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y = f(x)
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xi 0.0 π/6 π/3 π/2 2π/3 5π/6 π
yi = f(xi) 0.0 1.25 3.0 4.0 3.0 1.25 0
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y? = f?(x) = a sin x + b sin 3x.
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R(a, b)
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∑N=7
i=1 (sin 3xi)

2 = 3.0
8 ∑N=7

i=1 (sin xi)(sin 3xi) = 0.0
8

∑N=7
i=1 yi sin(xi) = 5.25 + 3

√
3
8 ∑N=7

i=1 yi sin(3xi) = −1.5
8
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R(a, b) =
7
∑

i=1

[

yi − a sin xi − b sin 3xi

]2
. < 3pts >
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R(a, b)
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∂a = 0

B1@ ∂R(a,b)
∂b = 0
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a

7
∑

i=1

(sin xi)
2 + b

7
∑

i=1

(sin xi)(sin 3xi) =

7
∑

i=1

yi sin xi

a

7
∑

i=1

(sin xi)(sin 3xi) + b

7
∑

i=1

(sin 3xi)
2 =

7
∑

i=1

yi sin 3xi
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b
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i=1(sin xi)
2 =

(sin 0)2 + (sin π/6)2 + (sin π/3)2 + (sin 2π/3)2 + (sin 5π/6)2 + (sin π)2 = (0.0)2 + (0.5)2 + (
√

3/2)2 + (1)2 +
(0.5)2 + (

√
3/2)2 + (0.5)2 + (0.0)2 = 0.0 + 0.25 + 0.75 + 1 + 0.75 + 0.25 + 0.0 = 3.0.

$ �:���";&
��B³T�VWRÆFWO�V.�²HNO�FWFWBY_`B³�A°$�/@A±DCEB�8

3a = 5.25 + 3
√

3,

3b = −1.5,
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a ≈ 3.482

B1@
b = −0.5
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y? = f?(x) = 3.482 sin x − 0.5 sin 3x
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D(x0) =
(1 − θ)

h

(

f(x0 + h) − f(x0)
)

+
θ

h

(

f(x0) − f(x0 − h)
)

,
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[0, 1]
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(2θ − 1)h

2
f ′′(x) − h2

6
f ′′′(x).
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f ′(x0) ≈
1

2h

(

f(x0 + h) − f(x0 − h)
)

+ O(h2).
�a��
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f ′′(x0) ≈
1

4h2

(

f(x0 + 2h) − 2f(x0) + f(x0 − 2h)
)

.
�)c��
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f(x0 + 2h)
FWR�HNB

f(x0 − 2h)
8�C
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f(x0 + 3h)
B<@XHNB

f(x0 −
3h)
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f(x0)
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f ′′(x0)
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f(x0 + 3h)
8
f(x0 − 3h)

B<@
f(x0)
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x0
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x0
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f ′(x+
o ) =

limh→0 1/h(f(x0 + h)− f(x0)
;�O�VW>�_U={HN:<>SR`¡�: 39HN>SO�R`@AB�HNB

x0
B1@

f ′(x−
o ) = limh→0 1/h(f(x0)− f(x0 − h))

;�O�VW>
_n=EHN:<>SR`¡G: 3{l�=?V.Z]\WBXHWB

x0
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f ′(x0)
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3
B<F

x0
HNB

f(x0 + h)
8WO�F£O;*N@ARUB<F�@D8



(1 − θ)

h

(

f(x0 + h) − f(x0)
)

= (1 − θ)
(

f ′(x0) +
h

2
f ′′(x0) +

h2

6
f ′′′(x0) + O(h3)

)

,

B<@I�/RÆO�F£VN@SR`_URn�/BY_UBYHN:D¡�B<_UO�;W;�BDC{BDFG@²_`RUCER}@S:³HNB (�=m°$_UO�>�HKJ OG>SHW>AB
3
BDF

x0
HNB

f(x0 − h)
8WOGF£O,*N@SR`BDFG@D8

θ

h

(

f(x0) − f(x0 − h)
)

= θ
(

f ′(x0) −
h

2
f ′′(x0) +

h2

6
f ′′′(x0) + O(h3)

)

.
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D(x0) = f ′(x0) +
(1 − 2θ)h

2
f ′′(x0) +

h2

6
f ′′′(x0) + O(h3),

Rkj B�jU8

f ′(x0) = D(x0) +
(2θ − 1)h

2
f ′′(x0) −

h2

6
f ′′′(x0) + O(h3). < 4 pts >
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θ = 1/2
8�_kJ OG>SHW>AB³HWB³_kJ =?;W;W>SO�!NR`C
=Q@SR`OGF£B[�6@

O(h2)
j 6zOGVW>

θ 6= 1/2
C
=?Rn�

θ ∈ [1 2]
8�_J O�>]HN>SB³HNB9Z1B<@/@SB

=?;.;W>AO�!NR`C
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O(h)

j $�% �z��'&
���
2ªJ ©�TGV�=Q@ARUO�F��Pp��,>S:D�AVW_}@]=?F�@AB�8W;�O�VW>

θ = 1/2
�<J :DZ<>AR`@²HNO�F�Z?8

D[θ=1/2](x0) =
1

2h

(

f(x0 + h) − f(x0)
)

+
1

2h

(

f(x0) − f(x0 − h)
)

,

=
1

2h

(

f(x0 + h) − f(x0 − h)
)

. < 2 pts >
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2
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8 �

74F = HWO�F.Z?8
f ′′(x0) ≈ 1

2h

(

f ′(x0 + h) − f ′(x0 − h)
) 8KB1@XBDF VN@ARU_`Rn�S=?F�@X_`B9M)=�R}@³TGV.B

f ′(x) ≈ 1
2h

(

f(x0 + h) −

f(x0 − h)
)

+ O(h2)
8WOGF @A>SO�VW¡�B�M)=�Z1RU_UB<CEB<F�@D8

f ′′(x0) ≈ 1

2h

( 1

2h

[

f(x0 + 2h) − f(x0)
]

