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Abstract
In orderto escapefrom thecurseof dimensionality, weclaimthatonecanlearnnon-localfunctions,in thesensethat
thevalueandshapeof thelearnedfunctionat x mustbeinferredusingexamplesthatmaybefar from x. With this
objective, we presenta non-localnon-parametricdensityestimator. It builds uponpreviously proposedGaussian
mixture modelswith regularizedcovariancematricesto take into accountthe local shapeof themanifold. It also
builds uponrecentwork on non-localestimatorsof thetangentplaneof a manifold,which areableto generalizein
placeswith little trainingdata,unlike traditional,local,non-parametricmodels.

1 Intr oduction

A centralobjective of statisticalmachinelearningis to discoverstructurein the joint distribution betweenrandom
variables,soasto beableto makepredictionsaboutnew combinationsof valuesof thesevariables.A centralissue
in obtaininggeneralizationis how informationfrom the trainingexamplescanbeusedto make predictionsabout
new examplesand,without strongprior assumptions(i.e. in non-parametricmodels),this may be fundamentally
dif�cult, asillustratedby thecurseof dimensionality.

(Bengio,DelalleauandLe Roux,2005)and(BengioandMonperrus,2005)presentseveralargumentsillustrat-
ing somefundamentallimitationsof modernkernelmethodsdueto thecurseof dimensionality, whenthekernelis
local(liketheGaussiankernel).Theseargumentsareall basedonthelocality of theestimators,i.e.,thatveryimpor-
tantinformationaboutthepredictedfunctionatx is derivedmostlyfrom thenearneighborsof x in thetrainingset.
Thisanalysishasbeenappliedto supervisedlearningalgorithmssuchasSVMsaswell asto unsupervisedmanifold
learningalgorithmssuchasLLE (Roweis andSaul,2000), Isomap(Tenenbaum,de Silva andLangford,2000),
andkernelPrincipalComponentAnalysis(kPCA) (Scḧolkopf, SmolaandMüller, 1998).Theanalysisin (Bengio,
DelalleauandLe Roux,2005)highlightsintrinsic limitationsof suchlocal learningalgorithms,thatcanmakethem
fail whenappliedon high-dimensionalproblemswhereonehasto look beyondwhat happenslocally in orderto
overcomethecurseof dimensionality.

Thisstronglysuggeststo investigatenon-local learning methods, whichcanin principlegeneralizeat x using
informationgatheredat trainingpointsx i thatarefar from x. We presentheresucha non-locallearningalgorithm,
in therealmof densityestimation.
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The proposednon-localnon-parametricdensityestimatorbuilds upon the Manifold Parzendensityestima-
tor (VincentandBengio,2003)that associatesa regularizedGaussianwith eachtraining point, anduponrecent
work on non-localestimatorsof thetangentplaneof a manifold(BengioandMonperrus,2005).Thelocal covari-
ancematrix characterizingthedensityin the immediateneighborhoodof a datapoint is learnedasa function of
that datapoint, with global parameters.This allows to potentiallygeneralizein placeswith little or no training
data,unliketraditional,local,non-parametricmodels.Theimplicit assumptionin suchamodelis thatthereis some
kind of regularity in the shapeof the density, suchthat learningaboutits shapein oneregion could be informa-
tive of theshapein anotherregion that is not adjacent.Notethat thesmoothnessassumptiontypically underlying
non-parametricmodelsreliesonasimpleform of suchtransfer, but only for neighboringregions,which is notvery
helpful whentheintrinsic dimensionof thedata(thedimensionof themanifoldon which or nearwhich it lives)is
highor whentheunderlyingdensityfunctionhasmany variations(Bengio,DelalleauandLe Roux,2005).Thepro-
posedmodelis alsorelatedto theNeighborhoodComponentAnalysisalgorithm(Goldbergeret al., 2005),which
learnsa globalcovariancematrix for usein theMahalanobisdistancewithin a non-parametricclassi�er. Herewe
generalizethis globalmatrix to onethatis a functionof thedatumx.

