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MDP Planning

• Using knowledge of the model (state transition 
probabilities and expected rewards), compute a 
policy     such that

• If the model is not provided, it has to be learned 
from experience

• For MDPs with large state spaces, it is 
unfeasible to represent the model exactly

A commonobjective function for the episodiccaseis the expectedsumof future re-

wards.Underthisobjective,apolicy π maximizing

V (π) = E!

!
T"

t=0

r t+1

#

mustbefound. In thepreviousequation,V (π) is calledthevalueof policy π. Thepolicy

π∗ = argmax! V (π) is calledtheoptimalpolicy.

In thecontinuingcase,thesumof futurerewardsis takenover aninÞnity of termsand

canthereforebe undeÞned.In this case,the objective function is the discountedsumof

futurerewards,deÞnedas

V(π) = E!

! ∞"

t=0

γt r t+1

#

whereγ ∈ [0, 1) is a discountfactorthatgivesexponentiallylessweightto rewardsfurther

on in thefuture.

Two usefulconstructsrelatedto thisobjectivefunctionarethestatevaluefunction(also

referredto asthevaluefunction)V ! : S → R, deÞnedas

V ! (s) = E!

! ∞"

i=0

γt+i r i+t+1|st = s

#

andthestate-actionvaluefunctionQ! : S× A → R, deÞnedas

Q! (s,a) = E!

! ∞"

i=0

γt+i r i+t+1|st = s,at = a

#

.

Theoptimalstatevaluefunctionis thendeÞnedasV ∗ = V ! ! , andtheoptimalstate-action

valuefunctionasQ∗ = Q! ! . Similar constructsaredeÞnedfor theepisodiccaseby using

γ = 1 andsummingto T insteadof∞ in theaboveequations.

Anotherpossibleobjective function for thecontinuingcaseis theaverageof expected

futurerewards.Thefunctionto maximizein this caseis

V (π) = ρ! = lim
n→∞

1
n

n"

i=0

E! [r i+1] .

For theaverage-rewardobjective, theaction-valuefunctionis deÞnedas

Q! (s,a) =
∞"

i=0

E! [r t+i+1 − ρ! |st = s,at = a]
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Sampling-based MDP planning

Generative
model

Trajectory 1

Trajectory 2

Trajectory N
sampling

Policy

model-free
method

[Sutton (1990); Moore & Atkeson (1993); Peng & Williams (1993);
Atkeson, Moore & Schaal (1997) Kuvayev & Sutton (1996)]

s’ ~ P(s’|s,a)



Generative MDP models

! t ! t+1

?

= Φ(st)



Cascade sampling

! t ! t+1



Cascade sampling

!t !t+1



Cascade sampling

! t ! t+1

P(! (1) = 1, ! (2) = 1, ...) = "
i

P(! (i) = 1|! (1) = 1, ..., ! (i ! 1) = 1)



Binary Cascade Dyna (BCD)

• How do we represent each conditional 
distribution?

• Given finite resources, either:

• the random variable is binary (or finite-range 
discrete) 

• the form of the distribution has to be 
constrained (e.g., Gaussian)
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Regression for each component

• Possible because, if X is a binary random variable:

• P(X=1) is sufficient for representing its distribution

• P(X=1) = E(X)

• Online logistic regression:

• log-linear representation

• online gradient descent on the log-likelihood

where! : R ! [0, 1] is thelogisticor sigmoidfunction! (x) = 1
1+ e! x . Thus,dependingon

whattypeof architectureis used,eachof theunivariatedistributionswill beapproximated

as

Pr (" t+1 (i ) = 1|" t = " , at = a) " !
!
" T

t #i
a

"
(4.1)

for theindependentsamplingarchitecture,or

Pr
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for the cascadesamplingarchitecture. Here, for eacha $ A and i $ 1, ..n, #i
a is the

parametervectorcorrespondingto actiona andcomponent" t+1 (i ). Theuseof thelogistic

functionensuresthattheoutputof this approximationschemewill alwaysbebetweenzero

andone.

An importantquestionis whetherthe restrictionto binary featuresis sensiblefrom a

practicalperspective. The answerseemsto be yes,sincemany non-trivial reinforcement

learning problemshave beensuccessfullytackled using binary featurevectors(Sutton,

1996; Stone,Sutton& Kuhlmann,2005; Sturtevant & White, 2006). This is largely due

to the fact that methodssuchastile codingarecapableof turning continuousstatesinto

binaryfeaturevectors,in amannerthatis usefulfor bothdiscriminationandgeneralization.

Needstrongersupportfor binaryfeatures.Kanerva codingneedsbinaryfeaturesasin-

put,useothernamessuchascoarsecoding,placecoding,sphericalbasisfunctions(Csaba)

4.5 Learning the GenerativeModel

The previous sectionsdescribedarchitecturesfor approximatingthe model. The current

sectiondescribesmethodsfor learningtheparametersof thesearchitecturesfrom data. In

otherwords,it presentsapossibleimplementationof themodel-learn functionthatup-

datestheparametersof themodelapproximatorgivena transitionof theform (" , a, r, " !).

Theform of themodel-learn functionwill obviously dependon thechoiceof approxi-

materepresentationfor themodel.Still, givena particularapproximationarchitecture,any

learningmethodthatis appropriatefor thatarchitecturecanbeused.
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,

The particularimplementationproposedherelearnsa separatemodel for eachof the

univariatecomponentdistributions appearingin independentor cascadesampling. The

learningmethodusedfor eachof thesecomponentsis anon-lineversionof logistic regres-

sion (e.g. Jordan,1996), a popularchoicefor log-linear representations.The objective

of logistic regressionto Þnd the parametersof an approximatedistribution model, such

that the logarithm of the likelihoodthat theobserveddatawasgeneratedby thatmodelis

maximized.On-linegradientdescenton this objective functionyieldstheupdaterule

! i
a := ! i

a + "
!
#!(i ) ! $

!
#T ! i

a

""
#

for theindependentsamplingarchitecture,or

! i
a := ! i

a + "
#

#!(i ) ! $
#$

#T , #!(1 : i ! 1)T
%

! i
a

&&$
#T , #!(1 : i ! 1)T

%T

for the cascadesamplingarchitecture.Here," " R+ is a step-size parameter. Note that,

whenlearningthemodelparametersfor cascadesampling,thevaluesof #!(1 : i ! 1) are

observedanddonotneedto besampled.

4.6 Approximating and Learning the Reward Model

Designingafunctionapproximatorfor therewardmodelis relatively simplesince,for each

featurevector# andactiona, theapproximatorfor R(#, a) only needsto producea single

number(theexpectedreward)ratherthana full distribution.

The particularapproximatorusedin this thesisis linear in the features,R(#, a) #

#T ! R
a , where! R

a is a portionof therewardmodelparameter! R (which is in turn a portion

of the overall modelparameter! ). For learningthe modelparameters,on-line gradient

descenton themeansquarederrorbetweentheobservedrewardsandthepredictedrewards

yieldstheupdate

! R
a := ! R

a + " R !
r ! #T ! R

a

"
#,

where" R " R+ is thestep-sizeparameterfor therewardmodel.

With respectto the genericplanningalgorithm in Table 4.1, reward learningwould

be part of the model-learn function. The learnedmodel would thenbe usedby the

expected-reward functionto producethenext expectedreward.
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parameter vector
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The soft obstacle domain as an MDP

• State:                  
(x,y) <h [0,1]X[0,1]

• Actions: N,S,E,W

• Reward: -1 per time 
step

• Episodic cumulative 
reward task
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BCD on the soft obstacle domain
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Update model :
cascade architecture

+
regression for

each component
(e.g., logistic regression)



BCD on the soft obstacle domain
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- we used linear Sarsa(0)



BCD on the soft obstacle domain
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BCD on the soft obstacle domain
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Advantages and drawbacks of BCD

+ Any regression method can be used for learning 
and representing the probabilities of individual 
components, and any model-free method can be 
used for learning from samples

+ The cascade architecture generates samples from 
the correct joint distribution if the individual 
distributions are modeled accurately

- The components have to be binary

- The function approximator will implicitly restrict the 
class of distributions that can be modeled



Empirical illustration

• Intuitively, model-based methods should be

• more data-efÞcient than model-free 
methods , because they store an additional 
summary of past experience (the model)

• more data-efÞcient for a second task than 
for the Þrst , because the model learned 
while solving the first task can be reused

• Do these hold for BCD?



Testbed 1: Soft Obstacle Domain
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Testbed 1: Soft Obstacle Domain
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Experiment description

• Compared BCD to model-free Sarsa(0)

• The 426-dimensional binary feature vectors 
were produced by tile coding

• Measured the total number of episodes 
computed up to time t, for various values of t

• The agent had knowledge of the goal change

• The feature corresponding to G2 was labeled 
as ‘terminal’ when the goal changed



Binary features for the soft 
obstacle domain via tile coding
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Binary features for the soft 
obstacle domain via tile coding
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Experiment description 
(parameters)

• Sarsa(0) learning rate: α <h {0.1, 0.2, 0.4, 0.8}

• Logistic regression step-size: β <h {2, 4, 8, 16}

• ε-greedy exploration, ε = 0.1

• Number of trajectories sampled at each time 
step (starting from the current state): 1

• Length of each trajectory: 20

• Results averaged over 30 runs



Results
Sampling-basedMDP Planning with Approximateand LearnedModels
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Figure3. Navigationtask:Total numberof episodescompleted.

trajectorywassampledatevery timestep(N = 1).

