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A(t) = A0 exp (−λt)

N +
λ
D?�jC�V.G;D¹[_NPG.�jCQ@PGHC/D8>�N��/StCQS(#�DP9

t
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A(t)
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A0DXC

λ
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t
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A
D_G ERD?�/V;AQ@PGHC

cdDWG;N�E8�;AQDZIYDZIY<?�/SdGHCQ<_rPA^@oCQSdN�G.�?p;74G¥N9�YC/SbD_GHC�cdD\��ERD?�/V;A/D\���jV.S(#o@BGHCQD?�Wk

ti 500 1000 2000 3000 4000 5000 6300
Ai = A(ti) 14.5 13.5 12.0 10.8 9.9 8.9 8.0
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A0
DXC

λ
@BV¤�jD?G.��IYD\��EFN�SdGaIYA/D\��[_@PA/AQ<?�?p

�)@�� ¦§[_A/SbA/D¥[XD²>;AQN �;cb®_ERD¥IKJ D?�jC/SbER@BC/SbNPG IYD?�R>.@PAQ@PER®XC/AQD?�:@BV��jD?G.�RIYD?�FERNPSbG.IYAQD?�F[_@PA/AQ<?�F�/NPV.�FcU@�MON�A/ERD¥IYV
>;AQN �;cb®_ERDZIKJ NP>YCQSdERSU�/@BC/SbNPG¥�jV.S(#o@BGHC¯k

min
θ

‖ r(θ) ‖2
2

I;@PG.��cdD\THV;D_cÃN�G²I;NPG;G;D?AQ@:cqJ D*&%>.A/D\�/�/SdN�G²I;D
r(θ)
p

< ���±�=9>
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A0
DXC

λ
@PV¤�jD?G.��IYD?��ERN�SdG.I;A/D\��[_@BAQAQ<?�?p;74G¥IYN�G;G;D_A^@FcdD\��IYNPG.G;<_D\���jV;S%#o@BGHC/D\�_9

∑N
i=1 ln[A(ti)] ≈ 16.699319

∑N
i=1 ti ln[A(ti)] ≈ 49249.09284

∑N
i=1 t2i = 94940000

N +
N
D?�jC8cbD¯G;NPE-�;AQDWI;DZ>aN�SdGHCQ�`�

N = 7
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A(tinconnu) = 0.025
�ONPV D_G�M)@PStC\9

1
IY<\�jSbGHC/<_r�AQ@BC/SbNPGÃ9aD_G

ERNoPD?G;G;DP9%CQNPVYCQDZcdD\��v9CFERSdG%VYCQD?�?9Y>.@BA�r�AQ@PEREFDZIYDZ[?@BA"�aN�G;D¯�1p
D�CQSdcbSU�jD?A8cdD\�E#o@BcbD_V;A^��D?�jC/SbER<_D?��>.A/<\[X<?I;D_ERERD_GHC�>aN�V;A8D?�jC/SbERD_A¯�)S�p DPpb9;D,&%CQAQ@P>aN�cdD?A^�§c�J 7 r�DZIYDZ[XDXC8NH�/�/D_ERD?G�C\p
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y(x) =
a

x
+ b x
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x
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T�Va@BGHC/SdC/<W>;AQNYIYV;SdC/DZIYD¯[XDZE��?EFDW>;AQNYIYV;SdC?p

�)@�� 24NPG;G;D?AWc�J D,&Y>;AQD?�Q�jSbNPG
R(a, b)