+ O(h2) − 1

2h

[

f(x0) − f(x0 − 2h)
]

+ O(h2)
)

,

f ′′(x0) ≈ 1

4h2

(

f(x0 + 2h) − 2f(x0) + f(x0 − 2h)
)

( +O(h)).
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1
�POGV

O(h)
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f(x0 + 3h) = f(x0) + 3hf ′(x0) + (9h2/2)f ′′(x0) + O(h3)
8¿B1@

f(x0 − 3h) = f(x0) − 3hf ′(x0) + (9h2/2)f ′′(x0) + O(h3)
j

74F£;�BDVN@²O,*W@AB<F.R`>�_n=9MPO�>SC^VW_UBY�AVWR`¡?=?F�@AB�8

f ′′(x0) ≈
1

9h2

(

f(x0 + 3h) − 2f(x0) + 3f(x0 − 3h)
)

+ O(h). < 4pts >
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I =

∫ +∞

1

dx

2
√

x(1 + x)
.

�Pp$�
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3{VWFWBXMPO�>SCEBYZ1O�F$¡�B<F.=,*W_`B43{_kJ =�;W;W_URUZD=Q@ARUO�F¨HNBD��MPO�>SC^VW_UBD�Dj

q�j���OGFG@A>SB<>YT�VWB{;.=�>�_UBEZ]\.=�FWl�B<CEBDFG@YHNBE¡Q=?>SRn=�*W_UB9=�;W;W>SO�;W>SRU:�8
x = 1/z2 8K_J R`F�@A:Dl�>]=?_UB I

;�BDVN@³�AB9CEB<@/@S>AB
�/OGV.�4_n=
MPO�>SCEB�8 $�� ���";&

I =

∫ 1

0

dx

(1 + x2)

(

=

∫ 1

0

f(x) dx
)

.
�´G�

aNj)� ����� � �����z����9�Q���	��
���¤���E�z� 1 � 
�� �;��
�=G�£¯$RGO�FYVN@SR`_URU�AB¿_n=�CE:1@A\.ONHNBªHNB[�K@A>]=?;�±��<BD�ÆZ<O�CE;�OG�AR}@SBD�K;�OGVW>b=�;W;W>SONZ]\WB<>K_n=�¡Q=?_UB<V.>bHNB

I
8DT�VWB<_GFWO�C-*W>SB¿HÆJ RUFG@SB<>��

¡?=?_U_`B[�bHWO�R`@�OGF³;W>SB<F.HN>SBª;�O�VW>�=[¡�OGR`>bV.F^>A:D�AVW_`@S=?@zHKJ =?;W;W>SO�!$RUC
=Q@SR`OGFYHWBª_kJ R`F�@A:<lG>S=�_`B�=m¡�BDZ
2
Z]\WR}«�>SBD�z�/RUl�FWR ��ZD=�

@SR}M)�ÆB5!W=�Zo@SBD�¿�)ZD�/Bm� �I�)¢IO?@]=Xf��6B¿¡�O�V.�Æ=?RnHNB�B<FY¡�O�V.�ÆHNOGFWF.=�FG@Æ_kJ RUFNMPOG>AC
=Q@SR`OGFX�AVWRU¡Q=?F�@AB�f
maxξ∈[0 1] |f ′′(ξ)| =

|f ′′(0)| �oj $ � �z��'&
� *�� 6¿>SB<F�HN>AB�VWF ;�=���HKJ RUFG@S:<lG>S=?@ARUO�F HNB

h = 0.25
B1@²HNO�FWF.B<>,_kJ =?;W;W>SO�!NR`C
=Q@SR`OGF¬HNV£Z<=�_UZ<VW_KHNB

I
BDF£=?;W;W_URnT�V.=?F�@

_n={CE:1@A\.ONHNB³HNBD��@A>]=?;�±��DBD�Y�)T�V.=�HW>S=?@AVW>SBD��Z1OGCE;�OG�AR}@SBD�]�oj $ 8 �z��'&
�)Z[� (�\W:DO�>SRUT�VWBDCEB<FG@IHNB³Z1OGC-*WRUB<F¨HWB<¡$>S=�R}@�OGF¨HNRUCER`F$VWB<>I_`BY;.=G��HÆJ RUFG@S:<l�>]=Q@SR`OGF ;�OGVW>�M)=�R`>SBXVWFWB³B<>S>ABDVW>�T�V.=?@A>SB

MPOGRU��C{OGR`F���l�>]=?F.HWB����GV.�/@AR �.B<>�¡�O�@A>SB�>S:<;�O�F��/BGj
�)H.�£24:1@SB<>SC{RUFWBD>,VWFWB4¡?=?_UB<VW>,=?;.;W>AONZ]\W:DB²;W_UV.��;W>S:DZ<RU�AB 3^_J =?RnHNB�HKJ V.FWB4R`@A:D>S=?@ARUO�F¬HNB4_n=³CE:<@A\WONHWB4HWB�5�O�C-*�BD>Al�j

� VWBD_KB[�6@²_J O�>]HN>SBXHNBYZ<B1@A@ABYB<>S>SB<VW> � $ 8 �z��'&
cWj)� ����� � �����z���� � �W���m�W� � �m����£� � � � � 	 	 ��

�=G���²@ARU_`Rn�AB<>�_n=¬CE:1@S\WONHNBEHNB{_n= TGV�=�HN>]=Q@SVW>AB��X=?V��A�AR`BDFWFWB{=m¡�BDZ9HNB<V�!�@SB<>SCEBD�4;�OGVW>XZ<=�_UZ<VW_`BD>4VWF.B{¡Q=?_UB<VW>�F�V��
CE:<>SRnTGV.BY=?;W;W>SONZ]\W:<BXHNB

