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- DkfZa^[4fgIbE2[4M\I/.WDkfeIC[\EsIC®TD�a7GJI]O\I f�P XgMNG5AbvFEdDkfeIt§H[\X0.WDkMNG5I�?

∫ 2

0

f(x)dx =

∫ 2

0

x3dx 13254
B4DFE fZD KLA^G5c4U)O\ILO\Ib§ta^U)IC¨	aCXgIbMNG XeM4OTACG5ICEJKLXgM4Ab§76 D8.�Iba

n = 2
GJICEJK¦I�§CnQ«
IbE5X:94IbE]YN[\ILfZD K¦ACG5c\UTOTI	DFM4Dkfe½NG5XZY�[4I GJEJD�OTX<;

G5XeUFM4M\ICfefgI`O\UFM\M\I]feItK�=CKLI]E5A�§H[\fgGJDkGbn

�?>A@/BDCFEHG
I UF[\E EJDFK¦IbM\ICE
f�P XgMNG5IbvFEdDkfeI 13284 O\DkM¯§
fuP XeM�GJICEJ.WDkfefgI/K ; 2 ?ML 2�N ?kU�M OTUFXgG
S.DkXeE5I_[\M adc4DkM4vFICKLIbM�G�OTIO.wDFE5XZDQP4fgIsIbM	B¯UN§5DFM�G>o

x = t + 1

=:M°D¦O\UFM4aF?
dx = dt

?\ICGsUFM°URPTGJXgIbMNGb?
∫ 2

0

x3dx =

∫ 1

−1

(t + 1)3dt

I UF[\EsEJAb§5UF[¯OTE5I a^ICGHG5ItA�YN[4DWGJXgU�M¿?TUFMªOTU�X�GsIb§HG5XeKLICE
a
?
b
?
c
?\G5ICf"Y�[4IF?

∫ 1

−1

(t + 1)3dt = ag(−1) + bg(0) + cg(1)

=:M	XeK¦B0U�§5I>feIb§ B¯U�fg½)MTS�K¦I�§ OTIOP4DF§5I
xj D8.�Iba j = 0, 1, 2

?�akP Ib§HG)U`O\XgEJI>feIb§�B0UFfe½)MTSFKLI�§�OTIOP¯DF§5I>OTI_fZD]SVUFEJKLI
1, x , x2I^G>U�M abDkfZa^[\feIta^I�§sa^U)I^¨ a^XeICMNGd§�ICM°A^GdDQP\feXe§J§JDkMNGsfgI�§2G5EJUFXZ§�E5IbfeDkG5XeUFM4§�§5[\X:.WDFM�GJIb§bn

V¿U�EJ§JYN[\I
g(x) = 1

?TUFM°D
g(−1) = 1

?
g(0) = 1

ICG
g(1) = 1

ICG_OTUFM4aF?
∫ 1

−1

1 dx = [x]1−1 = 2 = a(1) + b(1) + c(1) = 2

V¿U�EJ§JYN[\I
g(x) = x

?\UFM°D
g(−1) = −1

?
g(0) = 0

I^G
g(1) = 1

ICG_OTUFM4aF?
∫ 1

−1

x dx = [
x2

2
]1−1 = 0 = a(−1) + b(0) + c(1) = −a + c = 0

V¿U�EJ§JYN[\I
g(x) = x2 ?TUFMªD g(−1) = 1

?
g(0) = 0

ICG
g(1) = 1

ICG_OTUFM4aF?
∫ 1

−1

x2 dx = [
x3

3
]1−1 =

2

3
= a(1) + b(0) + c(1) = a + c = 2/3

8:UFM4a UFM°OTU�X�G>EJAb§5UF[4O\E5I fgI`§5½T§<GJWCKLItOTI G5EJUFXZ§�AbYN[4DkG5XeUFM4§�U@G5EJUFXZ§�XeM4a^U�M\M)[4§s§H[4X:.WDkMNG�?






a +b +c = 2
−a +c = 0

a +c = 2
3XZY\[^]`_badcfe3gbh8eDY\a7i8j^gZkRY\l`mdn8o cpj^e)q5k5n`mdr7eDq5s7]



I^G>U�M¥GJE5U�[T.FI
a = 1/3

?
b = 4/3

?
c = 1/3

?)I^G_OTU�M4ak?
∫ 2

0

f(x)dx =

∫ 2

0

x3dx

=

∫ 1

−1

(t + 1)3dt

= (1/3)g(−1) + (4/3)g(0) + (1/3)g(1)

= (1/3)(−1 + 1)3 + (4/3)(0 + 1)3 + (1/3)(1 + 1)3

= 4

I
DkE�fZDLK¦ACG5c\UTOTI`DFM4Dkfe½NG5XZYN[\I_GJEJD�OTXgG5XeUFM\M\IbfgfeIF?TU�M G5EJUF[T.�IF?
∫ 2

0

x3dx = [
x4

4
]20 = 4

=:M©G5EJUF[T.�I feI]K�=CKLItE5A�§H[4f�GdDWGbn

!i!��°! �������/	��
�����
�����"����	������"��� ��� ��!��$#"�%#"��&(���"�
# 	��
����	���& � � ��&�&b�����"����&
- DkfZa^[4fgIbE2[4M\I/.WDkfeIC[\EsIC®TD�a7GJI]O\I f�P XgMNG5AbvFEdDkfeIt§H[\X0.WDkMNG5I�?

∫ 2

0

f(x)dx =

∫ 2

0

x3 dx

B4DFEsfeD¦KLA^GJc\UTOTI`OTIb§sYN[4D�OTEdDWG5[4E5I�§�vNDk[4§J§5XgIbM\M\Ib§�� D8.FIba
n = 2

G5IbE5KLIb§bn

�?>A@/BDCFEHG
I UF[\E EdDkKLICM\IbE]fuP XgMNGJACvFEdDWGJXgU�M²OQP [\M\ILXeM�GJACv�EJDFfgI ∫ b

a

ICMNG5EJI −1
I^G

1
? 1 Xun IFne? ∫ 1

−1
4 ?QUFM OTUFXgG]S.DkXeE5I¦feILadc¯DkM\v�ICKLICMNG O\I.WDkEJXeDRP\feI §5[\X0.wDFMNGb?

x =
(b − a)t + (a + b)

2
=

2t + 2

2
= t + 1

=:M°D¦O\UFM4aF?
dx = (b−a)

2 dt
?\I^G>U�M°URPTGJXgIbM�G�?

∫ 2

0

x3 dx =

∫ 1

−1

(t + 1)3 dt = w1(t1 + 1)3 + w2(t2 + 1)3

U��
t1
I^G

t2
§5UFMNG	fgI�§LEJD�a^XeM\Ib§LOT[�B0UFfe½NM SFKLIªOTI°fgIbvFICM¯OTE5I°OTI»OTIbvFEJA O\IC[T®Q?�X�n I�ng?

t1 = −
√

3
3

I^G
t2 =

√
3

3

n�=:M
OTU�X�G`adc\IbEJadc\IbE_K	DkXeMNG5IbM4DkMNG]fgI�§ta^U)I^¨ a^XeICMNG

w1
ICG

w2
n - Ib§]OTIbE5M4XgIbEJ§ §HU�MNG]OTU�M\M\A�§:B¯DkE 1 U�[ DFfgU�EJ§ a^I�§ O\UFM\M\AbIb§]§5UFMNGEJAba^[4B¯AbE5AbIb§�ULB4DkE5G5XeEsOQP XgM\I]GdDQP\feI 4

wi =

∫ 1

−1

Li(t) dt

� Y\[^]`_badcfe3gbh8eDY\a7i8j^gZkRY\l`mdn8o cpj^e)q5k5n`mdr7e��8s7]



U�� feIb§
Li(t)

§5UFMNGsfgI�§�B¯U�fg½)MTS�KLI]O\I/P4DF§5ItOTItfeDFvFEdDkM\v�I_B0UF[\E
t1
I^G

t2
n I DFE>OTA�9¯M\X�GJXgU�M¿?\U�M D

Li(t) = Πn
j=1,j 6=i

t − tj
ti − tj

8 DkM4§�M\UFG5EJItaCDF§b?TUFM©G5EJUF[ .FI]fgI�§sOTIC[\®¥B¯U�fg½)MTS�KLI`OTI/ViDkv�EJDFM\vFI §H[4X:.WDkMNG

L1(t) =
t − t2
t1 − t2

=
t −

√
3

3
−2√

3

= −1

2
(
√

3t − 1)

