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h = 0.25
HKJ VWFWB�MPO�F.Zo@SRUO�F

f(x)
RUF.Z<O�FWF�V.B�HNO�F.FW:<B�HW=�F.��_`B�@S=�&._`B[=?V{�AVWRU�Q=?F�@D8

x 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
f(x) 1.0000 1.2840 1.6487
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f ′(x = 1)
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f ′(x = 1) =
f(x = 1.25) − f(x = 0.75)

2 × 0.25
=

3.4903 − 2.1170

0.5
= 2.7466 (+O(h2))
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I f ′(x = 1) =

f(1.50) − f(0.50)

2 × 0.5
=

4.4817 − 1.6487

1.0
= 2.8330 + O(4h2)
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I f ′(x = 1) =

f(2.00) − f(0.00)

2 × 1.0
=

7.3891 − 1.0000

2.0
= 3.1946 + O(16h2))
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f ′

1− = ,[h] = f ′

[h] + 1
22

−1{f ′

[h] − f ′

[2h]}
;WVWRn�

f ′

1− = ,[2h] = f ′

[2h] + 1
22

−1{f ′

[2h] − f ′

[4h]}
8 0 �� z��3

f ′

2− = = f ′

1− = ,[h] + 1
24

−1{f ′

1− = ,[h] − f ′

1− = ,[2h]}
0 �> z��3

:�=G�
f ′(x) f ′

1− = (x) f ′

2− = (x)p�\�?9q cWjUq#*?p�,
+o(16h2)aQ\@?A'Wj � aNj (Gc�c+'
+o(4h2)

aWj dNq[a��
+o(16h4)\�?A'.j aG� aNj dQp�,+,

+o(h2)
aWj dNqmd
(

+o(h4)
aNj d$q#(Ga

+o(h6)
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I =

∫ 1

0

f(x) dx =

∫ 1

0

x exp(x) dx.
�/q[�

J2KML+NPO
exp(x) = ex Q
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f(x) = g(x) exp(x)
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I =

∫ 1

−1

g(x) exp(x)
︸ ︷︷ ︸

f(x)

dx,
�¡a��

=m��BDZ
g(x)
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I = af(−1) + bf(0) + cf(1).
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I[4] = (0.25/2)
(

f(0) + 2f(1/4) + 2f(1/2) + 2f(3/4) + f(1)
)

,
0CB  z�)"�3

I[4] = (1/8)
(

0 + 2 × 0.3210063542 + 2 × 0.8243606354 + 2 × 1.587750012 + 2.71828182
)

,

I[4] ≈ 1.02306.
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O(h2)
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h = 0.25
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O(4h4)
j

O(4h4) ≈ 0.015625 < O(h2) = 0.0625
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I 3 + 2 = 5
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x = 1
2 (t + 1)

OGV
t = 2x − 1

8
dx = 1

2dt
8 0 �� z��3 FWO�V.��O+&N@SB<FWOGF.�<8

I =

∫ 1

0

x exp(x) dx,

=
1

4

∫ 1

−1

(t + 1) exp(
1

2
(t + 1)) dt,

0 9  z�)"�3

=
1

4

(

((−
√

3/3) + 1) exp[
1

2
((−

√
3/3) + 1)] + ((

√
3/3) + 1) exp[

1

2
((
√

3/3) + 1)]
)

,
0 �� ���3

≈ 1

4
(0.5221049606 + 3.470926387),

≈ 0.998257837.
0 �� ���3
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O�V

3/8
8GRkj BG8GB<F

O(h4)
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B �

I =

∫ 1

0

x exp(x) dx = [x exp(x)]10 − [exp(x)]10 = 1.0.
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b
8KB1@

c
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a exp(−1) + b + c exp(1) =

∫ 1

−1

exp(x) dx,

−a exp(−1) + c exp(1) =

∫ 1

−1

x exp(x) dx,

a exp(−1) + c exp(1) =

∫ 1

−1

x2 exp(x) dx.

