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Context

Monte Carlo (MC) simulation is widely used to estimate the expectation E[X] of an output
random variable X from a model, and compute a confidence interval on E[X].

But simulation can provides information to do much more! The output data can be used to
estimate the entire distribution of X, e.g., the cumulative distribution function (cdf)

F(x) =P[X < x], or (for better visualization) its density (x) = F’(x). Here we assume
that X has a density f and we want to estimate f over a finite interval [a, b] C R.
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Classical density estimation in statistics was developed in the context where X4
given independent observations of X and one estimates the density  of X from that.
Leading methods: histogram: MSE[f,(x)] = O(n~2/3);

kernel density estimator (KDE); MSE[f,(x)] = O(n*/%).



Context

Monte Carlo (MC) simulation is widely used to estimate the expectation E[X] of an output
random variable X from a model, and compute a confidence interval on E[X].

But simulation can provides information to do much more! The output data can be used to
estimate the entire distribution of X, e.g., the cumulative distribution function (cdf)

F(x) =P[X < x], or (for better visualization) its density (x) = F’(x). Here we assume
that X has a density f and we want to estimate f over a finite interval [a, b] C R.

Classical density estimation in statistics was developed in the context where X1, ..., X, are
given independent observations of X and one estimates the density  of X from that.
Leading methods: histogram: MSE[f,(x)] = O(n~2/3);

kernel density estimator (KDE); MSE[f,(x)] = O(n*/%).

In this talk, we assume that Xi, ..., X, are generated by simulation from a model.

We can choose n and we have some freedom on how the simulation is performed.
Unbiased density estimators can then be defined, under certain conditions.



Density estimation

Want to estimate the density of X = h(Y) = h(Y1, ..., Ys), assuming we know how to get
Monte Carlo samples of Y from its multivariate distribution.

Let f,(x) denote the density estimator at x, with sample size n, for x € [a, b].



Density estimation

Want to estimate the density of X = h(Y) = h(Y1, ..., Ys), assuming we know how to get
Monte Carlo samples of Y from its multivariate distribution.

Let f,(x) denote the density estimator at x, with sample size n, for x € [a, b].

We use simple error measures:

b ~
MISE = mean integrated squared error = / E[(f(x) — f(x))?]dx = IV + ISB
a
b ~
IV = integrated variance = / Var[f,(x)]dx
a
b ~
ISB = integrated squared bias :/ (E[f(x)] — f(x))?dx
a

To minimize the MISE, we may need to balance the IV and ISB.



Conditional Monte Carlo (CMC) for density estimation

Estimate the density f(x) by a conditional density estimator (CDE) f(x | G), given partial
information G. This G must hide enough information so that X | G has a density f(x | G)
(no mass point) and yet contain enough information so f(x | G) is easy to compute.

This corresponds to applying CMC —+ IPA to the cdf:

) = 5 FO) = S BIPIX < x| 61 2 B | PIX < x| 6] = BIF(x | 0)).

Assumption CDE. For all realizations of G, F(x | G) is a continuous function of x over
[a, b], differentiable except perhaps over a denumerable set of points D(G) C [a, b], and
f(x]G)=F(x|G)=dF(x]|G)/dx (when it exists) is bounded uniformly in x by a
random variable [ such that E[[?] < oo.

Proposition CDE: Under Ass. CDE, for x € [a, b], E[f(x | G)] = f(x) and Var[f(x | G)] < E[™?].

The CDE f(x | G) is then unbiased with uniformly bounded variance, so MISE = O(n™1).



Conditional Monte Carlo (CMC) for density estimation

Estimate the density f(x) by a conditional density estimator (CDE) f(x | G), given partial
information G. This G must hide enough information so that X | G has a density f(x | G)
(no mass point) and yet contain enough information so f(x | G) is easy to compute.
This corresponds to applying CMC —+ IPA to the cdf:

d

) = 5 FO) = S BIPIX < x| 61 2 B | PIX < x| 6] = BIF(x | 0)).

Assumption CDE. For all realizations of G, F(x | G) is a continuous function of x over
[a, b], differentiable except perhaps over a denumerable set of points D(G) C [a, b], and
f(x]G)=F(x|G)=dF(x]|G)/dx (when it exists) is bounded uniformly in x by a
random variable [ such that E[[?] < oo.