I
j $ 8 ���";&

� *��¨¯$BD>S=�R}@�RU_W;W_`V���RUFG@S:<>SBD�S�A=�FG@[8mBDF9@ABD>ACEB�HWB�;W>S:DZ<RU�AR`OGFÆ8QHÆJ VN@SRU_`Rn�/BD>�_n=�CE:1@A\.ONHNB�HWBD��T�V.=GHN>]=Q@AV.>AB[���X=?V��A�AR`BDFWFWBD�
=m¡�BDZ HNB<V�!�@SB<>SCEBD�9C
=?Rn�{Z1OGCE;�OG�AR}@SBD� �)Rkj BGj`8�BDFÂM)=?Rn�S=?FG@{_kJ =�HWHNR`@SR`OGF�HNB£HWB<V�!ÂCE:1@S\WONHNB[�{HNB¨T�V.=�HN>]=Q@SVW>SB
�X=�V.�A�ARUB<FWFWB
=[¡�B[Z{HNB<V�! @ABD>ACEBD���K_n= ;.>AB<CERU±<>SB{;�O�VW>³=?;W;W>SONZ]\WB<>X_J R`F�@A:Dl�>]=?_UB{HNB

I
B<FG@S>ABE_UBD� *�O�>SFWBD�

0
B1@

0.5
=GHWHNR`@ARUO�FWFW: 3¬_n= �/BDZ<O�F.HWB^;�B<>SCEB1@A@S=?F�@XHKJK=?;.;W>AOWZS\WBD>I_kJ RUFG@S:<lG>S=�_`B9HNB

I
B<F�@A>SB9_`B[� *�O�>SFWBD�

0.5
B1@

1.0
�

OGV�VW@ARU_`Rn�AB<>4_n=¤C{:<@A\WOWHNB9HNBE¯$RUCE;.�/OGFÂqmh?c � �GV.�6@SR ��B<>4¡�O?@S>AB^>A:<;�OGF.�AB�j�¢IO?@]=�f 2bB^>S=�RU�AO�F.FWB<CEB<F�@I;�B<VN@X�AB
M)=�R`>SBXB<F£VW@ARU_`Rn�A=�FG@I�AB<VW_UB<CEB<F�@²_J O�>]HN>SB

O()
HNB³ZS\.=GT�VWBXCE:1@A\.ONHNB[�1j $0% �z��'&

p.j)� ����� � �����z��! � 
 �  � 	 �#" %
�=G�¨�,=�_UZ<VW_`BD>�V.FWBX¡?=?_UB<VW>²=?;W;.>AONZ]\W:DB�HWB

I
;.=�>�_n={CE:1@S\WONHNB³HNB^¯$R`CE;.�AO�F
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j $�� �z��'&

´Nj)� ����� � ����� � �9�Q���	��
�� �G�
�	$&% �(' �'�
�=G�£¯$OGR}@

Itrap(f)
VWF.BXB[�6@SR`CE:<B³HNBY_J RUFG@A:Dl�>]=?_UBXHNBY_U=9MPOGF.Zo@SR`OGF

f(x)
�/V.>

[x0, xn]
;�=?>�_U={CE:<@A\WONHWBYZ1OGCE;�OG�AR}@SB

HNB[�,@S>S=�;�±��<B[�,B<@
I(f)

_n={¡$>S=�R`B�RUFG@S:<l�>]=?_UB�j �¿F¨FWO�@AB[��HNB³Z1O�V.>S�D8$OGF 39¡$V�TGV.B�8

E(f) = I(f) − Itrap(f) = −h2

12
(xn − x0)f

′′(ξ),
=m¡�BDZ

x0 ≥ ξ ≥ xn.

��OGFG@S>ABD>�T�VWBYH.=?F.��_UB³Z<=���O;+
I(f) =

∫ 1

0
dx

(1+x2)

8WO�F 3{_kJ =�;W;W>SO"!NRUCE=?@ARUO�F£�/VWRU¡Q=�FG@SB�8 $�% �z��'&

I(f) ≈ Itrap(f) − h2

12
(f ′(1) − f ′(0)).



� *�� �¿F·VN@ARU_URU�S=?F�@I_U=¤T�VWBD�/@ARUO�F¨;W>S:DZ<:DHNBDFG@ABG8.>S=�#EF.B<>^�PRkj BGj`8�=?CE:<_UR`OG>ABD>]��_kJ =?;W;W>SO�!$RUC
=Q@SR`OGF£HNOGFWFW:DBY;.=�>
Itrap(f)B<@�RUF.HNRnT�VWB<>²B<F.�AVWR`@AB³T�VWB<_ÆBD�/@�_UBX@AB<>SCEBYHKJ B<>S>ABDVW>�=G�A�AONZ1RU: 3EZ<B1@A@AB³=?;.;W>AO�!NR`C
=?@ARUO�FÆj $�8 �z��'&

1 �'� ��	 D�

� �
�ªF¨;�OG�S=?FG@²HNOGF.Z

x = 1/z2 8WO�F¨= dx = (−2/z3) dz
B1@[8

I =

∫ +∞

1

dx

2
√

x(1 + x)
=

∫ 0

1

−2dz

2z3 1
z

(

1 + 1
z2

) =

∫ 1

0

dz

1 + z2
,

T�VWBX_kJ O�F£;�B<VW@²:DZ1>SRU>ABX�AO�V��,_n=9MPO�>SCEB
�P;WVWRn�ST�VWBX_n={¡Q=�>ARn=�*._`B
z
BD�/@�C^VWB<@/@SB[�o8

I =

∫ 1

0

dx

1 + x2
. < 4 pts >

�.� �
2�= MPOG>AC^VW_UB·HKJ B<>S>ABDVW>¤HW=?F��E_UB·ZD=��¤HNBD�E@S>S=�;�±��<B[�
Z1OGCE;�O��/R`@SBD�
�DJ :[Z1>SR}@ �)=m¡�BDZ

a = 0
B<@

b = 1
8¿_UBD��*�OG>AF.BD�
HNB

_kJ RUFG@S:<l�>]=?_UB[�18

|E| =
h2

12
(b − a)|f ′′(ξ)| =

h2

12
|f ′′(ξ)|, ξ ∈ [0 1].