L2(t) =
t − t1
t2 − t1

=
t +

√
3

3
2√
3

=
1

2
(
√

3t − 1)

­
G_OTU�M4ak?TfeIb§_a^U)I^¨ a^XeICMNG
w
§HU�MNGsO\UFM\M\A�§�B4DkE

w1 =

∫ 1

−1

L1(t)dt =

∫ 1

−1

−1

2
(
√

3t − 1) dt = −1

2
[

√
3

2
t2 − t]1−1 = 1

w2 =

∫ 1

−1

L2(t)dt =

∫ 1

−1

1

2
(
√

3t − 1) dt =
1

2
[

√
3

2
t2 − t]1−1 = 1

=:M°D¦O\UFM4a
∫ 2

0

x3dx =

∫ 1

−1

(t + 1)3 dt

= w1(t1 + 1)3 + w2(t2 + 1)3

= (t1 + 1)3 + (t2 + 1)3

= (
−
√

3

3
+ 1)3 + (

√
3

3
+ 1)3

= 4
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- DkfZa^[4fgIbE2[4M\I/.WDkfeIC[\E>DFB\B\EJUw®)XeK	DWGJX:.�I:OTItf�P XeMNG5AbvFEdDkfeI §5[\X0.wDFMNG5I

∫ π/2

0

sin(x) dx

B4DFEsfeD¦KLA^GJc\UTOTI`OTIb§sYN[4D�OTEdDWG5[4E5I�§�vNDk[4§J§5XgIbM\M\Ib§�D8.�Iba
n = 2

GJICEJKLIb§bn

�?>A@/BDCFEHG



=:M©S.DkXgG>fgItadc4DFM\vFIbK¦IbMNGsO\I/.wDFE5XZDQP4fgI
x = (b−a)t+(a+b)

2 = (π/2)t+π/2
2

n¯=:M G5EJUF[T.�I
dx = (π/4) dt

?TICG>UFM URPTGJXgIbM�G
∫ π/2

0

sin x dx =
π

4

∫ 1

−1

sin
(πt + π

4

)

dt

≈ π

4
sin

(πt1 + π

4

)

+
π

4
sin

(πt2 + π

4

)

≈ π

4
sin

(π(−
√

3
3 ) + π

4

)

+
π

4
sin

(π(
√

3
3 ) + π

4

)

≈ π

4

(

sin(0.10566π) + sin(0.39434π)
)

≈ 1.00

!�� ����� �b	���� �����/�����
��#�� � ��'�!��/	�#"&b�
�
	 U�X�G

M
[4M\I/.WDkfeIC[\EsXeM4a^U�M\M)[\I]I^G

N(h)
[\M4I`DkB\B\EJUw®TXgK	DkG5XeUFM¥OTI`aCI^G5G5I/.WDkfeIC[\E>O¿P U�EJOTEJI

O(h2)
n

2 ns­
®TB\E5XeKLICEsfZDL§HXevFM\X:9¯abDWG5XeUFM°OTIta^ICGHGJI`DkB\B\EJUw®TXgK	DkG5XeUFM¿nh\ns­
®TB\E5XeKLICE�a^ICGHG5I K�=CKLI:DFB\B\EJUw®TXgK	DWGJXgU�M	ICM	SVU�M4a7GJXgU�M©OT[¥G5IbE5KLI:O¿P IbE5EJIC[\E2OQP UFEdOTE5I
O(h3)

I^GsOT[ GJICEJKLI
Kh2 U�[

K
I�§<Gs[\M4I`a^UFM¯§<GdDkMNG5I]XeM4OTA^GJICEJKLXgM\AbIFn

j4ns­
®TB\E5XeKLICE>aCI^GHGJI`OTICEJM\X0WCEJI DFB\B\EJUw®TXgK	DWGJXgU�M¥B0UF[\Es[4M B¯DF§sOTItfZDkEJvFIb[\E
2h
n

m¯ns­�fgXeKLXgM4ICE
K
O\DkM¯§`feIb§ O\IC[T® OTIbE5M\X0WCEJIb§ DkB\B\EJUw®TXgK	DkG5XeUFM4§]ICG G5EJUF[ .FICE [\M\I¥M4UF[T.�ICfefgI¥DFB\B\EJUw®TXgK	DWGJXgU�M�B0UF[4E