Proposition CDE: Under Ass. CDE, for x € [a, b], E[f(x | G)] = f(x) and Var[f(x | G)] < E[™?].

The CDE f(x | G) is then unbiased with uniformly bounded variance, so MISE = O(n™1).

However, finding a G that satisfies the CDE conditions is not always easy.



A likelihood ratio density estimator (LRDE)
This is another way to estimate the derivative of the cdf F, based on usual LR (not GLR).
Suppose X = h(Y) where Y has known density , over R C RY. We have

F(x) = P[A(Y) < x] = /R I(h(y) < A F(y)dy.

To differentiate, we want to change the integrand into a continuous function of x.



A likelihood ratio density estimator (LRDE)
This is another way to estimate the derivative of the cdf F, based on usual LR (not GLR).
Suppose X = h(Y) where Y has known density , over R C RY. We have

F(x) = P[A(Y) < x] = /R I[A(y) < x] A (y)dy.

To differentiate, we want to change the integrand into a continuous function of x.

Main idea: Make a change of variable y — z = z(x) of the form y = ¢(z; x), for a family of
one-to-one functions {(-; x), x € [a, b]} such that I[h(y) < x] = {h(p(z;x)) < x} = {h(z) <1}
for a function h independent of x when z is given.

Incase R =0 1(R) Y o ~1(R:x) is independent of x , the integration domain remains

independent of x after the change of variable, and we can rewrite
FO) = [ 11h() < 1] Kl ) dp(z 0] ¢z
R

where |J,(z; x)| is the Jacobian of the transformation y = ¢(z; x).



Take a given x = xg. In a small open neighborhood of xp, we can write
F(x) = /~]I[/~7(z) < 1] L(z; x, x0) R (9(z; x0))|Jdp(z; x0)|dz
R
where
K (@(z; X)) dp(z; X)|

K (0(z: %0))|Jp(z: x0)|
is the likelihood ratio between the density of z at x and at xp. Under appropriate conditions:

f(x)=F'(x) = %/ﬁﬂ[ﬁ(z) < 1)L(z; x, x0) K (9(z; %0))|Jp(z; X0)|dz

L(z;x, x9) =

[t < 1 (5 Lz 20)) etz Mozl
d

JRECES (XL(Z:X,X0)> Aol

R

/ﬁ]l[fl(z) <1] (dci InL(z, x,x0)> ~ (o(z; x))|Jp(z; x)|dz

/R Ilh(y) < x]S(y, ) (y)dy = E[I[ACY) < x]S(Y. x)]



where

dIn|J(p(z;x)|)

5.5 = SonL@x,0) = (VR Vool ) + T2

dx

z=p~1(y:x)
is the score function associated with L.

This gives the unbiased likelihood ratio density estimator (LRDE)
F(x) =T[h(Y) < x] S(Y, %)

where Y ~ /. Here, Y can have a multivariate distribution for which conditioning is hard.



where
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dn|Jy(z; x)|
dx )

dx

z=p~1(y:x)
is the score function associated with L.

This gives the unbiased likelihood ratio density estimator (LRDE)
f(x) =I[h(Y) < x] S(Y,x)
where Y ~ /. Here, Y can have a multivariate distribution for which conditioning is hard.

This LR approach was proposed long ago to estimate the derivative of E[h(Y)] with
respect to a parameter of the distribution of Y; see, e.g., Glynn (1987), L'Ecuyer (1990),
and Asmussen and Glynn (2007). Here we just add a change of variable.



Assumption LRDE. For all x € [a, b], the mapping ¢(-; x) has continuous partial
derivatives and |J,(+; x)| # 0. With probability 1 over the realizations of Y = ¢(Z; x),

v (p(Z; x))|Jp(Z; x)| is a continuous function of x over [a, b], and is differentiable except
perhaps at a countable set of points D(Y). There is also a random variable " defined over
the same probability space as Y with E[[?] < co and

sup [I[A(Y) < x]S(Y, x)[ <T.

x€la,b]

Theorem LRDE. Suppose R = ¢~ 1(R;x) is independent of x . Under Assumption LRDE,
the LRDE is unbiased for the density f(x) at x, and its variance is uniformly bounded by
E[?], for all x € [a, b].
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Simple illustration: a sum of random variables
Let R=R%or R=1[0,00)9, Y =(Y1,..., Yy)t have a differentiable density £ over R, and
X=hY¥Y)=Y1+Y>+---+ Yy We want to estimate the density of X at x € R.

