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We prove Lemma 2 after Lemmas 1. This is possible as the two lemmas are independent.

Lemma 2

Proof: Consider a canonical pathway of p recombinations generating H from the associated haplo-
type set HAP.
I. If p = 1, then just one recombination is necessary to generate the unitary haplotype H, and as
H is different from any of the haplotypes of HAP, it is clearly a greedy recombination.

Consider now p = 2. Then, H is generated from two recombinations:

H]_,H2 —" R
R, Hy —™ H

We consider all the possibilities for 7y and ro as depicted in Figure 1.
1. The two recombinations can be replaced by the unique recombination rsy, that is clearly greedy.
2. As H is the unitary haplotype, ro is greedy. Suppose 71 is not greedy. Then the strip prefix
of R should be shorter than the strip prefix of Hy or H;. But the strip prefix of R ends on Ho.
Thus, it cannot be shorter than a strip prefix of Hy. Suppose it is shorter than the strip prefix of
H;. Then the two recombinations can be replaced by a unique greedy recombination r%.
3. 7y is clearly greedy. Suppose 71 is not greedy. As the strip prefix of R ends on Hj, it cannot be
shorter than the strip prefix of H;. Suppose it is shorter than the strip prefix of Hs, then the two
recombinations can be replaced by the unique recombination 7.
4. 71,79 can be replaced by r},75. 7 is clearly greedy. The strip prefix of R ends on Hs, and thus
it cannot be shorter than the strip prefix of Hs. If it is shorter than the strip prefix of Hs, then
the two recombinations can be replaced by a unique greedy recombination on Hs, H;.

I1. Suppose the lemma is satisfied for 7 < p. We should prove by induction that it is still true for
p. Let 7,---7, be a recombination pathway. Consider the p — 1 first recombinations, and replace
each haplotype X by X' = -(X ® R,), in particular R;, is unitary. From the induction hypothesis,
there exists at most p — 1 greedy recombinations, obtained from the haplotypes {H1, Hy,--- H,},
that lead to a unitary haplotype. Suppose these greedy recombinations are:
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Figure 1: Four different possibilities for the recombinations r1,7,. In each case, we show how
to replace 71,72 by greedy recombinations (bottom diagram for each case). Arrows represent
recombinations. The recombination 79 acts on the recombinant resulting from 71, and Hj3. Thick
lines represent the unitary segments of the haplotypes Hi, Hy, Hs that are segments of the final
resulting haplotype H.
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Let us now replace each haplotype X’ by the initial haplotype X (the one such that X' =
(X ®R,)):
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Each recombination rj : Ry, H;,,, — Ry, is such that P(R;, ,R,) > P(R;;, R,) and
P(Ry_,,Rp) > P(Hj;, Ry), where P(X,Y) is the size of the longest common prefix of X and Y.
Consider now the last recombination: r, : Ry, Hp 1 — H.

1. Suppose 7y is of the form: ROR], H> \HI,, — ROHT, .

Suppose there exists a haplotype Hj, such that P(Hy,R,) > |Rg|. Then the recombination
!

pathway (rf,--- r,) can be replaced by the unique greedy recombination:
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Otherwise, in the sequence (r1,---,r,_;) there exists a recombination r; : Ry, Hj,,, — Ry,,, such

that P(Ry;, Rp) < |R)| and P(Ry,,,,R,) > |R}|. Then if we define the new recombination:

"o _p5 pT _ g5 gT 5 T
Tig1 Rli+1 - Rl¢+1Rli+1aHp+l - Hp—|—1Hp+1 RlH_al—l—l
then RZ+1H:Z 1 = H, and (r],r5, -+, 7,7, ) is a greedy recombination pathway leading to the

unitary haplotype of size n, that is to H.
2. Suppose 7 is of the form: RSRZ, H5+1H;DT+1 — HSHRZ’.
In the sequence (rq,---,7,_;) there exists a first recombination r; : Ry, H;

that P(Ry,,,,R,) > |R|. If we define the new recombination:

i1 — Ry, such
i+1?

n . _ 5 T .
7 " Hp-l—l =H, +1H +1aHJ

_ 17b5 T 5 T
5. H] =H} HI — H H

r i+ Jivr L git Jit1

then (r{,ri,,,--+,r,_1) represents a greedy recombination pathway leading to H O

We are now ready to show that any minimal pathway generating R from C can be reordered
into a canonical pathway.