0 �! z�)"�3
����������������� �"!#��$&%(')�"*&��+,���&*���-)%/.���%10&+,��-)%2%�-3�����34 ��!���- �(56��- �('74 �98:��;<��.=��'>�?��-)���@*&��A(-)BDC&��;<*&%<���30=������$ ;���- �(��;E��$ !#F

I[1] ≈ 1.359141�9�
I[2] ≈ 1.091750773

.&$&-)%
I[Rich.] ≈ 1.002620726

�9��'>�G!H;���-)�I!���')��$&;(*&�"B��9�E���G-)�#��F�J�;<��')���K%E�
1.0

B���+L+L�����M')�I!#��;E;��N.&')$&%2�D��;E*3O
P1QR�M!H;<��-)�L!���')��$&;�*&�LB��9�<�<�S-)�#��F�J�;<��')�,�K%E�

1.0
0T�9�U���V��W �<-)�K�#�

I ≈ 0.998257837
.���;�'>�M+LF9��C �H*&�L* �L'>�MXH$&��*&;��?�<$&;<��YI��$&%�%<-)���&�&�SZ

*&��$ 8M�<��;<+L��%��9�
I ≈ 1.002620726

.���;�'>�[+LF9�<C&�:*&��*34 �98H�<;<��.\��'>�?��-)����*&�GA/-)BDC���;E*&%����]0\B���XH$ -R+L���#��;E��W&-)����XH$ �G'74 ��;E;<��$&;���%<��ZN.=��$@.&;E^K%
F�XH$ - !���')���:�<��O



�IO?@]= f.¬4J B[�6@,_UB4C��DCEB¯�6@6¨$_UB4HNB¯>S=�RU�AO�FWF.B<CEB<FG@,T�VWR�FWO�V.�,=ª;�BD>ACERn�<8$HW=�F.��_`B¯Z<O�VW>]�<8�HNB4CEOGFG@A>SB<>�TGV.BI_n=ªCE:<@A\WONHWB
HNB _n=��4V.=�HW>S=?@AVW>SB �X=?V.�S�/RUB<F.FWB #%@A>SO�Rn� @SB<>SC{B[��VN@ARU_`Rn�S=?FG@²HNBD�£;�OGRUFG@S�£HJ =+&.�AZ<RU�S�ABD��>A:Dl�VW_URU©<>SB<CEB<FG@�B[�/;�=�Z1:[��:1@]=?R`@
:DT�VWRU�Q=�_`BDFG@SB #{_n={CE:1@S\WONHNBªHNB^§$R`CE;.�AO�F

1/3
j��

�%�#�
�D78� "  � � � 	��� ��� �F��� �N� 	 6� � 	��W��� � � � 	 �-�!�)� � B 9  ��#"%$
§NO�R`@�_kJ :[T�V.=Q@SR`OGF�HNR`¤�:<>SB<FG@SR`BD_`_UBª�/V.R`�?=?FG@SB�8

y′(t) = f(t, y(t)) = y(t) sin t,
�)cG�

=m��BDZ¯_U=EZ<O�F.HNR`@ARUO�F�RUFWR`@ARn=?_UB
y(t = 0) = 1

j
q�j�5�:[�/OGV.HN>SB{Z1B<@/@ABE:[TGV�=Q@ARUO�F =[��B[Z^_n=�CE:1@S\WONHNB
HKJ ;¿VW_`BD>YB1@ª=m��BDZ^V.F ;.=G�

h = 0.1
j�¬,=�_UZ<VW_`BD>X�AB<VW_UB<CEBDFG@

y(0.1)
8

y(0.2)
8
y(0.3)

�)HNOGFWFWB<>®_UBD��>A:[�/VW_`@]=Q@S��=m��BDZXZ<R`F.T�HN:DZ<R`C
=?_UBD��B1@®VN@SR`_URn�/BD>�_UBYCEONHNBY>S=GHNRU=�F�;�O�V.>�_`Bª�AR`F$V.�]�oj
0 �Z ��#"�3

aNj�5�:[�/OGV.HN>SB^Z1B<@/@AB9:[T�V.=Q@SR`OGF²=m��BDZª_U= CE:1@S\WONHNB{HKJ ;ºVW_UB<>¯CEONHWR 	.:9B1@X=m��BDZªVWF²;�=��
h = 0.1

j¬,=�_UZ<VW_`BD>4�AB<VW_UB<CEBDFG@
y(0.1)