Consider first the change of variable:
y=¢(z;x) =xz.

This gives h(y) = h(xz) = xh(z) < x iff h(z) &f h(z) < 1.
Both h and (pfl(R;x) = R do not depend on x, and Theorem LRDE applies.

We have |Jy(z; x)| = x9, Vxp(z; x) =z, S(y, x) = (d + (V(In/K)(y)) - y) /x.
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Simple illustration: a sum of random variables
Let R=R%or R=1[0,00)9, Y =(Y1,..., Yy)t have a differentiable density £ over R, and
X=hY¥Y)=Y1+Y>+---+ Yy We want to estimate the density of X at x € R.

Consider first the change of variable:
y=¢(z;x) =xz.

This gives h(y) = h(xz) = xh(z) < x iff h(z) &f h(z) < 1.
Both h and (pfl(R;x) = R do not depend on x, and Theorem LRDE applies.

We have |Jy(z; x)| = x9, Vxp(z; x) =z, S(y, x) = (d + (V(In/K)(y)) - y) /x.

fyy, ..., Yy are independent and Y; has density f;, then In &/ (y) = Zj’zl Inf;(y;) and

d f!
S(y.x) = (d+2 y f((yj))
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An alternative change of variable:

y=¢(z;x) =z + xej.
Here, h(y) = h(¢(z;x)) = h(z) + x < x iff h(z) <0, so we can take h = h+ 1.
We have Vxp(z) =e; and |Jy(z; x)| = 1.

If R =RY then ¢ !(R;x) = R independent of x, Theorem LRDE applies, and we have an
unbiased LRDE.

If the Y; are independent and f; is differentiable, then S(y, x) = f/(y;)/f(;).
A similar estimator was obtained by Peng et al. (2020) via GLR.
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An alternative change of variable:

y=¢(z;x) =z + xej.
Here, h(y) = h(¢(z;x)) = h(z) + x < x iff h(z) <0, so we can take h = h+ 1.
We have Vxp(z) =e; and |Jy(z; x)| = 1.

If R =RY then ¢ !(R;x) = R independent of x, Theorem LRDE applies, and we have an
unbiased LRDE.

If the Y; are independent and f; is differentiable, then S(y, x) = f/(y;)/f(;).
A similar estimator was obtained by Peng et al. (2020) via GLR.

But if R = [0, 00)?, then ¢~ 1(R; x) = [—x, 00) x [0,00)9"1 depends on x, so Theorem
LRDE does not apply. The LRDE is biased in this case.



Example: a stochastic activity network (SAN)

Activity k has random duration Yx (length of arc k) with known cdf F.

Project duration X = (random) length of longest path from source to sink.

In the network below, the are six paths, ; = {1, 4,10}, M, ={1,4,8,11},..., Me.
We want to estimate the density of X = h(Y) = maxi</<6 >_jen,

Y2
source
\& @ sink
; w:

@_>

Suppose the Y; are independent with Weibull(a, X) density f;, with shape a > 0 and scale
A=1. Fora <1, fjis unbounded at 0.

12
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LRDE for the SAN

Let R = (0,00)*, fix x > 0, and take y = ¢(z; x) = xz.
Then h(y) = h(p(z: x)) = xh(z) < x iff h(z) < n(z) < 1.
Here, R(x) = ¢ !(R; x) = (0,00)*" is independent of x,

Since f/(y)/fj(y) = (e =1 —ay*)/y, we get

11
Fl) = D = (11 . ivj@'wj)/@(m) SLALL (11 - ZYf‘) .

j=1 =1

and E[f(x)] = f(x) for any x > 0 and all a > 0.



13

LRDE for the SAN

Let R = (0,00)*, fix x > 0, and take y = ¢(z; x) = xz.
Then h(y) = h(p(z: x)) = xh(z) < x iff h(z) < n(z) < 1.
Here, R(x) = ¢ !(R; x) = (0,00)*" is independent of x,

Since f/(y)/fj(y) = (e =1 —ay*)/y, we get

Fl) = D = (11 . ivj@wj)/@(m) SLALL (11 - ZY) ,

j=1
and E[f(x)] = f(x) for any x > 0 and all a > 0.

