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1. Introduction

Let X be a reflexive Banach spac€; the topological dual space of continuous linear func-
tionals defined otX, C' a closed, convex and nonempty subseXadind /' a continuously
differentiable (in the @feaux sense) operator frafhinto X *. In this paper, we analyze
the convergence behaviour of descent algorithms for finding points thiat satisfy the
variational inequality:

(F(z*),z—2") >0 Vo e C. (1)

We assume that the solution set of (1) is nonempty. To find a solution, we introduce a
nonnegative and continuously differentiable functiopal C — R™ such thaty(z) = 0
if and only if z is a solution of the variational inequality. Such merit functions and the
associated descent algorithms have received considerable attention in the recent litterature
on finite dimensional variational inequalities. A solution can then be obtained by globally
minimizing ¢ over C'. Merit functions such a®, differentiable or not, are sometimes
referred to as gap functions, and have been given attention in the recent literature (see the
surveys by Fukushima [9] and Larsson and Patriksson [10]).

The sequence of iterates converging to a solution will be recursively defined by the
relation:

2FH = 2F 4t (Y (2F) — 2F) (2)

whereY (z*) is a point inC, t; is a suitably chosen stepsize and the feasible direction
d* =Y (2*) — 2* is a descent direction far atz*, i.e.:

¢ (2% d") = (¢ (a"),d*) < 0. 3)
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We also assume that the mappirigpossesses the fixed point property:
Y(z*) =2z (4)

Our contribution is twofold. First we prove that, df satisfies some general descent con-
dition, the sequence of iterates defined by (2) converges to a solution of the variational
inequality. Next we show that several algorithms satisfy the given descent condition. These
are: a variant of the Frank-Wolfe (conditional gradient) method, Fukushima’s modified
projection method [8], the general descent method of Zhu and Marcotte [18], and the aux-
iliary principle descent method [2] [17]. The first three of these methods have so far been
only proposed for finite-dimensional spaces.

The remainder of the paper will address the choice of the magpiad the stepsizg,.
But first, let us recall some concepts that will be used throughout the paper.

Definition 1.  Afunctional f : C C X — Ris Lipschitz continuous o' if there exists
a positive constant ; such that, for allz, y in C:

[f(@) = f)l < Lyllz =yl (5)

Similarly, an operatof” : C' — X* is Lipschitz continuous o' if there exists a positive
constantZ  such that, for alk;, y in C".

1F(x) = F)ll < Lrllx -yl (6)

where|| - || denotes both the norm iF and its associated norm X*.

Definition 2.  Afunctional f : C C X — R is convex orC' if there exists a nonnegative
constanb such that, for alle, y in C and all« in [0, 1]:

1
flaz+ (1= a)y) <af@)+ (1 - a)f(y) - sba(l - a)lz - y|*. (7)
If bis positive, we say thaf is strongly convex with modulus

Definition 3. An operatorF' from C' C X into X* is monotone orC if there exists a
nonnegative constaptsuch that, for alk;, y in C":

(F(z) = F(y),z —y) > pllz —y[*. (8)
If u is positive, we say thak' is strongly monotone with modulys

If F'is strongly monotone o€’ with modulusy, and continuous differentiable on an open
set containing”, then

(F'(z)h,h) > pl[h|* VzeC, VheX. 9)

Definition 4.  An operatorF' from C' C X into X* is pseudomonotone afl if there
exists a nonnegative constahsuch that, for allz, y in C:
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(F),y—2)20 = (F(y),y—z)>Plly—z|* (10)

If 3 is positive, we say thaf is strongly pseudomonotone with modulgis

Definition 5. A functional f is subweakly continuous aff if for any sequencéz”}.cx
weakly converging t@ € C, there exists a subsequengeé’ },.cx such thatf(z* ) —
f(z) fork’ e K.

If A C X, the polar ofA is defined to be the set
A° ={a* € X*|(z*,z) <0, Yz € A}.
The normal cone to a convex sétatx € A is defined as:
Na(z) ={z" € X*|(a*,y —x) <0, Vy € A}
Finally, the tangent cone td atx is defined by the relation
Ta(x) = Na(z)°.
We close this section with two classical lemmas.