��B<@/@SB^B<>S>ABDVW> *�OG>AFW:DBY;�=?>
0.5 × 10−2 �)Rj B�jU8�;�O�V.>4=[¡�OGRU>²VWFWB^BD�/@ARUC
=Q@SR`OGF·=[¡�B[Z³HNB<V�!�ZD�/Bm��F.O�V.�I;�B<>SC{B<@�HKJ :[Z1>SR`>SB�

h = 1/n
�o8

h2

12
max

ξ∈[0 1]
|f ′′(ξ)| < 0.5 × 10−2 ,

1

n2
<

12 × 0.5 × 10−2

|f ′′(0)| ,

n >

√

|f ′′(0)|
6 × 10−2

.

5�B[�6@SB 3¬ZD=?_nZ1VW_UB<> |f ′′(0)| 8 f ′(x) = −2x
(1+x2)2

8
f ′′(x) = −2+8x−2x2

(1+x2)3
jK2IOGF.Z |f ′′(0)| = 2

j�B1@XO�F·@A>SO�V.¡�B
n > 5.77

8
�AO�R`@

n = 6
j $ � ���";&

� � �
74F¨={_UBX@S=�*._`B[=?V¨HNBY¡Q=?_UB<VW>²�/V.R`¡?=?FG@[8

x 0.0 0.25 0.50 0.75 1.0
f(x) 1.0 0.9411765 0.8 0.64 0.5

2ªJ VW@ARU_`Rn�A=?@ARUO�F¨HNBY_n=9MPO�>SC^VW_UBYHNBD��@A>]=?;�±��<BD��FWO�V.�²HNO�FWF.B�8

I =

∫ 1

0

dx

(1 + x2)
≈ 0.25

2

[

1 + 2 × 0.9411765 + 2 × 0.8 + 2 × 0.64 + 0.5
]

≈ 0.7827941.

$�8 �z��'&



��� �
6�=?>,_U=^C{:<@A\WOWHNB�HNBD�ª@A>]=?;�±��<BD�4�TGV�=�HN>]=Q@SVW>AB[�ªZ1OGC{;�O��/R`@AB[�S�18GO�F¬=^VWF¤@ABD>ACEB�HKJ BD>A>SB<VW>�B<F

O(h2)
�)=m¡�BDZ

h = 0.25
�oj

6zOGVW>IHWR`CERUF�VWBD>²_kJ B<>S>ABDVW>�;.=?>
4
8.R`_ÆM)=�VN@4HNO�F�ZYHNRUC{RUF�VWBD>I_`B³;.=���;�=?>²VWF¨M)=�Zo@SB<VW>

2
�P_kJ BD>A>SB<VW>²:1@]=?FG@I;W>SO�;�OG>/@SR`OGFWFWB<_U_UB 3

h
�,OGV¨HNO�F.ZYHNO�V�*W_UB<>�_UBYFWO�C-*W>SBYHKJ R`F�@AB<>S¡Q=�_`_UBD�Dj $ �:���";&

�.� �
�ªF¨VN@SR`_URn�A=�FG@²VWF�;�O�RUFG@I�AVW>²HNBDV�!K8b�)Rj B�jU8

2h = 0.5
�o8.B1@²BDF¨VN@ARU_URU�S=?F�@²_`BX@]=�*W_UBD=�V¨HNBY¡Q=�_`BDVW>²HNO�F.FW:<BY;W_UV.��\.=�VN@D8.O�F

O,*W@ARUB<FG@[8W;.=�>�_n={CE:1@S\WONHNB³HNBD��@A>]=?;�±��<BD�D8

I1,[2 interv] =
0.5

2

(

f(0) + 2f(0.5) + f(1)
)

+ O(4h2) =
0.5

2
(1.0 + 2 × 0.8 + 0.5) ≈ 0.775. < 2 pts >

74F³VW@ARU_`Rn�/B�B<F��/VWR`@AB
I = I1,[4 interv]

B[�6@SR`CE:<B�;W>S:DZ1:[HNB<CECEB<F�@�B<@zHÆJ OG>SHN>SB
O(h2)

=m¡�BDZ¿VWFWB�R`@A:<>]=Q@SR`OGF³HNB�_U=²CE:<@A\WONHWB
HNB³5�O�C-*�BD>Al�8N�AO�R`@D8

I2,richardson = I1,[4 interv] +
1

22 − 1

(

I1,[4 interv] − I1,[2 interv]

)

,

= 0.7827941 +
1

3
(0.7827941 − 0.775) ≈ 0.7853921333. < 2 pts >

2¿J O�>]HN>SBXHNBYZ<B1@A@AB³=?;W;.>AO�!NR`C
=Q@SRUO�F¬BD�/@IHNB
O(h4)

j $ � ���'&
% � �
�ªF·M)=?Rn�S=?FG@�_`B{Z]\.=?FWlGB<CEB<F�@�HNB9¡Q=�>ARn=�*._`B

x = 1
2 (t + 1)

O�V
t = 2x − 1

8�;�O�VW>�_`B[TGV.B<_
dx = 1

2dt
8 $ �:�z�;& FWOGV.�

O,*W@AB<F.O�F.�D8

I =

∫ 1

0

dx

(1 + x2)
dx ,

=
1

2

∫ 1

−1

dt

1 + 1
4 (t + 1)2

,
$ �:���";&

≈ 1

2

( 1

1 + 1
4 (

√
3

3 + 1)2
+

1

1 + 1
4 (−

√
3

3 + 1)2

)

,
$ � �z�;&

≈ 1

2
(0.6165195927 + 0.9572508989) ,

≈ 0.786923413 .
$ � �z�;&

% � �
2bB{@SB<>SCEB
HKJ B<>S>ABDVW>YHWBE_n=£CE:<@A\WONHNB¤HWB
T�V.=GHN>]=Q@AV.>AB �X=?V��A�AR`BDFWFWB�3¨HWB<V�! @SB<>SCEBD�YZ<O�CE;�OG�AR`@ABEBD�/@Y_UB
C��<CEB¤T�VWB