2 Manif old ParzenWindows

In the ParzenWindows estimator, oneputsa spherical(isotropic) Gaussianaroundeachtraining point x i , with
a singlesharedvariancehyper-parameter. How canwe improve uponthis estimatorin the light of the manifold
hypothesis(accordingto whichhighdimensionaldatais likely concentratedarounda lowerdimensionalmanifold),
andmakeit abit lesslocal?Oneapproach,introducedin (VincentandBengio,2003),is to usenot just thepresence
of x i andits neighborsbut alsotheir geometry, trying to infer theprincipalcharacteristicsof thelocal shapeof the
manifold(wherethedensityconcentrates),which canbesummarizedin thecovariancematrix of theGaussian,as
illustratedin Figure1. If thedataconcentratesin certaindirectionsaroundx i , wewantthatcovariancematrix to be
“�at” (nearzerovariance)in theorthogonaldirections.

Oneway to achieve this is to parametrizeeachof thesecovariancematricesin termsof “principal directions”
(which correspondto the tangentvectorsof themanifold, if thedataconcentrateson a manifold). In this way we
donotneedto specifyindividually all theentriesof thecovariancematrix. Theonly requiredassumptionis thatthe
“noisedirections”orthogonalto the“principal directions”all havethesamevariance.

p(y) =
1
n

nX

i =1

N (y; x i + � (x i ); S(x i )) (1)

whereN (y; x i + � (x i ); S(x i )) is theGaussiandensityof y, with meanvectorx i + � (x i ) andcovariancematrix
S(x i ) representedcompactlyby

S(x i ) = � 2
noise (x i )I +

dX

j =1

s2
j (x i )vj (x i )vj (x i )0 (2)

wheres2
j (x i ) and� 2

noise (x i ) arescalars,andvj (x i ) denotesa“principal” directionwith variances2
j (x i )+ � 2

noise (x i ),
while � 2

noise (x i ) is the noisevariance(the variancein all the otherdirections). vj (x i )0 denotesthe transposeof
vj (x i ).

In (VincentandBengio,2003),� (x i ) = 0, and� 2
noise (x i ) = � 2

0 isaglobalhyper-parameter,while (� j (x i ); vj ) =
(s2

j (x i ) + � 2
noise (x i ); vj (x i )) aretheleading(eigenvalue,eigenvector) pairsfrom theeigen-decompositionof a lo-

cally weightedcovariancematrix (e.g. the empiricalcovarianceof the vectorsx l � x i , with x l a nearneighbor
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of x i ). The “noise level” hyper-parameter� 2
0 mustbe chosensuchthat the principal eigenvaluesareall greater

than� 2
0 . Anotherhyper-parameteris thenumberd of principalcomponentsto keep.Alternatively, onecanchoose

� 2
noise (x i ) to be the d + 1-th eigenvalue,which guaranteesthat � j (x i ) > � 2

noise (x i ), andgetsrid of a hyper-
parameter. This very simplemodelwasfoundto beconsistentlybetterthantheordinaryParzendensityestimator
in numericalexperimentsin whichall hyper-parametersarechosenby cross-validation.

Like mixturesof factoranalysismodels(Roweis, SaulandHinton, 2002)andother low-rank Gaussianmix-
tures(Brand,2003),thismodelworkswell whenthedatalocally spanasmoothlow-dimensionalmanifold. In (Teh
andRoweis, 2003),an algorithmis proposedto form a globally coherentcoordinatesystemfrom all theselocal
patches(assuminga connectedoverlapgraph).However, suchmodelsarestill very local, sinceonly theexamples
in theneighborhoodof x i contributein inferring theshapeof themanifoldaroundx i .

3 Non-Local Manif old TangentLearning

In (BengioandMonperrus,2005)a manifold learningalgorithmwasintroducedin which the tangentplaneof a
d-dimensionalmanifoldat x is learnedasa functionof x 2 RD , usingglobally estimatedparameters.Theoutput
of thepredictorfunctionF (x) is a d � D matrix whoserows are(possiblynon-orthogonal)vectorsthatspanthe
tangentplane.Thetraininginformationaboutthetangentplaneis obtainedby consideringpairsof nearneighbors
x i andx j in thetrainingset.Considerthepredictedtangentplaneof themanifoldat x i , characterizedby therows
of F (x i ). For agoodpredictorweexpectthevector(x i � x j ) to becloseto its projectiononthetangentplane,with
local coordinatesw 2 Rd. w canbeobtainedanalyticallyby solvinga linearsystemof dimensiond. Thetraining
criterion chosenin (BengioandMonperrus,2005)thenminimizesthe sumover such(x i ; x j ) of thesinusof the
projectionangle,i.e.:

jjF 0(x i )w � (x j � x i )jj2

jj x j � x i jj2

Theabove is a heuristiccriterion,which will bereplacedin our new algorithmby onederivedfrom themaximum
likelihoodcriterion, consideringthat F (x i ) indirectly providesthe principal eigenvectorsof the local covariance
matrix at x i . Both criteria gave similar resultsexperimentally, but the model proposedhereyields a complete
densityestimator. In bothcasesF (x i ) canbe interpretedasspecifyingthedirectionsin which oneexpectsto see
themostvariationswhengoingfrom x i to oneof its nearneighborsin a �nite sample.

