2/3 and
p=1/2. O

One can also use different run lengths for different replications, like 7; € ©(i?)
for replication i, i=1, ..., n, as explained in the context of FD. It can easily be
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seen that for LR and CLR, the orders of V, and B,, and the convergence rates,

remain the same as in the theorem 3.

For CLR, one can also perform just one long simulation run, of length
t, € ©(n?* "), to diminish the initial transient bias (as for FD). (Now, n becomes
just an index; it is no longer a number of replications.) If one does this straightforwardly,
the variance of Y, will be in O(1). However, here h, (8, @) is an average of ¢, terms
(see eq. (1)). To diminish the variance of the score function, we can truncate it, that
is, consider the derivative of each term ;(8) — ¢;_(6) individually and associate
to this term a likelihood ratio based on a “window” of width, say, /; € ©(j7) for
g < 1. This idea was proposed and explored in Arsham et al. [1] and Rubinstein

[24]. This gives the gradient estimator

Y, =H, (60, 0) + — Zg(eo,X) Z Sk (6o, Ci). (19)

j=t k=j—1;+1

The variance of Z; = g(6p, X;)X}- j-1;+156B0,,) is typically in ©(). Assume
(unrealistically, but optlmlstlcally) that theseZ s are independent. Then, the variance

of ¥, is
npﬂ
V,e® n2(p+1) qu = @(H(P*"l)(q-l))
j=1

and the bias is

p+l
B, € @(n-(pﬂ)nz j-q] = @(n~9(PH))y,

j=1
This yields

Cf R, € Q(nPOB[,(P+DG-1) 4 p=24(p+D)y

and the largest value of b for that to be in O(1) is $=2/3, with ¢ = 1/3 and any
p > —1. Therefore, there is no improvement on the convergence rate.
When [;=j (¢ =1) in the above, (19) becomes

Y, = K (60, 0) + —~ Zg(oo,x )Zskwo ) (20)

k=1

This is (16) with £ =¢,, except that the terms g(68y, X;)Sx(6y, §) for j < k have been
removed from the estimator. However, these terms have zero expectation because
for j <k, X;(6y, w) is independent of S,(6p, @) and E[S,(6p, )] = 0. Therefore, (20)
is an unbiased estimator of a,'n (8y). Typically, its variance is less than that of (16)
(although there is no guarantee), but still in the same order.
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Now, suppose that the process is regenerative. Let 0= 7 < 7, < 7,, . . . be the
regeneration points. Conditional on 7;, what happens after 7; is independent of what
happened until 7;. Based on this, one would be tempted to remove from (20) the
terms g(6p, x;)Sik(6o, {) for which j and k belong to different regenerative
cycles (say, k < 7; <j for some i), since then E[g(6q,X;)Sk (0o, k)71, 72, . . .]
= E[g(6y, Xj)' T, T2y« « JE[Sk(600,8:) 171, T2, . . . ]. However, the problem is that
in general E[S;(6p,&c)| 7,72, . . .1# E[Sk(6p,¢x)] =0, which means that one
cannot really remove these terms. Correct (asymptotically unbiased) gradient estimators
for the regenerative case are given in [9,21].

4. Two examples involving a simple queue

Consider a GI/G/1 queue [2] with service time distribution Fy, which has a
density fg and depends on a parameter 6. We assume that for all 0 € (a, b), the
queue is stable. A G//G/1 queue can be described in terms of a discrete-time
Markov chain via Lindley’s equation. Let W}, Z;, and X;= W; + Z; be the waiting
time, service time, and sojourn time for the jth customer, and let A; be the time
between arrivals of the (j— 1)th and jth customer. For our purposes, the sojourn
time X; will be the state of the chain at step j. The state space is S = [0, ) and

Xp = 0, which corresponds to an initially empty system. For the first customer, one
has X; =Z; and, for j 22,

Xj='W}'+Zj=(Xj_1—Aj)++Z', (21)

where x* means max(x, 0).

41. AVERAGE SOJOURN TIME PER CUSTOMER

Let a(@) be the average sojourn time in the sytem per customer, in steady
state, at parameter level 6. The cost at step j is g(0, X;) = X;. It is proven in [17]
that (3)—(4) hold in this case, under mild conditions.

For LR, one views @ as representing the sequence of interarrival and service
times. The score function associated with customer jis S;(6, @) = X{_, d1n f3(Z;)/06.
Sufficient conditions for the LR estimator to be unbiased are given in theorem 1
of L’Ecuyer [15].