Z1BD_`V.R,HWB¬_n=·CE:1@S\WONHNB£HNB¨¯$R`CE;.�AO�F
1/3

Z<O�CE;�OG�AR}@SB¬HNOGF.Z¤_UBD�{HNB<V�!�CE:<@A\WONHWBD�{�/B<>]=?RUB<F�@^:[T�VWR`¡?=?_UB<F�@AB¬B<FÂ@AB<>SCEB HNB
;W>S:DZ<RU�AR`OGFÆj $�% ���";&

��� 6�O�VW>9Z1B1@A@AB¬T�VWB[�6@SR`OGFÆ8bHNVgM)=?R`@9TGV.B
_kJ :DFWO�F.Z<:
FWB
F.O�V.�Y_UB
;.>A:[Z1Rn�A=�R}@³;.=��D8ÆO�Fg;�O�V.¡Q=?R`@ ��� �/OGR}@^=�;W;W_URUT�VWBD>Y_n=
CE:1@S\WONHNB¬HNB¬¯$RUCE;.�AO�F

1/3
Z<O�CE;�OG�AR}@SBEBDFglG=�>SHW=�FG@

h = 0.25
j�2�=?F.�^Z1B¤ZD=��D8K_kJ =?;W;W_URnZ<=Q@SR`OGFgHNRU>SBDZo@SB¤HNB
_n=£MPO�>SC^VW_`B

FWOGV.��HNO�F.F.=?R`@D8

I =

∫ 1

0

dx

(1 + x2)
≈ 0.25

3

[

1 + (4 × 0.9411765) + (2 × 0.8) + (4 × 0.64) + 0.5
]

≈ 0.7853921668.

OGV��/OGR}@ � ��� ;W;W_URnT�VWB<> _U=ÂC{:<@A\WOWHNB HWB ¯$RUCE;.�AO�F
1/3

�/RUCE;W_UB·B<@£HW=?F.� Z1B ZD=��¤_UB·;�=��¤:1@]=?R`@ HWB
h = 0.5

8,B1@
_kJ =�;W;W_URUZD=Q@ARUO�F¨HNRU>AB[Zo@SBYHNBY_U=9MPOG>AC^VW_UBXFWOGV.��HNOGFWF.=?R`@D8

I =

∫ 1

0

dx

(1 + x2)
≈ 0.5

3

[

1 + (4 × 0.8) + 0.5
]

≈ 0.7833. < 4 pts >



8 � �
2bBD� *�O�>SFWBD��HKJ R`F�@A:<lG>S=?@ARUO�F �AO�F�@

x0 = 0
8
xn = 1

B<@�BDF VW@ARU_`Rn�S=?FG@X_UB9@A\W:DO�>S±<CEB{HNBD��¡Q=�_`BDVW>S�4C{OQ°�B<F.FWBD�D8�_UO�>]�AT�VWB
0 ≤ ξ ≤ 1

8
f ′′(ξ) = f ′(1)−f ′(0)

1−0 = f ′(1) − f ′(0)
8WOGF£O,*N@SR`BDFG@²_kJ =�;W;W>SO"!NRUC
=Q@ARUO�F£HNB<C
=?F�HN:<B�j $�% �z��'&

8#� �
¢IO�V.�²=[¡�OGF.�D8

f(x) = 1
1+x2

B1@IHNO�F�Z
f ′(x) = − 2x

(1+x2)2
8WB1@IHNOGF.Z

f ′(0) = 0
B<@

f ′(1) = −0.5
j.2IB³Z<B�M)=?R`@D8

I(F ) ≈ Itrap(f) − h2

12 (f ′(1) − f ′(0)) = 0.7827941 − 0.252

12 (0 + 0.5) = 0.7827941 + 0.0260416666 =
0.7853982667. < 4 pts >

(bBD>ACEBYHKJ B<>S>SB<VW>�BDF
O(h4)

�)ZoM6j�Z1OGVW>S�]�oj $ � �z�;&

����� 1 �� � ' � � �
� 	 � $ � ��� �N� �
��	 � ��� �'�m� 	 � � � ' ' � � � � �z����
¯NO�R`@�_kJ :[T�V.=Q@SR`OGF£HNR`«�:<>SB<FG@SR`BD_`_UB³�/V.R`¡?=?FG@SB�8

y′(t) = f(t, y(t)) = exp(t) − 1

t
y(t),

� � �
=m¡�BDZ�_U=EZ<O�F.HNR`@ARUO�F£RUFWR`@ARn=?_UB

y(t = 1) = 1
j

�����	��
�
exp(t) = et �

q�j�5�:[�/OGV.HN>SB{Z1B<@/@ABE:[TGV�=Q@ARUO�F =[¡�B[Z^_n= CE:1@S\WONHNB
HKJ �ªVW_`BD>YB1@³=m¡�BDZ^V.F ;.=G�
h = 0.1

j��,=�_UZ<VW_`BD>X�AB<VW_UB<CEBDFG@
y(1.1)

8
y(1.2)

8
y(1.3)

B1@
y(1.4)

�HNO�FWF.B<>�_UBD��>A:[�/VW_`@S=?@S��=m¡�BDZX=?V£CEO�RUF.�,@S>AOGRU��HN:[Z1RUCE=�_`B[�S�1j $ 8 �z��'&
aNj�5�:[�/OGV.HN>SB
Z1B<@/@SB¤:DT�V.=Q@SRUO�Fg=m¡�B[Z{_n=¨CE:1@S\WONHNB¬HKJ �¿VW_UB<>^CEONHNR �.:¤B1@³@SO�V�6O�V.>S�³=m¡�BDZEVWF�;.=��

h = 0.1
j��,=?_nZ1VW_UB<>

�AB<VW_UB<CEB<F�@
y(1.1)