4 ProposedAlgorithm: Non-Local Manif old ParzenWindows

In equations(1) and(2) we wrote� (x i ) andS(x i ) asif they werefunctions of x i ratherthansimplyusingindices
� i andSi . This is becausewe introduceherea non-localversionof Manifold ParzenWindows inspiredfrom the
non-localmanifoldtangentlearningalgorithm,i.e., in which we canshare information about the density across
differ ent regionsof space. In our experimentswe usea neuralnetwork of nhid hiddenneurons,with x i in input
to predict� (x i ), � 2

noise (x i ), andthes2
j (x i ) andvj (x i ). Thevectorscomputedby theneuralnetwork do not need

to beorthonormal:we only needto considerthesubspacethatthey span.Also, thevectors'squarednormwill be
usedto infer s2

j (x i ), insteadof having a separateoutputfor them. We will noteF (x i ) thematrix whoserows are
thevectorsoutputof theneuralnetwork. Fromit we obtainthes2

j (x i ) andvj (x i ) by performinga singularvalue

decomposition,i.e. F 0F =
P d

j =1 s2
j vj v0

j . Moreover, to makesure� 2
noise doesnotgettoosmall,whichcouldmake

the optimizationunstable,we impose� 2
noise (x i ) = s2

noise (x i ) + � 2
0 , wheresnoise (�) is an outputof the neural

network and� 2
0 is a �x edconstant.
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Imaginethat the datawere lying neara lower dimensionalmanifold. Considera training examplex i near
the manifold. When the likelihoodof the otherexamplesis computed,only the nearneighborsof x i will have
a signi�cant gradientcontribution for the Gaussianassociatedwith x i , becauseits posteriorwill be very small
comparedto Gaussiancomponentscloserto the example. The Gaussiancenterednearx i tells us how neighbors
of x i areexpectedto differ from x i . Its “principal” vectorsvj (x i ) spanthe tangentof themanifoldnearx i . The
Gaussiancentervariation � (x i ) tells us how x i is locatedwith respectto its projectionon the manifold. The
noisevariance� 2

noise (x i ) tells us how far from the manifold to expectneighbors,and the directionalvariances
s2

j (x i ) + � 2
noise (x i ) tell us how far to expect neighborson the different local axes of the manifold, nearx i 's

projectionon themanifold.Figure1 showsanillustrationin 2 dimensionsof theshapeof theaGaussianusingthis
parametrization.

�

��

�

plane
tangent�

x i

v1

� noise

q
s2
1 + � 2

noise

Figure 1: Illustration of the local parametrizationof local or Non-LocalManifold
Parzen. Theexamplesaround training point x i are modeledby a Gaussian. � (x i )
speci�es the centerof that Gaussian,which shouldbe non-zero whenx i is off the
manifold.vk ' s are principal directionsof theGaussianandare tangentvectors of the
manifold.� noise representsthethicknessof themanifold.

The importantelementof this model is that the parametersof the predictive neuralnetwork canpotentially
representnon-localstructurein the density, i.e., they allow to potentially discover sharedstructureamongthe
differentcovariancematricesin themixture.

Weproposeto estimate� (x) andS(x) by minimizingtheregularizednegativelog-likelihoodof thek neighbors
x j of eachtraining point x i , accordingto the Gaussianwith meanx i + � (x i ) andcovariancematrix S(x i ). In
theimplementationmadefor theexperimentsreportedhere,trainingproceedsby stochasticgradient,visiting each
examplex i (with all of its neighbors)andmakinga parameterupdate.