Note that y = ¢(z; x) = z+ xe; is not a proper change of variable here (not one-to-one).
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The LRDE with boundary terms
What if R(x) = ¢ !(R; x) depends on x?

Let OR(x) be the boundary of R(x), and b(z(x), x) the rate of displacement of OR(x) as a
function of x at z(x) € OR(x), in the normal direction pointing outward of R(x). We have

Fl)=o /R(X)[ Ldz = /(X) ol ]z+/ - Jb(z(x), x)dz

= [ gt [ {6 bl 0, 8
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The LRDE with boundary terms

What if R(x) = ¢~*(R; x) depends on x? )
Let OR(x) be the boundary of R(x), and b(z(x), x) the rate of displacement of OR(x) as a
function of x at z(x) € OR(x), in the normal direction pointing outward of R(x). We have

Fl)=o /R(X)[ Ldz = /(X) ol ]z+/ - Jb(z(x), x)dz

= [ gt [ H[h(y)<x]b(<p—1<y X)X (y)dy

Common special case: R = Hf’zl(aj,ﬁj), a rectangular box.
Let ORJ-’ and 8:‘?]-+ denote the boundary panels on which y; = a; and y; = 3, respectively.
The rate of outward displacement aty € GRf [y € 8/?]-’] is

5y %) € b(z(x), x) = [~1)(Vz(x)) - & = [~ 1(Vao ™ (y: %)) -



Let Rj = [Ixxj(ak.Bk), y-, be y with its jth coordinate removed, and Y-, [ij] be Y
with Y} replaced by o [B;]. We then have

[ Tihty) < xib(o~ (.0, 0 (x)dy

) <y, (-, 0 y-)ey

/ TlA(y) < 11y ) Fr, (v Vgt (6, | ¥y

—J

E[[h(YT)) < x1r(YZ, x)fyv, (B | Y-

and similarly for aRj_ with a; and Y:j.
By summing over all boundary panels, we get
Jor Ilh(y) < x]b(p~*(y, x), x)f (y)dy = E[B(Y, x)] where
d
Bly.x) = Y (Th(y™) < xr(y*, ), (8 1 y-) —TIA(y=,) < Xn(y=, ) fy (ay [¥-))

J=1



The LRDE with boundary terms

Assumption LRDE-B. Let Assumption LRDE hold. Let R = (a,8) and suppose fy is
continuous on the closure of R. For each y € R, ¢~ *(y; x) is differentiable in x on [a, b],
and each term in B(y, x) is well-defined, w.p.1.

Theorem LRDE-B. Under Assumption LRDE-B,

f(x) =I[h(Y) < x]S(Y, x) + B(Y; x).

is and unbiased estimator for f(x) for all x € [a, b].

16



Simple illustration with a sum of random variables.

Let X =Y+ -+ Yy =1-Y. We saw that if ¢(z;x) = z+ xe; and R = [0, 00)?, then
0 HR;x) =[x, 00) x [0,00)9"L. That is, the left boundary panel OR;" depends on x.
We have rj(y, x) = —1 for y € OR;” and the other ri’s are zero.

Suppose the Y] are independent exponential with rate ;.
Theorem LRDE-B applies and we obtain the following unbiased estimator for f(x):

f(x) = IM1-Y <x]S(Y.x)+ B(Y,x)

= —]I[]. -Y S X])\j — ]1[1 . Y_j § X](—>\J‘)
= H[].-Y,j <x< ].Y])\J

17
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Alternate density estimator for the SAN. Select a directed minimal cut C, such as
C; ={10,11}, C2 ={1,2,3}, C3 = {3,4,5,6}, etc. The change of variable

Yy = ¢c(z;x) = 2+ x ) cc € satisfies h(y) = h(z) + x < x iff h(z) def h(z) +1 < 1.

This gives Vxpc(z;x) = > jec e and |Jp| =1, s0 S(y; x) = Xjec 1/ (v))/fi(y;). Here,
oty x) =y — XY jec € S0 R(x) = vz (R; x) depends on x in the dimensions j € C.

We have rj(y, x) = =1 for j € C and y € OR;", rj(y, x) = 0 otherwise.
The LRDE-B for an arbitrary directed minimal cut C and Weibull Y; is then
() =T0hY) < XY (= 1= av) /Y + D HO)IA(Y,) < .
Jec Jec

For o > 1 and x > 0, this estimator is unbiased by Theorem LRDE-B. For o < 1, the
terms f£;(0) are infinite and Theorem LRDE-B does not apply.