8
y(1.2)

8$B<@
y(1.3)

�HNO�FWF.B<>�=�V.�A�AR�_`B[��>S:D�AVW_`@S=Q@]�ªBDF¬l�=?>]HW=?F�@�=�V¬C{OGRUF.�ª@A>SO�Rn�,HN:DZ<R`C
=?_UBD�]�ojN2IB
Z1OGC-*WRUB<F%=¨@��kOGFÂHNRUCER`F$VW:¬_kJ B<>S>ABDVW>^HÆJ =�;W;W>SO"!NRUCE=?@ARUO�Fg;�OGVW>

y(1.3)
Z1OGC{;.=�>S=?@ARU¡�B<CEBDFG@-3·_n=�CE:1@S\WONHNB¬;.>A:DZ<: �

HNBDFG@AB�� $ � �z��'&
cWj��ª�/@ARUCEB<>

y(1.2)
=m¡�BDZ{_U=£CE:1@S\WONHNB
HÆJ �ªVW_`BD>YB<@YVWFg;.=��YHNB

h = 0.2
B1@³B<F ;.=�>/@]=?F�@�@AOGV�6O�V.>S�YHNBE_n=¨Z1O�F.HWR}@SR`OGF

RUFWR}@SRn=?_UB
y(1.0) = 1

j $ �:���";&
p.j ��@SRU_`Rn�/BD>�_n=¬C{:<@A\WOWHNB{HKJ B !$@A>]=?;�OG_U=?@ARUO�F·HNBE5�RnZS\.=�>SH.�/OGF�;�OGVW>XZ1O�C-*WRUFWBD>

y(1.2)
O;*N@ABDF�V ;W>S:DZ<:DHNBDCEC{BDFG@
�)=m¡�BDZ

_UB¤;.=G�^HNB
h = 0.2

�YB<@
y(1.2)

O;*N@ABDF�V�3�_U=�;W>SB<CERU±<>SB¤T�VWBD�/@SR`OGF��=[¡�B[Z
VWF�;�=��
h = 0.1

�Y;�O�VW>^O,*N@SB<FWRU>^VWF.B
BD�/@ARUC
=Q@SR`OGF¨;W_`V���;.>A:[Z1Rn�/B³HNB

y(1.2)
j�2IOGFWFWB<>I_J O�>]HN>SBYHKJ B<>S>ABDVW>²HNB^Z1B<@/@SBYF.O�VW¡�BD_`_UBYBD�/@ARUCE:<B^TGV.BY_kJ OGF�=?;W;�BD_`_UB<>]=

y ��������� (1.2)
=?RUF.�/RÆT�VÆJ VWFWB³=�;W;W>SO"!NRUCE=?@ARUO�F£HNBX_kJ B<>S>ABDVW>,M)=��n@AB³�/V.>�_U={¡?=?_UB<VW>�>A:DB<_U_`BYHNB

y(1.2)
j $ � ���";&

´Nj � ;.>A±[��=[¡�OGR`>�>SB<C
=?>]T�VWB<>�T�VWBX_kJ �ªT�j.HNR`«�:D>ABDFG@ARUB<_U_UB
� � ���<J :DZ<>AR`@²=?V.�S�/RÆ�AO�V.��_U=9MPOG>ACEB
t y′(t) + y(t) = t exp(t)

8
B1@
T�VWB

t y′(t) + y(t) = d
dt (t y(t))

8�B<F HN:[HNVWRU>ABG8�Z<O�F.�ARnHN:<>]=?F�@^@AOGV�6O�VW>]�9_n= Z1OGF.HNR`@ARUO�F%RUFWR`@ARn=?_UB
y(1) = 1

8�_U=
�AO�_UVN@ARUO�F¤=�F.=?_U°�@ARnT�VWBIHNB4Z1B1@A@AB4:DT�V.=Q@SR`OGF¤HNR}«�:<>SB<F�@ARUB<_U_`B4B1@,HNOGFWFWBD>ª_n=Y¡Q=�_`BDVW>ªB !W=�Z1@AB²B<F

y(t = 1.2)
j $ � �z��'&

1 �'� ��	 D�
� �
6�=?>²_`BYC{:<@A\WOWHNBYHÆJ �¿V._`BD>D8W_n={>SB<_n=Q@ARUO�F R`@A:D>S=?@ARU¡�B43EZ1O�F.�ARnHN:<>SB<>�BD�/@²HWO�F.Z�8W=m¡�BDZ

h = 0.1
B<@

y0 = 1.0
j

yn+1 = yn + h
(

−yn

tn
+ exp(tn)

)

.

2ÆB[��¡Q=�_`BDVW>]��HNB
tn
B1@

yn
�AO�F�@²HNO�F.FW:<B[��HW=?F.��_`BX@S=,*W_`B[=?V¨Z1R �LHNBD�S�/OGV.�<8

tn ynqGj ¥ q�j ¥�¥G¥
qGj`q q�jUqmd�a
qGj a q�j c � �
qGj c q�j ´���p
qGj p q�j �Ga��

$�8 �z��'&



� �
6�=?>²_U={CE:1@S\WONHNB³HKJ �¿VW_UB<>²CEONHNR �.:�8WOGF¨=9_UBD��>SB<_n=Q@ARUO�F��,R}@S:<>]=Q@SR`¡�B[���AVWRU¡Q=?F�@ABD�

ỹn+1 = yn + h
(

−yn

tn
+ exp(tn)

)

yn+1 = yn +
h

2

(

f(tn, yn) + f(tn+1, ỹn+1)
)