4.1 Parametrization of � (x) and S(x)

The � (x) function is simply the output of a neuralnet function of x. The S(x) function is more dif�cult to
parametrize.As explainedearlier, in orderto captureinformationaboutthe underlyingmanifold of the data,we
will parametrizeS(x) asfollows:
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S(x) = � 2
noise (x)I +

dX

j =1

Fj (x)0Fj (x)

whered is thenumberof principal directionsof varianceandF j (x) is the j th row of thematrix F (x). Note
thatthevectorsFj (x) donotneedto beorthogonal.Theneuralnetwill thenhave to ouputthed � D matrixF (x)
andthescalar� 2

noise (x). To makesurethat� 2
noise (x) is positiveanddoesnotgettoosmall,whichcouldmake the

stochasticgradientoptimizationunstable,we impose� 2
noise (x i ) = s2

noise (x i ) + � 2
0 , wheresnoise (�) is anoutputof

theneuralnetwork and� 2
0 is a �x edconstant.

WhencomputingS� 1(x), we simplycomputethed eigenvalues� i andeigenvectorsvi of F (x)0F (x) andget:

S� 1(x) =
1

� 2
noise (x)

I +
dX

j =1

�
1

� j + � 2
noise (x)

�
1

� 2
noise (x)

�
vj v0

j

4.2 Gradient derivation for � (x) and S(x)

We considerheretheerrorsignal(i.e. negative log-likelihood)for a trainingexamplesy, whosedensityis givenby
themixtureof Gaussians:

p(y) =
1
n

nX

i =1

N (y; x i + � (x i ); S(x i )) =
nX

i =1

p(yjx i )p̂(x i )

wherep̂ is theempiricalprobabilityestimatedfrom thetrainingset(giving a �x edconstantweight to eachpoint).
Let x be any training point x i in the formula above. Considerthe derivative of N LL (y) = � log(p(y)) with
respectto log(p(yjx)) (indicatingthe log-densityof examplesy sampledfrom theGaussianwith meanx + � (x)
andcovarianceS(x)):

@(� log(p(y)))
@(log(p(yjx)))

= �
p(yjx)p̂(x)

p(y)
= � p̂(xjy)

whichalsocorrespondsto the'posterior' factorin EM. Theconditionallog-likelihoodlog(p(yjx)) is written:

log(p(yjx)) = � 0:5 log(jS(x)j) � (D=2) log(2� ) � 0:5(y � x � � (x)) 0S(x) � 1(y � x � � (x)) :

Hencefor any parameter� :

@N LL (y)
@�

=
X

x 2 X

@N LL (y)
@(log(p(yjx)))

@(log(p(yjx)))
@�

=
X

x 2 X

0:5p̂(xjy)
�

@
@�

log(jS(x)j) +
@
@�

(y � x � � (x))0S(x) � 1(y � x � � (x))
�

which givessigni�cant weightonly whenp̂(xjy) is high enough.As anapproximation,we choseto setp̂(xjy) =
1=nk (y), wherenk (y) = jN k (y)j is the numberof points in the training set that have y amongtheir k nearest
neighbors.We thusobtain:

@N LL (y)
@�

�
X

x 2 X

0:5
�

x 2N k (y )

nk (y)

�
@
@�

log(jS(x)j) +
@
@�

(y � x � � (x))0S(x) � 1(y � x � � (x))
�

(3)
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Now, we cancomputethegradientfor � = � (x) and� = S(x). It is straightforwardto show that:

N LL (y)
@� (x)

� �
�

x 2N k (y )

nk (y)
S(x) � 1(y � x � � (x))

For S(x), thederivationis lessobvious.Let's startwith � 2
noise (x). We have from equation3:

@N LL (y)
@� 2

noise
�

X

x 2 X

0:5
�

x 2N k (y )

nk (y)

�
@

@� 2
noise

log(jS(x)j)

+
@

@� 2
noise

(y � x � � (x))0S(x) � 1(y � x � � (x))
�

�
X

x 2 X

0:5
�

x 2N k (y )

nk (y)

�
jS(x)j
jS(x)j

Tr
�

S(x) � 1 @
@� 2

noise
S(x)

�

� (y � x � � (x))0S(x) � 1
�

@
@� 2

noise
S(x)

�
S(x) � 1(y � x � � (x))

�
(4)

�
X

x 2 X

0:5
�

x 2N k (y )

nk (y)

�
Tr

�
S(x) � 1�

� (y � x � � (x))0S(x) � 1S(x) � 1(y � x � � (x))
�

�
X

x 2 X

0:5
�

x 2N k (y )

nk (y)

�
Tr

�
S(x) � 1�

� jj (y � x � � (x))0S(x) � 1 jj2�

whereat equation4, we used:

@
@x

jAj = jAjTr
�

A � 1 @
@x

A
�

(5)

and

@
@x

A � 1 = � A � 1
�

@
@x

A
�

A � 1 (6)