Lemma 1

Proof: A recombination pathway R on a subset Hpg that is not canonical should contain a first
recombination of the form Ry, Ry — R, where neither R; nor Ry is in HAP. Consider the three
last recombinations of R leading to R:

Rs = R3RY, Hy = HSHT —" Ry = R}HT or HORY
Ry = R3RY, Hy = H3HI —™ Ry = R3HY or HJRY
Ry = R°RT, Ry = R3RY —" R = R°RY or R3RT

As r is the first non-canonical recombination, R; and Rs should have been generated by r
recombinations of form X,Y — Z, where X and/or Y is in HAP. Moreover, the recombination
pathway R \ {r,r1,7m2} can be subdivided into two disjoint subsequences of recombinations: the
pathway R3 leading to R3 and the pathway R4 leading to Ry4. As these are canonical recombination
pathways, from Lemma 2, they can be replaced by greedy recombination pathways. Therefore, we
can assume that R3 and R4 are greedy recombination pathways leading to R3 and Ry.

We have now to consider each possibility for Ri, R and R. As all possibilities are treated
in the same way, we choose one of them. Suppose, for example, that R; = RngT , Ry = HJRT
and R = R}RY (Figure 2.(a)). Consider the new recombination pathway obtained by performing
all the recombinations of R3 plus the recombination 71, and followed by a recombination of form
Ri,Hy — R, where HQT is a suffix of R, and the remaining prefix of R, being a prefix of R
(Figure 2.(b)). To reach R, the suffix HY should be replaced by R} . Let k = |RI]|.

For each recombination X,Y —" Z of Ry, consider the induced recombination X', Y’ —" Z'
on the suffixes of size k of X, Y and Z. With this restriction, Z' may be equal to X' or Y'. We
remove from R4 the recombinations that have an induced recombination satisfying Z’ = X' or
7' =Y'. Let the new recombination pathway be of form:

Ry, Hf —"f Ry
Ry, Hpp1 —"1+ Rpyo

Rf+na Hf+n —" R
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Figure 2: (a) The recombination pathway (r1,79,7). Thich lines are the segments of Rs, Hy, Ho
and R4 that are segments of R. (b) r; followed by rs.

Consider the first recombination ry. If the prefix of Ry is taken from Hy, then define the
new recombination R, Hy —T R'f = RSHY, where |H;;P| = k. If the prefix of Ry is taken from
Ry, consider the haplotype H } that has the same suffix of size k£ than R;. The existance of such
a haplotype is deduced from the fact that r; is the first recombination of R4. In that case, define
the new recombination Ry, H} —"1 R = R?H}Q, where |HY| = k.

We then replace the recombination 7y by r. Now, we recursively replace each recombination
Tf4+p by the recombination r} +p» DY replacing Ry, by R'f 4p- This recombination pathway clearly
leads to R. Let R} = (r},r}ﬂ, e ,r}ﬂ) .

To summarize, our new recombination pathway is formed by R3, followed by r1, followed by R)}.
This is clearly a canonical recombination pathway. And as R/ has the same or fewer recombinations
than R4, this new recombination pathway has at most the same number of recombinations than
the original one O

Proposition 1

Proof: “=" We first prove that any solution is necessarily a haplotype table associated to a path
of G(V, E). Let (Hy, Ha, -+ Hypin, Hmint1) be a solution. Then, there is a perfectly greedy recom-
bination pathway of form:

HPH},HSH —™ Ry = HYH3
Ry = R3R3, H3H3 —" Ry = R}H}
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where for each i, |R?| = P(R;), and P(H3?) > 0. Consider the sequence of vertices

(0,v1,92, * * * , Umin, Umins1) such that, for any 4, v; = P(H?). Then, it is easy to verify that, for any
i, v;—1 — v; is an edge of E, and thus, (0,v1,v2,*,Umnin, Umin+1) is a path of G(V, E).

“<” Let (0,v1,v2,**,vp,vp41 = n) be a path of G(V,E) and let (H;,Hs, -+ H,, Hpy1) be an
associated haplotype table leading to R, 1. It is evident, from the graph construction, that R, is
the unitary haplotype of size n. It remains to prove that we have a minimal recombination pathway.
From the breadth-first construction of the graph, any path of G(V, E) has the same length. On the
other hand, from the first part of the proof, any minimal recombination pathway leading to H is
associated to a path of the graph. Therefore, any haplotype table associated to a path of G(V, E)
is a solution O