Suppose that each service time Z; is generated by inversion: Z; = Fg Ww i)
where the U;’s are i.i.d. U(0, 1) uniform variates. The IPA derivative estimator is
(8, ) = (/1) X}, where forj2 1, Xj = Xj_y + Z} if X;_; > Aj, and Xj = Z]
otherwise. Here, Z} = dFy' (U;)/96.

For a numerical illustration, consider an M/M/1 queue with arrival rate
A and service rate g The traffic intensity is p = A/u and the parameter of interest
is the mean service time 8= 1/u. The true values of the average cost and of its
derivative are given by a(6) = 1/(u(1 — p)) and a’(8) = 1/(1 — p)?, respectively. In
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this case, one has 9 In f(Z; )/96 = d1n((1/6)e %'®)/06 = (Z; — 6)/6? for LR and
Z} = 8[9 h‘l(l el U})}IBB = Z,-/B for IPA.

Tables 1 and 2 report numerical results for A= 1 and p = 1/4 and 1/2, respectively.
In each case, we estimated the empirical mean square error (MSE) for C, = 10, 10?,
10%, 10% and 10%, where C,= ni, denotes the total number of customers in n
simulation runs of length ¢, (the run length is measured in terms of the number of

Table 1
Sample MSE for derivative of mean sojourn time, M/M/1 queue with p = 1/4.
p y C,=10' C,=10? C,=10° c,=10* C,=10°
FDc 172 1/4 2.10 7.07E~1 242E-1 558E-2 225E-2

FDCe 2/3 1/3 936E-1 J.10E-1 7.08E -2 1.63E-2  4.05E-3
FDCc 1 1 7.62E-1 1.57E-1 2.25E-2 247E-3 244E -4
FDCc 2 2 7.60E-1 148E -1 195E-2 2.08E-3 1.92E-4

IPA 1 5.86E -1 13%9E-1 1.97E -2 2.12E-3 147E-4
IPA 2 6.86E — 1 1.45E-1 1.93E -2 2.12E-3 1.32E-4
LR 1/3 3.08 8.43E-1 2.25E-1 7.26E-2 1.99E -2
LRD 1/3 2.64 6.88E -1 1.69E -1 534E-2 1.59E-2
CLR 1/2 1.90 5.54E-1 1.23E-1 299E-2 442E -3
CLRD 1/2 1.77 4.56E -1 9.48E -2 1.80E -2 2.85E-3
CLRD 1 2.7 795E-~1 1.61E-1 2.78E-2 1.19E-2
Table 2
Sample MSE for derivative of mean sojourn time, M/M/1 queue with p =1/2.

p y c,=100 C,=100 C,=10° c,=10* C,=10°
FDc¢ 172 1/4 21.78 11.34 5.68 188 7.17E-1
FDCc 2/3 1/3 14.31 7.48 2.54 6.13E-1 1.23E-1
FDCc 1 1 9.80 3.26 6.48E -1 701E-2 738E-3
FDCc 2 2 7.27 1.99 4.08E -1 555E-2 484E-3
IPA 1 6.71 2.68 5.70E -1 720E-2 5.10E-3
1PA 2 5.58 1.85 4.15E~1 481E-2 6.88E-3
LR 1/3 10.58 7.05 4.15 246 1.13
LRD 1/3 10.10 6.86 4.09 244 1.11
CLR 172 8.84 5.19 2.53 9.34E -1 233E-1
CLRD 1/2 8.72 5.08 2.49 8.56E -1 214E-1
CLRD 1 9.02 441 1.62 3.28E-1 59%9E-2

customers). We took ¢, = round(n?), with different values of p, depending on the
derivative estimation methods. Here, round(x) means x rounded to the nearest integer.
For a given C,, the number of runs was then n = round((C,)'? * V). For example,
if p=1/2, then for C, = 103, we have t,= 10 and n = 100, while for C, = 10°, we
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have t, = 46 and n = 2154. On the other hand, ifp=2 and C, = 10°, then ¢, = 2154
and n = 46, which means much less initialization bias. This illustration shows how
LR has to sacrifice unbiasedness to avoid variance explosion. For the FD methods,
we took &, =0.1 n77%, where yis indicated in the tables, and tried only the centered
version. Note that the FD methods used twice the computer budget than the other
methods, since each of the n replications required two runs of length ¢,.

To estimate the MSE, in each case, we repeated r times the computation of
Y, based on these n runs of length ¢,. The value of r was larger for smaller C,: we
took r = min(20, 10%n). Thus, each sample MSE value in the tables is an average
of r “square error” values. These sample MSE are quite noisy, despite the large
amount of computer time involved in these experiments, so that the numerical
results just give a rough idea of what is going on.