8
y(0.2)

8
y(0.3)

B1@
y(0.4)

�)HNOGFWFWB<>,=?V.�S�ARW_UBD�¿>S:D�AVW_}@]=Q@]�¿=[��B[Z,@S>AOGRU�¿HN:[Z1RUCE=�_`B[�ºB1@�VN@SR`_URn�/BD>¿_UB®CEONHWB®>]=�HNRn=?F
;�O�V.>�_UBY�/RUF�V��S�1jW24BYZ<O�C &WRUB<F£=9@���O�F�HWR`CERUF�VW:Y_kJ BD>A>SB<VW>�HKJ =?;.;W>AO%/NR`C
=?@ARUO�F ;�O�V.>

y(0.3)
Z1OGC{;�=?>]=Q@ARU��B<CEBDFG@ #9_n=

CE:1@S\WONHNBY;W>S:DZ1:[HNB<F�@AB�� 0	�  z�)"�3
cWj®§$VW;.;�O��/OGF.�¿T�VWBI_kJ O�F =?R`@�>A:D�AO�_UV Z1B1@A@AB4:DT�V.=Q@SR`OGF =m��BDZ�_n=YCE:1@S\WONHNB¯HKJ ;¿VW_`BD>�CEONHNR
	.:IC
=?Rn��=[��B[Z�VWF ;.=G�

h = 0.2B1@�TGV.B¿_kJ O�F^=4Z<=?_nZ1VW_U:�8m=m��BDZ¿Z1B�;.=��D8
y[2h](0.2) = 1.019866933

B1@
y[2h](0.4) = 1.0814221

� (6B,FWB���OGV.��HNB<C
=�F.HNB
;.=G��HNB4_`B[��>ABDZD=?_nZ1VW_UB<>�
 �1jG24O�FWF.B<>�_kJ O�>]HN>AB4HKJ BD>A>SB<VW>,HNB

y(0.4)
j$2IOGFWFWBD>�B<F��/VWR`@AB4_n=YMPOG>AC^VW_UB4HJ B</�@S>S=�;�O�_n=Q@SR`OGF
HNB

5�RnZS\�=?>]HW�/OGF9VN@SR`_URn�A=�FG@
y(0.4)

�)O+&N@SB<F�V�#¯_n=YTGV.BD�/@ARUO�F{;W>S:DZ<:DHNBDFG@AB�B<@¿T�VWB�_kJ OGFE=�;W;�B<_U_`BD>S=
y[h](0.4)

��B1@
y[2h](0.4);�O�V.>
HNO�FWFWBD>EVWFWB£CEB<RU_`_UB<V.>AB�;.>A:[Z1Rn�/RUO�F�HNB

y(0.4)
�k§$O�R`@

y �������� (0.4)
8ºZ<B1@A@AB£B5/$@S>S=�;�O�_n=Q@ARUO�F��1j�24O�FWFWBD>E_kJ OG>SHN>SB

HKJ B<>S>ABDVW>IHWB
y �������� (0.4)

=�R`F.�AR�T�VJ VWFWB9=�;W;W>SO#/NRUC
=Q@ARUO�F¢HNB^_kJ BD>A>SB<VW>®M)=��n@AB9�AVW>I_n=
�Q=�_`BDVW>I>A:DB<_U_`B^HNB
y(0.4)

j
0 �Z ��#"�3

p.j��4VWBD_`_UB �AB<>]=?R`@�_n=%CE:1@S\WONHNB F$VWCE:<>SRUT�VWBgHKJ BD�/@ARUC
=Q@SR`OGF _n=%;._`V.�£R`F�@A:D>AB[�A�S=?F�@AB�8�B<F @ABD>ACEBgHNB ;.>A:[Z1Rn�/RUO�F ;�O�VW>
_kJ B[�6@SR`C
=?@ARUO�F HNB