2bBD��¡?=?_UB<VW>]��HNB
tn
8
yn
B<@

ỹn
�/OGFG@�>SB<;�OG>/@S:<BD��HW=�F.��_UB�@]=�*W_UBD=�V£Z<RbHNBD�S�/OGV.�<8

tn ỹn ynq�j ¥ � q
q�jUq q�jUqmdNq �Ga��Wq ��c qGj`q �Ga��G´Gdmp$dQ´
q�j a q�j c�d�´Gdmp.q[´ ��¥ qGj c ��d ���Ga���¥��
q�j c q�j � ¥�pGcGa��Ga � � qGj � qmd �Wqmd$qDcNq

$ 8 �z��'&

74F¨=EHNRUCER`F$VW:Y_kJ BD>A>SB<VW>�HÆJ VWF£M)=GZo@SB<VW>
O(0.11)/O(0.12) = 10

j $ �:�z��'&
%.�
� ¡�BDZX_U={CE:1@S\WONHNB³HKJ �¿VW_UB<>²B<@

h = 0.2
B1@

y0 = 1.0
8

y(t = 1.2) = y(t = 1.0) + 0.2
(

−y(t = 1.0)

1.0
+ exp(1.0)

)

= 1.343656 . < 2 pts >

���
� ¡�BDZX_U={MPO�>SC^VW_UBYHKJ B !$@A>]=?;�OG_U=?@ARUO�F£HNB³5�RnZS\.=�>SH.�/OGFÆ8$OGF @A>SO�V.¡�B�8Æ�POG>SHW>ABYHKJ BD>A>SB<V.>�HKJ �¿VW_UB<>Il�_UO,*.=�_�B<F 7{�)\��/�18.HNOGF.Z

VWF£@ABD>ACEB
1/(2n − 1)

=m¡�BDZ
n = 1

:<l�=?_UB 3
1
8

y ������� � (t = 0.2) = y[h](t = 0.2) +
1

21 − 1

(

y[h](t = 0.2) − y[2h](t = 0.2)
)

,
$�% ���";&

= 2 y[h](t = 0.2) − y[2h](t = 0.2) ,

= 2 × 1.366 − 1.34365 ,

= 1.38835 .
$ ���z��'&

=m¡�BDZXVWF¨OG>SHW>ABYHKJ B<>S>ABDVW>�lG_`O;*.=?_ÆB<F
O(h2)

8�Z1B³T�VWRbFWOGV.�²HNOGFWFWBYV.FWB^=?;W;W>SO�!$RUC
=Q@SR`OGF£HNB³_J B<>S>SB<VW>�M)= �U@SB³�AVW>²_n=E¡Q=�_`BDVW>
>S:<B<_U_UBXHWB

y(1.2)
8.HNB

∆y(1.2) = h2 = 10−2.
$ � �z�;&

8 �
74F¨=EHWO�F.Z�8

d

dt
(t y(t)) = t exp(t) ,

d(t y(t)) = t exp(t) dt ,

t y(t) =

∫

t exp(t) dt ,
B<@²B<F£RUF�@A:<lG>S=�FG@�C
=?RUFG@ABDF.=?F�@²;.=?>�;.=?>A@ARUB�8

t y(t) = t exp(t) −
∫

exp(t) dt ,

t y(t) = t exp(t) − exp(t) + Cst ,

y(t) = exp(t) − exp(t)

t
+

Cst

t
.

$�� ���";&

� ¡�BDZX_U=EZ<O�F.HNR`@ARUO�F£RUFWR`@ARn=?_UB
y(1.0) = 1.0

8WOGF£=
Cst = 1

j $ �:���";&



24V�Z1OGVW;Æ8
y(t) = exp(t) − exp(t)

t + 1
t

j
74F£O;*N@ARUB<F�@IHNO�F.Z

y(t = 1.2) = 1.386686153
j $ � �z�;&

�:� ! � <� � 
 �¨�	$�� ��� �N� � � 	  � ��� �'�Q� 	 � � � ' ' �' � � 8 �z����
�IF¨�A°N�6@S±<CEB 39@A>SO�Rn��Z1OG>A;.�X�Z1OGC{CEBYZ1BD_`V.RÆZ1OGCE;�OG�A:�HNBX@AB<>S>SB �k_UVWFWB����S=Q@SB<_U_`R`@ABm�¿¡�:D>AR �.B�_UBY�A°$�/@A±DCEBXHNB[��HNB<V�! :DT�V.= �

@ARUO�F���HNR`«�:D>ABDFG@SR`BD_`_UBD�²�AVWR`¡?=?FG@SBD�D8

x′′(t) = x(t) + 2y′(t) − µ2(x(t) + µ1)
[

(x(t) + µ1)2 + (y(t))2
]3/2

− µ1(x(t) + µ2)
[

(x(t) + µ2)2 + (y(t))2
]3/2

,

y′′(t) = y(t) − 2x′(t) − µ2 y(t)
[

(x(t) + µ1)2 + (y(t))2
]3/2

− µ1 y(t)
[

(x(t) + µ2)2 + (y(t))2
]3/2

,

O;+
µ1

B<@
µ2

�AO�F�@¨HNBD�¨Z1OGF.�6@]=?F�@ABD�£Z1OGFWF�V.BD� B1@¨_UBD�£Z<O�F.HNR`@ARUOGF.� R`FWR`@ARn=�_`B[�£�/OGFG@
x(0) = 0.994

8
x′(0) = 0.0

8
y(0) = 0.0

8
y′(0) = −2.11

j�74F£¡�OGV.��HNB<C
=?F�HNBYHNBG8

q�j�5�:D:DZ1>SRU>AB�Z1B²�/°N�/@A±DCEB�B<FEVWF
�A°N�6@S±<CEB�HÆJ :[TGV�=Q@ARUOGF.��HNR`«�:D>ABDFG@ARUB<_U_UBD�¿HNV
;W>ABDCER`BD>�O�>]HN>SBX�P;�O�V.>�_UBDT�VWBD_WO�FE=X;W>S:DZ1Rn�A:
_UBD��Z<O�F.HWR}@SR`OGF.��RUFWR}@SRU=�_`B[�S�1j $ � �z��'&

aNj²¯$RbO�F¨VN@ARU_URU�ABY_n=EC{:<@A\WOWHNB³HKJ �¿VW_UB<>IO�>]HNRUF.=?RU>ABX;�OGVW>²>A:[�/OGV.HN>ABYZ1B³�A°$�/@A±DCEBYHKJ :DT�V.=?@ARUO�F.�²HNR`«�:D>ABDFG@ARUB<_U_UB�8.;W>S:DZ1Rn�AB<>
T�VWB<_U_UBY�AB<>]=?R`@�_UBY�A°N�6@S±<CEBYHNBY>ABD_U=?@ARUO�F.�,R`@A:D>S=?@ARU¡�BD��T�VWRb�/B<>]=?R`@�O;*N@ABDF�VÆj $ � ���";&

cWj)(�>AOGVW¡�B<>
x(t = 0.1)