@P>;>�D_cb<_DRA/<\�jSUIYV NPV <\[_@PAjCWT�Va@PIYA^@oCQSbTHV;D¥�uMON�G.[1CQSdN�G IYD\�¹[_N%D,;¢[XSbD_GHCQ�
a
D_C

bDXC=I;D?�
xi

9
yi = y(xi)
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a
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b
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a
∑N

i=1
1
x2

i

+ bN =
∑N

i=1
yi

xi

aN + b
∑N

i=1 x2
i =

∑N

i=1 yi xi

N +
N
D?�jC�cdDZG;N�E8�;AQDZIYDW>aN�SdGHC^�8IYD¯IYN�G;G;<?�?p

<�A �±�=9>
��[?� D�CQSdcbSU�jD?A¯cdD\� #o@BcbD_V;A^�WD?�jC/SbER<_D\�

a
DXC

b
@PVl�jD?G.�ZIYD?�¯EFN�SdGaIYA/D\�¯[_@PA/AQ<_DR�/V;A¯cbD?�¯IYN�G;G;<?D?�Z[XS�IYD?�Q�jN�V.�W>�NPV;A

SbG�CQD_AQ>aN�cdD?A
y(x = 1.75)

p

xi 0.5 1 1.5 2 2.5
yi = y(xi) 8 6 5.5 7.5 9

74G¤IYNPG.G;D_A^@`cbDWCQ@ �;cbD?@BV¥�/V;S(#o@PG�C\9

∑N

i=1 x2
i = 13.750

∑N

i=1
1
x2

i

≈ 5.854

∑N

i=1
yi

xi

≈ 33.017
∑N

i=1 yi xi = 55.750

N +
N
D\�6C`SU[XS§cdD¢G.NPE8�.A/D¢IYD	>�NPSbGHCQ� �

N = 5
�WIYD [XD >;A/N9�;cb®_ERD��)[_DRCQ@!�.cdD\@BV DXC`>.cdV.�`>;AQ<?[XSU�/<_ERD_GHC`[XD?A��

CQ@PSdG.D?�1m\C/N�VYC/D\��I;D¹�/D?�,<_rH@BcbStCQ<?� #PN�V.�§>�D_AQERDXC/C/AQNPG.�,IYDW�/@PV:#PD?A,IYV C/D?EF>a�,I;D¹[?@BcU[XV;c�>�NPV;A,cb@:AQ<?�/NPcbVYC/SbNPG I;D
[XD_CjCQD¯T�V.D?�jC/SbNPGa�Xp
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Res(A0, λ)
THV;DZc�J NPG¥[^];D?AQ[^];D BFERSdG.SdERSU�jD?A�>.@BA�cU@:C/D?[^].G;SbTHV;D¯I;D?��ERNPSbG.IYAQD?��[?@BAQA/<\��D\�6C\9

Res(A0, λ) =

7
∑

i=1

[

Ai − A0 exp (−λti)
]2

.

THV;D=cqJ NPG¢>�D_VYC�D,&Y>;AQSbEFD?A�[_NPERERD4cU@¯ERSbG;SdERSU�/@BC/SbNPG I;V [_@PA/AQ<=IYD¹cb@`G;NPAQERD
2
�)G;NPAQERD=D?V.[XcbSbI;SdD?G;G;D\��IYV #PD?[XC/D_V.A4�

7cbSdr�G;D?��D_C
1
[_NPcbNPG;G.D\�

r(θ)
�/V;S(#o@PG�C\9

r(θ) =









A1 − A0 exp (−λt1)
A2 − A0 exp (−λt2)

. . .
A7 − A0 exp (−λt7)









.



I;@PG.��cdD\THV;D_c
θ = (A0, λ)

D\�6C�cbD #PD?[XC/D?V;A8IYDW>.@BA^@BER®_C/AQD?��THV;DWc�J NPG¤[^];D?AQ[^];D�p < �������>

� ��� �
74G #s@FcbSdG.<?@BAQSU�jD?A,cbDZ>;AQN �;cb®_ERDWD_G M)@BSU�Q@BGHC�cdD¯[^].@PG;rPD?ERD_GHC�I;D #s@PA/SU@!�.cdDZ�/V;S(#o@PG�CZk

z(ti) = ln[A(ti)]
9

Sqp D�pd9

z(ti) = ln Ao − λ ti

= a + b ti

@�#PD\[
a = ln Ao

DXC
b = −λ

9�THV;S�G;N�V.�R[XNPGaIYV;SdC B cb@ÇIYSU�6CQA/S%�;VYCQSdN�G�cbSbG;<?@PSdAQD IYD\�RIYNPG;G.<_D?�
(z(ti), ti)