y(t)
�,VN@SR`_URn�/B<>�_U=½CE:1@S\WONHNB HJ ;ºV._`BD>�CEONHNR
	.:DB =[��B[Z¢VWF ;.=��

h = 0.1
O�V�_n=½C{:<@A\WOWHNB HNB

5�VWF.l�B��XVN@A@S=^HJ OG>SHN>SB®l�_UO+&.=�_
4
;�O�VW>�VWF ;.=��

h′
T�VWBI_kJ OGF HN:1@ABD>ACERUFWB<>]=ª=G�A�AVW>]=?FG@¿VWF C��<CEB¯Z1O��N@�Z<=?_nZ1V._U=?@AO�RU>SB

�PBDF :<�Q=�_`V�=?FG@¯�AB<VW_UB<CEB<F�@¯_`B9FWO�C &.>AB9HKJ :<�?=?_UV.=Q@SR`OGF.�IHNB9_U= MxOGF.Zo@SR`OGF
f()

�����GV.�/@AR
	.B<>¯��O?@A>SBª>S:<;�OGF.�AB�j.3LF�HNRUT�VWBD>
B<F��/VWR`@ABªHNBªT�VWB<_KM)=�Z1@ABDVW>�BD�/@IZ1BXl�=?RUF�B<F£;W>S:DZ1Rn�AR`OGFj 0 �Z ��#"�3

�Nj�24O�FWFWBD>�_UB��A¨N�6@S©<CEB�HKJ :DT�V.=?@ARUO�F.��T�VWB�_¡J O�F^HWB<�$>S=�R}@�>S:D�AO�V.HN>SBº;�O�VW>�O�&N@AB<F.R`>
y(0.1)

8
y(0.2)

8
y(0.3)

8[B<@
y(0.4)

;.=?>
_n=4CE:1@A\.ONHNB�HWBD��HNR}¤�:<>SB<F�Z1BD��	.FWRUBD���/RNO�F9VN@SRU_`Rn�A=�R}@�VWFWB�=�;W;W>SO#/NRUCE=?@ARUO�F^F�VWCE:<>SRnTGV.B�HKJ O�>]HN>AB

1
;�OGVW>�=?;W;.>AO%/NR`CEB<>

y′(t)
jb24O�F.FWB<>ª_UB
FWOGC HKJ VWFWB CE:1@A\.ONHNB
R`@A:D>S=?@ARU��B
HNB
>S:D�AO�_UVN@SR`OGF HKJ :DT�V.=?@ARUO�F�HNR}¤�:<>SB<F�@ARUB<_U_`B[�ªT�VWR��/BD>S=�R}@ª=�V.�S�/R

;W>S:DZ<RU�ABXT�VWBªZ1B1@A@ABYCE:1@S\WONHNBªHNRU>AB[Zo@ABGj 0 �Z ��#"�3
,Wj ;ºF£>SB<C
=�>ST�V.=�FG@�T�VWBYZ<B1@/@SBY:DT�V.=?@ARUO�F£HNR}¤�:<>SB<F�@ARUB<_U_`BY;�BDVN@I�DJ :[Z1>SR`>SB

g(y)dy = k(t)dt
�):DT�V.=Q@SRUO�F£HNR`¤�:D>AB<F�@ARUB<_U_UB #

�Q=�>ARn=�&._`B[���/:D;.=?>]=�&W_UBD�]�o8?R`F�@A:<lG>ABD>�_UBD�¿HNBDVU/{CEBDC &W>AB[�ºHWBIZ1B1@A@AB®:DlG=�_`R`@A:�B<@¿B<F HN:DHWVWR`>SB�8GZ<O�F.�ARnHN:<>]=?FG@º_n=YZ1OGF.HNR`@ARUO�F
RUFWR}@SRn=?_UB

y(0) = 1
8W_n=E�/OG_`VN@SRUO�F£=?F.=?_U¨�@ARnT�VWBXHWBYZ<B1@/@SBY:DT�V.=Q@SRUO�F�HWR}¤�:<>SB<F�@ARUB<_U_`BGj 0 �Z z�)"�3

78�  �� "D�
� �
�bBD���?=?_UB<VW>]��HNB

tn
B<@

yn

�/OGFG@®HWO�FWFW:DBD��HW=�F.��_UB¯@]=�&W_UBD=�V�Z<R �LHNBD�S�AO�V.�D8

tn yn'.j ' qGj '�'+'+'+'
'.j`q qGj '�'+'+'+'
'.j a qGj '�'+*+*+*
'.j c qGj 'Gc+'+'G�

0 �Z z�)"�3

�����[.=�#$ ;<;<��- � �<;<��$ !#��; '>��%���')$H��-)���[*&�/B��/%��H%<�<^�+L�2B1��; ')�K% -)�:�<F�J�;���')��% *&�/B��/%��H%<�<^�+L�2%����#� BK��')B�$&'>��W&')�(������' �:��-)X:$&��+L���:� .���; -)�#��F�J�;<�?��-)���
.���;,.���; ��-)��O

R 1
−1 exp(x) dx = exp(1) − exp(−1)

0
R 1
−1 x exp(x) dx = 2 exp(−1)

�9�
R 1
−1 x2 exp(x) dx = exp(1) − 5 exp(−1)

O! �
;EFK%<��' !����#��')�I%��H%<�<^�+L�#0 ���M�<;<��$ !#��;���- �

c = (−3/2) exp(−2) + (1/2)
0
a = (−7/2) + (1/2) exp(2)

0
b = 4 exp(−1)

O



9 �
�bBD���?=?_UB<VW>]��HNB

tn
8
yn

B<@
ỹn

�/OGFG@�;�OG>/@S:<BD��HW=?F���_UB¯@S=+&W_UBD=?V£Z<RHNB[�A�AO�V��<8

tn ỹn yn'Wj ' � q
'WjUq q�j '+'�' qGj '�'G�
'Wj a q�j 'Wqm� qGj '�a�'
'Wj c q�j '?p�' qGj '�p�,
'Wj p q�j '�d�, qGj '�(Ga

021  z�)"�3

74F£=EHNRUCER`F$VW:Y_kJ BD>A>SB<VW>�HJ VWF�M)=GZo@SB<VW>
O(0.11)/O(0.12) = 10

j 0 �� z��3
B �
�¿J OG>SHW>AB4HKJ BD>A>SB<V.>,HNB

y(0.4)
�PBD>A>SB<V.>�l�_UO+&.=�_`Bm��BD�/@,B<F

O(h2)
�P;._`V.�,;W>S:DZ<RU�A:<CEBDFG@,B<F

O(4h2)
� 0 �8 ���3 j � ��BDZI_n=

MPO�>SC^VW_UBYHKJ B5/$@A>]=?;�OG_U=?@ARUO�F�HWBY5�RnZ]\.=?>]HW�AO�F8NO�F�@A>SO�VW�GB�8

y �������� (t = 0.4) = y[h](t = 0.4) +
1

22 − 1

(
y[h](t = 0.4) − y[2h](t = 0.4)

)

,
0 9  z�)"�3

=
4

3
y[h](t = 0.4) − 1

3
y[2h](t = 0.4),

=
4

3
1.08200644 − 1

3
1.0814221,

= 1.08220122.
0 �> z��3

=m��BDZXVWF£OG>SHW>ABYHKJ B<>S>ABDVW>�lG_`O�&.=?_B<F
O(h4)

8�Z1BªT�VWRbFWOGV.�®HNOGFWFWBYV.FWB^=?;W;W>SO%/$RUC
=Q@SR`OGF�HNBª_¡J B<>S>SB<VW>�M)= �U@SBª�AVW>®_n=E�Q=�_`BDVW>
>S:<B<_U_UBXHWB

y(1.4)
8.HNB

∆y(1.4) ≈ 10−4.
0 �� z��3

1 �
��=�CE:1@A\.ONHNB
HNBE5®VWFWl�B �XVN@/@]=�HKJ O�>]HN>SB9l�_UO+&.=�_zpg�)5��Xp��IB</NR`lGB{T�V.=?@A>SB9:D�Q=?_UV.=?@ARUO�F.�¯HNB{MPO�F�Zo@ARUO�F ;�O�VW>YZ]\.=�T�VWB

