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cNG5G5Bpo0qFqWrsrsrtn XeEJU4n [\KLUFMNG5EJIbDFfun aCD)q
∼
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³)U�X�GsfZD@EJICfZDWGJXgU�M�°5[\XeªWDkMNG5I�?

v(t) = 0.98
di

dt
(t) + 0.142i(t)

I^GsfeI]GJD��\fgI�Dk[ °H[4XgªWDkMNG
t 1.00 1.01 1.02
i 3.10 3.12 3.14

 DkfZa^[4fgIbE
v
DF[ G5IbKLB4°

t = 1.00
?
t = 1.01

ICG
t = 1.02

IbM�[TGJXgfeXZ°5DFM�G]fZD¬KLICXefefgIb[\E5I@SVUFEJK [4fgIOTI	OTACEJXgªWDkG5XeUFM [TGJXgfeXZ°5DFM�G
G5EJUFXZ°�B0UFXeM�Gd°�B¥U�[\E>DkB4B\E5U"!TXeKLICE

di/dt
n

�$#&%('*)�+-,
.>U�[4°sDwªFU�M4°2fgI�°2SVUFEJK [\feIb°s°5[\XeªWDkMNG5I�°0/�?4B¥U�[\E>DkB\B4E5U"!TXeKIbE�[\M\ItOTACEJXeªFACI]IbM

t0
IbM�[\G5XefgXZ°5DFMNGsG5EJUFXZ°�B0UFXeMNGJ°

i′(t0) =
−i2 + 4i1 − 3i0

2h

i′(t0) =
−3i0 + 4i−1 − i−2

2h

i′(t0) =
i1 − i−1

2h=:M DO\UFM4a]Dk[�GJICKLB4°
t = 1.00

?
t = 1.01

ICG
t = 1.02

i′(1.00) =
−i(1.02) + 4i(1.01)− 3i(1.00)

2 × 0.01

=
−3.14 + 4 × 3.12− 3 × 3.10

0.02
= 2

i′(1.01) =
i(1.02)− i(1.00)

2 × 0.01

=
3.14− 3.10

0.02
= 2

i′(1.02) =
−3i(1.02) + 4i(1.01)− i(1.00)

2 ×−0.01

=
−3× 3.14 + 4× 3.12− 3.10

−0.02
= 2

1´ItabDkfZa^[\f´OTI
v
Dk[«G5ICKLB4°

t = 1.00
?
t = 1.01

I^G
t = 1.02

Ib°HGsICM4°5[\XgG5ItXeKLKA�OTXZDWG>I^G>Abª)XeOTIbMNGbn
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 DkfZa^[4fgIbE2[4M\ItªWDkfeIC[\E>DFB\B\EJU)adc4ACI]OTItfuP XeM�GJACv�EJDFfgI]°H[4XgªWDkMNGJIF?
∫ 1

0

f(x)dx =

∫ 1

0

dx

1 + x + x2

B4DFE�fZD:KACG5c\UTOTIsOTI�°�G5EdDkB0±C²bIb°b?�IbM B4DFEHGdDkv�IbDkMNG�fuP XgMNGJICEJªwDFfgfeI
[0, 1]

ICM
10
XgMNG5IbE5ªWDFfgfeIb°�ACvNDk[ !Qn  DkfZa^[4fgIbE�IbM4°5[\X�GJI�fZD ªWDkfeIC[\E

I�!\D�a7G5ItOTI`aCI^G5G5I]XgMNGJACvFEdDkfeI]I^G>°JD@ªWDFfgIb[\EsM)[\KLACEJXeYN[\ItDwªFI�a:YN[4DkG5EJItOTAbaCXgK	DkfeIb°�I�!\DFa7GJIb°bn