For thegradientwith respectto F (x), denotef j i theelementatposition(j; i ) of matrixF (x), anduseequation
3 to obtain

@N LL (y)
@f j i

� 0:5
�

x 2N k (y )

nk (y)

�
@

@f j i
log(jS(x)j)

+
@

@f j i
(y � x � � (x))0S(x) � 1(y � x � � (x))

�

� 0:5
�

x 2N k (y )

nk (y)

�
jS(x)j
jS(x)j

Tr
�

S(x) � 1 @
@f j i

S(x)
�

� (y � x � � (x))0S(x) � 1
�

@
@f j i

S(x)
�

S(x) � 1(y � x � � (x))
�

(7)
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whereequation7 is derivedusingequations5 and6. Since:

@
@f j i

S(x) = (ei Fj (x) + Fj (x)0e0
i )

whereei = (0; 0; : : : ; 1; 0; : : : ; 0)0 with thesingle1 in i -th coordinate,we thenhave:

@N LL (y)
@f j i

� 0:5
�

x 2N k (y )

nk (y)

�
Tr

�
S(x) � 1(ei Fj (x) + Fj (x)0e0

i )
�

� (y � x � � (x))0S(x) � 1(ei Fj (x) + Fj (x)0e0
i )S(x) � 1(y � x � � (x))

�

� 0:5
�

x 2N k (y )

nk (y)

�
Tr

�
S(x) � 1ei Fj (x)

�
+ Tr

�
S(x) � 1Fj (x)0e0

i

�

� (y � x � � (x))0S(x) � 1ei Fj (x)S(x) � 1(y � x � � (x))

� (y � x � � (x))0S(x) � 1Fj (x)0e0
i S(x) � 1(y � x � � (x))

�

�
�

x 2N k (y )

nk (y)

�
Tr

�
Fj (x)S(x) � 1ei

�
� Fj (x)S(x) � 1(y � x � � (x))( y � x � � (x))0S(x) � 1ei

�

�
�

x 2N k (y )

nk (y)
Fj (x)S(x) � 1 �

I � (y � x � � (x))( y � x � � (x))0S(x) � 1�
ei

Fromthatequation,we �nally obtain:

@N LL (y)
@F (x)

�
�

x 2N k (y )

nk (y)
F S(x) � 1 �

I � (y � x � � (x))( y � x � � (x))0S(x) � 1�
(8)

Notethata differentnumberof neighborscanbeselectedto train � (x) andS(x). This canbejusti�ed by the
factthatpredicting� (x) couldbeeasierandrequirea smallerneighborhood.

4.3 Algorithms and Optimization details

To sumup, hereis thepseudo-codealgorithmfor computingthedensityat a testpoint with Non-LocalManifold
Parzen:

Algorithm NLMP::T est(z; X ; � (�); S(�); � 2
0)

Input : testpointz, trainingsetX , functions� (�) andS(�), andregularizationhyper-parameter� 2
0 .

(1) s  0
(2) For x i 2 X
(3) s  s + N (z; x i + � (x i ); S(x i ))
Output : NLMP estimator̂pnlmp (z) = s

jX j .

whereN (z; �; �) is thedensityvalueatz for a Gaussianof mean� andcovariance� . Of course,for problems
in highdimension,it is highly recommendedto work with log-densitiesinstead,in orderto avoid decimalprecision
issues.

Also, hereis thepseudo-codealgorithmfor trainingtheNon-LocalManifold Parzenmodel:
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Algorithm NLMP::T rain(X ; d;k; k� ; � (�); S(�); � 2
0 )

Input : trainingsetX , chosennumberof principaldirectionsd, chosennumberof neighborsk andk � , initial
functions� (�) andS(�), andregularizationhyper-parameter� 2

0 .
(1) For x i 2 X
(2) Collect(onceandfor all) k nearestneighborsyj andk� nearestneighborsy�

j of x i .
(3) Performastochasticgradientsteponparametersof S(�) and� (�),

usingthenegative log-likelihooderrorsignalon theyj , with aGaussian
of meanx i + � (x i ) andof covariancematrixS(x i ).