R`@A:<>]=Q@SR`OGF��)Z<O�F�@A>SB�HWB<VU/9:<�?=?_UV.=Q@SR`OGF.��HNB,MPOGF.Zo@SR`OGF{;�O�VW>ºZ]\.=�T�VWB�R}@S:<>]=Q@SR`OGF9;�O�VW>�_n=¯C{:<@A\WOWHNB�HKJ ;ºVW_UB<>ºCEONHNR
	.:DBY� ;�� �/�
0 �> z��3 jW74F HNO�R`@�HNO�F.Z 	G/$BD>�VWF ;.=���HWB<VU/EMPO�Rn�¿;._`V.��RUCE;�O�>A@S=?F�@¯�PRkj B�jU8

h = 0.2
�º;�O�V.>¿_n=ªCE:1@S\WONHNB¯HNB¯5 �Xpª;�OGVW>

=��S�AVW>ABD>�=?;W;W>SO%/$RUC
=Q@SR`��BDC{BDFG@�VWF C��<CEB¯Z<O��N@�Z<=�_UZ<VW_U=?@AOGR`>SB�j+;¿F @ABD>ACEB¯HNB4;W>S:DZ<RU�ARUO�F
0.24 �P;�OGVW>,5��Xp�� < 0.12 �P;�OGVW>

;�� � 0 9  z��32" B<@X_n=�C{:<@A\WOWHNBEHNBE5��Xp�>SBD�6@SB<>]= ;W_UV.�X;W>A:[Z1Rn�/BEHKJ V.F M)=GZo@ABDVW>
0.12/0.24 = 6.25

�P;�OGVW>XVWF C��<CEB
Z1OGVN@®ZD=?_nZ1VW_n=Q@SO�RU>ABm�oj 0 9  ��#"�3

� �
;¿F£VN@ARU_URU�S=?F�@�V.FWBXMxOG>AC^V._`BYF�VWCE:<>SRUT�VWBªHKJ OG>SHW>AB

1
;�OGVW>®=?;W;W>SO%/NR`CEB<>

y′(t)
8.Z<=�H8

y′(tj) =
y(tj+1) − y(tj)

h
+ O(h),

VWFWB^HNRU�SZ1>S:1@SRU�S=Q@SR`OGF�HNV£@AB<CE;.�IHNV¢�/@6¨�_UB
tn = t0 + nh

=m��BDZ
h = 0.1

�PB<@®V.FWBªZ1OGF.HNR`@ARUO�F£R`FWR`@SRU=�_`B
y(t0) = 1

HNOGFWFW:<Bm�o8
O�F�O�&N@ARUB<F�@®_`Bª�/¨N�/@A©DC{BYHWBYT�V.=?@A>SB¯:DT�V.=?@ARUO�F.� #ET�V.=?@A>SB¯RUF.Z1OGFWF�V.�®�/V.R`�?=?FG@[8

y(t1) − y(t0) = h y(t0) sin t0,

y(t2) − y(t1) = h y(t1) sin t1,

y(t3) − y(t2) = h y(t2) sin t2,

y(t4) − y(t3) = h y(t3) sin t3.

021  z�)"�3 ¬�B1@/@SBICE:<@A\WONHWB4HNRU>AB[Zo@AB4=�VW>S=�R}@¿VWF.BIB<>S>SB<VW>4�)HNRU>SBDZo@SB[�¿�/VW>�_kJ B[�6@SR`C
=Q@SRUO�F HWB
y(t1) = y(0.1)

8�j<j<j<8
y(t4) =

y(0.4)
BDF

O(h)
�/OGR}@�_n={C��<CEBY;W>A:[Z1Rn�/RUO�F£TGV.BX_n={C{:<@A\WOWHNBYHKJ ;ºVW_UB<>[j 0 �� ���3

� �
74F�;�BDVN@I�A:<;.=�>ABD>,_UBD���Q=?>SRn=�&W_UBD��HNBY_¡J :DT�V.=?@ARUO�F£HNR}¤�:<>SB<F�@ARUB<_U_`BYB<@�_n={CEB1@A@A>SBY�AO�V��,_n=9MPO�>SCEB�8

dy

y
= sin tdt.

0 �> z��3



;ºF£RUFG@S:<lG>S=�FG@�B<F.�AVWR`@ABY_`B[��HNBDVU/�CEB<C &W>SBD��HWBYZ<B1@/@SBY:<l�=?_UR}@S:�8NO�F�@S>AOGVW��B�8
∫

dy

y
=

∫

sin t dt,

ln |y| = − cos t + Cst,

y = exp(− cos t + Cst). < 3pts >

Cst
:<@S=?F�@®VWFWBªZ1O�F��6@]=?FG@SB�jU;¿F¢�/BY�AB<>S�Q=�FG@�HNBY_n=EZ1OGF.HNR`@ARUO�F�RUFWR}@SRU=�_`B

y(0) = 1
8WO�F�@S>AOGVW��B��

Cst = 1
8WB1@[8

y(t) = exp(− cos t + 1). < 1pt >

���!� 
  "D�)V � �£��� �F��� �N� 	 6� "{� 	�� ��� � � � 	 �-�!�)�F"������! 6	 � �#"%$
§NO�R`@�_UBD�®HNB<VU/�:[T�V.=Q@SR`OGF.��HNR`¤�:<>SB<FG@SR`BD_`_UBD��_URU:<BD�®�/VWRU�Q=�FG@SBD�D8

1

2
(x′′(t) + y′′(t)) + x′(t) + y′(t) + x(t) = 0,

1

2
(x′′(t) − y′′(t)) + x′(t) − ty′(t) + y(t) = 0,

=m��BDZY_UBD�4Z1OGF.HNR`@ARUO�F.�®RUFWR`@ARn=?_UBD�
x(0) = 0

8
x′(0) = 1

8
y(0) = 1

8
y′(0) = 0

j�5�:<:[Z1>SR`>SBªZ<B^�A¨N�6@S©<CEBªBDF¢VWF �A¨N�6@S©<CEB
HKJ :DT�V.=?@ARUO�F.��HNR`¤�:D>ABDFG@SR`BD_`_UBD�®HNV£;W>SB<CER`BD>�O�>]HN>ABE�);�O�VW>�_UBDT�VWBD_KOGF£={;W>A:[Z1Rn�/:X_UBD��Z<O�F.HWR}@SR`OGF.��R`F.R}@SRU=�_`B[�S�1j

78�  �� "D�
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x′′(t) = f1(x
′(t), y′(t), x(t), y(t)),

y′′(t) = f2(x
′(t), y′(t), x(t), y(t)).
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x′′(t)

B<@
y′′(t)

8

x′′(t) = −2x′(t) + (t − 1)y′(t) − x(t) − y(t),

y′′(t) = −(1 + t)y′(t) − x(t) + y(t).
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z1(t) = x(t)

8
z2(t) = y(t)

8
z3(t) = x′(t)

B1@
z4(t) = y′(t)
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z′1(t) = z3(t),

z′2(t) = z4(t),

z′3(t) = −2z3(t) + (t − 1)z4(t) − z1(t) − z2(t),

z′4(t) = −(1 + t)z4(t) − z1(t) + z4(t).
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z1(0) = 0

8
z2(0) = 1

8
z3(0) = 1

8
z4(0) = 0
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z1(t) = x(t)
B1@

z2(t) = y(t)
j
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y(t)

%<���:�
y(0.0) = 1

0
y(0.1) = 1.005008335

0
y(0.2) = 1.020133419

0
y(0.3) = 1.045675942

0
y(0.4) = 1.082138316

0
. . .
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A
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x[0] = (1, 1, 1)t
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x[0] = (0, 1, 0)t
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x[0] = (1, 1, 1)t
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x[0] =
(0, 1, 0)t
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n = 3
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A
8

|λ| ≤ min

{

max
i=1 � n

n∑

j=1

|aij | , max
j=1 � n

n∑

i=1

|aij |
}

,

|λ| ≤ min
{
max(2, 6, 2) , max(4, 2, 4)

}
,

|λ| ≤ 4.
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= 2, r = 4)

B<@ C3(
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= 0, r = 2)
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S
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= 2, r = 4)
j

0 9  z�)"�3
:¿VWRU�ST�VWB
_n=�C
=Q@S>ARnZ1BEFbJ B[�6@ª;.=G�Y�A¨�CE:<@A>SRUT�VWBG8KO�Fg;�B<VN@^>S= &EF.B<>YZ<B
HWO�C
=?RUFWBEBDF @S>AOGVW�Q=�FG@

St
8_¡J VWFWRUO�F�HNB[�X@A>SO�Rn�

HNRn�AT�VWB[�4O+&N@SB<F�V �/VW>¯_n= C
=Q@A>SRnZ1Bª@S>S=�F.�A;�OG�A:�j
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J = [−2; 4]
j 0 �> z�)"�3

B �

HNB<@
(A − λI) =

HNB1@




1 − λ 0 1
1 2 − λ 3
2 0 −λ



 =
HNB<@





1 − λ 0 1
1 2 − λ 3

λ(1 − λ) + 2 0 0
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(λ(1 − λ) + 2)(2 − λ) = 0,

(λ − 2)(λ + 1)(2 − λ) = 0.
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λ1 = 2
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λ2 = 2
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λ3 = −1
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(λ1, λ2, λ3) ∈ J
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y[p] λmaxq qQhQc q qmh?c ,$h$q

a qQh?� q qmh�� q)'�h?c
c qQh�d q qmhGd q<p$h��
p qQh
* q qmh�* q)(�hGd
� qQh$qGq q qmhNq�q a�aGh�*
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y[p] λmaxq ' q ' a

a ' q ' a
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λmax = 2

B1@
vλmax

= (0, 1, 0)t
j

0 9  z�)"�3

� �
2
5I=?Rn�/OGF.�¯f

q�j�2¯=?F.�Y_UB HNB<VU/NRU©<CEB Z<=G�XO�F #£;W>ARn�YZ<O�CECEBE��B[Zo@ABDVW>YRUFWR`@ARn=?_¿_`B
��BDZ1@ABDVW>Y;W>SO�;W>SBET�VWB
_kJ OGFgZ]\WB<>]ZS\�=?R`@Dj�74Fg:1@]=?R`@
HNOGF.ZXHN:�(# #EZ1OGF���BD>AlGB<F.Z1B 
 0 9 � �! ��#"�3

aNj�2¯=?F.�{_UB£ZD=��9OGV%OGF%;W>SB<F�H½V.F���BDZ1@AB<V.>{RUFWR`@ARn=?_®HNR`¤�:D>ABDFG@ HNV���BDZ1@ABDVW>E;W>AOG;W>SB�T�VWB�_kJ OGF�HW:D�AR`>SB�BD�/@ARUCEB<>¢�/q<B<>
Z<=G�S�18�_n=�Z1OGF���BD>AlGB<F.Z1B9_UB<FG@SBEFWO�V��¯RUF.HNRnTGV.B
TGV.B{_n=��Q=�_`BDVW>¯;.>AOG;W>AB{CE=�/NR`C
=?_ºHNBEZ<B1@A@ABEC
=Q@S>ARnZ1B{FJ BD�/@Y;.=��¯@A>S©D�
HNOGC{RUF.=�FG@ABGj+:¿>A:DZ<BDHNBDCEB<FG@[8GO�F =Y�$V T�VWB®_n=ªHNB<VU/NRU©<CEB®�?=?_UB<VW>¿;W>AOG;W>SB�:<@S=�R}@�:1@]=?R`@�=?V��A�ARWlG>S=�F.HNB®T�VJ B<_U_`B���Z1BIT�VWR
B5/N;W_URnTGV.BYZ1BD_U=.j 0 9 � �  z�)"�3

���������	��
��������������������������� �!��"����!���$#%��&'�(�)����� * ���+���,�-���.&��(�)����"!��/���/�&0��"!�21,&���* �23.���4�!��&'"5#�"!��#�"!�267*8�9��:;� <��+�=���!�4"��>�!�8���
���?�

vλmax
= vλ3

= (1/(2n + 1), 1, 1/(2n + 1))t
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λ1 = λmax = (2 + 4n)/(−1 + 2n)
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n → ∞
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λ1 = λmax = 2

�4�
vλmax

= vλ3
= (0, 1, 0)t E