�$#&%('*)�+-,
1´I�°�ªWDkfeIC[\Ed°sOTItfZDSVUFM4a^G5XeUFM

f
DF[ !¬B0UFXeMNGJ°>OTI`°5[ �£OTXeªNXZ°5XgU�M4°>OTItf�P XeMNG5IbE5ªWDkfefeI

[0, 1]
°5UFMNG>OTUFM4M\ACI�°>O\DkM¥°�fgItGdD �\feIbDF[

°5[\XgªWDFM�G

x 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

f(x) 1.0000 0.9009 0.8065 0.7194 0.6410 0.5714 0.5102 0.4566 0.4098 0.3690 0.3333

1iD�°5UFKLKLILO\Ib°]ªWDkfeIC[\Ed°]a^U�KB4E5XZ°HI�° ICMNG5EJI
[0.1, 0.9]

A^GdDkMNGtACv�DFfgI��
5.3848

?0feD�ªWDkfeIC[\EtDFB\B\EJU)adc4ACILOTILfuP XgMNGJACvFEdDkfeI
B4DFEsfeDKLA^GJc\UTOTI`OTIb°2GJEJDFB¥±b²CI]Ib°HG_OTU�M4ak?

∫ 1

0

dx

1 + x + x2
=

h

2

(

f(0.0) + 2f(0.1) + 2f(0.2) + . . . + 2f(0.8) + 2f(0.9) + f(1.0)
)

= h
(f(0.0) + f(1.0)

2
+ f(0.1) + f(0.2) + . . . + f(0.8) + f(0.9)

)

=
1

10

(1 + 0.3333

2
+ 5.3847

)

= 0.6051

� UF[\E�aCDFfeaC[\feICE�a^I^G5G5I]XeM�GJACv�EJDFfgI OTI_S.D��^U�M«DkM¥Dkf���GJXeYN[\I�?)UFM¬A�a^EJX�G�f�P I�!)B4E5I�°5°5XgU�M
(1 + x + x2)

°5UF[¥°�SVU�E5KLI]aCDkM4UFM\XZYN[\I

1 + x + x2 = (x +
1

2
)2 + 1 −

1

4
= (x +

1

2
)2 +

3

4=:M�U��TGJXgIbM�G_DFXgM¥°HX
∫ 1

0

dx

1 + x + x2
=

∫ 1

0

dx

3

4

(

(

x+ 1

2
√

3

2

)2

+ 1

)

=
4

3
(

∫ 1

0

dx
(

2x+1√
3

)2

+ 1
)

��M�S.DkXZ°JDkMNGsfgI`adc4DFM\vFIbKLICMNG�O\ItªwDFE5XZD �4fgI
t = 2x+1√

3

?\XefQª)XgIbM�G

dt =
2
√

3
dx

dx =

√
3

2
dt



I^G_O\UFM4a
∫ 1

0

dx

1 + x + x2
=

2
√

3

∫

√
3

1/
√

3

dt

t2 + 1

=
2
√

3
[arctan t]

√
3√
3/3

=
2
√

3

(π

3
−

π

6

)

=
π
√

3

9
fZD«ªWDFfgIb[\EtM)[\KLACEJXeYN[\I OTI	f�P XgMNG5AbvFEdDkfeILIb°HG OTUFM4a

0.6045997881
I^G`f�P IbE5EJIC[4EtU��TGJICM)[\ILICM S.DkXZ°JDkMNG`fgI abDkfZa^[\fB¥DkEtfZD

KLA^GJc\UTOTI`OTIb°2GJEJDFB¥±b²CI]Ib°HG>ACvNDkfeI �
≈ 5.002× 10−4

n

!i!"!��¯! � � � � ��
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 � 
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=:M�B\E5U�B¥UN°HI]OTI`abDkfZa^[\feICE�[\M\ItªWDFfgIb[\E>DkB\B4E5UTadc\AbI OTItf�P XgMNG5AbvFEdDkfeI °5[\XeªWDkMNG5I

