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Abstract: In this paper, we propose a new robust regression esti-
Regression becomes unstable under a heavy-tail erranator which can be applied under (possibly) asymmetric
distribution due to dominant effects ofitliers Tradi- error. We present a theoretical analysis, numerical exper-

tional robust estimators are helpful undgmmmetricer-  iments with synthetic data and an application to automo-
ror, by reducing the effect of outliers equally from both bile insurance premium estimation.

sides of the distribution. Undexsymmetricerror, how- Throughout the paper, we use the following notations:
ever, those estimators ar@sed because the outliers ap- X andY for the input and the output random variables,
pear only one side of the distribution. Motivated by data-Fy (-) for the cumulative distribution function (cdf) den-
mining problems for the insurance industry, we proposesity function (pdf) of random variablé’. And when ap-

in this paper a new approach to robust regression that ipropriate, the conditional distributiori| X = x is writ-
tailored to deal with asymmetric error. The main idea istenY'|x.

to estimate a majority of the parameters usipgntile

regressionwhich may be biased but robust), and to esti-2, Related Work

mate the few remaining using least squares estimator tg . _

correct the biases. Theoretical analysis shows conditioné-1 ~ Traditional Robust Estimators

when the conditional expectations can be recovered fronthen we estimate the mean of heavy-tail distribution,
the conditional quantiles and what can be gained asympthe empirical median might be a better choice than the
totically with the proposed algorithm. Experiments con- empirical average because the former reduces the ef-
firm the clear advantages of the approach. Results are diects of outliers. Similarly, in regression problems with
synthetic data as well as real insurance data, using both heavy-tail errorL; regression can be much more ef-

linear and neural-network predictors. ficient than Least Square (LS) regression. Note that in
generalL, regression estimates the conditional median
1. Introduction F;IL(O.E)) and LS regression estimates the conditional

] o . ] ~ meanE[Y|z], but both of these conditional moments
We often find distributions with aasymmetric heavy tail  coincide in the case of symmetric noise. These ideas
like in Fig. 1 (ii). Estimating the mean of such a distri- hayve peen studied in the context of robust estimatdrs.
bution is essentially difficult becausmitliers samples  estimatorg2] are among the most successfully used for

from the tail, have a strong influence on it. Eymmet-  yegression probleris The basic idea of M-estimators is
ric distribution, the problems can be reduced usotust o yse the minimization schema:

estimators [1] which intend to ignore or put less weights
on outlier_s. Note, however, thaa_ﬂ]es_e r_obu_st estima- f= argmjnzp(yi — flxy)) (1)
tors are biased under asymmetric distributions most fer 7
outliers are on the same side of the mean, thus down- .
weighting them introduces a strong bias on its estimawherehat denotes estimation on data,is a set of func-
tion. tions, (z;, y;) is thei-th training sample, and is a loss

We are concerned in this paper with the problem of lin- - . )

. . . f the system andis the (zero-mean) error term following asymmetric

ear or non-linear regression under asymmetric heaVY'taﬁeavy-tail distribution, we consider the robust estimatiorf .of

error distribution. As in the unconditional case, regres-  2Many efforts have been devoted to deal with outliers in the in-
dependent variablé&, calledleverage pointsas well as those in the

1For a class of system” = f(X) + ¢, whereX andY” are inde- dependent variabl® . In this paper, we do not consider outliersXnh
pendent and dependent variables, respectiyely,a deterministic part ~ and related techniques [3].




The advantage of transformation techniques is found
in step 2, where the estimation of regression function
ould be more stable because the error term is symmet-

Table 1:A Comparison of Estimators of Unconditional Mean
under Asymmetric Distributions. The figures are mean (vari-
ance) of the estimator over 100 trials, each with 10 samples, for. .
several methods The samples are from a positively-skewed 1cally distributed. o

log-Normal distributiod which is shifted so their mean equals ~ On the other hand, we face difficulties in step 1 and

zero. Note that all but LS estimators are negatively biased ang- In step 1, we have to estimatefrom data, that is

the variances of LS estimator are larger than the others. usually unstable because it depends on the estimations of
_ Degree of Asymmetry higher order moments. In step 3, we have to note that the
Estimator low intermediate high inverse-transformation of the conditional expectation of
LS 0.03(0.18) | 0.08(3.02) | 0.22 (134.83) the transformed variable does not equal the conditional
Median | -0.26 (0.08)| -1.35(0.33) | -7.13(1.72) expectation of the original variable, i.e.
Cauchy | -0.25(0.07)| -1.25(0.20) | -6.36 (1.65)
Huber | -0.13(0.07)| -0.41(0.62) | -2.41 (35.82) h_l(E[h(Y; N|x]; \) # E[Y|x). ()
Tukey | -0.47 (0.13)| -1.39(0.15) | -4.76 (4.57)

Thus, the simple usage of transformation techniques
function, which issymmetrici.e., p(—t) = p(t), witha  does not provide an unbiased estimatiot’|z].

unique minimum at zero. As particular case§) = 12 To estimatefZ[Y'|«] from E[Y (V)] one need to com-
yields the LS estimator ang(t) = |t| yields the median pute the following
estimator.

