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8EI
¤+T�V^SJB3¬M=^@CSbDEBWa`?EGM<>±&SU?mAQS`N�F

y
GMV¡�QN�DEDEB3AHGMV¨D10mAHG�I V^F¡±�N�S`abS`B>@�:&N32
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E
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I
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N�F76~aU?~DEB[�QV^@CBW?�=^=^@CN�¬MS`DE<>B³B3AHaoI S`F0Z3B[@1ACSbAQV0GMBY�QV^S`±m?RF�AQBP:

F = 50
a�4�kqL{A86

2
a�4�kqL{AH=^@:9[�[:J¤OSog BPgb:

∆F = 2
¤Oa54�k�L{Ar¦

),

L = 30
L{A86

0.1
L{AX=^@;9��>:

E = 1.5 × 108 6
0.01 × 108 a54�kqL{A 2 =^@:9[�[:

I = 0.06
L{A 4 6

0.0006
L{A 4 =0@;9��>g
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¤+B>F¡VMAQS`a`S`�C?RF�A�a`B[�H?R=^=0@QNq¬MSbD
?mACS`N�F0��F0N�F¡?R@C@CN�F0GMS`B[�]¦rg
e^gED�ACS`abSU�1B[@�aU?YDE<3AQ\0NMGMB6G^BXaU?nLON�V^@]ZC\0B3A1ACBX=�NPV^@�N34MACB>F^S`@�V^F SbF�AQB[@Q±m?�a`abBXG^B6Z>N�FM �?�F0Z3B6G^?RF��ÅabB�TPV0B>a��1BHAC@QNPV^±�B>@]?RSbA£aU?
±&@C?�SbB6±m?�abB[V^@QB³GMB

y
B3A�B>F¨GM<�GMV^S`@QB³a I S`F0Z3B[@1ACS�ACV0GMB³@C<[�QV^abAC?�FPAQB~¤+Sog BPgb:MB>@C@QB[V^@.?�4��1NPabV^Bq¦Å�1V^@

y
TPV0B6aoI NPF NF4MAQS`B>F0G^@C?�S�A

=0?�@�Z>B3AQAQBnDE<3AQ\0NMGMB�g
s0g�46B[�¡GMB[VM¬�=^@C<[Z3<�GMB>F�AQB[�¨DE<3AQ\0NMGMB[�[:�a`?PTPV0B>a`abB B��8A¡aU?'=^abV��¨=^@Q<�Z3SU�1B'GIH�V��8ACS� 0B[@¨±�NRAC@QB @Q<[=�N�F0�QB�gKJd?'DE<>AQ\^NMG^B
GMB a`?ÃLONPV^@CZ]\^B3AQAQB B[�8A;LoB[aba`B ?R=^=0abSUZ>?34^abB G^?�F0��abBjZ>?��¨GMB FJI S`DE=�N�@QAQB T�V^B[aba`B LON�F�ZrAQS`N�F G^B =^a`V0�1S`B>V0@C��±m?�@QSU?�40abB��
¤OS`F0Z>B>@QAC?RS`F^B��C¦MGNHPV0�8ACS� �B>@�±�NRAC@CB³@Q<[=�N�F0�QB�g
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ª�N�V^@HabBnF^NPD<4^@QBnGMBYZ>�QBnGMBYZC\�?�Z3V^F0BnGMBYZ3B[��±m?R@CSU?�4^a`B[�[:�NPF¡?^:

F ≈ 50
a�4�kqL{A�Z>?�@

∆F = 2 < 0.5 × 101,

L ≈ 30
L{A�Z>?�@

∆L = 0.1 < 0.5 × 100,

E ≈ 1.5 × 108 a�4�kqL{A 8 Z>?R@ ∆E = 0.01 < 0.5 × 10−1,

I ≈ 0.06
L{A 4 Z[?R@ ∆I = 0.0006 < 0.5 × 10−2. < 6pts >

S �
96F¡?~=�NPV^@�±m?�abB[V^@�?�=^=^@CNMZC\0<>B�:

y∗ =
50 × 304

8 × 1.5 × 108 × 0.06
= 0.5625

L{A
. < 2pts >
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�1NPS�A
∆y ≈ 0.0225 + 0.0075 + 0.00375 + 0.005625,

≈ 0.039375. < 3pts >

96FYN34MACSbB[FPA}GMNPF0Z
y ≈ 0.5625±0.039375

gR§�N�DEDEB
0.039375 < 0.5×10−1 :[a`BÅ@C?�F^pHGMV_GMB[@QF0SbB[@ÉZC\^S�=�@QB��QSbpPF^S� �Z>?mACS�LB[�1A −1

B3AÅN�FE=�B>VMAÅ<[Z>@QS`@CB
y ≈ 0.5625±0.039375 � R �É���¨g�©&S^NPFE?�@Q@CN�F0G^S� 0F0?�abB[DEB>FPA�Z3B>A1AQBHB[�1AQS`D
?mACSbNPFE?RVEF^N�D<40@QB