I;NPGHCFcbD?�
>.@PAQ@PEF®_C/AQD?�

(a, b)
�/NPGHC8�/NPcbVYC/SbNPG¥IYD?�8<?THV.@oCQSdN�G.��G;N�A/E	@BcbD?�,N�V²IYV¤�/Y�6CQ®_ERDWER@BC/AQSb[_SdD?cÃ�jV.S(#o@BGHC\9

(

∑N

i=1 t2i
∑N

i=1 ti
∑N

i=1 ti N

)(

b

a

)

=

(

∑N

i=1 ti z(ti)
∑N

i=1 z(ti)

)

I�G¥VYCQSdcbSb�Q@BGHC8cbD?��SbGYMONPAQE	@oCQSdN�G.��IYNPG.G;<_D\�JB:cqJ <_G;N�G.[X<�9YNPG²D_G¤IY<?I;V;StC\9
(

94940000 21800

21800 7

)(

b

a

)

=

(

49249.09284

16.699319

)

>;V;SU��>.@PA�V;G;DZNP>�<_A^@oCQSdN�G <?cd<?ERD_GHCQ@PSdAQDP9
(

94940000 21800

0 1.994312197

)(

b

a

)

=

(

49249.09284

5.390806003

)

DXCÅD_G �.GÃ9o>.@PA��/V:�.�jC/SdC/VYCQSdN�GF@PA/AQSb®_AQDP9_N�GZC/AQNPV #PD
a ≈ 2.703

DXC
b ≈ −1.0192×10−4 9o[PJ D\�6C B=IYSbAQDP9 Ao = exp a ≈ 14.924DXC

λ = 1.0192× 10−4 9;>�NPV;A�V.G;DZcdN�SÃIYDZcU@`MON�A/ERD�9

A(t) = 14.924 exp (−1.0192 · 10−4 t)

<�A �����>

� �����
74G¥�jD¹C/AQNPV #PDZ@�#PD\[=cU@FA/<\�jN�cdVYCQSdN�G IYDZcqJ <?THV.@oCQSdN�G²�/V;S%#o@BGHC/D�9

14.924 exp (−1.0192 10−4 t) = 0.025

t ≈ 62714
�)D_G¤@BG.G;<_D\�Q�

< 3 pts >

� �j���
�ÃDWAQ<?�/SbI;V²THV;DZcqJ N�G²[^].D_A^[^];D BFERSbG;SdERSU�jD?A8>.@PA�cb@:C/D\[^];G;SUTHV;DZIYDZcdSU�Q�/@PrPDWIYD?��ERN�SdG.I;A/D\�,[?@BAQA/<\�,D?�jC?9

R(a, b) =
7
∑

i=1

[

yi −
a

xi

− bxi

]2
. < 3 pts >
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°±A/N�V:#PD?A`cbD?�	[XN%D*;	[_SdD?GHCQ�
a
DXC

b
@PV��/D_G.�RIYD\�RERNPSbG.IYAQD?�R[_@PA/AQ<?�?9�[PJ D\�6CFC/AQNPV #PD_A

a
D_C

b
>aN�V;A	T�V.D

R(a, b)
�/NPSdC

ERSdG.SdE	@Bcq9.[PJ D\�6C�B	IYSbA/D¹CQD_cfTHV;D ∂R(a,b)
∂a

= 0
DXC ∂R(a,b)

∂b
= 0
p:�±@FI;<_AQS(#o@oCQSdN�G >a@BA�A^@B>;>�NPA/C�@PV >a@BA^@BER®XCQA/D

a
IYN�G;G;DRk

∂R(a, b)