B<@
y(t = 0.1)

_UO�>]�ST�VWB
µ1 = µ2 = 1

j $ ���z��'&

1 �'� ��	 D�

� �
��B[�²HNB<V�!£:[TGV�=Q@ARUO�F���FWB³�AO�F�@²;.=���_`RU:D�IZ<=?>²B<_U_`B[�²�/OGFG@IHN:�� 3¤�/OGV.��_n=9MPOG>ACEBG8

x′′(t) = f1(x
′(t), y′(t), x(t), y(t))

B<@
y′′(t) = f2(x

′(t), y′(t), x(t), y(t))
j �¿F£M)=�RU�S=?F�@�_UBYZ]\.=?FWlGB<CEB<F�@²HNBY¡Q=?>SRn=�*W_UBX=?;W;W>SO�;W>SRU:�8$Rkj BGj`8WB<F¨;�OG�S=?F�@D8

z1(t) = x(t)
8
z2(t) = y(t)

8
z3(t) = x′(t)

B<@
z4(t) = y′(t)

8NO�F¬@S>AOGVW¡�B4RUCECE:DHNRn=Q@SB<CEB<F�@�_UBX�A°N�6@S±<CEBXHKJ :DT�V.=?@ARUO�F.�
HNR`«�:D>ABDFG@SR`BD_`_UBD�²HNV¨;W>SB<CER`BD>�O�>]HN>ABX�AVWRU¡Q=?F�@D8

z′1(t) = z3(t),

z′2(t) = z4(t),

z′3(t) = z1(t) + 2z4(t) −
µ2(z1(t) + µ1)

[

(z1(t) + µ1)2 + (z2(t))2
]3/2

− µ1(z1(t) + µ2)
[

(z1(t) + µ2)2 + (z2(t))2
]3/2

,

z′4(t) = z2(t) − 2z3(t) −
µ2 z2(t)

[

(z1(t) + µ1)2 + (z2(t))2
]3/2

− µ1 z2(t)
[

(z1(t) + µ2)2 + (z2(t))2
]3/2

.

< 5pts >

� ¡�BDZX_`B[��Z1OGF.HNR`@ARUO�F.��RUFWR`@ARn=?_UBD�²�/VWRU¡Q=�FG@SBD�D8
z1(0) = 0.994

8
z2(0) = 0.0

8
z3(0) = 0.0

8
z4(0) = −2.11

j
$ �:�z��'&

¢IO?@]={fG74F{>]=?;W;�BD_`_UB�T�VÆJ =[¡�B[Z,Z<B�ZS\�=?FWlGB<CEB<FG@¿HWB�¡Q=�>ARn=�*._`BG8[OGFEZS\WBD>SZ]\WB�C
=?RUFG@ABDF.=?F�@
z1(t) = x(t)

B1@
z2(t) = y(t)

j



� �
�ªF ;�OG�S=?FG@£>AB[�/;�B[Zo@ARU¡�BDC{BDFG@

f1(t) = z3(t)
8

f2(t) = z4(t)
8

f3(t) = z1(t) + 2z4(t) − . . .
8

f4(t) =
z2(t)−2z3(t)− . . .

8'OGF
O,*N@SR`BDFG@D8�=m¡�B[Z�_n=YC{:<@A\WOWHNBIHKJ �¿VW_UB<>�OG>SHWR`F.=�R`>SB�8?_UBI�A°N�6@S±<CEBIHNB²>SB<_n=Q@SRUO�F.��R`@A:D>S=?@ARU¡�BD�ª�/VWRU¡Q=�FG@[8

z1(tn+1) = z1(tn) + h f1(tn),

z2(tn+1) = z2(tn) + h f2(tn),

z3(tn+1) = z3(tn) + h f3(tn),

z4(tn+1) = z4(tn) + h f4(tn).

< 6pts >

%.�
�ªF ;.=�>/@]=?FG@YHNB[�XZ<O�F.HWR}@SR`OGF.��RUFWR`@ARn=?_UBD�YTGV.R��AO�F�@

z1(0) = 0.994
8
z2(0) = 0.0

8
z3(0) = 0.0

8
z4(0) = −2.11

8KOGF
O,*W@ARUB<FG@²RUCECE:DHNRn=Q@SB<CEB<FG@I;�O�VW>

h = 0.1
8

x(t = 0.1) = z1(t = 0.1) = 0.994 + 0.1 × 0.0 = 0.994
$ � ���'&

y(t = 0.1) = z2(t = 0.1) = 0.0 + 0.1 ×−2.11 = −0.211.
$ � ���'&

¢IO?@]=
fGRU_�FÆJ BD�/@�;.=��¿F.:DZ1B[�A�S=?RU>SB�HNB4ZD=?_nZ1VW_UB<>
z3(t = 0.1)

B1@
z4(t = 0.1)

T�VWR�F.BI�AB<>SO�F�@ªVN@ARU_`B[��T�VWBI;�O�VW>ª_kJ R}@S:<>]=Q@ARUO�F
�AVWR`¡?=?F�@ABX;�O�VW>²ZD=?_nZ1VW_UB<>

x(t = 0.2)
B<@

y(t = 0.2) �


