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∆ε0(F, V, s, d) = ε∗0
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= 0.1 ε∗0 + 0.1 ε∗0 + 0.1 ε∗0 + 0.02 ε∗0
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� �

2.87 < 5 × 100 :0GMNPF0ZW QB>V^aJabBn=^@CB>DES`B>@HZC\^S�=�@QB ¥O@]?RF^p 0
§�G^B

ε∗0
B[ 1AH QSbpPF^Sb¢�Z>?RAQSbL«B>AHN�F£?ºi

(8.9636 ± 2.87) × 10−12.6 B)�}����:

�&�0�3� L�����!M�}���«� �+��� ���������R���Z!D���'���	�%!D�Z����
X�
�J�·�����}�������E��!D� ( � * �}���0/
96F» QB_=^@CN�=�N� 1B_GMB_AQ@CN�V^´�B[@6GMB[ 6´m?�abB[V^@C X?�=^=^@CNMZ]\^<>B[ XG^B[ 6G^B>VM¬�@]?�Z3S`F^B� 

r1
B3A

r2
¥
r2 > r1

§XGMB;aoI <�TPV�?mAQS`NPF
f(x)G^?�F0 �aoI S`FPACB>@C´m?Ra`a`B

J = [−π
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f(x) =
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− sin(x) +
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√
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3 , π]
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?R@C@CSb´�B[@�¯~a`?~=0@Q<�Z3SU 1S`N�F �K�mz :0N�F£Z3NPF0 1SUGI4[@QBµaoI SbF^<[pP?�abSbAQ<n QV^S`´m?RF�AQB�:

tol ≥ b − a

2n+1
,

T�V^SdZ3N�F�GMV^SbAH¯0:
n ≥

ln
(

b−a
tol

)

ln 2
− 1, < 3pts >

*��-�
¤�AH=�NPV^@�a®I SbF�AQB[@Q´R?Ra`abB

[ 2π
3 , π]
:^NPF£?~F�V^DE<>@CSUTPV0B>DEB>F�A[:



n ≥ ln π
3 + 10 ln 10

ln 2
− 1

' 33. < 1pt >

B0�M�
5«?_LONPF0ZrACSbNPF

f(x)
B[ 1AHG^<>@CSb´R?R²^a`BW QV^@

J
B3AHN�F£?0:

g(x) = x − f(x)

f ′(x)
= x −

x
2 − sinx + π

6 −
√

3
2

1
2 − cos x

.

96F£?EG^N�F0ZµaU?;LON�@CD_V^a`BWSbAQ<>@]?mACSb´PBW QV^S`´m?RF�AQB�:

rn+1 = rn −
rn

2 − sin rn + π
6 −

√
3

2
1
2 − cos rn

. < 3pts >.

96F£Z>N�F&´�B>@Cp�B>@]?Y´�B[@C 
r2
g 6 *��«��:

1�NPF0GMSbAQS`N�F£GMBYZ3NPF�´�B[@QpPB>F0Z>B;i
• r2

 QB>D_²0abB �>AQ@CBÉG^?�F0 ·a®I S`FPAQB[@Q´R?Ra`abB
[2, 3]

¥®ZrL8gµª}S`p0g_tq§rg64µ?RF� »Z3B3A SbF�AQB>@C´m?�aba`B�: 1
2 − cos rn 6= 0

¥OSog B�g`:
r 6=

π/6 [
DENMGMV^a`N

2π]
§.B>A�NPF£?RV^@]?~GMNPF0ZW?RV0Z>V^F^BnG^Sb´&SU 1S`N�Fº=0?�@� [<>@CN0g

• 4XB;=^a`V0 >:�B>F·=0?�@1A]?RF�A6GMB r0 = 2.0
:�NPF�B� 8A6=0?P �AC@QNP=�abNPSbF»GMB_aU?  QN�a`VMACSbNPFÉ¥OB>F·AQN�V^AµZ>?P >:�N�F�B� 8A6=�?� 6 1<>=�?R@C<YGMB

aU?
 1NPabV^AQS`N�F£=0?R@HV^F�DESbF0SbD_V^D�abNMZ[?RadZ3B_TPV0BnaoI NPF£´�N�SbAX QV^@Ha`BnpP@C?�=^\^B�§3g^46N�F�ZWaU?EDE<3AC\^NMGMBYB[ 1AX?P Q QV^@C<nGMB_Z3N�F&´�B>@Cp�B>@�g
6?B.�}����:ºg