∂a
= 2

7
∑

i=1

(

yi −
a

xi

− bxi

)∂
(

yi − a
xi

− bxi

)

∂a

= −2
7
∑

i=1

(

yi −
a

xi

− bxi

) 1

xi

��J <?THV.@BC/SbNPG G;NPAQE	@BcbDWTHV;SÃ�/D¯IY<\IYV;SdC=IYD ∂R(a,b)
∂a

= 0
D?�jC8IYNPG.[P9

a ·
N
∑

i=1

1

x2
i

+ b ·
N
∑

i=1

xi

1

xi

=

N
∑

i=1

yi

xi

N�V
a ·

N
∑

i=1

1

x2
i

+ bN =

N
∑

i=1

yi

xi

�f@RIY<?A/S%#o@oCQSdN�G >.@PA�AQ@P>;>aN�AjC8@PV >.@PAQ@PER®XC/AQD
b
IYN�G;G;D�9

∂R(a, b)

∂b
= 2

7
∑

i=1

(

yi −
a

xi

− bxi

)∂
(

yi − a
xi

− bxi

)

∂b

= −2

7
∑

i=1

(

yi −
a

xi

− bxi

)

xi

��J <?THV.@BC/SbNPG G;NPAQE	@BcbDWTHV;SÃ�/D¯IY<\IYV;SdC=IYD ∂R(a,b)
∂b

= 0
D?�jC8IYNPG.[P9

a

N
∑

i=1

1

xi

xi + b

N
∑

i=1

x2
i =

N
∑

i=1

yixi

NPV
aN + b

N
∑

i=1

x2
i =

N
∑

i=1

yixi

¡8N�V.�,C/AQNPV #PNPGa�,I;NPG.[¹cbD¯�jY�jC/®_ERDZIKJ <?THV.@BC/SbNPG.��G;N�A/E	@PcdD\�,�/V;S%#o@BGHC/D\�_9











a
∑N

i=1
1
x2

i

+ bN =
∑N

i=1
yi

xi

aN + b
∑N

i=1 x2
i =

∑N

i=1 yi xi

<�A �����>

� �����
cbD?�4>.@BA^@BER®XCQA/D\�

(a, b)
�/NPGHC¹�/NPcbVYCQSdN�G IYD?�4<?THV.@BC/SbNPG.�=G;NPAQE	@BcbD?�=NPV IYVÇ�jY�jC/®?EFD:E	@oC/AQSU[XSbD_c±C/AQNPV:#�<8B¢cU@ THV;D\�6CQSdN�G

>;AQ<?[_<?IYD?G�CQDP9YSqp D�pd9.D_G²VYC/SbcdSU�Q@BGHC8cdD\��SdG;MONPAQER@BC/SbNPG.��I;NPG;G;<?D?�JBFcqJ <?G;NPG.[_<P9

(

5.854 5.000

5.000 13.750

)(

a

b

)

=

(

33.017

55.750

)

>;V;SU��>.@PA�V;G;DZNP>�<_A^@oCQSdN�G <?cd<?ERD_GHCQ@PSdAQDP9
(

5.854 5.000

0 9.480

)(

a

b

)

=

(

33.017

27.549

)



DXC8D?G �.GÃ9.>.@BA8�/V:�.�jC/SdC/VYCQSdN�G¤@BAQA/Sb®_AQDP9HNPG C/AQNPV:#�D
b ≈ 2.906

DXC
a ≈ 3.158

9H>�NPV.A�V;G;DZcbNPSfIYDWcU@:MONPAQEFD�9

y(x) =
3.158

x
+ 2.906 x

<�� �����>
.ÅNPV;A

x = 1.75
9%N�G²@RIYN�G.[

y(x) =
3.158

1.75
+ 2.906× 1.75

y(x) ≈ 6.89

< � �����>

�������,	 �=��� �o�Y� � � 	����	� ��� ��
�� � � � A �±�=��
¬%N�StC�cqJ SbGHC/<_r�AQ@PcdDW�/V;S(#o@PG�CQDP9

I =

∫ 2

1

f(x) dx =

∫ 2

1

x (ln x)2 dx.
�6w\�

w�p�� �H�� � �±�¥��� :���o�������P�  �
�)@�� 24NPG;G;D?A:V.G;D @P>;>;AQN�&%SbE	@oCQSdN�G IYV¸[_@Pcb[_V;c�IYD [_DXCjCQD SbGHC/<?rPA^@BcbD¢D_G¸@P>;>;cbSbTHV.@PGHC`cb@ ER<XC/].N%I;D²IYD\�¯CQAQ@P>a®��_D\�
�)THV.@�IYA^@oC/V.A/D\�,[_NPER>�N��/StCQD?�^�§D_C8D_G¥VYCQSdcbSb�Q@BGHC

4
SbG�CQD_A"#o@BcbcdD\�_p

<�� �±�=9>
�?�a�²24NPG;G;D?A�V;G;D4@P>;>;AQN�&YSdE	@oCQSdN�G	rPAQN��Q�jSb®_AQD8IYD¹c�J D_AQAQD_V;A�[XN�EFERSU�jD4>.@BA,cU@¯ER<XCQ];NYIYD¹IÃJ SbGHC/<_r�AQ@BC/SbNPG¢G%V;ER<?A/SUTHV;D
>;AQ<?[_<?IYD?G�CQDPp
< � �±�=9>

��[?�¥¬%V;>.>aNH�jN�G.�WT�V.D:cqJ N�G�G;DR[XN�G;G.@BSU�Q�jD:>.@P�¹cqJ D*&%>.A/D\�/�/SdN�G�@BG.@PcdHCQSbTHV;DFIYD:cU@ MONPG.[XC/SbNPG
f(x)
E	@BSU�4�/D_V;cbD_ERD?G�C

IYD\�J#o@BcbD_V;A^��IYSb�Q[XAQ<XCQSb�/<_D\��IYD¯[XD_CjCQD4MON�G.[1CQSdN�G BFI;D?�8@ �.�/[_Sb�Q�/D?�,<?THV;SUIYSU�6C^@BGHC/D\���j<?>.@BAQ<_D\�,IÃJ V;G¥>.@��
h = 0.25�OSqp DPpb9

f(1.0)
9
f(1.25)

9
f(1.50)

9
f(1.75)

9
f(2.0)

�Xp�24<XCQD_AQEFSbG;D?A4E	@BSbGHC/D?G.@BGHC=V;G.DF@P>;>;AQN�&%SbE	@oCQSdN�G¥IÃJ V;G.D
��NPAQG;D4�/V;>�<_AQSdD?V;A/D4IYD=cU@ #o@BcbD_V;A,@!�.�/NPcbV;D=I;D4[XD_CjCQD=D_AQAQD_V;A�D_G¢VYCQSdcbSU�/@PG�C,>aN�V;A§cU@`I;<_AQS(#�<_D?�§�jD\[XNPGaIYD=IYD

f(x)V;G;DW@B>.>;A/N�&YSbE	@oC/SbNPG¢I;D4[XD_CjCQD¹IY<?A/S%#P<?D=>.@PA�cU@ �)NPV cdD\�Q�§@B>;>;AQN�&YSdE	@BC/SbNPGf���Q�ÅG%V;ER<?A/SUTHV;D����Q��IYDL#�NBCQA/D¹[^];NPS(&Kp
24<XC/D?A/ERSbG;D_A4cdD`G;NPE-�;A/D¯I;D`[^];Sd¨�AQD?�8�/SbrPG;S �a[_@BC/SdM)�8D*&Y@�[1C^�8I;@BGa�8cU@ #s@PcdD?V;A=D\�6CQSdER<?D`IYD¯cqJ SbGHC/<?rPA^@BcbD4CQA/N�V:#P<?D
D_Gl�jwPpU�)@��/�1p
<�� �±�=9>

�)I.�²24<XC/D?A/ERSbG;D_A ER@PSdGHCQD_G.@PG�C	V;G.D �aN�A/G;D¤�/V;>�<_AQSdD?V;A/D¤IYD¤cU@�#o@BcbD_V;A¢@ �.�jN�cdV.D¥I;D�[XDXC/C/D¤D?A/AQD_V;ARD?G V;C/SbcdSU�/@PGHC
cU@ [_NPG;G.@PSb�Q�Q@BG.[_D`IYD`cqJ D,&Y>;AQD?�Q�jSbNPG @PG.@BcbHC/SUTHV;D:IYDFcU@	MONPGa[1C/SbNPG

f(x)
pK2=<_C/D_AQERSdG.D_AWcdDFG;N�E8�;AQD:IYDR[^];Sd¨�AQD?�

�/Sdr�G;S ��[_@oCQStM)��D*&;@P[1C^��I;@BGa��cb@$#o@BcbD_V;A�D\�6CQSdER<?D¯IYDZc�J SbG�CQ<_r�AQ@PcdD4C/AQNPV:#�<_D¹D_Gl�6w�pb��@��/�1p
<�� �±�=9>

e;p�� �H�� � �±�¥��� �� � �.�@�o�Y� � �o� ��²� � � � � 	 	 �  �
�)@�� D�CQSdcbSU�jD?A�cb@¹ER<XCQ];NYIYD8IYD�cU@WT�Va@PIYA^@oCQV;A/D��W@PV.�/�/SbD_G;G;D�@�#�D?[

2
CQD_AQERD?�Å>�NPV;A§[?@BcU[XV;cbD_AV.G;DE#s@PcdD?V;A�@B>.>;A/NY[^];<?D

IYD
I
p

<	� �±�=9>
g.p�� �H�� � �±�¥� 	 �����K� ��
�� � � �����o�Y� ��� � �
¬%NPSdC

I(n)
9.cqJ SdGHC/<?rPA^@BcbD

I =
∫ 2

1 x (ln x)n dx. � #PD\[Z[XD_CjC/DWMON�A/E:V;cU@oC/SbNPGf9Yc�J SdGHCQ<_rPA^@BcbDZIYNPGHC8N�G¥[^].D_A^[^];DWc�J @B>;>.A/N�&YS �ER@BC/SbNPG¯D\�6C
I(2) =

∫ 2

1
x (ln x)2 dx

p�74G:�/D�>;AQNP>�N��/D�I;D�AQ<?�/NPV.I;A/D,[XDXC/C/D,SdGHCQ<_rPA^@BcbD§>a@BA�V;G;D,EF<_C/];NYIYD�@PG.@BcbHC/SUT�V.D
StCQ<_A^@oC/S%#PD�p
�)@�� �¤N�G�CQA/D?A�@�#PD?[¹V;G.D¹SbGHC/<?rPA^@oC/SbNPG²>.@PA,>a@BA/C/SbDWTHV;DZG.NPV.��@�#�NPG.�,cU@:AQD_cU@oCQSdN�G

I(n) = 2(ln 2)n − n
2 I(n − 1)

p
< ���±�=9>



�?�a�¤�,@BcU[XV.cdD?A
I(0) =

∫ 2

1 x dx
@PG.@BcbHC/SUTHV;D_ERD_GHC¹>;V;SU�=D?G IY<?I;V;SdAQD:[_DFTHV;D:c�J NPG [^];D_A^[^];DP9aS�p DPpb9

I(2)
r�A 7 [XD8B¢cb@

AQD_cU@oC/SbNPG¥IYDWAQ<?[XV.A/AQD_G.[_D=CQA/N�V:#P<?DW>;A/<\[X<\IYD_ERERD_GHC?p
< ���±�=9>


 ��� � 	 ?�

� �j���
74G²N �YCQSdD?G�C\9;>.@PA,cU@RER<XCQ];NYIYDZIYD?��CQAQ@P>a®��_D\�_9

I1,4 = (0.25/2)
(

f(1) + 2f(1.25) + 2f(1.5) + 2f(1.75) + f(2)
)

< 3 pts >

I1,4 ≈ (0.25/2)
(

0 + 0.1244826112+ 0.4932058618+ 1.096094405 + 0.960906028
)

I1,4 ≈ 0.3343361133 < 2 pts >

� ��� �
°±D_AQEFDZIKJ D_AQAQD_V;A�D_G

O(h2)
@�#PD\[

h = 0.25
9YSqp D�pd9YV.G;DZD_AQA/D?V;A�@B>;>.A/N�&YSbER@BC/SdM�IYD ≈ 0.0625

p < � �����>

� �����
74G¥@:cbD?��>�NPSbGHCQ�8�/V;S%#o@BGHCQ���

x 1.0 1.25 1.50 1.75 2.0
f(x) 0.0 0.0622 0.2466 0.548 0.961

��J D_AQAQD_V;A
E
�/V;A[XDXC/C/D,SdGHCQ<_rPA^@BcbD��?J <?[XAQSdC

−h2

12 (2−1)f ′′(ξ),
@�#�D?[

ξ ∈ [1, 2]
DXCÅG;NPV.�Å@PcdcbNPG.��@B>.>;A/N�&YSbERD_AfG%V;ER<?A/SUTHV;D �

ERD_GHC
f ′′(ξ) ∀ξ ∈ [1, 2]

>.@PA8c�J @B>.>;A/N�&YSbE	@oC/SbNPG²G%V;ER<_AQSbTHV;D:[XD_GHCQA/<?D¯�jV;S%#o@BGHC/DZ>�NPV.A=cbD?�8>�NPSbGHCQ�
x = 1.25

9
x = 1.50

9
x = 1.75

9

f ′′(xi) =
fi+1 − 2fi + fi−1

h2
< 0.5 pt >

DXC4cdD\�8@B>;>.A/N�&YSbER@BC/SbNPG.�,G%V;ER<_AQSUT�V.D?�8�/V;S%#s@PGHC/D?�8>aN�V;A8cbD¯>;AQD_ERSdD?A`�
x = 1.0

�,DXC4I;D_AQG;SdD?A`�
x = 2.0

�,>aN�SdGHC8AQD?�/>aD\[1CQS(#�D �
ERD_GHC?9

f ′′(xi) =
fi+2 − 2fi+1 + fi

h2
< 0.5 pt >

DXC=�/NPG²<?THV;S%#o@BcbD_GHC

f ′′(xi) =
fi−2 − 2fi−1 + fi

h2
< 0.5 pt >

��D�THV;SYG.NPV.��IYNPG.G;D
f ′′(x = 0) ≈ 1.955

9
f ′′(x = 1.25) ≈ 1.955

9
f ′′(x = 1.50) ≈ 1.872

9
f ′′(x = 1.75) ≈ 1.786

9
f ′′(x = 2.00) ≈ 1.786

p < � � � �����>
74G²>;A/D?G.I cb@$#o@BcbD_V;A�E	@!& D_G #o@BcbD_V;A8@ �.�/NPcbV;DP9YSqp D�pd9

f ′′(x = 1.0) ≈ 1.955
9%DXC8cU@$�aN�A/G.DW�/V;>�<_AQSdD?V;AQDW�?J <?[XAQSdC?9

|E| �
(0.25)2

12
× (2 − 1) × 1.955 < 1 pt >

|E| � 0.0102

|E| < 0.0102 < 0.05
IYNPGa[WV;G¤[^];St¨�AQD¹D\�6C8�/Sdr�G;S �a[_@BC/SdMÅ@P>;A/®\�,cb@$#%SdAQrPV.cdDW>�NPV;A�cqJ D\�6CQSdE	@BC/SbNPG¤IYD