Theapproximategradientsare:

@C (y �
j ;x i )

@� (x i ) = � 1
n k � (y �

j ) S(x i )� 1(y�
j � x i � � (x i ))

@C (y j ;x i )
@� 2

noise (x i ) = 0:5 1
n k (y j )

�
T r (S(x i )� 1) � jj (yj � x i � � (x i ))0S(x i )� 1jj2

�

@C (y j ;x i )
@F (x i ) = 1

n k (y j ) F (x i )S(x i )� 1
�
I � (yj � x i � � (x i ))( yj � x i � � (x i ))0S(x i )� 1

�

(4) Go to (1) until a given criterion is satis�ed (e.g. averageNLL of NLMP density estimationon a
validationsetstopsdecreasing)
Result: trained� (�) andS(�) functions,with corresponding� 2

0 .

Optimizationcangetquite unstableif � 2
noise (x) is trainedwithout constraintson its progression.The reason

is that,when� 2
noise (x) getstoo small andthat the principal directionsarenot correctlyestimated,thenthe term

(x j � x i � � (x i ))0S� 1(x i ) getsquite large, giving a gradientstepthat is too big. To escapethis problem,we
imposeda thresholdon the error signalthrough� 2

noise (x). Whentheabsolutevalueof theerror signalis bigger
thana certainproportion� of the � 2

noise (x) value,theerror signalis �x ed to that threshold,with theappropriate
sign. In our experiments,we used� = 0:1. Also, it is quiteusefulto settheinitial valueof � 2

noise (x), in orderto
makesurethatit is not toosmall,sothattheoptimizationis stable,andthatit is not toobig, sothattheoptimization
doesnot take too long.

Theprincipalcomponentsof S(x) do not all contributeequallyto theaccuracy of theestimator. Theprincipal
componentswith thelargestvariancescontributemore,mainlybecausethey capturemoreof thevariationof thedata
andthey alsoconstrainthepossibledirectionof componentswith smallervariances.Hence,it mightbebene�cial to
learnmorequickly theprincipalcomponentswith largervariance.Westumbleduponavariantof thealgorithmthat
hasthis propertyandthatcansometimesyield slightly betterresults.Normally, thevariances2

j (x) associatedwith
thej -th principalcomponentof thepredictedcovariancematrixatx is obtainedby squaringthej -th singularvalue
s2

j (x) from thesingularvaluedecomposition
P d

j =1 s2
j (x)uj (x)vj (x)0 of thematrix F (x) computedby theneural

network, becausewe de�ne S(x) = F (x)0F (x) + � 2
noise (x), i.e. S(x) =

P d
j =1 s2

j (x)vj (x)vj (x)0+ � 2
noise (x). In

this algorithmicvariant,thesingularvalueis not squared, but takendirectly to estimatethej -th variance:

S(x) = � 2
noise (x)I +

dX

j =1

s2
j (x)vj (x)vj (x)0

However, thegradientonF (x) iscomputedasin equation8, i.e.,asif thesquareof thesingularvalueshadbeenused
(computationof thegradientthroughthesingularvaluedecompositionalgorithmis notobvious).Weconjecturethat
this differencein the realandestimatedcontribution of thedifferentrows of F (x) in thecomputationof S(x) � 1
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could make the optimizationprocedureconcentratemoreon having a goodpredictionof the rows of F (x) with
largernorms,andhencehaving a betterpredictionof theprincipalcomponentswith largevariance.This heuristic
variationin theoptimizationmethodwastestedandresultsaregivenin thenext section.

5 Experimental results

We haveperformedcomparativeexperimentsonbothtoy andreal-world data,ondensityestimationandclassi�ca-
tion tasks.All hyper-parametersareselectedby cross-validation,andthecostsona largetestsetis usedto compare
�nal performanceof all algorithms.

5.1 Experiments on toy 2D data

To understandandvalidatethenon-localalgorithmwe testedit on toy 2D datawhereit is easyto understandwhat
is beinglearned.Thesinusdataset(see�gure 2(a))includesexamplessampledfrom asinusoidaldistributionwith
uniformly distributednoise.In thespiral dataset(see�gure 2(b))examplesaresamplednearaspiral.Respectively,
57and113examplesareusedfor training,23and48 for validation(hyper-parameterselection),and920and3839
for testing.
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(a) Sinusoidaldataset
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(b) Spiraldataset

Figure2: Distributionsamplesof datasets

Thefollowing algorithmswerecompared:
� Non-LocalManifold ParzenWindows. The hyper-parametersare the numberof principal directions(i.e., the
dimensionof themanifold), thenumberof nearestneighborsk andk� , theminimumconstantnoisevariance� 2

0
andthenumberof hiddenunitsof theneuralnetwork. Thestartinglearningrateanddecreaseconstantalsohave to
beselected,andearlystoppingis usedon thevalidationset.
� Gaussianmixture with full but regularizedcovariancematrices. Regularizationis doneby settinga minimum
constantvalue � 2

0 to the eigenvaluesof the Gaussians.It is trainedby EM and initialized using the k-means
algorithm.Thehyper-parameteris � 2

0 , andearlystoppingis usedwith EM onavalidationset.
� ParzenWindows densityestimator, with a sphericalGaussiankernel. The hyper-parameteris the spreadof the
Gaussiankernel.
� Manifold Parzendensityestimator. Thehyper-parametersarethenumberof principalcomponents,thenumberof
nearestneighborsof thek-nearestneighborskernelandtheminimumeigenvalue� 2

0 .
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Algorithm sinusANLL spiral ANLL
Non-Local Manif old Parzen 1.144 -1.346
Manifold Parzen 1.345 -0.914
GaussianMixture 1.567 -0.857
ParzenWindows 1.841 -0.487

Table1: Averageout-of-sampleNegativeLog-Likelihood(ANLL)ontwotoyproblems,for Non-
Local Manifold Parzen,a Gaussianmixture with full covariance, Manifold Parzen,andParzen
Windows.Thenon-localalgorithmdominatesall theothers.

Note that, for theseexperiments,the numberof principal directions(or components)was�x ed to 1 for both
NLMP andManifold Parzen.

Densityestimationresultsareshown in table1. To help understandwhy Non-LocalManifold Parzenworks
well on thesedata,�gure 3 illustratesthe learneddensitiesfor thesinusandspiraldata.Basically, it worksbetter
herebecauseit yieldsanestimatorthatis lesssensitive to thespeci�c samplesaroundeachtestpoint, thanksto its
ability to sharestructureacrossthewhole trainingset. In �gure 4, theprincipal directionslearnedby Non-Local
Manifold Parzenandlocal Manifold Parzenaredisplayedfor thespiral distribution data. We canclearlyseethat
the former predictsprincipal directionsthataremoreconsistentwith the true shapeof themanifold,whereasthe
latteris verysensibleto thenoiseof thedata.

Figure3: Illustration of thelearneddensities(sinuson top, spiral on bottom)for four
compared models. From left to right: Non-LocalManifold Parzen,Gaussianmix-
ture, ParzenWindows,Manifold Parzen. ParzenWindowswastesprobability massin
thespheresaroundeach point, while leavingmanyholes. Gaussianmixturestendto
choosetoo few componentsto avoidover�tting. TheNon-LocalManifold Parzenex-
ploitsglobal structure to yield thebestestimator.

5.2 Experiments on rotateddigits

The next experimentis meantto show both qualitatively andquantitatively the power of non-locallearning,by
using9 classesof rotateddigit images(from 729�rst examplesof theUSPStrainingset)to learnabouttherotation
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(a) Non-LocalManifold Parzen
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(b) Manifold Parzen

Figure 4: Illustration of the learned principal directions for Non-Local Manifold
Parzenand local Manifold Parzen,for thespiral distribution data set. Notehow the
principal directionsare more consistentwith the underlyingmanifoldfor Non-Local
ManifoldParzenthanfor ManifoldParzen

Algorithm Validation ANLL TestANLL

Non-Local Manif old Parzen -73.10 -76.03
Manifold Parzen 65.21 58.33
ParzenWindows 77.87 65.94

Table2: Average NegativeLog-Likelihood(ANLL) on thedigit rotationexperiment,whentest-
ing on a digit class(1's) not usedduring training, for Non-LocalManifold Parzen,Manifold
Parzen,andParzenWindows.Thenon-localalgorithmis clearly superior.

manifoldandtestingon theleft-out class(digit 1), not usedfor training.Eachtrainingdigit wasrotatedby 0.1and
0.2radiansandall theseimageswereusedastrainingdata.We usedNLMP for training,andfor testingwe formed
anaugmentedmixturewith Gaussianscenterednotonly onthetrainingexamples,but alsoontheoriginalunrotated
1 digits. We testedour estimatoron the rotatedversionsof eachof the 1 digits. We comparedthis to Manifold
Parzentrainedon the trainingdatacontainingboth theoriginal androtatedimagesof the trainingclassdigits and
the unrotated1 digits. During the test,we forcedtheGaussiancomponentsto be centeredon the testpoint. We
testedour estimatoron the rotatedversionsof eachof the original images.We comparedit to Manifold Parzen
wheretheparametersof theGaussiancomponentsfor digit 1 werecomputedasusual,by includingtheunrotated
1 digits to its training set. The objective of the experimentwasto seeif the modelwasableto infer the density
correctlyaroundtheoriginal unrotatedimages,i.e., to predicta high probability for the rotatedversionsof these
images.In table2 we seequantitatively thatthenon-localestimatorpredictstherotatedimagesmuchbetter.