MD8.FIba:[\M G5IbE5KLItOQP ICEJE5Ib[\EsOQP UFEdOTE5I
O(h3)

n
y\ns­�MªOTAbOT[4XgEJI 94M4DkfeICKLIbM�G>fZD@SVUFEJK [\feItOQP I^®)G5EdDkB0UFfZDWGJXgU�M©OTI`;sXZadc4DFEJO\§5UFMin

�?>A@/BDCFEHG
2 n:=:M©B0IC[TG>A�a^EJXgEJI M

OTItfZD@S.DFaCUFM°§H[\X0.WDkMNG5I
M = N(h) + O(h2)

h\n>8_I]K�=CKLIF?\D8.�Iba_[\M¥GJICEJKLI]O¿P IbE5EJIC[\E�OQP UFEdOTEJI
O(h3)

?\aCI^GHGJI]I^®TB\EJIb§J§HXeUFM B0IC[\G_§CP AbaCE5XeE5I�?ND8.�Iba
K
?)[\M\ItaCUFM4§HGJDFM�GJI

XgM4O\A^G5IbE5KLXeM\ACI�?

M = N(h) + Kh2 + O(h3) 1 h 4
j4n 	 XQUFM°EJICKLB\fZDFa^I

h
B4DFE

2h
O\DFM4§sa^ICGHG5ItIC®TB\E5I�§5§5XeUFM¿?)UFM©G5EJUF[ .FI

M = N(2h) + 4Kh2 + O((2h)3) 1 j 4
m¯ns­�M°ACfeXgKLXeM4DkMNG

K
O\DkM¯§�fgI�§�AbYN[4DWGJXgU�M4§ 1 h 4 I^G 1 j 4 ?\U�M¥GJE5U�[T.FI

3M = 4N(h) − N(2h) + O(h3)

M = N(h) +
1

22 − 1

(

N(h) − N(2h)
)

+ O(h3)

y\n:=:M©EJI^GJE5U�[T.FI]O\DkM¯§�feDLOTIbE5M\XeICEJI]I^®TB\EJIb§J§HXeUFMi?NfZD@SVUFEJK [\feItOQP I^®)G5EdDkB0UFfZDWGJXgU�M©OTI`;sXZadc4DFEJO\§5UFMin
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�sGJXgfeXZ§HIbE�fZD`KLA^GJc\UTOTI]OTIb§�§5ACEJXgI�§ OTI]¼"Dw½)feUFE2Dk[ B\EJICKLXeICE2UFEdOTEJI>B¯U�[\E�E5A�§HU�[4OTEJI>f�P A�Y�[¯DWG5XeUFM©OTX���ACEJICMNGJXgIbfgfeI:§5[\X0.wDFMNG5IF?

y′(t) = y(t) cos t

D8.FI�a
y(0) = 1

n
2 n>ºªUFMNG5EJICEsYN[\I]fZD	§HU�fg[TGJXgU�M O\I]aCI^G5G5ItAbYN[4DkG5XeUFM°OTX��0AbE5IbM�GJXgIbfgfeItIb§HG y(t) = exp(sin t)

n
h\n>¼iEJUF[T.�ICEtfZDªEJICfZDWG5XeUFMpXgG5AbEJDkG5X0.FI OTI EJAb§5UFfe[TGJXgU�MpO\I©a^ICGHGJI AbYN[4DkG5XeUFM B4DFE`feD»K¦ACG5c\UTOTI OTIb§@§HAbE5XeIb§ OTI¥¼�Dw½NfeUFE`DF[
§HI�a^UFM¯O UFEdOTEJIFn

j4n��sG5XefeXe§5ICEs[\M°B4D�§sOTI
h = 0.1

ICG_OTUFM\M4ICE
y(0.1)

?\aCDkfZa^[4fgIbE2f�P ICEJE5Ib[\Esa^UFKLKLXZ§HI�n
m¯n��sG5XefeXe§5ICEs[\M°B4D�§sOTI

h = 0.01
ICG_OTUFM\M4ICE

y(0.01)
?\aCDFfeaC[\feICE�fuP ICEJEJIC[\E>aCUFKLKLXe§5IFn

�?>A@/BDCFEHG
�	�
=:M°D

dy

dt
= y(t) cos(t)

dy

y(t)
= cos(t) dt

∫

dy

y(t)
=

∫

cos(t) dt

ln |y(t)| = sin(t) + Cst

|y(t)| = Cst exp(sin(t))

y(t) = Cst exp(sin(t))