GMBYZ>�QB�:MNPF¨N34MACSbB[FPA�:

y ≈ 0.6 ± 0.05
L{A

. < 1pt >

©MS�N�F V^AQS`abSU�QB³abB��.?�=^=^@CN�¬MS`DE?RAQS`N�F0�ÅF^NPF�?R@C@CN�F0GMS`B[�[:
y
�QBXAC@CN�V^±�B>@]?RSbA.G^?�F0��aoI SbF�AQB>@C±m?�aba`B

[0.523125 0.601875]
g � *
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*
�
¢ÅF;VMAQS`abSU�C?RFPA�a`B[�É±m?�abB[V^@ÉD
?m¬MS`D
?Ra`B[�d=�NPV^@

F
¤+S g B�g`:

F +∆F
¦dB3A

L
B>A}a`B[�}±m?Ra`B>V0@C�dDESbF0SbD
?Ra`B[�}=�N�V^@

E
¤OSog B�g`:

E−∆E
¦

B3A
I
:�N�F¡NF4MAQS`B>F�GM@C?�S�AXa`?14�N�@CF^BnD
?m¬MS`D
?Ra`BYGMB_Z3B>A1AQB_SbF�AQB[@Q±R?Ra`abBYGMB_Z>N�FM �?RF0Z>B ¤

ymax

¦3g�96F�=�B>VMAXL+?RS`@CBna I S`F�±�B[@C�QBn=�N�V^@
AQ@CN�V0±�B>@�aU? 4�N�@CF^BWD~S`F^S`D
?Ra`BnGMBYZ3B>A�S`FPACB>@C±m?�aba`BWGMBYZ>N�FM �?�F0Z3B
¤

ymin

¦3g

ymin =
48 × (29.94)

8 × (1.51 × 108) × 0.0606
= 0.52407,

ymax =
52 × (30.14)

8 × (1.49 × 108) × 0.0594
= 0.60285. < 5pts >

� V0SMB[�1A�@C?�S`�QN�F�?�4^a`B>DEB>F�A}=^@:9[��GMB�aoI S`FPACB>@C±m?�aba`B�AC@QNPV^±�<K66aU?WT�V^B[�1AQS`N�F~=^@Q<�Z3<[G^B>FPACB�g�JÉ?6±R?Ra`B>V^@�?R=0=^@QNq¬MSbDE<[B�B��8A£GMNPF0Z
a`B Z>B>FPAC@QB�GMB�Z3B>A1AQB S`FPACB>@C±m?�aba`B GMB�Z3N�F^ �?RF0Z>B
B>A;a I S`F0Z3B[@1ACS�ACV0GMB��QV^@;Z3B>A1ACB ±m?R@CSU?�4^a`B �1B[@C?�S�A_aU?µGMB>DES�aU?R@Cp�B[V^@_GMB�Z3B3AQAQB
S`FPAQB[@Q±R?Ra`abBPg�§�BnT�V^SJF^N�V0��=�B>@CD~B>AHG�I <[Z>@QS`@CB

y ≈ 0.56346 ± 0.03939
g � S �É�����

� �
JÉ? =0abV0�W=^@Q<�Z3SU�1BEGMB[�WGMB[VM¬ D~<>AQ\^N^GMB~B[�1AWaU? DE<>AQ\^NMGMB
GMB~aU? LONPV^@CZ]\^B>A1AQB
Z>?R@WZ>B>a`abB L�Z>S}FdI VMACS`abSU�1B
?RV0Z>V^F^BE?R=0=^@QNq¬MS>L

D
?mACSbNPF ¤+?�=^=^@QNq¬MS`DE?RAQS`N�F GMB��É?&C&a`N�@.GMV�=^@CB>DESbB[@.N�@]GM@QBX=�NPV^@.aU?_=^@CB>DES�9[@QB6DE<3AC\^NMGMB�¦3g JdB6=^@CN34^a59>DEB�:MZRI B[�1A�T�V^BWZ3B3AQAQB
DE<3AC\^NMGMB¡¤ GMSbAQBN?QGMB~aU? LONPV^@CZ]\^B>A1AQB�A8¦6F^B~=�B[VMAY�>I ?R=^=0abSUT�V^B>@ 6 ACN�VMACB[�³a`B[�³A C&=�B[�nGMB;LONPF0ZrACSbNPF0� 6�=^a`V0�1S`B>V^@]�³±m?�@QSU?�4^a`B[�	�
�QB>V^a`B>DEB>F�A³�QSÉa`?
LON�F0ZrACS`N�FµB[�1A6Z>N�F�AQS`F�V^B_B>A6DEN�F^N�AQN�F0B
��§6I B��8A6a`B;Z>?P�XGMB