Unfortunately,these robust estimators do not work  E[Y|z] = /h_l(E[YO‘”x] + N N P(EM)deDN  (4)
well for asymmetric distributions. Whereas removing

outliers symmetrically on both sides of the mean does no\t/vhere ™ is the residual of the regression for trans-

change the average, removing them on one side Chang?osrmed data, i.ec™ — Y|z — E[Y™|z]. Duan [6]

the average considerably. (See Table 1: a small Monte- T . . S
N . . proposed to use empirical estimateset?, which he

Carlo study for quantitative evidence on this.) For many : ;

! . namedsmearing estimate

regression problems as well, under asymmetric error, the

straightforward use of "robust” loss functions (1) is gen- L& R A

erally not helpful, as confirmed in section 4. ElYl]a] = — S RN (@) + €5 N). (5)

2.2 Transformations =t

One commonly suggested solution is a transformation t¢/Ve Will refer to the smearing estimate in section 4.

symmetry. For example, the Box-Cox transformation [5], 3 parametric Approaches

is given by

Some parametric approaches have been proposed for re-
YO h(y ) = { Y)‘)\—l AN#£0 B gression under asymmetric error. For example, Williams

’ logY A=0 " [7] proposed to use Johnson%, distribution, that is
] ) characterized by four parameters: each location,
where) is a parameter that characterizes the transforma§0a|e skewnesand thickness Here again, elaborate

tion. ] ) ] ] parameterizations of heavy-tail asymmetric distributions
A naive approach using transformation techniques folyepend on the estimation of high-order moments, which
regression problems is as follows: is sensitive to outliers and much less stable than the esti-
1. transform dependent variablewith a parameteh ~ mations of low-order moments. _ _
so that transformed variablé(*) be symmetrically One might consider, then, approximate parametric
distributed, models inspired by prior knowledge of the data. The

Log — normal distribution [8] is a typical example of

2. estimate a regression functionf™), st guch a parametric choice. If we knew that the error

BEyWlz] = fM(z) + ¥, wheree™) is @ term was log-normal, we could apply a maximum likeli-

residual. hood principle to estimate the model. Alternatively, we
could use the strategy explained in the previous subsec-
tion, where we seA = 0 ande™™ in eq. (4) is Normal.
However, unless we have explicit knowledge of the error
distribution, making such assumptions can yield to poor

3Log-Normal distributions (see sec.4.), whosg, a degree of re_sul'_[s (nOte_ in particular that .the error made on the dis-
asymmetry introduced in the next section, are 0.65(low), 0.75(inter-{fibution’s tail can have a drastic effect on the conditional
mediate) and 0.85(high), respectively. expectation when this tail is heavy).

3. estimate a regression functigf) s.t. E[Y|z] =
f(z)+e by inverse transformatiol! (f V) (z); \),
wheree is a residual.

2Those are Cauchy [1], Huber [2] and Tukey [4].




Pu[Y] (09 Pu[Y] (505) of P,[Y|z]), the estimator in eq. (6) may itself be very
“ J ) P(M unstable.

3.2 Algorithm

. . We propose a new algorithm for regression under (possi-
distribution of empirical average distribution of empirical average . . . .
bly) asymmetric error. The main idea is

distribution of empirical median distribution of empirical median 1 eSt|mate a ma]o”ty Of the pal’ameters W|th quant”e
(i: symmetric) (ii: asymmetric) regressions, each of which is biased but robust,

Figure 1: The schematic illustration of empirical averages 2. €stimate the few remaining parameters to correct the
and empirical medians for (i) symmetric distribution and for bias in step 1, and combine the above estimators,
(if) asymmetric distribution: Distributions of a heavy-tail ran- . .

dom variableY’, its empirical average and empirical median, N€nce the name dtobust Regression for Asymmetric
and their expectations (black circles) are shown. In (i) thosel@ils algorithm (RRAT):

expectations coincide, while in (ii) they do not. As indicated
by Fhe areas of .slanti.ngllines, we defiRg[Y] as the order at Algorithm RRAT( n)
which the quantile coincides with the mean.

Input: training data: (xy,v1),-- - , (zn,yn), hyper
parametersin € {1,2,---}, p1,- - ,pn € (0,1),
3. Proposed Method function classesF,, F.
31 Motivation Step 1: Using eq.(6), estimate quantile regressions:
fprsooo s fp, € Fqatorderspy, - - -, p, respectively.
We have seen in the previous section that the median es-Step 2: Computen dimensional vectory(z;) =
timator is robust but biased under asymmetric distribu- (fpl (), - 7fpn (x;)) for eachi. Consider a func-

tions. We first consider an extension of median estima- tjgnal relationship:y = f.(g(z)) + ¢ and estimats
tor as a motivation. Under asymmetric distributiotineg f. € FbyLsS.

median does not coincide with the mearut another Output: conditional expectation estimat(fr(:c) _
quantile does We consider its order to characterize Flfor (@) s fon ().

asymmetric distributions. For a distributidrob(Y), TR e
we defineP,[Y] & Fy(E[Y]) =Prob(Y < E[Y]).
Note thatP,[Y] > 0.5 (< 0.5) suggestProb(Y") is
positively (negatively) skewed. When the distribution is pacity control parameters foF, and.F..

symmetric,P, [_Y] = 0.5. Fig. 1 illustrates this I.dea. In general, we believe that this method yields more ro-
For regressmn'problems qnder asymmgtnc EITor, Weyst regressions when the number of parameters required
may extend medl_an regression d.h . quantile regres= 4o characterizq?C is small (because they are estimated
suir; [9] _that estimates the conditionatth quantile with “non-robust” LS) compared to the number of pa-
FY\z(p)’ L.e. we wantf, s.t. P(Y' < fy(z)) = p: rameters required to characterize the quantile regressions
R fpiri=1,---,nas confirmed in subsection 4.2.
fp= argmin{ Z plyi — f(x;)] Problem (ii) above is dealt with by doing quantile
ferq iy > f ;) regressions of orderg, - - - p,, not necessarily equal to
P,[Y|z]. Problem (iii) is dealt with ifp; ---p,, are in
o > (-plyi- f(xm}’ ©) hig[h (|je]nsity areas ((wzlere estimation €vill beiDstabIe). un-
wyi<f(@i) fortunately, the solution to problem (i) is less obvious.
where 7, is a set of quantile regression functions. A However, we have specified a class of noise structure for

straightforward idea for our regression task is to estimat&Vhich the problem is avoided (see next two subsections),
fp.[v|a] instead offy 5. But what isP,[Y|z] ? It must and we conjecture that a general solution exists when we

be defined as, [Y]z] 2 Fy,(E[Y|z]) = Prob(y <  choosealarge.
E[Y|z]). Accordingly the above idea raises 3 problems,3.3 Why RRAT works (Simple Examples)
which we will address with the algorithm proposed intheI this subsection. we consider simple examples to il-
next subsection: (iP,[Y|x] may depend omr in general, n T P amp
1 lustrate the underlying idea of RRAT In particular, we

(i) unless the error distribution is knowi, [Y'|z] itself ; " . )
must be estimated, which is maybe as difficult as esti_con5|de|add|t|ve noise structures(see eq. (8)) anthul

. : iplicative noi r r . (10)).
mating E[Y |z}, (iii) if the density of error distribution at tiplicative noise structures (see eq. (10))
P,Y|z] is low (because of the heavy tail and large value  5we consider only RRAT(1) in this subsection.

U

An outer model selection loop is often required in order
to select hyper-parameters suchva®,, - - - , p,, Or ca-




As explained in the previous subsection, we want toillustrated in Fig. 3. The solid line is the conditional ex-
estimate as many of the parameters as possible in the 1gectationE[Y'|z] and the dotted line is the-th quantile
step because they are estimated through quantile regre&egressiorF;llx (p) (e.g.p = 0.5). Itis clear that the dif-
sion and expected to be robust. On the other hand, iference between the conditional expectatiofy’|z] and
the 2nd step, we want to estimate as few parameters afep-th quantile regreSSiOFﬁlw (p) islinearin E[Y |z],
possible because they are estimated through LS and neen we can write
robust. In the 2nd step, we estimate a functfpnthat

_ o1 -1
estimates the conditional expectatibfi’|z| from thep- E[Y|z] = FYlw(p) +EY|2] - {Eld - F (p)},
th quantile regressioﬁ;ﬁr (p), i.e. withn = 1 we would linear in E[Y|z]
like to have E[Y|z] = c; - F;\lm(p) (11)
-1
E[Y|z] = fo(Fy,(p)). (7) " Thus,f. is characterized bgnly a single multiplicative

We will see below how many parameters are required td°arameter.
characterizef,. in each noise structure. 3.4 Applicable Class of Problems

In the previous subsection, we saw two simple examples
of systems in which RRAT may work well. There were
two points we considered:

Y =E[Y|z]+e, El=0, e:iid,el X, (8) o (representability) in the 2nd step, a functiorf,
must exist, i.e. a small set of quantile regression
Fyi(p), Fy(p2) -+ Fyp(pa) must be able to

[additive noise structure]
The additive noise structure is given by:

illustrated in Fig. 2. The solid line is the conditional ex-
pectationE[Y|z] and the dotted line is the-th quantile

regressiorFy. | (p) (e.g.p = 0.5). Itis clear that the dif- represent the conditional expectatibi”|],

ference between the conditional expectatigfy’|z] and ¢ (robustness)the number of parameters ¢f af-

the p-th quantile regressioty. . (p) is constant (does fects the robustness of RRAT, i.e. the less param-
not depend om), then we can write eter f. has, the more robustness would be brought

by RRAT.

In this subsection, we will clarify the class of systems
for which RRAT may be applied from these two points
of views (representability and robustness).

E[Y|a] = Fy.(p) + {Eld - 7' ()},
E[Ya] = co + Fy L (p). (©)

Thus, f. is characterized bynly a single additive

parameter. Th_e foIIo_Win_g three th(_eorems come directly from the
consideration in the previous subsection.
[multiplicative noise structure] Theorem 1.1.1f the error structure is additive, a sin-
The multiplicative noise structure is given by gle additive parameter is sufficient in the 2nd step of
RRAT.

Y =E[Y|z]-e, Ele=1, e:iid,e Ll X, (10)

e conditional expectation
o conditional p-th quantile

e conditional expectation

o conditional p-th quantile

Figure 2: Additive Noise Structure: The difference between Figure 3: Multiplicative Noise Structure: The difference
the conditional expectatio®[Y'|z] (solid line) and thep-th ~ between the conditional expectatidnY'|z] (solid line) and
quantile regressiof, ., (p) (dotted line) is constant (does not the p-th quantile regressiotty., (p) (dotted line) is linear in

depend orx). E[Y|z].



proof: see eq. (9).

Theorem 1.2.1f the error structure is multiplicative,
single multiplicative parameter is sufficient in the 2
step of RRAT.

proof: see eq. (11).

Theorem 1.3. If the error structure is the combin
tion of additive and multiplicative, two parameters
sufficient to be estimated in the 2nd step of RRAT!|

are

proof: As a natural extension of egs. (8) and (10), the
combination of additive and multiplicative noise struc-
tures is given by

Y = E[Y|z] + (g + a1 E[Y|z]) - €,

Ele] =0, e:iid.,e L X. 12)

In the same way as the derivations of eqs. (9) anc{

(11), the difference between the conditional expectatio
E[Yl|z] and thep-th quantile regressio. _ (p) has
affine relation w.r.tE[Y|z], i.e.

BlY|z] = Fy,(p) + (a0 + a1 E[Y[2]) - {E[]] — F'(p)},

affine w.r.t. E[Y|z]

Ffl

EY|z] = co + erFy,

(p)-

Thus, f. is characterized by two paramet€<£.D..

(13)

and covers a wide variety of heteroscedastic regression
systems. However, the theorem does not tell us about the
number of parameters ifi.. When f,. is complicated,
robustnessnight not be brought by RRAT.

We alsoconjecture that the noise structure (14) can
be more general when combining a sufficient number of
guantile regressions. Whén > 0, we have that

E|Y|z] /00C P(Y > y|z)dy

| pors s ?ag ar)

by substitutingy = f,(z) s.t. P(Y > f4(z)) = ¢q. The
integral can be unbiasedly estimated by a number of nu-
merical integration schemes, (the simplest being uniform
spacing ofg, and better results might be obtained using,
or example, a Gaussian quadrature). Such approxima-
ions correspond to Bnear combination of the quan-

Yile regressors The derivativejiq can be unbiasedly (and

efficiently) estimated witlif,, . , () — fq,_, (%)) /(qi+1—
qi-1)-
3.5 Asymptotic Behavior

We derived an asymptotic property of RRAT for the ad-
ditive noise structure. Consider

Y =f(z;8)4+e xR Y ER (18)

These three theorems satisfy the both requirements of

representabilityand robustness From our experiences
through several applications, a number of data sets see
to have both of additive and multiplicative noise. Thus
theorem 1.3 is practically important and useful.

The next theorem concerns omgpresentability With

the use of two quantile regressions (RRAT(2)), we can
guarantee the representability of wider class of noise

structure.

Theorem 2.If the noise structure is given by

Y = E[Yl|x] + g{E[Y]z]} - €,
Ele] =0, e:iid.,el X, (14)
whereg is an arbitrary positive range function, and
P1 7& PM[G]v D2 7& PM[€]7

p1 # P2,

(15)
(16)

then there exists a functiofi. such thatE[Y|z]
fc(F;ﬁ,;(pl)v Fﬁ‘i(pQ))

Y
The proof is given in [10]. Eg. (14) includes additive

with a functionf, a set of parameter$* and zero-mean
ﬁpntinuous random variable Under some regularity
conditions, the risk (the expected square difference be-
tween true conditional expectation functiéijY|z] and
estimated functiorf) are obtained:

risk of LS L(d+1)Varle],

+d p1(1—p1)

P2(F&

risk of RRAT(1) .

1 (Var[¢] ).
The theorem and the proof are given in [10].

From the above result, RRAT(1)’s risk is less than
LS's if and only if% < Var[e]. For instance,
as we have also verified numerically,eifs log-normal
(see sec. 4.) RRAT beats LS regression in average when
P,le] > 0.608 (recall that for symmetric distributions

P,le] =0.5).

4. Numerical Experiments

To investigate and demonstrate the performances of
RRAT, we did several types of numerical experiments.
Due to limited space, we describe here only a brief sum-
mary (more details in [10]). In subsection 4.1 we com-

or/and multiplicative noise structures as special casegare RRAT with M-estimators and LS. In subsection 4.2



we illustrate the performances of RRAT for several data 4

generating classes through comparisons with LS. In sub- .l RRAT »

+

section 4.3 we compare RRAT with transformation tech- = gfféﬁ; o ! %
nigues summarized in subsection 2.2. % 2t Logistic --&3-- i
b Tukey -- - = /
, , , L) ey
4.1 Comparison with M-estimators B e g /
- 0 e e
We compared RRAT with several M-estimators and LS, 9 i X
in order to see how they behave under asymmetric error. § 1 X Bengoo- g W
Z X %
g -2 ¥
[data generating process] g X% 5 X
In each experimentN = 1000 training data pairs 3T [
(.131', yl) were generatEd by -40.5 0.:55 016 0.‘65 O‘.7 0.‘75 O.‘8 O.‘85 019 O.;)S 1
X~ U[07 1}d7 d=2, (19) P, [€] (degree of asymmetry)
Yi = ao + a1Ti1 + a2 + €, (20) Figure 4:Performances of RRAT and M-estimators compared

) ) with LS: The horizontal axis B, [e]) implies the degree of
wherea; ~ U[0,1],57 = 0,1,2 ande; is from ashifted  asymmetry (the largeP, [¢], the more asymmetric). The values

log-normal distribution given by above zero line suggest the estimator was better than LS. Note,
under intermediate asymmetric error distributions, which are
1 (loge — 01)2 practically important, M-estimators were worse even than the
p(e) = NoLTS exp{— 20, 2 (21) s, while RRAT worked better. Whe.55 < P, [¢] < 0.75,

LS was significantly (0.01 level) better than any M-estimators
and wher0.55 < P,[e] < 0.85, RRAT was significantly (0.01

Two parameter#;, 0, were set so thaF|e] = 0 and ;
P b 72 €] level) better than any M-estimators.

P,le] € {0.55,0.60,---,0.95}, which allowed us to
try several degrees of asymmetric errors (we tried only
positive skews without loss of generality.). Main Results

e When error distribution is almost Normal,

[models and their parameter estimations]

We tried several M-estimators: median, Cauchy [1], Error(LS) < Error(RRAT) < Error(M)
Huber [2] and Tukey [4] estimators. In the implemen-
tations of the latter three M-estimators, we used the true¢ e When error distribution has intermediate degree

scale parameter (standard deviation) for simpliity of asymmetry,
In each of M, LS and RRAT estimators, we used a
well-specified two dimensional affine model. Parameter Error(RRAT) < Error(LS) << Error(M)

estimations were implemented by the conjugate gradient
method for M-estimators and the 1st step of RRAT. LS| e When error distribution has high degree of asym-

and the 2nd step of RRAT were computed analytically. metry,
RRAT(1) withp; = 0.50 was tried. The functiotf, in
the 2nd step of RRAT are assumed to be well specified Error(M) < Error(RRAT) << Error(LS)

i.e. f. has only a single additive parameter.

[evaluation and results] [discussion]

We measured the performances with mean squared error The results for largeP, [¢] were not what we initially
(MSE) on 100hoise-fregest samples (without the error expected. Weonjecture that in this case the lardei-
term of eq. (20)), i.e. against the true conditional expecasesin M-estimators were not as strong as the effects of
tation. In each experimental setting, 500 experiments ar@ariance due toon-robustnessf the LS estimator in the
repeated using completely independent data sets. Thend step in RRAT. Note, however, that the variances of
statistical comparisons between methods are given by @ log-Normal whoseP,[e] € {0.85,0.90,0.95} are re-
Wilcoxon signed rank test (In this section, we use thespectivelys x 103, 5 x 105 and3 x 107. In this series of
term “significant” for 0.01 level.) The significant results experiments, the expectation ranges(r, 3.0], which

are summarized in Fig. 4 and a box below. means that the noise scaleli&® ~ 107 times larger than

5n reality, we also have to estimate scale parameter because we d?_he det_ermini_StiC part of_the SYStem_- qu many applica-
not know it. tions with a signal to noise ratio which is nextremely




small (including such noisy cases as the insurance data ———
studied here), the M-estimators are worse than the LS 6 | 2-dim affine (experimental) ——+--
. . 2-dim affine (theoretical)
estimator, because of bias. 5-dim affine (experimental) >
[ 5-dim affine (theoretical) -
10-dim affine (experimental) -
| 10-dim affine (theoretical)
non-linear (experimental) --f-- -~
non-linear (theoretical) -------" .~ ™

o

4.2 Performances on Several Conditions

A series of experiments were designed to investigate
the performance of RRAT compared with LS on several
data generating processes.

[data generating process]
We used the generalized data generating process given 0 ——
by L ‘

10.5 055 06 065 07 075 08 085 019 095 1
d
T~ U[O, 1} , de {2, 5, 10} (22) P, [€] (degree of asymmetry)

yi = f(zi) + g{f (@)} - & 23 : _
Figure 5: Performances of RRAT compared with LS with

where f is among 2,5 and 10 dimensional affine func- additive noise (the theoretical curves derived from asymptotic
tions and 6 inputs non-linear functidn andg is among analysis in subsection 3.5 are also indicated). Note that as the
- 7 _ _degree of asymmetry increases, RRAT worked better. Note also
iggzn)d;l Ltcg)](azc)jd'it' 0.1z, gl(t?)l'i ?.'12 + é} eacbh. C(i.rre f that as the number of parameters increases, RRAT worked bet-
p L g . i Ive, multiplicative and combination of -
them in their noise structures.

log{testMSE(LS)} - log{testMSE(*)}

The relative improvements decrease or vanish when

. : o the predictor is non-linear anf, [¢] is fairly large. The
Whepf IS affme, we used well-specified models and possible explanation on this apparent inconsistency with
whenf is non-linear, we used a neural network (NN) for

! . i esult in subsec. 3.5 are: the second-order approxima-
both LS and quantile regressions in the 1st step of RRAT{ion or full-rank assumption were not satisfied, the NN

(2)n(;y I?RATf(géV:_ppl =05 Watsl tried g?d;hgfc ijn the.b pproximation violates the assumption of result in sub-
na step o was correctly Specilied as Gescribequq. 3 g that the model is well-specified, and/or the num-

n tfheoreénf) 1'1N. 13& Par;mette; opl\tlllr\lnlzatclion Wat.sl ber of samples is not large enough to be consistent with
performed by conjugate gradients for and quan 'easymptotic behavior.

regressions with affine models. Others were analytically
computed. 4.3 Comparison with Transformations

[models and their parameter estimations]

) In this series of experiments, we compared RRAT with
[evaluation and results] _ _ transformation techniques described in subsec. 2.2.
The evaluation is same as the previous series of expeln particu|ar, thenaive transformation approacksee

iments. The number of independent experiments is 50@elow) and smearing estimate [6] were considered.
for the affinef and 50 for the non-lineaf. The results

are summarized in Figs 5, 6 and 7 and a box below.  [data generating process]

In each experimentN = 100 training data pairs
Main Results (z;,y;) were generated by
In most cases, as the degree of asymmetry in-
g g ymmetny w ~U0,1)%, de{1,2,5) (24)

creases, RRAT worked relatively better.
yi = b f(z:) + e, A}, A=0, (25)
e In most cases, as the number of parameters|in
increases, RRAT worked relatively better. whereh~! is the inverse function of Box-Cox transfor-
_ ) mation given by eq. (2), and is from standard Normal.
e When f was affine, the experimental results al-  r was either of
most coincide with the theoretical asymptatic

analysis. d d

f(a:)zl—Fij or f(x) =sin(27r2xj). (26)

j=1 j=1

[discussion] [models and their parameter estimations]

7f(x) = 10sin(mz1z2) +20sin(zs —0.5)2 + 1024 + 5zs (does _The transformationtechr_wique_wasimplemented inline
not depend o). with the three steps described in subsec. 2.2. In the 1st
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Figure 6:Performances of RRAT compared with LS with mul-
tiplicative noise
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Figure 7: Performances of RRAT compared with LS with

combination of additive and multiplicative noise structures

step, the\ was selected based on residuals [11], A2]
In the 2nd step, regression functign was estimated by

LS for transformed data. In the 3rd step, the naive trans-
formation approach only computes the inverse transfor-

mation of the response ¢f,. The smearing estimate was
computed by eq. (5).

gradients method.

The hyper-parameters of RRAT was also determined
by cross-validation. In particular three quantile regres-
sions withp; = 0.25, po = 0.50 andps = 0.75 were
estimated and the best subset of them was selected by
cross-validation.

[evaluation and results]

We evaluated estimators by MSE on 10,000 test data.
We repeated 100 independent experiments. The signif-
icance of the differences was examined by pair-wise
tests. The results are summarized in Tab. 2 and a box
below.

Table 2: Experimental Comparison of RRAT, Smearing
Estimate and Naive Transformation Approach with LS:
o (x) denotes that the estimator was significantly better
(worse) than LS in 0.05 level

d=1
) affine sin
estimator "MSE [ p-val | MSE | p-val
LS 1.00 - 1.00 -
RRAT 0.98 | .0480 | 0.98 | .0030
Sme. Est.| 0.99 | .197 | 0.99 | .259
Naive 1.34 | .000% | 1.41 | .000x
d=2
) affine sin
estimator "\MSE [ p-val | MSE | p-val
LS 1.00 - 1.00 -
RRAT 0.94 | .0000 | 0.97 | .0000
Sme. Est.| .98 .187 | 0.96 | .0000
Naive 1.25 | .000% | 1.21 | .000x
d=5
) affine sin
estimator "MSE [ p-val | MSE | p-val
LS 1.00 - 1.00 -
RRAT 0.98 | .0480 | 0.95 | .0060
Sme. Est.| 0.99 | .197 | 0.95 | .0190
Naive 1.34 | .000% | 1.29 | .000x

In the naive transformation approach, the Smearing

Estimate, RRAT and LS, a neural network (NN) was
used for the regression models.

8At first, several candidates of were chosen. For each candidate
of )\, data were transformed and the regression funcfipnvas esti-
mated by that transformed data. Bestwhich was expected to yield

symmetric error distribution, was selected according to the empirical

third moment of the residuals qﬁ

NN’s generalization
property was controlled by cross validation w.r.t the num-
ber of hidden units and weight decay penalty terms. Paj
rameter optimization was performed with the conjugate

Main Results
¢ RRAT wasalways significantly betterthan LS.

e The Smearing Estimate wa®metimes signifi-
cantly better than LS.

e The naive transformation approach wasays
significantly worsethan LS




discussion
[ ] Table 3:Experimental comparison of RRAT vs LS (p-values)

The experimental setting employed here was not faiPneli\?v?ligggidsi?tzsa :;r?kfig;’:evsv r:r;:;‘e(‘tal{')edﬁeﬁlgsl_fsmrr:
. - . , k% -
in the sense that the data geljgratlng process g_lven b ression beinggsignificantly better than RRAT at 0.05 (0.01)
egs. (24) and (25) V\./as/ell SpeC|f'edor, transr(_)rmatlon level, ‘—' denotes no significant difference between them and
approaches. In spite of such amfair condition for ... ,.) denotes RRAT being significantly better than LS re-
RRAT, the latter worked better thar_1 the Smearing Esti-gression at 0.05 (0.01) leveNote RRAT(n), n > 2, always
mate. It became clear from further investigation that thepeating LS regression
Smearing Estimate performs poorly when the transfor-
mation parameteh is not correctly estimated. This is

probably because the Smearing Estimate uses empirical

RRAT(1), fo(fp) = co + fou

residuals under the assumption that they are independen\gl:; BT ’2’19? '51072 72”1; '81072
of z (homoscedastic). This assumption would not be sat=—:>2> o i * o2 X °
isfied when transformation parameter was not correctly RRAT(1), fe(fp1) = co+ c1p
estimated P =2 pL=-5 p1=8
' 1.01 x 107 T - 3.72x 10 %o 3.46 x 102 oo
RRAT(l)fo(fm) =co +c1fp + c2f1§1
p1=.2 p1=.5 p1:.8
1.93 x 10T - 4.67 x 10~ % 00 2.53 x 102 oo
RRAT(2), fe(for, fp2) = o+ c1fpy + c2fpy
p1:.2,p2:,5 p1:.2,p2:.8 p1:.5,p2:.8
. . . —2 —3 —3
5. Insurance Premium Estimation 142 x 10" "o 346 x 107" 00 | 346 x 10"~ oo

RRAT(3), fe(fo1, foa> fps) =co + c1fp, + c2fps + c3fps
pP1 = .2, P2 = .5, p3 = .8

—3
We have applied the proposed method to a problem in 2.53 x 10 _°° .
automobile insurance pure premium estimation: estimate Best 20(;)3' on validation set
53 X 1077 oo

the risk of a driver given his/her profile (age, type of car,
etc.). In this application we want the conditional expecta-
tion because it corresponds to the average claim amount
that customers with a certain profile will make in the fu-
ture and this expectation is the main determinant of the
cost of insurance.

Main Results (on both linear and NN)
e The performance of RRAT(1) depends on
choice ofp;, and when the chosen were ap-
propriate, they worked better than LS.

the

One of the challenges in this problem is that the pre-
mium must take into account the tiny fraction of drivers
who cause serious accidents and file large claim amounts.
That is, claim amounts has random element that is unex;
plainable by customer’s profiles, which distributes with
an asymmetric heavy tail extending out toward positive
values. We used real data from a North American insur-
ance company.

e The performance of RRAR), n > 2 always
yielded the better performances than LS.

e The best RRAT based on validation set was
nificantly (0.01 level) better than LS.

sig-

The number of input variables is 39, all discrete except
one. The discrete variables are one-hot encoded, yielding*
input vectors with 266 elements. We repeated the exper- ] ]
iment 10 times using each time an independent data self? this paper, we proposed a regression algorithm, RRAT,
by randomly splitting a large data set with 150,000 sam-VYh'Ch is tqured to regression problems under'asymmet—
ples into 10 independent subsets with 15,000 samplediC heavy-tail errors. Experiments on synthetic data as
Each subset is then randomly split in 3 equal subset¥ell as real insurance data confirmed the clear advan-
with 5000 samples respectively for training, validation {&ges of the approach.

(model selection), and testing (model comparison). We Our future work includes a study of how RRAT would
tried several versions of RRAT (w.i, p1,--- ,pn, Fq).  perform when the regression problems in hand violates
The results with affine models fof, are summarized in the condition in eq. (14). In these conditions it would
Table 3 and those with neural network modelsjfQrare  be interesting to use a linear combination of the quantile
summarized in Table 4. regressions as suggested in eq. (17).

Conclusion and Future Work



Table 4:Experimental Comparison of RRAT vs LS (p-values)
on NN predictors: see the caption of Table 3

(10]

RRAT(1), fe(for) = co + fnu
p1=.2 p1=.5 p1=.8
1.83 x 1072 % 1.66 x 1071 - 1.09 x 10~ %o
RRAT(1), fe(fp1) = co + c1fm

p1:.2 p1:.5 p1:.8
3.99 x 107 T - 4.67 x 1072 oo 1.83x 107 %0

RRAT(l)-fC(fpl) =co +c1fp + Cszgl
p1:.2 p1:.5 p1:.8
439 x 107 t- 4.67 x 1072 oo 1.42x 107 %o

RRAT(Z)vfc(fpl ) fpz) =co +c1fp, +cafp,

p=2,p=5 | p1=2,p2=.8 | pr=.5p2=.8
3.46 x 1072 oo 1.42x 10720 6.26 x 1072 oo

RRAT(3), fe(foy1, foa> fp's) =co+ c1fp +C2fp, +3fps

p1=.2,p2=.5p3=.8

8.30 x 1072 oo

Best model on validation

4.67 x 1072 oo
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