=:M°D
y(0) = 1

?¯OTUFM4a
Cst = 1

?TICG
y(t) = exp(sin(t))

n


��ViDLOTAbE5X0.FAbI O\I
y′(t)

§bP A�a^EJX�G

y′′(t) = (y(t) cos(t))′

= y′(t) cos(t) − y(t) sin(t)

= y(t) cos2(t) − y(t) sin(t)

=:M URPTGJXgIbM�G>OTU�M4a]f�P DFB\B\EJU)adc4I:XgG5AbEJDkG5X0.FIt§H[4X:.WDkMNGJI

y(ti+1) = y(ti) + h
(

y(ti) cos(ti)
)

+
h2

2

(

y(ti) cos2(ti) − y(ti) sin(ti)
)

�
�I UF[\E
h = 0.1

y(0.1) = y(0) + 0.1
(

y(0) cos 0
)

+
(

(0.01/2)(y(0) cos2 0 − y(0) sin 0
)

≈ 1.105



I^Gsf�P IbE5EJIC[4EsIb§HGsO\I
e ≈ 1.31 10−5 aCDkE�fZD�.NEdDkXeIt§HU�fg[\G5XeUFM Ib§HG y(0.1) = exp(sin(0.1)) ≈ 1.10498683

n

� �I UF[\E
h = 0.01

y(0.01) = y(0) + 0.01
(

y(0) cos 0
)

+
(

(0.0001/2)(y(0) cos2 0 − y(0) sin 0
)

≈ 1.01005
I^Gsf�P IbE5EJIC[4EsIb§HGsO\I

e ≈ 10−9 abDkEsfZD�.NEdDkXeI]§HU�fg[TGJXgU�M©I�§<G y(0.01) = exp(sin 0.01) ≈ 1.010049999
n

� !��»� � ��!��$#"� #�� � �"�"�
��� � �A����#��3�/	�# 	����

�sGJXgfeXZ§HIbEsfeD¦KLA^GJc\UTOTI`OTI`;s[\M4vFIt¾][TGHGdD	OQP UFEdOTE5I vFfeURP¯Dkf�m	B¯U�[\EsEJAb§5UF[4OTEJI fuP AbYN[4DkG5XeUFM°OTX���ACEJICMNGJXgIbfgfeIt§H[\X0.WDkMNG5I�?
y′(t) = −y(t) + t + 1 1 m 4
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k1 = 0.1f(t0, y0)

= 0.1f(0, 1)

= 0.1(−1 + 0 + 1)

= 0

k2 = 0.1f(t0 +
1

2
h, y0 +

1

2
k1)

= 0.1f(0.05, 1)

= 0.1(−1 + 0.05 + 1)

= 0.005
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y′(t) + P (t)y(t) = Q(t)e3gpcbh8a������ e n`mdj�� m)gpa�� i5cpo a�� gfi5o �7m���cfe
y(t) = ρ(t)−1 exp

“

Z

ρ(t)Q(t)
”

m���e �
ρ(t) = exp

R

P (t) dt
]
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P (t) = 1

e c
Q(t) = t + 1
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ρ(t) =

R

exp(t) = exp(t)
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y(t) = exp(−t)
“

Z

(t + 1) exp(t) dt
”

y(t) = exp(−t)
“

t exp(t) − (

Z

exp(t) dt) + exp(t) + Cst

”

y(t) = t + Cst exp(−t)
- j

y(0) = 1
k`h8a����

Cst = 1
]
� m)gfa�� i5cpo a�� e3gpcbh8a����

y = t + exp(−t)
]



k3 = 0.1f(t0 +
1

2
h, y0 +

1

2
k2)

= 0.1f(0.05, 1.0025)

= 0.1(−1.0025 + 0.05 + 1)

= 0.00475

k4 = 0.1f(t0 + h, y0 + k3)

= 0.1f(0.1, 1.00475)

= 0.1(−1.00475 + 0.1 + 1)

= 0.009525
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y(0.1) = y1 = 1 +
1

6
0 +

1

3
0.005 +

1

3
(0.00475) +

1

6
0.009525 ≈ 1.0048375
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y(0.1) = 1.0048374180
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