y
:�=�N�V^@XaU?�T�V^B[aba`BYV^F0B<4�N�@CF^B

ymin

B3A
ymax=�B>VMA��3AQ@CBn?�V0�Q�QS�L+?�Z3S`a`B>DEB>F�AXGM<3 0F^S`B�g � * �}�����

�&�/��;�M�'�P��� �+�^��� !-� �É����
$ ( R ,)�}���/.
¢£¬&=0abSUT�V^B>@H=�N�V^@]T�V^N�S�abBYZ>?�a`Z>V^a�F�V0D~<[@QSUT�V^BnGMBYZ3B���B3¬M=^@CB[�C�QSbNPF0�>:

ln(x + 1) − ln(x)
T�V0?�F0G

x >> 0,
√

x2 + 1 − x
T�V0?RF�G

x >> 0,

cos2(x) − sin2(x)
T�V0?�F0G

x ≈ π/4,

=�B>V^±PB>FPA³Z>N�F0GMV^S`@CBN6 GMB��H=^@CN340a�9[D~B��HG�I B>@C@CB>V^@]��F�V^DE<>@CS`T�V^B����0¢�¬M=^a`SUT�V^B>@6=�NPV^@]TPV0N�SJB>AX=^@CN�=�N��1B[@�V^F^BYLON�@CD_V^a`BY<[T�V^S�L
±m?�abB[FPACBWT�V^SJ=�B[@QDEB3AQAQ@]?RSbAHG�I <>±&S�ACB>@XZ3BW=^@CN340a�9[D~BW=�N�V0@HZ3B[��AQ@CN�SU�.@CB>aU?mACSbNPF0�[g

O P��@!-�'���
4³?RF���abB��ÅAQ@CN�SU��Z[?��ÅNPF ?�V^@C?YV^F�=^@QNF4^a59>DEB6G�IM?RF^F&V^aU?mACSbNPF GMB³Z[�1B³GMV^B 6YaU?;�1NPV0�8AC@C?PZrACSbNPF
G^B³GMB>V^¬
F^NPD<4^@CB[��T�V0?P�1S

<>p�?RVM¬ � R �É���¨gJª}NPV^@n<>±&SbAQB>@YZ>BE=^@QNF4^a59>DEB�:�N�F =�B>VMAY<�Z3@CSb@CBEZ3B[�³AC@CN�SU�³@CB>aU?mAQS`N�F��³G^B~AQB[aba`B~L+?��3NPF T�V^BE=^a`V0�Y?RV0Z>V^F^B
�QN�V0�1AQ@]?�Z3AQS`N�F�GMBYGMB[VM¬�F^N�D<4^@CB[��S`F0Z3B[@1A]?RS`F0�n¤OSog BPgb:0SbDE=^@C<[Z>S`�]¦.T�V0?P�1S�<>p�?RVM¬�?R=^=�?R@]?��O�Q�QB>FPA�:&S g B�g`:



ln(x + 1) − ln(x) = ln(1 + 1/x), < 3pts >
√

x2 + 1 − x =
1√

x2 + 1 + x
, < 3pts >

cos2(x) − sin2(x) = cos(2x), < 3pts >

¤OB[F VMAQS`a`S`�C?RF�An@QB��1=�B�ZrACSb±�B[D~B[FPAna`?¨=^@CN�=^@CSb<>AQ<
ln(a) − ln(b) = ln(a/b)

G^?�F0�³aU?�=0@QB[D~B[S�9[@QB~@CB>aU?mAQS`N�Fd:�B>F D_V^abAQS`=^abSU?RF�A
B3AXGMSb±&SU�C?RFPA�aU?~�QB[Z3NPF0GMB³B>¬&=0@QB��Q�QSbNPF =0?R@ √

x2 + 1 + x
B3A�B[F¨Z>N�F0�QSUGM<>@]?RF�A[:&=�N�V^@�a`?;AQ@CN�SU�QS�9[D~B³B>¬&=0@QB��Q�QSbNPF abB³L+?�S�AXTPV0B

cos2(x) = (1 + cos(2x))/2
B3A

sin2(x) = (1 − cos(2x))/2
¦3g
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96F¡�QBW=^@CN�=�N��1BWGMBWAQ@CN�V^±�B[@�GMB[��±m?�abB[V^@]��?R=^=^@CNMZ]\^<>B���GMBWaU?~@]?�Z3S`F^B

r
G^BWaoI <�T�V0?mACSbNPFJ:

f(x) = x exp(x) − 2x2 − 1 = 0.
¤1t�¦

t�gE� P��!.�! �É����� �Q!-� ��� ��3J� ( R:9 �É���&.mg
¤ ?P¦���NPFPAC@QB[@�T�VJI SbaJB>¬&SU�1AQBWV^F0BW@]?�Z>SbF0B³V^F^SUT�V^B

r
=�NPV^@HZ3B>A1ACBW<�T�V0?mACSbNPF ¤1t�¦�G^?RF0��aoI SbF�AQB[@Q±m?�a`abB

J1 = [1, 2]
g

¤ 4�¦�¢£F @CB>D
?R@]T�V0?RFPA�TPV0BHaoI <�T�V0?mACSbNPF
=^@QNP=�NP�Q<>B�B[�1A�<[T�V^S`±m?Ra`B>F�AQB 6
g1(x) = x

?q±�B[Z
g1(x) = x exp(x)−2x2 +

x − 1
:�DEN�FPAC@QB[@
T�V^B¨aoI SbF�AQB>@C±m?�aba`B

J1 = [1, 2]
B��8A
V^F S`FPACB>@C±m?Ra`a`B¨�QV^@Ea`B[T�V^B[a�a`?jZ3N�F&±�B>@Cp�B[F0Z3B�±�B>@]�~V^F^B

�QN�a`VMAQS`NPF�V^F^SUT�V^Bn=0?R@�aU?~DE<3AQ\0NMGMBYGMV¨=�NPFPA� ^¬MBWFJI B[�1AH=0?���?P�Q�QV^@C<>B�g
¤+Z�¦���NPFPAC@QB[@�T�V^BWaU?E�QN�a`VMAQS`N�F¡GMBna I <[T�V0?RAQS`N�Fj¤8tq¦�B��8AX?RV0�C�QS��QN�a`VMACSbNPF¨GMBnaoI <�TPV�?mAQS`N�F¡�QV^Sb±R?RF�AQB�:

h(x) = ln
(1 + 2x2

x

)

− x = 0,
¤oc�¦

a`N�@]�QT�V^B
x > 0

g
¤+G0¦�¢£Fµ@CB>D
?R@]T�V0?RF�AHT�V^BYaoI <[T�V0?mACSbNPF¡=^@CN�=�N��1<[BWB[�1AX<[T�V^S`±m?�abB[FPAQB<6

g2(x) = x
?q±�B[Z

g2(x) = ln( 1+2x
2

x
)
=�N�V^@

x > 0
:}DEN�F�AQ@CB>@~T�V^B�aoI S`F�AQB>@C±m?�aba`B

J1 = [1, 2]
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r1, r2, r3, r4
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r0 = 1.5
g
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g3(x)
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¤
f(x) = x exp(x) − 2x2 − 1 = 0

¦rg}4XNPF^F^B>@
g3(x)
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rn+1 = g3(rn)
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r1, r2, r3
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r0 = 1.5

¦3g
¤+Z�¦ ¢£F �1V0=^=�NP�C?RF�A³T�VJI 6 a`? AQ@CN�SU�1S59>DEB_S�AC<>@]?mACSbNPFÃ¤+S g B�g`:�B[F

r3
¦3:�NPF ?R=^=0@QNq¬MSbDEBYaU? �QN�a`VMACSbNPF ?�±�B�ZnV0F^B;B>@C@QB[V^@CB

S`FMLO<>@CS`B>V^@CBE6
3×10−4 :�Z3N�D<40SbB[FEG�I S�AC<>@]?mAQS`N�F���GMB�aU?³D~<>AQ\^N^GMB�GMB�aU? 4^SU�Q�QB[ZrACS`N�FE?RV^@]?RS`B>F�A�=�B>@CDES`��GJI ?�@Q@CSb±�B[@