5«?�GMB>VM¬MS<4>DEBE 1NPabVMACS`N�FJ:�=^V0@QB>DEB[FPAn?RF0?�a<;PACS`T�V^BP:�Z3N�F� 1SU 8ACB>@]?RSbAµ¯ @C?�S` QN�F0F^B>@6Z>N�DEDEB~G^?�F0 6a`B~Z[?� µG�I V^F =�N�S`FPAµ¢^¬MB
B3AXGMBYGM<[D~NPFPAC@QB[@�T�V^B |g′(x)| < 1 ∀x ∈ J

g

B-NO�
96@]GM@CBWGMBYZ3N�F&´�B>@Cp�B>F�Z3B;i
• @C?PZ3S`F^B r2 ∈ [ 2π

3 , π]
g
f(r2)

B[ 1AµV0F^B;LON�SU WGMS>=�<>@CB>F�AQSU?R²^a`B � Sog BPgb: f(r2) = 0
B3A

f ′(r2) 6= 0
:�aU?�Z>N�F�´�B[@QpPB>F0Z>B_ QB>@]?

GMNPF0ZWT�V0?�G^@C?RAQSUTPV0B�g 6 *��«��:
• @C?PZ3S`F^B r1 ∈ [− 2π

3 , 0]
g
f(r1)

B[ 1AXG^B>VM¬�LONPS` XGMS�=�<[@QB[FPACS`?�²^abBP:0S®g B�g`:
f(r1) = 0

B3A
f ′(r1) = 0

¥+N�F£´�NPS�AX²^S`B>F· 1V0@Ha`B
p�@]?R=0\^BµTPV0Bµa`?_A]?RF^pPB>FPACBWGMBµaU?~Z3NPV^@C²�B6B>F

r1
B� 8A�F�V^a`abBq§r:^a`?~Z3NPF�´�B[@QpPB>F0Z3Bµ 1B[@C?;GMNPF0Zµ 1B[V^a`B>DEB>F�A�a`S`F^<[?�Sb@CB�g 6 * �«��:

B �-�
¤�F�=0?R@QAC?�FPAHGMB

r0 = 2.0
:^N�F£?0:

rn+1 = g(rn)
B3A�:

r0 = 2.0,

r1 = 2.230616197,

r2 = 2.249782942,

r3 = 2.244982928. < 3pts >

�������
	��
�����������������������������! ��"���#���
2.246005589

� �M�
5dB6pP@C?�=^\^B6B3A�a`B[ �T�V^B[ 1AQS`N�F0 .=^@Q<�Z3<[G^B>FPACB[ .F^N�V0 .N�F�A.DENPFPAQ@C<>B� .T�VJI Sba�B>¬MS` 1AQBµV^F^Bµ@]?�Z3S`F^B6V^F^SUT�V^BWG^?�F0 

I = [ 2π
3 , π]

g
5KaJF^N�V� �@QB� 8ACBn¯E Q?q´�N�S`@� QS

g2(x)
B� 8AXZ3N�F�AQ@]?�Z3AC?RF�AQBW QV^@

I
g

­XN�V0 H?�´�NPF0 
g′2(x) = cosx + 1

2

g
B>A[:



−1/2 ≥ cosx ≥ −1
=�N�V^@

x ∈ I = [ 2π
3 , π]

¥{LONPF0ZrACSbNPF�GM<[Z>@QNPS` C C?RFPACBX QV^@
I
§r:MGMNPF0Z

0 ≥ cos x + 1/2 ≥ −1/2
=�N�V^@

x ∈ I
B3Aµ¢0F0?Ra`B>DEB>F�A |g′2(x)| ≤ 1/2

: ∀x ∈ I
g 5«?
LONPF0ZrACSbNPF

g2(x)
B� 8AnGMN�F0Z;Z3NPFPAC@C?PZrAC?�FPACB_ QV^@

I
B3AWa`?�Z3NPF�´�B[@QpPB>F0Z>B

B[ 1AX?� C 1V^@C<>BPg 6 B)�}����:
��������	��#������������� ������������� ����� ����������� �����
� �����������! ���	�� ��
 ��������� � �
���#�������#� ���������������

∀x ∈ I, g2(x) ∈ I �
� NO�
¤°FºVMAQS`a`S` C?RF�A�abBµAQ\^<[N�@ 4>DEBWGMBWa`?~´m?Ra`B>V^@�DEN&;�B[F^F^B�:MN�F�NP²MAQS`B>F�A[:^=^V^S` CT�V^B

g2(r) = r
B3A

rn = g2(rn−1)
?q´�B[Z

rn

a`?
´m?�abB[V^@�?�=^=^@CNMZC\0<>BWGMBna`?~@]?�Z>SbF0BW¯~aU?~FIHoS<4>DEBnS�AC<>@]?mAQS`N�Fd:

(rn − r) =
g2(rn−1) − g2(r)

(rn−1 − r)
× (rn−1 − r),

= g′2(ζ) × (rn−1 − r),
?�´�B�Z

ζ ∈ I.
¤�F�VMACSba`SU Q?�FPA.aoI SbF^<[pP?�abSbAQ<XAQ@CN�V0´�<>BX=^@C<[Z><[GMB[D~DEB[FPA |g′2(x)| < 1/2

:�¥OSog B�g`:�aU?_²�N�@CF^BXaU?_=^a`V0 �=�B� Q QSbDESU 8ACB�§3:�NPF NP²MAQS`B>F�A.a`B[ 
S`F^<>p�?Ra`S�AC<[ � 1V^S`´m?�FPACB[ [:

|rn − r| ≤ 1

2
|rn−1 − r| ≤

(
1

2

)2

|rn−2 − r| ,

≤ . . .

≤
(

1

2

)n

|r0 − r| ,

≤
(

1

2

)n
π

3
. < 5pts >

96FºN�²^AQS`B>F0GM@]?~N�²^a`Sbp�?mACN�S`@QB>DEB[FPA�GMN�F�Z |rn − r| < 10−10 :0GMB[ HT�V^B�:
(

1

2

)n
π

3
< 10−10,

n ln

(
1

2

)

+ ln
π

3
< ln (10−10).

¼&NPS�AH=�N�V^@�ACN�VMA
n > 33

gJ6?B.�}����:
� �-�
¤°F£=0?R@QAC?�FPAHGMB

r0 = 0.5
:^NPFº?0:

rn = g1(rn−1)
B>A[:

r0 = 2.0,

r1 = 2.251724055,

r2 = 2.245277691,

r3 = 2.246096414,

r4 = 2.245994227. < 3pts >

� ���
96F£?0:

|r4 − r| ≤
(

1

2

)4
π

3
,

. 0.06545 < 0.5 × 10−0.
¼&B[abNPF�Z3B>A1ACBY²�N�@CF^BY 1V0=�<>@CSbB[V^@QBYGMBYaoI B[@Q@CB>V^@�:M´&SU 1S`²^a`B>DEB>F�AHAQ@ 4[ H=�B[ C 1S`DES` 1AQBP:� 1B[V^abBYa`Bn=0@QB[D~S`B>@XZ]\^S�=�@CBYB[ 1A6 1S`p�F0S�¢�Z[?mACS�L��
¥OB>AXGMNPF0ZµN�Fº=�B[VMAH<[Z>@QS`@QB

r4 = 2.24599 . . .
§rgJ6?B)�«��� :



�&���0�3� L�����!a�}� �}� �����E��!"����� �Z�����+���
	0���n�I	0�®�IN��®����(+* � �}���0/
¼MN�SbA�a`Bn  ;M 8A 4>DEBn QV^Sb´R?RFPA�:

x2 − exp(−y)= 0,

y2 − exp(−z)= 0,

z2 − exp(−x)= 0.

¥+e�§

��!��[� i
exp (x) = ex

t�g�46<3AQB[@QDES`F^B>@6a`B �1?�Z>N�²^S`B>F·GMB;Z3B_  ;M 8A 4>DEBYB3A6@]?R=^=�B[abB[@Ha`?
@CB>aU?mACSbNPF£S�AC<>@]?mACSb´�B_GMB;­HB>l�ACN�FIHK7H?R=0\0 1NPF�¯
=^a`V0 1S`B>V0@C 
´m?�@QSU?R²0abB� �=�B[@QDEB3AQAC?�FPAWGMB_@C<[ QN�V�GM@QB_Z3B~ e;M 1A 4[D~BPg�96F·=^@CB>F0G^@C?

x = (x, y, z)t
B>A6NPF·F^NRACB>@]?

x
¯ a®I SbAQ<>@]?mACSbNPF

n=0?�@
x(n) gJ6?,)�«��� :

cMg�½«@QNPV^´�B>@
x(1) = (x(1), y(1), z(1))t

?q´�B[ZWaU?
Z3N�F�GMS�ACSbNPF£SbF0S�ACS`?�abB
x(0) = (x(0), y(0), z(0))t = (0, 0, 0)t

g
6 � �«��� :

e^g��6V^B[aM e;M 1A 4[D~B�GMB[´�@]?RSbA �>AQ@CB�@C<[ QN�a`V_=�N�V^@�GM<3ACB>@CDESbF^B[@
x(2) = (x(2), y(2), z(2))t

¥OF^B�=0?P «@C<[ QN�V0G^@QB.Z3B�  ;& 1A 4[DEB � §3g
6 � �«��� :

s0gH¼&S;N�F VMAQS`abSU C?RSbA»a`?�DE<3AQ\0NMGMB'GMB ��?�Z>N�²^SY=�N�V^@»@Q<� 1NPV0GM@CBjabB'  ;M 8A 4>DEB�=�B[@QDEB3AQAC?�FPA GMB'G^<3AQB[@QDES`F^B>@
x(2) =

(x(2), y(2), z(2))t
:0Z>N�F�´�B[@QpPB>@C?RSbAeH�Sba � ��V0 1AQSb¢0B[@�´�NRAC@QBµ@C<>=�NPF0 QB�g 6?B)�«��� :

K�L��2!D���[�

*D�

5dB �1?�Z>N�²^S`B>F£GMBYZ3BY e;M 1A 4>DEBWB� 8A�:
F ′(x) =





2x exp(−y) 0
0 2y exp(−z)

exp(−x) 0 2z



 ,

B>AHa`?~@CB>aU?mACSbNPF�S�AC<>@]?mACSb´�BnGMBY­HB[l�AQN�F£B[ 1A

x(n+1) = x(n) − F ′(x(n))−1F (x(n)) < 5 pts >

g
Ba�

96F£?0:
[F ′(x(0))]−1 =





0 1 0
0 0 1
1 0 0





−1

=





0 0 1
1 0 0
0 1 0





B3AXGMNPF0ZR:

x(1) = x(0) − F ′(x(0))−1F (x(0)) = (0, 0, 0)t −





0 0 1
1 0 0
0 1 0









−1
−1
−1



 =





1
1
1



 . < 3 pts >

� �
5dBn  ;M 8A 4>DEBn 1B[@C?�S�A

F ′(x(1))−1 :^Sog B�g`:



[F ′(x(1))]−1 =





2 exp(−1) 0
0 2 exp(−1)

exp(−1) 0 2





−1

< 3pts >

8'�
96V0S0Z3BX  ;& 1A 4[DEBH 1B[@C?�S�A° 1NPabV^²0abBH?q´�B[Z�a`?nD~<>AQ\^N^GMBHG^B ��?�Z>N�²^S0Z>?R@�a`BH  ;M 8A 4>DEB�B[ 1A°GMSU?RpPN�F0?�abB[DEB>FPA°GMN�DES`F0?RFPA�g

6?B.�}����:

� �.� 
«�-�R��! 	0���[�M���Z!D�
P tLU

� � �����%���Z���Z�}�M����!"���º�-�'�����+�����«� ( B��)�}���0/
96Fº´�B[VMAH@Q<� 1NPV0GM@CB6a`Bn  ;M 8A 4>DEBWa`SbF^<�?RS`@QB