LEMMA 1 Letf be continuously differentiable on an open set contaidirand its deriva-
tive f/ be Lipschitz continuous with Lipschitz constd@nt. Then

£(@) = $0) < (P W)z — ) + Ll — (11)

LEmMA 2 Let f be continuously differentiable on an open set contairtingnd strongly
convex with moduluson C. Thenf’ is strongly monotone o with modulus) and

£@) = $) = (£ W)z — ) + e — ol (12

2. Convergence analysis of the generic algorithm

In this section we analyze the convergence properties of the algorithm based on the iteration
(2) for minimizing the functionaly) on C, which is equivalent to finding a point in C
satisfyingg(x) = 0. In the sequel we require that the following descent condition hold:

qS'(xk;dk) = gb'(xk;Y(xk) - l’k) < f(j)(xk) (13)
Three stepsize rules will be considered. They are:
Optimal stepsize rule: t;, € argmingco 1) ¢(z* + td").

Constant stepsize rule: t;, = t, for all k.
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Open loop stepsize rule: t; € (0,1] and:

itk:oo iti<oo. (14)
k=0 k=0

As mentioned in Dunn [4] a sequence satisfying the assumptions of the open loop stepsize
rule can be obtained through the recursion:

to = 1
the1r = tp —t3/2. (15)

The following lemmas on real sequences will be used in the convergence proofs.

LeEmMA 3 (Polyak [15]) Let {e} be a sequence of nonnegative numbers énd} a
sequence of positive numbers such that:

1 P
Upr < up, — epuy P (16)

for some positive constapt Then we have:

k—1
ur < up(l +pugZei)*1/p. (17)

=0
In particular, if e, = e andp = 1, we obtain:
up < uo/(1+ ekug). (18)
LEMMA 4 Let{t;} satisfy the open loop stepsize rule, ajng.} be a sequence of non-
negative numbers such that
Uk 41 S Uk — tkuk + bti, (19)

whereb is positive number. Then the entire sequefweg} converges to zero.

Proof: We first show, by contradiction, that there exists a subsequngeconverging
to zero. If no such subsequence exists, then there is a positive nyrabeh that

Ztkuk Z Ztkn = Q. (20)
k=0 k=0
However, for any positive integéy, one has
N N N N
Ztkuk < Z(uk — Ugt1) + Z bti = Uy — UN+1 + bzti
k=0 k=0 k=0 k=0

Since the sequende } is nonnegative and the serigs,-_, ¢7 is convergent, we obtain a
contradiction with (20).
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Now, let condition (19) hold and assume that the entire sequence does not converge to
zero, i.e., there exists a positive numigéand a subsequenéey, } e such thatu, > n’
forall kin K. Let{u}rexs be a subsequence converging to zero. Select an iAden
K’ such that for alk larger or equal td<’ we have

/ o0 /
u >1n  (kek) uk<% (ke Kk thﬁ<%.
h=K'

Next we select an indek” (K" > K') in K. From inequality (19), we obtain

0 /
UK — UK’ S Z bti < %
k=K'
Butug: —ugr >n — ”Z' > ?’T"/ which implies the desired contradiction. ]

We are now in position to prove the main convergence theorems. Let us first study the
convergence of the algorithm under the optimal stepsize rule.

THEOREM 1 Let ¢ be continuously differentiable on the bounded Gedind satisfy the
descent condition (13). Ldtr*} be the sequence generated by the iterative scheme (2)
under the optimal stepsize rule.

(i) If ¢ is subweakly continuous af, then the sequendgs(z*)} converges to zero and
every weak cluster point of the sequefieé} solves the variational inequality (1). In
addition, if ¢’ is Lipschitz continuous o€, with Lipschitz constank, theng(z*) =
O(1/k).

(i) If there exist a solutiom™* and positive numbersgandv,, such that:
o(x) > vpllx — z*||P vz € C, (21)
then the entire sequende”} converges towards the solutiari.
(i) Leto satisfy the condition:
$(@) > vl —a*|? (22)
for some positive constant If the mappingY is Lipschitz continuous, with Lipschitz
constantly, then the solution* of the variational inequality is unique and there exists

a numbery € (0,1) such that, for allk > 0: ¢(zF!) < v¢(2*) and ||z* — || =
O(*/?).