6~aU?~D��>DEBn=^@Q<�Z3SU�1S`N�F G
¤+B>F¡=0?R@QAC?�FPAH?�±PB[Z6a`BnD �[DEBWS`FPACB>@C±m?Ra`a`BWGMBYGM<[=0?R@QA]¦3g



¤+G0¦ Sog�¢£Fµ�QV^=^=�NP�C?RF�AXT�V^BYabB_Z>N��MA6Z>?�a`Z>V^a`?RAQNPSb@CBnG�I V0F^BYSbAQB>@]?mACS`N�F�GMBYa`?
DE<3AQ\^N^GMB_GMBYaU?�4^SU�1B�ZrAQS`N�F�N�V�G^BnaU?
D~<>AQ\^N^GMBXGMB6HB>l�ACN�F �QBXZ3NPDE=MAQBX?�=^=^@CN�¬MS`D
?mAQS`±�B>DEB[FPA£B>F����mxmz �0xR� y+�R���P�	�3�m���>�oy+�m��¤+B3A�B[F Z3NPD~=^AC?RF�A
a I <>±R?Ra`V0?mACSbNPFEGMBHaU?nGM<>@CS`±�<>BH?RF�?Ra5CPACSUTPV0B�GMBHaoI ?R=^=^@CNMZ]\^B�SbAQ<[@C?RAQS`±�BHGMBXHB[l�AQNPF
Z>N�DEDEB�V^F^BX<>±m?�abV0?RAQS`N�F
GMBYLONPF0ZrACSbNPF�¦r:�Z>N�DE=0?R@CB>@XabB;F^N�D<40@QB;G�I <>±R?Ra`V0?mACSbNPFµGMBYLONPF0ZrACSbNPF0�XF^<�Z3B[�C�C?RS`@QBY=�N�V^@6V^F^B;SbAQ<[@C?RAQS`N�FµG^B
a`?;DE<>AQ\^NMG^BWG^BWXB>l�ACN�F¨B3A�=�NPV^@�V^F^BWSbAQ<[@C?RAQS`N�F¨GMBWaU?;DE<3AQ\0NMGMBnGMBWa`? 4^SU�Q�QB[Z3AQS`N�FJgM¢£F¡GM<�GMV^S`@QBnZ3B[aba`B
GMB[�6GMB[VM¬¡DE<3AC\^NMGMB[�6T�V^SÉB��8A6B =�B�ZrAQS`±�B>DEB[FPA³a`? =^abV��X@C?�=^SUGMB ¤OB[F�AQB>@CDEB_G^B;Z3N��MA³Z[?RaUZ3V^aU?mACN�S`@QBq¦.=�N�V^@
?R@C@QS`±�B>@K6~aU?~=^@C<[Z>S`�QSbNPF¨GMN�F0F^<>BWB[F�c^g`¤ Z[¦rg
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g4(x)
:�aU? LON�F0Z3AQS`N�F S`FPAQB[@Q±�B[F0?RF�AEG0?RF0�~aU? DE<3AC\^NMGMB¡S�AC<>@]?mAQS`±�B¨GMB�HB>l�ACN�F =�NPV^@~aU? @C<[�QN�a`VMACSbNPF'GMB

aoI <[T�V0?mACSbNPF ¤oc�¦3g^46N�F0F^B>@
g4(x)

g
¤{L]¦�§.?�a`Z>V^abB[@Ea`B[�

4
=^@CB>DES59>@CB[�~B[�1ACSbDE<>B��

r1, r2, r3
B>F =0?�@1A]?RFPA GMB

r0 = 1.5
B3A
B[F�GM<[GMV0Sb@CB��1S�aoI ?R=^=^@CNMZ]\^B

SbAQB[@C?RAQS`±�BW�QB>D<40abBYZ3N�F&±�B>@Cp�B[@.N�F¨F^NPFJgM¢ÅF�GM<[GMV0Sb@CBnZ3BYT�V^BnZ>B>aU?;±�B[VMAXGMS`@QBW=�NPV^@
g4(x)

g

4�!��[� i
exp x = ex

O�P��Q!-���[�

R �
� � JdB[�.±R?R@CS`?RAQS`N�F0�.GMBWa`?;LON�F0Z3AQS`N�F

f(x)
�QV^@

[1, 2]
DEN�FPAC@QB[FPAHT�V^B³aU?_LON�F�ZrAQS`N�F¨B[�1A�Z>N�F�AQS`F�V^BWB3AHZ>@QNPS`�C�C?RFPACB6�QV^@�Z>B3A

S`FPAQB[@Q±R?Ra`abB¡¤+G^N�F0Z~DEN�F^N�AQNPF^B�¦;¤
f ′(x) = (x + 1) exp(x) − 4x

B3A
f ′(x) > 0 ∀x ∈ [1, 2]) � R �}���¨gJ46BE=^a`V0�[:�N�F ?

f(1) = e − 3 ≈ −0.28
B>A

f(2) = 2e2 − 5 ≈ 5.77
Z>BnT�V^Sd?��C�1V0@QB³aoI V^F0S`Z>S�AC<YG�I V^F^Bn@]?�Z3S`F^B

r
G^?�F0��Z>B3AHSbF�AQB[@Q±m?�a

� R �}���¨g
 � Jd?EG^<>@QS`±�<[B³=^@CB>DES59>@CBWGMB

g1(x)
�>I <[Z>@QSbA[:

g′1(x) = (x + 1) exp(x) − 4x + 1.