I =

∫ π

0

sin x dx

ICM [TGJXgfeXZ°5DFM�G_y@XeM�GJICEJªWDkfefgI�°�AbYN[\XZOTXe°HGJDFMNGJ° � U�[��@B0UFXeMNGJ°��7n
� n��sG5XefeXe°5ICE>feIb°:OTIC[ !�B\EJICKLXeICEd°�B4DkXeEJIb°>OQP XeM�GJICEJªWDkfefgItB0UF[\E:[\M\I`XeMNG5AbvFEdDWG5XeUFM DwªFI�a feD	KLACG5c\UTOTI O\I@³)XeKB¥°HU�M

1/3
I^G

fgItOTIbE5M\XeICEsXeMNG5IbE5ªWDkfefeI]Dwª�Iba:feDKLA^GJc\UTOTI`OQP XgMNGJACvFEdDWGJXgU�M«OTI�°�G5EdDkB0±C²bIb°bn
h\n��sG5XefeXe°5ICE fZD:B4E5IbKXe±CEJI B¥DkXeE5I�OQP XgMNG5IbE5ªWDFfgfeI�B0UF[4E[\M\I�XgMNGJACvFEdDWGJXgU�M DwªFI�a�fZD_KLACG5c\UTOTI>OTIs³)XeKLB4°HU�M

1/3
ICGfgIsOTIbE5M\XeICE

G5EJXgB\feI^G>OQP XeM�GJICEJªWDkfefgI]B0UF[\E>[4M\I]XgMNG5AbvFEdDWGJXgU�M«B4DFE�feDLKLA^GJc\UTOTI`OTI`³)XeKLB4°HU�M
3/8
n

j4n  DkfZa^[\feICE�ICM¥°H[\XgG5ItfZDªWDkfeIC[\EsI�!TD�a7GJI]O\I`a^I^G5G5ItXeMNG5ACv�EJDFfgI I^G_°JD@ªwDFfgIb[\EsM)[\KLACEJXeYN[\I�n
m¥ns9RM4OTXZY�[4IC²tDkM4DFf �NGJXeYN[\IbKIbMNG�ICG>B4DkE>abDkfZa^[\f´YN[\IbfgfeI]Ib°HG>feDKLA^GJc\UTOTItfZD@B4fg[4°>B\E5A�a^XZ°HI�n

�$#&%('*)�+-,
1´I�°sB0UFXeM�Gd°_OTI@°H[ �£OTXeª)Xe°5XgU�M4°>DF[\E5U�MNG_OTUFM4a`fgI�°_D �¥°5aCXe°J°HI�°s°H[4XgªWDkMNGJIb°

x0 = 0
?
x1 = π/5

?
x2 = 2π/5

?
x3 = 3π/5

?
x4 = 4π/5

ICG
x5 = π

n
	�


1�P XeM�GJACv�EJDkG5XeUFM¬B¥DkE�feDLKLACG5c\UTOTI`OTI`³)XeKLB4°5UFM
1/3
OTI

x0 = 0
�

x2 = 2π/5
OTU�M\M\I

I1 =

∫ x2

0

sin(x) dx = (π/15) ×
(

sin(0) + 4 sin(π/5) + sin(2π/5)
)

≈ 0.6916

1�P XeM�GJACv�EJDkG5XeUFM¬B¥DkE�feDLKLACG5c\UTOTI`OTI`³)XeKLB4°5UFM
1/3
OTI

x2 = 2π/5
�

x4 = 4π/5
OTU�M\M\I

I2 =

∫ x4

x2

sin(x) dx = (π/15) ×
(

sin(2π/5) + 4 sin(3π/5) + sin(4π/5)
)

≈ 1.1191



1�P XeM�GJACv�EJDkG5XeUFM¬B¥DkE�feDLKLACG5c\UTOTI`OTI�°2G5EdDkB0±C²bIb°sOTI
x4 = 4π/5

�
x5 = π

OTU�M\M\I

I3 =

∫ x5

x4

sin(x) dx = (π/10) ×
(

sin(4π/5) + sin(π)
)

≈ 0.1847

=:M�U��TGJXgIbM�G>OTU�M4a
∫ π

0

sin(x) dx ≈ I1 + I2 + I3 ≈ 0.6916 + 1.1190 + 0.1847 ≈ 1.9954

� 


1�P XeM�GJACv�EJDkG5XeUFM¬B¥DkE�feDLKLACG5c\UTOTI`OTI`³)XeKLB4°5UFM
1/3
OTI

x0 = 0
�

x2 = 2π/5
OTU�M\M\I

I1 =

∫ x2

0

sin(x) dx = (π/15) ×
(

sin(0) + 4 sin(π/5) + sin(2π/5)
)

≈ 0.6916

1�P XeM�GJACv�EJDkG5XeUFM¬B¥DkE�feDLKLACG5c\UTOTI`OTI`³)XeKLB4°5UFM
3/8
OTI

x2 = 2π/5
�

x5 = π
OTU�M\M\I

I2 =

∫ x5

x2

sin(x) dx = (3/8)(π/5) ×
(

sin(2π/5) + 3 sin(3π/5) + 3 sin(4π/5) + sin(π)
)

≈ 1.3118

=:M�U��TGJXgIbM�G>OTU�M4a
∫ π

0

sin(x) dx ≈ I1 + I2 ≈ 0.6916 + 1.3118 ≈ 2.0034

� 

∫ π

0

sin(x) dx = [− cosx]π0 = 1 + 1 = 2

� 


�¬�������Q�b�.©Q¦��)§¨�)�£� ?
1�P ICEJEJIC[\E>°5[\E_feIb°:°HI�a7GJXgU�M4°_abDkfZa^[\feACI�°>B4DFE>feD KACG5c\UTOTIOTI³TXgKLB4°5UFM

1/3
Ib°HG:OTI

O(h4)
?¥f�P ICEJE5Ib[\E_°5[\E_feIb°:°HI�a7G5XeUFM¥°

aCDFfeaC[\feACIb° B4DkEfZD KLA^GJc\UTOTI«OTI�°`GJEJDFB¥±b²CI�° I�°<GLOTI
O(h2)

n ��M a^UFK �\XeM4DkMNG@feIb°OTIb[ ! � B\EJICKLXe±CEJI¬KLA^GJc\UTOTI �^?"f�P IbE5EJIC[4E
vFfeU��¥DkfeI¬Ib°HGO\I«f�P U�EJO\E5I�OTI

O(h2)
n f�P IbE5EJIC[4E°5[\EfgI�°°5Iba^G5XeUFM4°aCDFfeaC[\feACIb°@B4DFE@fZD KLACG5c\UTOTI OTI¯³)XgKLB4°5UFM

1/3
I�°<G	OTI

O(h4)
?Ff�P ICEJE5Ib[\E�°H[4EfgI�°�°HI�a7GJXgU�M4°�aCDFfeaC[\feACIb° B¥DkE�fZD KACG5c\UTOTI:OTI_³)XeKB¥°HU�M

3/8
Ib°HG�OTI

O(h4)
n���M a^U�K �\XeM4DFM�GfeIb°�O\IC[ !

� O\IC[ !TXe±CKLItKLA^G5c4U)O\I �7?4fuP ICEJE5Ib[\E�vFfeU��4DFfgI]I�°<G>OTItf�P U�EJO\E5I]OTI
O(h4)

n 1"DO\IC[ !TXe±CKLI]KACG5c\UTOTItI�°<G_O\UFM4a B\fe[4°sB\EJAbaCXe°5IFn

� ¦�§¨�N�w�u©Q¦"�)§¨�)�£� ?
1�P ICEJEJIC[\E�ICM4vFICM¥OTE5AbI:B¥DkE>a^I�°sOTIC[ !«KLA^GJc\UTOTIb°�I�°<G

E1 = 2 − 1.9954 = 0.0046

E2 = 2 − 2.0034 = 0.0034

	 [\X´aCUFM�
4EJKLItY�[4ItfeDLOTIb[ !TXg±bKItKLACG5c\UTOTI]Ib°HG>B\fe[4°sB\EJAbaCXe°5I]Y�[4ItfeDB\EJICKLXe±CEJIFn
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��EJUF[\ª�IC² YN[\I B¥U�[\E_GJE5U�Xe°_B¥U�XgMNGd°_A�Y�[4XeOTXZ°HGJDkMNGd°C?0fuP XeM�GJACv�EJDFfgI`OT[�B¥U�f �)M���KLI OTI@O\ICvFEJA OTIb[ !¯B4DF°J°JDkMNG_B4DFE_feIb°_G5EJUFXZ°
B0UFXeM�Gd° ICG2aCICfefgI OTI_f�P [4M\XeYN[\I B0UFf��NM��FKLI_OTI]OTICv�E5A>G5EJUFXZ°�B4D�°5°JDkMNG B4DFE�aCIb° G5EJUFXZ°�K��CKLIb°�B0UFXeM�Gd° ICG�[\M�YN[4DWGJE5Xe±CKLI>B0UFXeMNG
AbYN[\XZOTXZ°<GdDkMNG>OTUFM4M\ICMNG>feI K��bKItEJAb°5[\fgGJDkGbn

�$#&%('*)�+-,
³)U�X�G2fuP D �4°Ja^XZ°J°HI OTI aCIb° G5EJUFXZ° B0UFXeMNGJ°b?

x0

?
x1

?
x2

n �>M«B¥U�f �)M���KI]OTI]OTICv�E5A OTIC[ !LB¥DF°J°5DFM�G2B4DkE�a^I�°�GJE5U�Xe°�B0UFXeM�Gd°2Ib°HG
[\M\XZYN[\ItI^G_°5UFM�XeM�GJACv�EJDFfgI]°CP AbaCE5XgG>DwªFI�a_feI`adc4DkM4vFICKLIbM�GsOTItªWDkEJXZD �\feI

s = (x − x0)/h
?

∫ x2

x0

P2(x)dx = h

∫ 2

0

P2(s)ds =
h

3

(

f0 + 4f1 + f2

)

=:M�ªFIC[\G>KU�MNG5EJICEsYN[\I

h

∫ 2

0

P2(s)ds = h

∫ 2

0

P3(s)ds =
h

3

(

f0 + 4f1 + f2

)

�DkEsOTA 
4M\XgG5XeUFM´?\U�M¯D

h

∫ 2

0

P3(s) ds = h

∫ 2

0

(

f0 + s∆f0 +
s(s − 1)

2
∆2f0 +

s(s − 1)(s − 2)

6
∆3f0

)

ds

= hf0

∫ 2

0

ds + h∆f0

∫ 2

0

s ds +
h∆2f0

2

∫ 2

0

s(s − 1) ds +
h∆3f0

6

∫ 2

0

s(s − 1)(s − 2) ds

= hf0[s]
2
0 + h∆f0[

s2

2
]20 +

h∆2f0

2
[
s3

3
−

s2

2
]20 +

h∆3f0

6
[
s4

4
− s3 + s2]20

= 2hf0 + 2h∆f0 +
h∆2f0

3

=:E�?NB¥DkE>OTA 
4M\XgG5XeUFM´?
∆f0 = f1 − f0

?4I^G
∆2f0 = ∆f1 − ∆f0 = f2 − 2f1 + f0

n48:UFM4aF?TUFM U��TGJXgIbMNG

h

∫ 2

0

P3(s) ds = 2hf1 +
h

3
(f2 − 2f1 + f0)

=
h

3

(

f0 + 4f1 + f2

)

= h

∫ 2

0

P2(s) ds

=

∫ x2

x0

P2(x) dx