Ax = b
N �J:

A =





1 1 1
2 2 5
4 6 8




B3A

B =





1
2
5





t�g�±X<[@QSb¢0B[@�TPV0BµaoI ?�abpPN�@CS�AC\^DEBµG�I <>a`SbDES`F0?mACSbNPFºGMBY¶W?RV0 C .F^BW=�N�V^@C@C?�S�A �>AQ@CBµB3¬M<�Z3VMAQ< �8V0 CTPVdI ?�V�²�N�VMA�=�NPV^@�@Q<� 1NPV0GM@CB
a`Bn  ;M 8A 4>DEB

Ax = b
 1SJN�FºFJI VMACSba`S` C?RSbAH=0?� �abBn=^Sb´�N�AC?�p�B�g76 ,)�}����:

cMg�46<[Z3NPDE=�NP QB>@�aU?ED
?mAC@QSUZ3B
A
B[F£=^@CNMGMV^SbA

P tLU
NPV

P
B[ 1AXa`?ED
?RAQ@CS`Z>BYGMBn=�B[@QD_V^AC?mACSbNPF£=0?R@HaU?EDE<3AC\^NMGMB_G�I <>a`S>H

DESbF�?mAQS`N�F�GMBY¶W?�V0 C .B>AH=^Sb´�N�AC?�p�Bµ=0?�@1ACSbB[a®g76 *D* �}����:
e^g 1.?RaUZ3V0abB[@�a`BnG^<3AQB[@QDES`F0?RF�AHGMB

A
g76�89�}����:

K�L��2!D���[�

*D�
¼MN�SbA�aU?~D
?mAQ@CSUZ3Bn?RV^pPDEB>FPAC<>Bn QV^Sb´R?RF�AQB�:

A =





1 1 1 | 1
2 2 5 | 2
4 6 8 | 5



 .

5°I NP=�<>@]?mACSbNPF a`SbpPF^B
2 =
a`SbpPF^B

2 − 2
abS`p�F0B

1

B3AHabS`p�F0B
3 =
a`SbpPF^B

3 − 4
a`S`p�F^B

1

GMNPF^F^BP:

A =





1 1 1 | 1
0 0 3 | 0
0 2 4 | 1





96F
´�N�SbA°T�V^BHabBXZ>N&B	� Z3S`B>F�A
a2,2
¥+S®g B�g`:�Z3B>a`V^S�GMBHaU?nGMB[VM¬MS�4[D~BHa`S`p�F^BP:�GMB[VM¬MS�4[DEBHZ>N�a`N�F^F^BHGMBXZ>B3AQAQBHD
?mAC@QSUZ3Bq§}B[ 1A°F�V^aog

46N�F0Z6N�F F^Bµ=�B[VMA�Z3NPFPACSbF&V^B>@.aU?_DE<3AC\^NMGMBWG�I <[abS`DESbF�?mAQS`N�FºGMBW¶W?�V0 C >g�¤�F�Bl=�B>A[:&NPF F^B6=�B[VMA�=0?� °L+?�Sb@CBµG�I NP=�<>@]?mACSbNPF GMV
 1AG;&a`B abS`pPF^B

3 =
a`SbpPF^B

3 − (a3,2/a2,2)
a`S`p�F^B

2

gJ6?,.�}����:

Ba�
96FºS`FPACB>@C´�B>@QAQSbA�aU?~abS`p�F0B

1
B3AHaU?~abS`p�F^B

3
Z>BnT�V^SdGMN�F0F^B�:

A =





4 6 8
2 2 5
1 1 1







5�I N�=�<[@C?RAQS`N�F�abS`p�F0B
2 =
abS`p�F0B

2 − (1/2)
a`S`p�F^B

1

B3AHabS`p�F0B
3 =
a`SbpPF^B

3 − (1/4)
abS`p�F0B

1

GMN�F0F^B�:

A =





4 6 8
0 −1 1
0 (−1/2) −1





5°I NP=�<>@]?mACSbNPF a`SbpPF^B
3 =
a`SbpPF^B

3 − (1/2)
a`SbpPF^B

2

GMNPF^F^B�:

A =





4 6 8
0 −1 1
0 0 (−3/2)





96F£?EG^N�F0ZµaU?EGM<�Z3N�DE=�N� 1SbAQS`N�Fº QV^S`´m?RF�AQBEi

A =





1 1 1
2 2 5
4 6 8



 =





0 0 1
0 1 0
1 0 0





︸ ︷︷ ︸

P t<3pts>





1 0 0
(1/2) 1 0
(1/4) (1/2) 1





︸ ︷︷ ︸

L<4pts>





4 6 8
0 −1 1
0 0 (−3/2)





︸ ︷︷ ︸

U<4pts>

� �

G^B3A�¥®¡6§
=
GMB3A�¥+©�§ × GMB3Aq¥Z5}§ × GMB3Aq¥��6§ ,

= 1 × 1 × (4 ×−1 × (−3/2)),

= −6. < 4pts >

�)�n�����[��	&�2!D�+�^���Z!D� �}� �����E��!"� ( Ba* �}���0/
96F£Z>N�F0 QSUGI4>@CBµaU?;L{NPF0ZrACSbNPF£ QV^S`´m?RF�AQB�:

f(x) = x4 − 3x3 + 5

GM<>¢0F^S`Bn QV^@�aoI S`FPACB>@C´m?�aba`B
[0, 3]
g

t�g�¡H=0=^abSUT�V^B>@°a`?µLON�@CD_V^a`B�G^BH­HB[l�AQN�FE=�NPV^@ AC@QNPV^´�B>@�V^FE=�NPa�;&F��PDEB�GMBHGMB[p�@C<�AC@QNPS` �TPV0S^S`FPAQB[@Q=�NPabB�a`?µLON�F0Z3AQS`N�F
f(x)?RV^¬ =�N�S`FPA] 

x0 = 0
:
x1 = 1

:
x2 = 2

B3A
x3 = 3

gJ6 * �)�}����:
cMg�½«@QNPV^´�B>@~abB£=�N�a<;&F���DEBºGMB�5d?�p�@]?RF^p�B�GMB£G^B>p�@C< AQ@CN�SU ~T�V^S�S`FPAQB[@Q=�NPabBºaU?·LONPF0ZrACSbNPF

f(x)
?�VM¬É=�N�S`FPA] 

x0 = 0
:

x1 = 1
:
x2 = 2

B3A
x3 = 3

gJ6�8 �}����:
e^g � ´R?Ra`V^B  WB[F0 QV^S�ACBnabBn=�N�a<;�F���DEBµ=�NPV^@

x = 0.5
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s0g�¡H=0=^abSUT�V^B>@�aU?YL{NP@QD;V^abBµG^B6´�NRAC@QBµZC\^NPS�¬ TPV0S�=�B[@QDEB3AQAQBWGMBXAC@QNPV^´�B>@�a`B6=�NPa�;&F��PD~BµGMBWZ3N�a`a`NMZ>?RAQS`N�F GMBWGMB>pP@Q<
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T�V^S
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f(x)

?�Vº=�N�S`FPA
x0 = 0

:
x1 = 1

:
x2 = 2

:
x3 = 3

B3A
x4 = 4
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x y ∆y ∆2y ∆3y¸ ¦
H8c

t e H8c
H�� e

c HKe f
�

e ¦

6�89�«��� :

96FºNP²MAQS`B>F�AHabBn=�N�a<;&F���DEBn 1V^S`´m?�FPA�:

P3(x) = 5 − 2x − 2x(x − 1) + 3x(x − 1)(x − 2). < 4 pts >

Ba�
16I B[ 1AHabBnD �[DEB�g 6�89�«��� :
� �
© N�V^@Ha®I S`FPAQB[@Q=�NPa`?RAQS`N�F�NPF�AQ@CN�V^´�BP:

P (0.5) = 5.625. < 2 pts >

8'�
16I B[ 1A

f(x) = x4 − 3x3 + 5
Z>?�@µabB~=�NPa�;&F��PDEB~GMBEGMB>pP@Q<

4
T�V^S�=0?� C 1B;=0?�@µa`B[ 
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f(x)
B� 8AWV0F^S`T�V^BEB3A

ZRI B[ 1A�L1¥O¬0§rg 6?,.�}����:

� �0���a�n�Z���«��� (+*-,.�}���0/
t�g�7H?�=^=�B>a`B>@Ya`B[ _Z>N�F0GMSbAQS`N�F� n=�N�V0@_T�VJI V^F�B>F0 QB>D_²^a`B GMB
LONPF0ZrACSbNPF0 n=�NPa�;&F��PDEB[ YGM<3¢�F^S` C QB
V^F0B  1=0abS`F^B Z3V^²0S`T�V^BPg

6?B)�«��� :
cMg�46<3AQB[@QDES`F^B>@�TPV0B>a`abB�  LON�F0ZrACS`N�F0 �=0?�@QDES^abB� � 1V0Sb´R?RFPACB[ � 1NPFPA°GMB� � 1=0abS`F^B[ �Z>V^²^SUT�V^B[ [g�4µ?RF0 �aoI ? �
@QD
?RAQS`´�B�:mDEB[FPAQS`N�F-H
F^B[@HT�V^B>aJB[ 1A�a`BWAG;&=�BYGMBn Q=^a`SbF0B
¥OAG;&=�Bn5r:^5Q5r:M5Q5Q5r:^5K± N�VºS`F0GM<3ACB>@CDESbF^<q§rgJ6 � �«��� :
¥®?P§

f(x) =

{
19
2 − 81

4 x + 15x2 − 13
4 x3 =�N�V0@

1 ≤ x ≤ 2

− 77
2 + 207

4 x − 21x2 + 11
4 x3 =�N�V0@

2 ≤ x ≤ 3

¥O²�§

f(x) =







3
2 − 1

4x + 2x2 − x3 =�NPV^@
10 ≤ x ≤ 21

− 1
4x + 2x2 − x3 + 3

2

=�NPV^@
21 ≤ x ≤ 22

6
4 − 2

8x + 2x2 − x3 =�NPV^@
22 ≤ x ≤ 24
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f(x) =







3
2 − 1

4x + 2x2 =�NPV^@
10 ≤ x ≤ 21

− 1
4x + 2x2 − x3 + 3

2

=�NPV^@
21 ≤ x ≤ 22

6
4 − 2

8x + 2x2 − x3 =�NPV^@
22 ≤ x ≤ 24

e^g�46<3AQB[@QDES`F^B>@HaU?E 1=^a`S`F^BnZ>V^²^SUTPV0B
f(x)
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f ′′(−2) = 0
B3A

f ′′(4) = 0
 QN�S`B>FPA6 C?mAQSU 1L+?RSbAQB[ [g046Sb@CB_T�VJI B[aba`BYB[ 1AXabB

Ai;�=�BYGMBYZ3B>A1ACBn Q=^a`SbF0B�gJ6	�.�}����:
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f(x)
 QV^@�aoI S`FPACB>@C´m?�aba`B

[a, b]
B[ 1A�V^F^B�����z�y{���HZ3V^²0S`T�V^Bn@QB[a`?RAQS`´�BW?�VºF^N&B>V0G0 
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 1So:

tlH
f(x)

B[ 8AHV^F£=�N�a<;&F���DEBnZ3V^²^SUT�V^B ¥OSog BPgb:
f(x) ∈ P3

§r:
c0H�abBn@C?PZ>Z>N�@CG B[FPAC@QBnZ>B[ �Z>N�V^@C²�B[ �B[ 1A�a`BW=0abV0 HGMNPVM¬ =�N� Q QS`²^abB
¥®Z3N�F�AQS`F�V^SbAQ<_GMB

f
:
f ′ : f ′′ :J¥+Sog BPgb: f ∈ C2 §1§rg

6 B)�}����:
B0�M�
t�g

f(x) ∈ P3
G^?RF0 

[1, 2]
:
f(x) ∈ P3

G^?�F0 
[2, 3]