g′1(1) = 2e − 3 ≈ 2.43
GMN�F�ZnaU?ELONPF0ZrACSbNPF

g1(x)
FdI B��8A³GMNPF0ZY=0?��6Z3NPFPAQ@]?�Z3AC?�FPAQB_�QV^@

J1
¤+S g B�g`: |g′1(x)| 6< 1 ∀ x ∈ J1

¦
B3AXGMNPF0Z³aU?EZ3NPF�±�B>@Cp�B[F0Z3B³FJI B��8AH=0?P��?��C�1V0@Q<[B³G^?�F0��Z>BnZ>?P�>g � S �É�����¨g

� �
x
�QN�a`VMAQS`N�FµGMB

x exp(x) − 2x2 − 1 = 0
:0B��8A³�1NPabVMACS`N�F�GMB_aoI <�TPV�?mAQS`N�F

x exp(x) = 2x2 + 1
:�?�V0�Q�QSÉ�1NPabVMACSbNPF�GMB

ln(x) + x = ln(1 + 2x2)
abNP@C�CT�V^B

x > 0
:^B3AXGMNPF0ZW�QN�a`VMAQS`N�F¡GMB

ln( 1+2x
2

x
) − x = 0

a`N�@]�CTPV0B
x > 0

g � S �}�����
��� Jd?EG^<>@QS`±�<[B³=^@CB>DES59>@CBWGMB

g2(x)
�>I <[Z>@QSbA[:

g′2(x) =
4x2 − (1 + 2x2)

x2

x

1 + 2x2
=

2x2 − 1

x(1 + 2x2)
< 2pts >.

©&V^@
[1, 2]
:
2x2 − 1 < 2x2 + 1

:MGMB³D��[D~BW=�NPV^@
x ∈ [1, 2]

:
2x2 − 1 < x(2x2 + 1)

:^GMN�F0Z
g′2(x) = 2x

2
−1

x(1+2x2) < 1
=�N�V^@

x ∈ [1, 2]
g-Jd?ELON�F0Z3AQS`N�F

g2(x)
B[�1A6GMNPF0ZYZ3NPFPAQ@]?�Z3AC?�FPAQBY�QV^@

J1
¤OSog B�g`: |g′2(x)| < 1 ∀ x ∈ J1

¦�B>A6GMNPF0ZnaU?
Z>N�F�±PB>@QpPB>F0Z>B
B[�1AXZ3B3AQAQBWLON�SU�+L�Z>S�?P�Q�QV^@C<>B � � �}�����¨g
�-��¢£F¡=0?�@1A]?RF�A�G^B

r0 = 1.5
:^N�F¡?^:

rn = g2(rn−1)
B3A�:

r0 = 1.5,

r1 = 1.299282984,

r2 = 1.214384783,

r3 = 1.179341467,

r4 = 1.165215481. < 3pts >



S �
� �d96F¡?0:

g3(x) = x − f(x)

f ′(x)
= x − x exp(x) − 2x2 − 1

(x + 1) exp(x) − 4x
.

96F¡?EG^N�F0Z³aU?;LON�@CD_V^a`BWSbAQ<>@]?mACSb±PBW�QV^S`±m?RF�AQB�:

rn+1 = rn − rn exp(rn) − 2r2
n − 1

(rn + 1) exp(rn) − 4rn

. < 4pts >

96F �QV^=^=�N��1BXT�V^BHaU?YZ3NPF�±�B>@Cp�B[F0Z3BHGMBHaoI ?Ra`p�NP@QSbAQ\^DEB�B[�1A�?P�Q�QV^@C<>BHZ3NPDED~BHF0N�V0�£a`BX�QV^=^=�N��1BHaoI <[F^N�F0Z><HB3A�N�F
NF4MAQS`B>F�A[:

r0 = 1.5,

r1 = 1.265088144,

r2 = 1.170062742,

r3 = 1.156189532.

< 3pts >
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[1, 2]
:�Sba�?RV^@]?RSbA�L+?�aba`V
L+?RS`@QB

?RV¨DENPSbF0�
n
S�AC<>@]?mAQS`N�F���?q±�B[ZR:

b − a

2n+1
=

1

2n+1
≤ 3 × 10−4,

©&NPS�AX?RV¨DEN�S`F0�
n > 11

S�AC<>@]?mAQS`N�F�� � * �É�����¨g
����ª�N�V^@YaU?¨DE<3AQ\0NMGMB GMB
aU? 4^SU�Q�QB[Z3AQS`N�FJ:JN�Fj?