Proof: (i) Underthe optimal stepsize rule, one has that*+!) is anonnegative decreasing
sequence of real numbers. Lggt be its limiting value. We have, for alle [0, 1]:

$(2"H) — p(a*) < g(a* +td") — p(a")

(¢ (&), td")

= ¢/ ("), d") + (¢ (€) —
—t¢(z*) + D¢’ () — ¢’

¢ (2*),d")
(

/
M),

IN
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where¢ = z* + 0d* for some# in [0,¢] and D denotes the diameter of the boundedet
This yields, for positive values af

$(a*) — p(a**)

0 < ¢(a™) < p

+Dll¢'(€) — ¢' (M. (23)
Lete be a predetermined positive number. Sintis uniformly continuous on the bounded
setC, there exists a positive numb&such that, whenever< §:

< P(z*) — g(a**1)

0 < ¢(a") -

+ €.

Sinceg(z*) — ¢(z¥*1) converges to zero, it follows that:

0 <lim inf ¢(z*) <lim sup ¢(z*) < e

r— 00 k—oo

and:lim, . ¢(z*) = 0. Now the sequencgr”} is bounded and must therefore contain at
least one cluster point in the weak topology. zdte such a point, and denote by* }1.cx

a subsequence that converges weakly.t8inceC is convex and weakly closed, the point
Z isin C. From the subweak continuity @f, we conclude that(z) = 0, as claimed.

Now we assume that is Lipschitz continuous with constahton C. Let us introduce the
quadratic polynomial\(¢) defined as:

£2L)d|”

M) = 0(a*) + ! (2F), ") + == @4)
We have:

The minimum of the above polynomial is achieved at
tp = min{l, —(¢'(z*),d")/L||d"|*},

which is positive, in view of (13). If the term-{(¢'(x*), d*)/L||d*||*} is less than one,
we obtain:

(' (z*), d*)?

Pt < A(H) = o) — 5 P ;

If, on the other hand:-{(¢'(z*), d*)/L||d*||?} is larger or equal to one, we sgtto one
and obtain:

o(z" ) < A1)

IA

Hk) + {9/ (4), &%) + b @)

(' (z*), d*)
5

IN

p(z*) + (28)
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In both cases{#(z*)} is monotone decreasing. This implies that(z*), d*) converges
to zero and, by (13), that(z"*) converges to zero as well. The inequalities (26) and (28)
then imply that, fork sufficiently large, there holds:

—(¢' (%), d*) < max{VZLD(¢(z*) — p(«*t1))%,2(¢(a*) — p(z*F1))}  (29)
< V2LD(¢(z*) — p(z"*1))%, (30)

whereD, as before, denotes the diameter of the(set
Combining this inequality with (13), we obtain:

SCk 2
st +) < o) - LI 31)

Now the sequencég(z*)} satisfies the assumptions of Lemma 3, and we can conclude
thato(z*) = O(1/k).

(i) The proof is straightforward.

(iii) We first show that there exists an iteration ind&xand a positive constantsuch that,
for all k greater or equal té&: co(x*) > ||d*||?. Indeed, under the stated assumptions, one
has:

Ly

[V (2%) — ¥ = [[Y («") = Y (") < Ly ||a* — 2" < o ¢(z") (32)
and:
[d*)* = [V (&) = 2*P = (Y (&*) — 2%) + (& — a")|? (33)
< 2|y (2*) — 2| + [l — 2F|] (34)
< cp(a) (35)

with ¢ = 2(Ly + 1)/v. Next, sincey’ is Lipschitz continuous o' there must exist, in
view of Lemma 1, an indeX such that, for alk greater or equal té:

2 k|2
S < o) i), )+ FAEE (36)
< ofat) — to(a) + D) 37)
< o(a®) — to(a) + 't g(a") (38)
wherec’ is any positive number larger or equahtax{cL/2,1/2}. Therefore:
oz < |(1- 1 +c 1 t 2 o(z") (39)
- 4c' 2¢ ’
Settingt = 1/(2¢) < 1 in the above equation there comes:
Bt < (1 )b(a*) = yo(a) (40)

4
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with v < 1. Finally, under assumption (22), there clearly holds:

k/2
la* — 2% < T—g(a®), (41)
i.e.,||zF — ¥ = O(v*/?). [ |

THEOREM 2 Let¢ satisfy the descent condition (13) afidbe Lipschitz continuous with
Lipschitz constant onC. Let{z*} be the sequence generated by the iterative scheme (2)
under the constant stepsize rule.

(i) If ¢ is subweakly continuous ari and there exists a positive numhesuch that:
(@ (2%), d*) < —plld*|?, (42)

then the sequenegz*) — 0 and every weak cluster point (at least one exists) of the
sequencgz®} is a solution of the variational inequality, whenever
tr =to < min{1,2p/L}.
(ii) If conditions (21) and (42) are satisfied, then the entire sequéntk converges to the

solution of the variational inequality.

(iii) If condition (22) is satisfied and the mappifgis Lipschitz continuous, then there
exist numbersy andt, in (0, 1) such that, for all indices: ¢(z*+1) < y¢(z*) and
|2* — z*|| = O(¥*/?) whenevet,, < to.

(iv) If the mappingY is pseudocontractive at*, i.e., forz sufficiently close ta:*, there
exists a numbes € (0, 1) such that:

1Y (2) =Y (z%)| < ofz -7, (43)
then the sequende:*} converges geometrically to'.

Proof: (i) From Lemma 1, we have:

S < 6(b) + 16! (1), 0%) + TR, (44)
Since (42) holds, we have:

S < o) — ptellat|? + S (@5)

< 6(*) — talp — o)l P (46)

If ¢, = to as defined in the statement of the theorem, we havephét!) < ¢(=*) and
d* — 0. We conclude from (13) and (42) thafz*) — 0. The remainder of the proof is
similar to that of Theorem 1.
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(ii) Under the additional condition (21), the convergence of the whole sequence is obvious.

(iii) Under the stated assumptions, the inequalty) still holds, and it suffices to take

to < 1/max{2L(Ly +1)/v,1}.

(iv) Under the assumption that is pseudocontractive, we can write:

lz** — 2| = |la* + ted" —2*| (47)

= [la® +to(Y (") - a*) — 2*| (48)

< (1=to(1 = 0))f|a* — "], (49)

wherel — to(1 — o) < 1. [ |

THEOREM 3 Let ¢ satisfy the descent condition (13) aptibe Lipschitz continuous on
the bounded se’, with Lipschitz constanL. Let {z*} be the sequence generated by
the iterative scheme (2) under the open loop stepsize rule. Fh€r) converges to zero.
Moreover (i) if¢ is subweakly continous afi, then every weak cluster point (at least one
exists) of the sequenée” } is a solution of the variational inequality (ii) if (21) is satisfied,
||z* — z*|| converges to zero.

Proof: From Lemma 1 and (13), one obtains:
, L
Hth) < @(a®) + tile' (%), d") + S Elld"|? (50)
. L
P ) < (a®) — tro(a®) + gtilld’“llz- (51)

Since{¢(z*)} is nonnegative an@'is bounded, Lemma 4 implies thatz*) converges to
zero. The remainder of the proof is similar to that of Theorem 1. ]

We close this section by stating a finite convergence result, based on the notions of
sharpness and pseudomonotonititsind established by Marcotte and Zhu [13]. We recall
thatz* is a sharp solution of the variational inequality (1) if there exists a positive constant
7 such that:

(F(z*),x —a") > 7|l — 2| Ve e C (52)

and that an operatdr is pseudomonotorteon C if it is pseudomonotone of' and there
holds the additional condition:

(Fy),y—z)=0 = F(y) =F(x). (53)

We denote by(z) = Proj,, ., (—F(z)) the projection of-F(z) over the tangent cone
of the set”' at the pointz.

THEOREM 4 (Marcotte and Zhu [13])Let F' be single-valued, pseudomonotdneini-
formly continuous o’ and the solution:* of the variational inequality (1) be sharp and
unique. Then the algorithm generates a sequepde converging taz*. Moreover the
sequence(z*) converges (strongly) to zero and there exists an inlesuch that, for all
k> K, zk =2~
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3. Instantiation of the general convergence scheme

In this final section of the paper we consider various realizations of the general convergence
framework. To simplify the exposition, we restrict our analysis to the basic algorithm
incorporating the optimal stepsize rule. Note however that the analog of Theorem 3 holds
for the LP-based and Fukushima methods, and that the analog of Theorem 2 holds for
Fukushima’s method.

3.1. An LP-based algorithm for variational inequalities

Let F' be monotone, continuously differentiable and weakly continuous.owe take for
¢ the gap functional:

o(x) = r;leag<F (z), 2 —y) (54)

and make the assumption that the solufiéfr) of the above maximization problem is
unique. The unigueness ®f(x) implies that¢ is continuously differentiable o@', with
derivative:

¢/ (2) = F(z) + F'(2)(z — Y(2)). (55)
In this context, the assumptions of Theorem 1 hold, as shown below.
THEOREM 5 Let¢ be given by (54) and assume thatz) is single-valued. Then:
(i) The descent condition (13) holds apds subweakly continuous.

(i) If F" andY are both Lipschitz continuous @i, so is¢’.

(iii) If F'is strongly monotone o@' then (22) holds.

(iv) If ||z* — Y (2*)| converges to zero, ther{z*) converges to zero as well.

Proof: (i) Since F' is monotone, we have:

(¢'(2),Y(z) —2) = (F'(2)(x =Y (2)),Y(2) - 2) + (F(2),Y(x) —2)  (56)
(F(x),Y (z) — x) (57)
—o(x). (58)
For any sequencér”} converging weakly ta € C, we have that’(z*) — F(z). Let

{z*'} be a subsequence ¢£*} such thaty (2*") converges weakly tg € C. We can
write:

INIA

(F (), 2" —y) — (F(z),z - )|
= [(F(*), 2" —y) — (F(z),2" —y) + (F(2),2" —y) — (F(z),z - y)|
< (R0 —y) = (F@), 2 — )|+ |(F(2),2" —y) — (F(2),7 — )|
< (F@M) - F@), 2" —y)| + [(F(z),2" - 7)]
< |IF(*) = F@)|| |a* - y|| + [(F(z),2* - 2)]

!
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since F' is weakly continuous and the s€tbounded, and the sequen{:e’“'} converges
weakly toz. Similarly:

o) = (F(a*'), 2" - Y (")) — (F(z),7 - 7). (59)

Next we need to show thgt= Y (Z). Indeed:

’

(), 2" —Y (@) > (FY), 2" —y)  wyeC (60)

implies, from the previous limiting results, that:

i.e.,j = Y (z). We conclude thap(z) = (F(z),z — 3) andp(z*') — ¢(z). Hencep is
subweakly continuous ofi'.
(i) The proof is straightforward.

(i) Let 8 denote the modulus of strong monotonicityfofandx* the unique solution of
the variational inequality. We have:

¢(x) = (F(x),z—Y(x)) (62)
> (F(z),z —a") (63)
= (F(z) = F(z"),x —2%) + (F(z7%),z — 27) (64)
> flla - a*||? (65)

and (22) holds withy = 5.

(iv) By constructionY (z*) satisfies:
(F(z*),Y(2*) —2) <0 VzeC (66)

or, equivalently:— F(z*) € N¢ (Y (z¥)), whereN¢ (Y (z¥)) denotes the normal cone to
C atY (z*). The Moreau decomposition yields

lp(Y ("))l = min 121l

—2€F (Y (zF))+Nc (Y (z%))
|F(Y (%)) = F(z")].

Since||z* — Y (2*)|| — 0 andF is uniformly continuous, we conclude that:*) converges
to zero. ]

IN

The above theorem, together with Theorems 1 and 4, implies the following convergence
results.

CoOROLLARY 1 Let F' be monotone and weakly continuous ©n Then the sequence
#(x*) generated by the optimal stepsize rule converges to zero and every weak cluster point
of the sequencéz*} (there exists at least one) is a solution of the variational inequality.
Moreover ifY” and F” are Lipschitz continuous o, ¢(x*) = O(1/k). If F is strongly
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monotone o', we have thap(z*) < vé(2*) and||z* —2*|| = O(+*/?) for some positive
constanty less than one. I&* is a sharp solution of the variational inequality, then the
convergence is finite.

Remark. The condition that the mapping be single-valued is a strong one, and not likely

to hold in finite-dimensional applications, unless the(sét strongly convex. However itis
satisfied naturally in the context of the multiclass variational inequality studied by Marcotte
and Zhu [12]. In this latter work, an Armijo stepsize rule is proposed and its convergence
properties analyzed. Numerical results on large scale multiclass traffic assignment problems
are reported in Marcotte et al. [11].

3.2. Extension of Fukushima’s method

For finite-dimensional, strongly monotone and continuously differentiable mappings, Fuku-
shima [8] proposed the function:

8(2) = max(Fla),z — g) - 5o~ yIP. (67)

The solutionY («) of this maximization problem is unique and given by the projection of
x — oF (x) onto the set:

Y (z) = Projo(z — aF(z)). (68)

The functiong is continuously differentiable. This result is also valid in Banach spaces. In
particular, the derivative af is given by

1
¢'(z) = F(a) + F'(z)(z = Y(2)) + —(Y(2) — 2). (69)
As before, we show that the assumptions of Theorem 1 hold.

THEOREM 6 Let¢ be defined by (67). Thén(zx) is single-valued. Also:

(i) If F and F’ are continuous orCC, then¢'(z) is continuous orC. If F' and F’ are
Lipschitz continuous o€, so is¢’(z).

(i) Let F be strongly monotone with modulgs> 1/2a on C; then (13), (22) and (42)
hold andY” is Lipschitz continuous ofy'.

(i) If the sequencéz* — Y (z*)|| converges to zero andl is uniformly continuous or,
thenp(Y (2*)) converges to zero as well.

Proof: (i) Since projection mappings are nonexpansive, we have:

1Y (y) =Y (@) < ll(y — aF(y)) — (x — aF(z))]. (70)

Hence the mappind” is continuous (respectively Lipschitz continuous) wheneves
continuous (respectively Lipschitz continuous).
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From the expression (69) fa¥ it follows that¢’ is continuous (respectively Lipschitz
continuous) ifF andF” are continuous (respectively Lipschitz continuous).

(i) If F is strongly monotone, we have:

(@(2),Y (2) —2) = (F'(2)(z = Y (2)) + F(2),Y(2) — 2) + |V () — 2[*/a
—(B=1/20)[Y (2) — 2] + (F(2),Y (z) — x)
+HY (2) - 2* /20

= —(8-1/20)|Y (2) - z|* - ¢()
i.e., inequality(13) and (42) hold (if5 > 1/2«). By definition of$, we then have that

IN

1 1
¢z) 2 (F(z),z —27) — o—lz = z*|* > (8- 25z = z*|1%,

and(22) holds withv = 8 — 1/2«. The uniqueness df is obvious.

(iii) The projectionY (2*) can alternatively be defined as the unique solution of the varia-
tional inequality

(F(z®) + =(Y(2F) —2®), 2 - V(") >0 vzecC.

1
o

Thus—(F(z*) + W) € N¢(Y (2%)) and we obtain, using Moreau decomposition:

DY DI = 1Py ooy (~F Y )|
= min [|=]]
—2€F (Y (2%))+Nc (Y (z*))
Y (2F) — 2F
< P Eh) - Pty - T2

Since||z* — Y (z*)|| converges to zero ani is uniformly continuous o, we conclude
thatp(Y (z*)) converges to zero. [ |

COROLLARY 2 LetF be differentiable and strongly monotone with modul¢s > 1/2«)

on C. Then the sequender*} generated by the optimal stepsize rule converges to the
solutionz* of the variational inequality. IfF and F’ are Lipschitz continuous o6 we
haveg(zF*1) < ¢(2*) and ||z — z*|| = O(y*/?) for some positive constantless then

1. If z* is a sharp solution of the variational inequality, the convergence is finite.

Remark. Convergence results for descent algorithms have been obtained under the weaker
assumption that the mapping be monotone (see Zhu and Marcotte [19] and Patriksson [14]).
However, the constrairtt’ was required to be compact. It would be interesting to see if an
equivalent result holds in infinite dimension.
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3.3. Aremark on optimization problems
Let us consider the optimization problem

min f(z) (71)
wheref is pseudoconvex and differentiable ©n It is well known that the problem (71) is
equivalent to the variational inequality problem

(f'(x*),x —x*) > 0V, € C. (72)

Descent methods for solving optimization problems in infinite dimensional spaces have
been addressed by several researchers, including Auslender [1], Valadier [16] and Dunn
[4] [5] (extension of Frank-Wolfe and projected gradient methods), Zhu and Marcotte [17]
(coupling descent methods with the auxiliary problem principle). In particular, Dunn [5]
has given the convergence properties of linearization and gradient projection algorithms. It
is interesting to note that these results can be recovered using the techniques of the present
paper, if one defines the functionaks

o(z) = fx) — f(z7).

If fis convex and continuoug,is also weakly lower semicontinuous, see [6]. Hende
naturally subweakly continuous in this context.
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