B>A[:

f(2−) = f(2+) = 3

f ′(2−) = f(′2+) = 0.75

f ′′(2−) = f(′′2+) = −9

T�V^Sd?� C 1V0@QBWT�V^BWaU?;LON�F�ZrAQS`N�F£B[ 1AHGMBYZ3aU?� C QB
C2 g^¤�F£=^a`V0 >:

f ′(1) = f ′(3) = 0

f ′′(1) = 7.5 6= f ′′(3) = 10.5

1�N�F0F0?RSU Q C?RF�A
f ′′(2)

:0Z[?RaUZ3V^a`<W=^@Q<�Z3<�GMB>DEDEB>FPA�g 5d?E Q=^a`SbF^BnB[ 1AHG^N�F0ZWG^BµAi;&=�BWS`F0GM<>AQB>@CDESbF0<>B�gJ6?B)�«��� :

B-NO�
5dB[ XAC@QNPS` 6DEN�@]Z3B[?�VM¬�GMB;aU? LON�F0Z3AQS`N�F0 W?R=^=0?�@1ACSbB[F^F^B>F�AW?RV»D �>DEB;=�NPa�;&F��PDEB;G�I N�@]GM@CBnAC@QNPS` [g 5d?�Z3N�F�AQS`F�V^SbAQ<~B[F

f
:

f ′ B3A f ′′ B� 8AXGMNPF0Zµ´�<>@CSb¢0<�g^46Bn=^abV� >:^=^V^SU CT�V^B f ′(10) 6= f ′(24)
:^a`?E Q=^a`SbF0BWB� 8AXGMBµAi;&=�BnSbF0G^<3AQB[@QDES`F^<�gJ6?B)�«��� :
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f(21−) 6= f(21+)
:0aU?
Z3NPFPAQS`F�V0S�AC<_GMBnaU?~LONPF0ZrACSbNPF£FJI B[ 1AH=0?P �@CB>DE=^a`S®g�Z3BYFJI B� 8A6GMNPF0ZW=0?P �V^F^B_ 1=0abS`F^B_Z3V^²^SUT�V^B ¥OB>F
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=�NPSbF�AC [:&NPF�¯_ACN�VMAHG�I ?R²�N�@]G V^F£ e;M 1A 4[D~BWGMB

n− 2
<[T�V0?mACS`N�F0 �¯_@C<[ QN�V�GM@QBPg�©}N�V0@

n = 3
:PV^F0BX<[T�V0?mACSbNPFEV0F^S`T�V^BX=�B>@CDEB3A.GMB6GM<3ACB>@CDESbF^B[@

S2
:PaU?YGM<>@CS`´�<>BX 1B�Z3NPF0GMBXGMB

f(x)
?RV
=�NPSbF�A

x2
gI1�B>A1AQBX<�T�V0?mACSbNPF

B[ 1A_¥
h1 = h2 = 3

§ �

2(h1 + h2)S2 = 6
(y3 − y2

h2
− y2 − y1

h1

)

,

Z3NPF0GMV^SU C?RFPAH¯
12S2 = −18

B3AXGMN�F�Z
S2 = − 3

2

g
96F£?EG^N�F0Z

S1 = 0
:

S2 = −3/2 S3 = 0
:0T�V^SJF^NPV0 �=�B>@CDEB3AQAQ@CN�FPAHG^BµAC@QNPV^´�B>@�=�NPV^@�a`BW=^@CB>DES`B>@�=�N�a<;&F���DEB�:

a1 = (S2 − S1)/6h1 = ((−3/2) − 0)/18 = −1/12
:
b1 = S1/2 = 0

:
c1 = [(y2 − y1)/h1] − h1(2S1 + S2)/6 =

[(3 − 0)/3] − 3(2 × 0 + (−3/2))/6 = (21/12)
:
d1 = y1 = 0

g
¤�AH=�NPV^@�abBYGMB>VM¬MS<4>DEBn=�N�a<;�F���DEB�:
a2 = (1/12)

:
b2 = (−3/4)

:
c2 = (−1/2)

:
d2 = 3

g

f(x) =

{

− 1
12 (x + 2)3 + 21

12 (x + 2)
=�N�V0@ − 2 ≤ x ≤ 1

− 1
4 (x − 1) + 2(x − 1)2 − (x − 1)3 + 3

2

=�NPV^@
1 ≤ x ≤ 4
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