1
<>±m?�abV�?mAQS`N�FjGMBELON�F0Z3AQS`N�F�6¡ZC\0?PT�V^BESbAQ<>@]?mACS`N�F B3A
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<[±m?Ra`V0?mACS`N�F0�

GMB¨LON�F0ZrACS`N�F =�N�V^@EaU? D~<>AQ\^N^GMB¡GMB�HB>l�ACN�FJg
11
S�AC<>@]?mAQS`N�F��;=�N�V^@EaU? D~<>AQ\^N^GMB¡GMB¡a`?)4^SU�Q�QB[Z3AQS`N�F Z3N�@C@CB[�Q=�N�FPA 6

11<>±R?Ra`V0?mACSbNPF0��GMBXLONPF0ZrACSbNPF0��B3A
3
SbAQ<>@]?mACSbNPF0��GMB³aU?YDE<>AQ\^NMG^B³GMBWHB>l�ACN�F�Z>N�@C@QB��1=�N�F0G 6

6
<[±m?Ra`V0?RAQS`N�F0��GMB6LON�F0Z3AQS`N�FJg Jd?

DE<3AC\^NMGMBWGMBWHB>l�ACN�F¨Z3N�F&±�B>@Cp�BX=^a`V0�.±&S�ACB~¤+B>F AQB[@QDEB³G^B³Z>N��MA�Z>?RaUZ3V0a`?RAQNPSb@CB�¦�=�N�V0@�Z3B3A�B3¬MB[D~=0abB³B3A�=�N�V0@�?R@C@QS`±�B>@�6_aU?
=^@C<[Z>S`�QSbNPF¨GMN�F0F^<>BWB[F�c^g`¤ Z[¦ � * �}�����¨g
96Fj=�N�V^@C@]?RSbAW=^@CB>F0GM@CB

f ′(x) = f [(x + h) − f(x)]/h
?�±�B�Z

h
=�B>AQSbA_=�NPV^@Y?�=^=^@CN�¬MS`DEB>@WF�V^DE<[@QSUT�V^B>DEB>F�AYaU?¡GM< L

@CSb±�<[B_?q±�B[Z_GMB>VM¬�<[±m?Ra`V0?RAQS`N�F0�XGMB_LON�F0Z3AQS`N�F0�[g-JÉ?
DE<3AC\^NMGMB~GMB~HB>l�ACN�F @QB[�1ACB>@C?�SbAXZ>B>=�B>F�G^?RF�A6B[F0Z3N�@CBY=^a`V0�6@C?�=^SUGMB ¤
9<>±R?Ra`V0?mACSbNPF0��GMBWLON�F0Z3AQS`N�F¡Z>N�FPAC@QB

11
<>±R?Ra`V0?mACSbNPF0��GMBWLON�F0Z3AQS`N�F�¦ � S �}�����¨g

�-�d96F¡?^:^a`?;LONP@QD_V^a`BWSbAQ<[@C?RAQS`±�BW�QV^S`±m?�FPAQBP:

rn+1 = rn −
ln
( 1+2r

2

n

rn

)
− rn

2r2
n
−1

rn(1+2r2
n
) − 1

. < 4pts >

� ��T�V^SJ=�B>@CDEB3AXG�I ?�@Q@CS`±�B>@K6EZ>N�F�±�B[@QpPB>F0Z>B�:&D
?RSU�.AQ@:9[��a`B>F�AQB[D~B[FPA[:

r0 = 1.5,

r1 = 1.384435658,

r2 = 1.307063019,

r3 = 1.255075308,ggg
< 3pts >

§�B>aU?~±�B>VMAXGMS`@CBnT�V^B |g′4(x)| < 1
=�N�V^@�AQNPVMA

x ∈ [r0, r1, . . . , rn] � S �}�����
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B3AHaU?~abS`p�F^B
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Z>BnT�V^SdGMN�F0F^B�:

A =





2 1 1
1 2 3
1 −1 1



 .

JÅI NP=�<>@]?mACSbNPF a`SbpPF^B
2 =
a`SbpPF^B

2 − (1/2)
a`SbpPF^B

1

B>A�a`S`p�F^B
3 =
a`S`p�F^B

3 − (1/2)
a`SbpPF^B

1

GMNPF^F^BP:

A =





2 1 1
0 (3/2) (5/2)
0 (−3/2) (1/2)



 .

JÅI NP=�<>@]?mACSbNPF a`SbpPF^B
3 =
a`SbpPF^B

3 − (−1)
a`SbpPF^B

2

GMNPF^F^B�:

A =





2 1 1
0 (3/2) (5/2)
0 0 3



 .

96F¡?EG^N�F0Z³aU?EGM<�Z3N�DE=�N��1SbAQS`N�F¨�QV^S`±m?RF�AQBEi

A =





1 2 3
2 1 1
1 −1 1



 =





0 1 0
1 0 0
0 0 1





︸ ︷︷ ︸

P t<3pts>





1 0 0
(1/2) 1 0
(1/2) −1 1





︸ ︷︷ ︸

L<4pts>





2 1 1
0 (3/2) (5/2)
0 0 3





︸ ︷︷ ︸

U<4pts>

.



S �

G^B3A�¤ �6¦
=
GMB3Aq¤Oª�¦ × GMB3Aq¤ J}¦ × GMB3Aq¤ D6¦ ,

= −1 × 1 × (2 × (3/2) × 3),

= −9. < 4pts >

*
��46?�F0��a`Bn=^@QB[D~S`B>@HZ[?��[:MN�F¨N34MACSbB[FPAHV^F0BnZ>N�DE=^a`B3¬MSbAQ<nGMB
K
(

o(n3)
3 + o(n

2

2 )
) g

4³?RF���a`BnGMB[VM¬MS�9[DEBnZ[?���N�F¨N34^AQS`B>FPAHV0F^BYZ3N�DE=^a`B3¬MSbAQ<nGMB (
o(n3)

3 + Ko(n
2

2 )
) g

� � �}�����
� �
96F¡?

A = P tLU = PLU
¤O=^V^SU�CT�V^BWaU?~D
?mAC@QSUZ3B

P
B[�1AX�+C&DE<3AC@QSUT�V^B�¦3:^GMN�F�ZR:

A−1 = (PLU)−1 = (LU)−1P−1 = (LU)−1P,

=^V^SU�CTPV0B
P
B[�1A�NP@1AC\^N�pPN�F0?Raog

DXF^BE=�N��Q�QS54^Sba`SbAQ<
Z3N�F0�QSU�8ACB�6¨Z[?RaUZ3V^a`B>@nG�I ?�4�NP@CG
(LU)−1 :JZ�I B��8AN6¡GMSb@CB~L+?RS`@QB~a`B[�W<>AC?�=�B��WG^B
Z>?RaUZ3V0a��QV^S`±m?�FPAC�W=�N�V^@

V^F^BnD
?mAC@QSUZ3BnG�I N�@]GM@CB
n
:

t�g�ª}N��1B[@
y = Ux

g

cMg�ª}NPV^@�a`B[�
3
GMS�=�<[@QB[FPAC�

bi

�




1
0
0




:




0
1
0




:
. . .
:




0
0
1




:

¤ ?P¦¡§.?�a`Z>V^abB[@�=�?R@H�1V 40�8ACS�ACVMAQS`N�F�?q±m?�FPA
yi

�1NPabV^AQS`N�F¡GMB
Lyi = bi

g
¤ 4�¦�§.?�a`Z>V^abB[@�=�?R@H�1V 40�8ACS�ACVMAQS`N�F�?�@Q@CS�9[@QB

xi

�1NPabV^AQS`N�F¡GMB
Uxi = yi

g
¤+Z�¦

(LU)−1 �1BnZ>N�F0�1AQ@CV^SbAHZ3N�a`N�F0F^B³=�?R@HZ3N�a`NPF^F^B³B[F¡Z>N�F0�QS`G^<>@]?RFPA�T�V^B xi

B��8AX�Q?
ime
Z>N�a`N�F^F^BPg

e^g�«}SbF�?Ra`B>DEB>F�A[:
A−1 = (LU)−1P

g

��� �}�����

�)� �����[��	&�Q!-�+�^��� !-� �}�54��;6E��!"� ( R ,)�}���/.³©MN�SbA�a`B[��=�NPSbF�AC�H�1V0Sb±R?RFPA]�>:

xk

LCt ¥ ¶ f
yk

t LKe c c

�X=^=^a`S`T�V^B�
�aU?�LON�@CD_V^abB.GMB.HB>l�ACN�F_=�N�V^@dAC@QNPV^±�B>@dV0FY=�NPa�C&F��PDEBÅGMB.GMB[p�@C<�AC@QNPS`�ÉT�V^S�=0?��C�QB£=0?�@}Z3B[�É=�N�S`FPAC�[g�²£±m?�abV0B	

B>F��1V^SbAQBYZ3Bn=�N�a5C&F���DEBW=�N�V^@

x = 2,
B>A

x = 3
g

�����	��
���

R �
JdB³A]?�4^a`B[?�V¨GMB���G^S>=�<>@CB>F0Z>B[��G^Sb±&SU�1<[B[���[I <�Z3@QSbA�:



x y ∆y ∆2y ∆3yL]t t
L�s

¥ L�e ¶Pk��
t ¤ Los�tqkRe�e���¦

¶ c L]tqkPf
¥

f c

� � �}�����

96F¨NF4MAQS`B>F�AHabBn=�N�a5C&F���DEBn�1V^S`±m?�FPA�:

P3(x) = 1 − 4(x + 1) + (5/6)x(x + 1) − (41/336)(x + 1)x(x − 5).< 4pts >

ª�N�V^@Ha I S`FPAQB[@Q=�NPa`?RAQS`N�F�NPF�AQ@CN�V^±�BP:

P (2) ≈ −3.80357,

P (3) ≈ −2.0714. < 2pts >