In this case, IPA applies, which implies that from our discussion at the end
of section 3.2, FDC will have the same convergence rate if p and 7y are large enough.
This can be observed clearly in the results (for p =1 and y2 1). One can also see
that IPA and FDC are much more effective than the other methods in this case. For
LR, incorporating the control variate scheme of [16] (CLR) yields significant
improvement. LRD means that we have used (20) instead of (16). This gives a small
improvement. The last line of both tables is interesting: we took p = 1 instead of
the “optimal” p (=1/2) prescribed by theorem 3. For p = 1/4, the results are then
clearly worse. However, for p = 1/2, they look better! This can be explained by the
fact that in the second case, the bias is more important. The optimal ¢, is still in
the order of nf, but with a larger hidden constant. This is why taking p = 1 does
better for (relatively) small values of C,. However, if we continue increasing C,,
the results of the previous line (p = 1/2) will become better at some point.

4.2. PROPORTION OF CUSTOMERS WHOSE SOJOURN TIME IS MORE THAN L

Suppose now that the objective function () is the steady-state fraction of
customers whose sojourn time is more than some fixed constant L. If we define

1, ifX;>L;
Q; = .
0, otherwise,

then (0, @) = (1/t)2‘,‘1-=, ¢;. For the M/M/1 queue, the theoretical value of that
fraction is given by a(6) = e #(-P)L (see Kleinrock [14], p. 202). The derivative
with respect to the mean service time 8 is a’(8) = (L/§%)e \=PL/I8

In this case, straightforward IPA does not apply (i.e. it yields a biased estimate),
since for a fixed sequence w of underlying U(0, 1) random variables, the sample
performance measure h,(0, w) is discontinuous with respect to 8. See L’Ecuyer and
Perron [18] for further details. Therefore, we will not try IPA for this example.
Note, however, that it is possible to apply IPA after replacing each ¢; by an
appropriate conditional expectation (see [18]). This is called smoothed perturbation
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analysis [8]. We will not do it here. For LR, the score function is the same as for
the previous example.

We performed the same kind of numerical experiments as for the previous
example, with p=1/4, L =1, and g, = 0.01 n~7. The results appear in table 3. Now
that IPA does not apply, FDC is not as good, i.e. its convergence rate is no more
C~2, but appears to correspond rather to the results of theorem 1(iv). In particular,
large values of p and yare bad in this case. The remainder of the results also agree
with the theory.

Table 3
Sample MSE for derivative of P(sojourn time > 1), M/M/1 queue with p =1/4.
p y C,=10 C,=10? C,=10° c,=10* C,=10°
FDc 172 1/4 33.97 12.95 4.59 1.03 233E-2
FDCc 2/3 173 345 897E-1 1.64E -1 293E-2 385E-3
FDCc 1 1 8.68 3.54 1.18 4.14E - 1 221E-1
FDCc 2 2 14.17 7.02 3.63 1.37 7.93E -1
LR 1/3 944E -1 251E-1 6.08E -2 1.87E~2 5.56E -3
LRD 1/3 9.09E-1 236E-1 561E-2 1.79E -2 5.10E-3
CLR 172 9.81E-1 239E-1 5.00E-2 1.05E-2 1.90E -3
CLRD 1/2 9.63E-1 2.15E-1 417E-2 6.99E -3 1.58E~3
CLRD 1 1.39 330E-1 5.83E-2 1.15E -2 2.75E-3

s. Conclusion

In the context of a Markov chain model, we have described various derivative
estimation methods that do not exploit the regenerative structure explicitly. In that
context, longer simulations and (in the finite-difference case) shorter finite-difference
intervals must be used to reduce the bias. However, that often implies a variance
increase. A trade-off must then be made between bias and variance to minimize,
say, the mean square error. For many different estimators, we have shown how such
a trade-off can be optimized, under reasonable conditions, if the aim is to optimize
the convergence rate of the mean square error as a function of the computational
budget (i.e. total simulation length). Some methods, like LR or FD, have poor
convergence rates because decreasing the bias is very expensive in terms of variance
increase. In other cases, like for IPA, or for FDC when IPA applies, one can
decrease the bias without increasing the variance and the convergence rate is much
better: the canonical rate of C~'/2 can be achieved.

We looked at a number of tricks that could be used to try to reduce the
variance of the likelihood ratio method. Among these tricks, only the control variate
scheme of [16] did improve the convergence rate. Other tricks, like truncating the
score function by some “windowing” mechanism, or associating to each step of the
chain its own score function based only on what has happened up to this step, could
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yield small variance reductions but do not improve the convergence rate. We have
numerical examples that illustrate these theoretical properties.
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