For model-freeSarsa,thelearningratesfor thevaluefunc-
tion were! ! { 0.1,0.2,0.4,0.8} , while for BCD we used
! ! { 0.1,0.4} , " ! { 2,4,8,16} and" R = 0.1. Theseparam-
etervaluesweredividedby thenumberof non-zerofeatures
in thecurrentfeaturevector. Theexplorationratewassetto
#= 0.1. All theweightsfor thevaluefunctionandthetran-
sition modelwereinitialized to zero. Eachalgorithmwas
runfor a totalof 100,000timesteps(50,000for eachof the
tasks)andthewholeprocesswas repeatedfor 30 runs.

Whenthegoalregion changed,all agentsre-settheir value
functions to zero. The planning agentskept the already
learnedmodel,andperformedadditionalplanningby sam-
pling 1000 episodesbefore resumingnormal interaction
with theenvironment.Planningwasobviously not a possi-
bility for themodel-freeagent,sothatagentresumedinter-
actionimmediately.

The resultsfor the bestparametersettingsfor eachalgo-
rithm (! = 0.4 for model-freelearningand" ! { 8,16} , ! =
0.1 for BCD) aresummarizedby the graphsin Figures3
and4. Figure3 shows the numberof completedtrials as
a functionof thenumberof time steps.Figure4 zoomsin
on theperiodat thebeginningof learning.Thehorizontal
lines representerrorbars. As canbeseen,BCD obtains a
goodsolutionsigniÞcantlyfasterthanmodel-freemethods.
This resultis consistentwith empiricalobservationsmade
for sampling-basedmethodsusing tabular representations.

We alsomeasuredtheaverageratio of episodescompleted
during theÞrst10000stepsof thesecondtaskto episodes
completedduringtheÞrst10000stepsof theÞrsttask.This
ratio was1.45 for BCD with " = 16, 2.39 for BCD with
" = 8 and1.005for model-freeSarsa(0)with ! = 0.4 (the
bestparametersettingin termsof total numberof episodes
completedover the two tasks). This indicatesthat, while
the two taskswere of similar difÞculty (the performance
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Figure4. Total number of episodescompleted over the Þrst
20,000time steps. Theerrorbarsrepresentthestandarderrorat
selectedpoints.

of model-freelearningwas virtually identical), the plan-
ning methodsweremoreadeptat solving the secondtask
after having gainedexperienceon the Þrst. Theseresults
illustratethatBCD planningcanrequirelessdatato learna
goodpolicy thanthemodel-freealgorithm.In addition,be-
causea policy-independentmodelwasused,the planning
methodwasableto useexperiencegainedwhile solvingthe
Þrsttaskfor solvingthesecond onemoreefÞciently.

While planninglearneda goodsolutionfaster, after sufÞ-
cient interactionmodel-free learningstabilizedto a better
solution. After running both algorithmson the Þrst task
for 100,000time steps,the averagelength of an episode
duringthelast10,000timestepswas30.8stepsfor model-
freelearningand33.6for BCD. We notethatwe alsotried
modelsthat assumethat all outputfeaturesarecondition-
ally independentgiven $t , and they werenot able to Þnd
goodsolutions.This canbeexplainedby the fact that the
featuresproducedby tile codingareusuallyhighly corre-
lated,dueto thespeciÞcsof the tile codingprocess.

6.2.Mountain Car

Thesecondtestbedweusedwasastochasticversionof the
mountaincar problem(Sutton& Barto, 1998). The state
spaceis continuousandhastwo components,positionand
velocity of the car. Therearethreeactionsavailable: full
reverse,neutralandfull throttle. The agentreceivesa re-
ward of + 100 whenthe goal is reachedand" 1 per time
stepotherwise.Episodeslonger than10000time stepsare
terminatedwith a rewardof " 100.Thereis nodiscounting
(%= 1). We useda variationof the original formulation,
in which the changein velocity dueto full reverseor full
throttle is perturbedby a small amountof randomnoise.
More detailsaboutthestochastic mountaincar testbedare
availableonline(RL Library, 2006).
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trajectory was sampled at every time step (N = 1).