As qualitative evidence,we usedsmallstepsin theprincipaldirectionpredictedby theneuralnet to rotatean
imageof thedigit 1. To make this taskevenmoreillustrative of thegeneralizationpotentialof non-locallearning,
we followedthetangentin thedirectionoppositeto therotationsof thetrainingset. It canbeseenin �gure 5 that
therotateddigit obtainedis quitesimilar to thesamedigit analyticallyrotated.For comparison,we tried to apply
thesamerotationtechniqueto thatdigit, but by usingtheprincipaldirection,computedby Manifold Parzen,of its
nearestneighbor'sGaussiancomponentin thetrainingset.Thisclearlydid notwork, andhenceshowshow crucial
non-locallearningis for this task.

Note that, to make surethatNLMP learnsthe tangentplaneof the rotationmanifold,we �x ed thenumberof

11



Figure 5: From left to right: original image of a digit 1; sameimage analytically
rotatedby� 0:2 radians;rotationpredictedusingNon-LocalManifoldParzen;rotation
predictedusing local Manifold Parzen. Therotationsare obtainedby following the
tangentvectorin smallsteps.

principaldirectionsd andthenumberof nearestneighborsk to one,andwe alsoimposed� (�) = 0. Thesamewas
donefor Manifold Parzen.

5.3 Experiments on classi�cation by density estimation

TheUSPSdatasetwasusedto performaclassi�cationexperiment.Theoriginal trainingset(7291)wassplit into a
training(�rst 6291)andvalidationset(last1000),usedto tunehyper-parameters.Onedensityestimatorfor eachof
the10digit classesis estimated.For comparisonwe alsoshow theresultsobtainedwith a GaussiankernelSupport
VectorMachine(alreadyusedin (VincentandBengio,2003)). Non-local MP* refersto thevariationmentioned
in section4.3, which attempsto train fasterthe componentswith larger variance.The t-teststatisticfor the null
hypothesisof nodifferencein theaverageclassi�cationerrorbetweenNon-localMP andManifold Parzenis shown
in parenthesis.It seemsthat theheuristicvariationin theoptimizationprocessgivesslightly betterresultson the
test set, thoughthis could not be measuredon the validationset. In both cases,NLMP bringsa notablybetter
performancethantheotheralgorithms(GaussiankernelSVM, Parzenwindows andManifold Parzen).Note that
betterSVM results(about3% error) canbe obtainedusingprior knowledgeaboutimageinvariances,e.g. with
virtual supportvectors(DecosteandScholkopf, 2002).However, asfar aswe know theNLMP performanceis the
beston theoriginalUSPSdatasetamongalgorithmsthatdonotuseprior knowledgeaboutimages.

Algorithm Valid. Test Hyper-Parameters

SVM 1.2% 4.68% C = 100, � = 8
ParzenWindows 1.8% 5.08% � = 0:8
Manifold Parzen 0.9% 4.08% d = 11, k = 11, � 2

0 = 0:1
Non-localMP 0.6% 3.64% (-1.5218) d = 7, k = 10, k� = 10,

� 2
0 = 0:05, nhid = 70

Non-localMP* 0.6% 3.54% (-1.9771) d = 7, k = 10, k� = 4,
� 2

0 = 0:05, nhid = 30

Table3: Classi�cationerror obtainedonUSPSwith SVM,ParzenWindowsandLocal
andNon-LocalManifoldParzenWindowsclassi�ers. Thehyper-parametersshownare
thoseselectedwith thevalidationset.
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6 Conclusion

We have proposeda non-parametricdensityestimatorthat, unlike its predecessors,is ableto generalizefar from
thetrainingexamplesby capturingglobalstructuralfeaturesof thedensity. It doessoby learninga functionwith
global parametersthat successfullypredictsthe local shapeof the density, i.e., the tangentplaneof the manifold
alongwhich the densityconcentrates.Threetypesof experimentsshowed that this ideaworks, yields improved
densityestimationandclassi�cationcomparedto its localpredecessors.
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