Minimal directed cuts in SAN

s

source @

)
)
Yo

Y).
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C1 ={10,11}, C» ={1,2,3}

)
N
{:

%

Y5
:Y6
Y7

<:> Y9 @ Y11
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Minimal directed cut in SAN

Y] N7
Y. Ye's
source 2 @—Jr)» Y10
Y3 *Ys @ sink

Ve \@

N
N

\: Yf*: Yy @fyﬂ

C3 ={3,4,5,6}
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Numerical illustration

Integrated variance (IV) of density estimator over [a, b] which contains the central 95% of
the density of X. Each Y; is Weibull(a, A = 1).

The LRDE f uses the change of variable y = ©(z; x) = xz. This is the winner here.

Each LRDE-B f» uses ¢ (z; x) =z + X jec €
The variance tends to be larger when there are more arcs in the cut.

Estimator ‘ C ‘ a=05 a=10 a=15 a=20 a=30
LRDE f 2.28E-7 9.08E-7 1.73E-6 2.62E-6 4.48E-6
LRDE-B £ {10,11} - 431E-6 1.65E-3 7.57E-5 2.43E-5
LRDE-B - {1,2,3} - 9.69E-6 8.63E-4 7.88E-5 3.52E-5

LRDE-B % | {3.4,5,6} - 1.72E-5 2.49E-3 1.25E-4 4.72E-5



GLR density estimators

Peng et al. (2020) proposed an adaptation of a generalized likelihood ratio (GLR) method
of Peng et al. (2018) to density estimation. Peng et al. (2021) give an improved version.

The estimators are often similar to our LRDEs, but the assumptions are stronger and

harder to verify.

22
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GLR density estimators

Peng et al. (2020) proposed an adaptation of a generalized likelihood ratio (GLR) method
of Peng et al. (2018) to density estimation. Peng et al. (2021) give an improved version.

The estimators are often similar to our LRDEs, but the assumptions are stronger and
harder to verify.

The cdf of X is assumed to have the form
F(x) = E[I[A(Y) < x]] = E[¥(g(Y, x))],

where g : RY x [a, b] — R is smooth and v : R? — R is independent of x but can be
discontinuous.

Our setting fits this framework by taking g = ¢! and ¥(z) = I[h(z) < 1].
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Original GLRDE form Peng et al. (2018): #(x) = I[h(Y) < x]S(Y, x) with

d
S(y,x) = —trace (J;l(y, X)VxJg(y, x)) +> el Ny, x) (VyJ.Jg) Iy My, x)Vg(y, x)
=1

— (4 3.0 Vagly. ) Vin fely).

Assumptions GLRDE.
1. f is strictly positive and continuously differentiable over all of RY.

2. g(y, x) is invertible in y, and g is twice continuously differentiable on RY x [a, b].
3. limy, 400 Jra-1 SUPxepa b |7 (Y: X) R (y)dy_; =0 forall 1 <j < d.

4. [pa SUPxela,b] |7?(X)|dy < 0.

Our paper gives simple examples in which these assumptions do not hold whereas ours hold.
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GLRDE with uniform inputs

Peng et al. (2021) proposed a variant of GLR in which Y = U is uniform over (0, 1)7.
For density estimation, this turns out to be a special case of our LRDE-B setting with £/
uniform over R = (a,B) = (0,1)9.

The proposed GLRDE is similar to our LRDE-B:
A d
F(x) =T[h(U) < xXIS(U,x) + (lm W(g(u, x))ri(u, x) — lim %(g(u, x))r;(u, X))
j=1 u; uj
where

ri(u, x) = (J;I(U;X)VXQ(U,X)>tej, 1< <d.

There is a large set of assumptions that are not so easy to verify.
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Conclusion

» The LR derivative estimation method popularized some 35 years ago can provide an
unbiased density estimator, by using a simple change of variable.

» Sometimes, the boundaries of the integral that we have to differentiate w.r.t. x depend
on x. Then we need to differentiate also with respect to the boundaries (Leibniz rule)
and this adds an extra term.

» Extra: One can also apply conditional Monte Carlo to these LRDE estimators to make
them smoother, and then combine them with RQMC. In separate experiments, we
found that this can provide large variance reductions.
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