For model-free Sarsa, the learning rates for the value func-
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eter values were divided by the number of non-zero features

in the current feature vector. The exploration rate was set to

#= 0.1. All the weights for the value function and the tran-
sition model were initialized to zero. Each algorithm was

run for a total of 100,000 time steps (50,000 for each of the

tasks) and the whole process was repeated for 30 runs.

When the goal region changed, all agents re-set their value

functions to zero. The planning agents kept the already

learned model, and performed additional planning by sam-

pling 1000 episodes before resuming normal interaction

with the environment. Planning was obviously not a possi-

bility for the model-free agent, so that agent resumed inter-

action immediately.

The results for the best parameter settings for each algo-

rithm (! = 0.4 for model-free learning and " ∈ { 8,16} , ! =
0.1 for BCD) are summarized by the graphs in Figures 3
and 4. Figure 3 shows the number of completed trials as

a function of the number of time steps. Figure 4 zooms in

on the period at the beginning of learning. The horizontal

lines represent error bars. As can be seen, BCD obtains a

good solution significantly faster than model-free methods.

This result is consistent with empirical observations made

for sampling-based methods using tabular representations.
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of model-free learning was virtually identical), the plan-

ning methods were more adept at solving the second task

after having gained experience on the first. These results

illustrate that BCD planning can require less data to learn a

good policy than the model-free algorithm. In addition, be-

cause a policy-independent model was used, the planning

method was able to use experience gained while solving the

first task for solving the second one more efficiently.

While planning learned a good solution faster, after suffi-

cient interaction model-free learning stabilized to a better

solution. After running both algorithms on the first task

for 100,000 time steps, the average length of an episode

during the last 10,000 time steps was 30.8 steps for model-

free learning and 33.6 for BCD. We note that we also tried

models that assume that all output features are condition-

ally independent given $t , and they were not able to find
good solutions. This can be explained by the fact that the

features produced by tile coding are usually highly corre-

lated, due to the specifics of the tile coding process.

6.2.Mountain Car

The second testbed we used was a stochastic version of the

mountain car problem (Sutton & Barto, 1998). The state

space is continuous and has two components, position and

velocity of the car. There are three actions available: full

reverse, neutral and full throttle. The agent receives a re-

ward of +100 when the goal is reached and −1 per time
step otherwise. Episodes longer than 10000 time steps are

terminated with a reward of −100. There is no discounting
(%= 1). We used a variation of the original formulation,

in which the change in velocity due to full reverse or full

throttle is perturbed by a small amount of random noise.

More details about the stochastic mountain car testbed are

available online (RL Library, 2006).



Testbed 2: Stochastic Mountain Car
Goal

Continuous 2D state: x, v

Three actions: F, R, 0
Rewards: -1 per step, +100 

for reaching goal



Experiment description

• Again, compared BCD to model-free Sarsa(0)

• Tile coding produced 969-dimensional vectors

• Same parameter values, except that for BCD α and β 
were kept to their best value 

• Two ways of initializing the weights for the model:

• all zeros

• by pre-learning during 100,000 steps of interaction

• Results averaged over 30 runs



Mountain Car Results
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Empirical study - conclusions

• The main problem seems to be that model 
learning is too slow

• The good news is that, for these problems at 
least, the representation used was adequate

• the errors in model representation weren’t big 
enough to significantly affect the quality of the 
learned policy

• As things stand, BCD appears to be appropriate 
for multiple tasks in the same environment



Relation to existing work

• Existing representations for generative MDP models:

• Specialized function approximation

• state aggregation [Kuvayev & Sutton, 96]

• dynamic Bayes nets [Tadepalli & Ok, 96; Andre, 
Friedman & Parr, 98]

• General regression, but only for representing the 
first two moments (or less)

• BCD is a third kind of approach, relying on sufficiently 
expressive binary features



Relation to existing work

• The cascade sampling model is, in fact, a dynamic Bayes 
net, but one that does not make conditional independence 
assumptions

• though the the conditional probabilities have been 
represented using function approximation before 
[Sallans, 02; Degris et al., 06]

• The idea of cascade sampling has been used before

• for representing multivariate binary distributions [Frey, 98]

• for assigning credit to actions in reinforcement learning 
problems [Kaelbling, 93]



Future work

• Empirical results are not that impressive

• Make model-learning more data-efficient

• Compare with Least-Squares Policy Iteration

• Large action spaces

• Non-binary features

• Sample starting states, prioritized sweeping

• Understand what type of environments BCD 
would work well in



Questions?
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