Î1,4
p < � ���9>

� �j� �



74G²>aD?VYC=[_@Pcb[_V;cdD?A�cdD\��IY<_AQS%#P<?��@PG.@BcbHC/SUTHV;D¹�/V.[?[XD?�Q�/S(#�D¹IYDZcU@:MONPG.[XC/SbNPG
f
p

f(x) = x (ln x)2

f ′(x) = (ln x)2 + 2 lnx

f ′′(x) =
2

x
ln x +

2

x

< � �±�=9>

f ′′′(x) = − 2

x2
ln x

¬%V;A
[1, 2]
9

f ′′′(x) < 0
9,[XD THV;SWERNPGHCQA/D THV;D

f ′′(x)
D?�jC²IY<\[XAQNPSU�/�Q@BGHC/D��/V;A

[1, 2]
9,[XD THV;S¹ERNPGHC/AQD THVÃJ V;G;D��aN�A/G.D

�/V;>a<?A/SbD_V.A/D�>�NPV;A
f ′′(x)

G;NPV.��D?�jC§IYNPG;G.<,>a@BA |f ′′(1.0)| N�V |f ′′(2.0)| p�24@PG.�G;NPC/AQD�[?@P� |f ′′(1.0)| = 2.0
DXC |f ′′(2.0)| =

1.69
9%I;NPG.[WG;NPC/AQD �aN�A/G;DZ�/V;>�<_AQSdD?V;A/D¹D?�jC

f ′′(x) < 2
< � �±��> �/V;A

[1, 2]
D_C?9

|E| <
(0.25)2

12
× (2 − 1) × 2.0 < 1 pt >

|E| < 0.0104

|E| < 0.0104 < 0.05
IYNPGa[WV;G¤[^];St¨�AQD¹D\�6C8�/Sdr�G;S �a[_@BC/SdMÅ@P>;A/®\�,cb@$#%SdAQrPV.cdDW>�NPV;A�cqJ D\�6CQSdE	@BC/SbNPG¤IYD

Î1,4
p < � ���9>

� �j���
I�G²M)@BSU�Q@BGHC�cdDZ[^].@PG;rPD?EFD?GHC�I;D #s@PA/SU@!�.cdD

x = t+3
2

9;>�NPV.A�cdD\T�V.D_c
dx = 1

2 dt
9 < � �±��>

G;N�V.��N �YCQD_G;N�G.�?9

I =

∫ 2

1

x (ln x)2 dx

=
1

2

∫ 1

−1

t + 3

2

(

ln
( t + 3

2

)

)2 < � �±�=9>

≈ 1

2

(√
3/3 + 3

2

(

ln
(

√
3/3 + 3

2

)

)2

+
−
√

3/3 + 3

2

(

ln
(−

√
3/3 + 3

2

)

)2
)

< � �±��>

≈ 1

2
(0.6047750416+ 0.04452166743)

≈ 0.3246483545
< � �����>

���j���
74G¥@:D?G²M)@BSU�/@PG�C�V;G.D¹SbGHC/<?rPA^@oC/SbNPG²>.@PA,>a@BA/C/SbDP9

I(n) =

∫ 2

1

x(ln x)n dx = [
x2

2
(ln x)n]21 −

n

2

∫ 2

1

x(ln x)n−1 dx = 2(ln 2)n − n

2
I(n − 1) < 3 pts >

����� �

I(0) =
1

2
[x2]21 =

3

2

I(1) = 2(ln 2) − 1

2

3

2
= 2 ln 2 − 3

4
= 0.636294361

I(2) = 2(ln 2)2 − 2(ln 2) +
3

4
≈ 0.3246116669

74G¥@FI;NPG.[
I(2) ≈ 0.3246116669

p < � �±�=9>
¡8NPCQ@ kY��N�G;G.@BSU�Q�/@PG�C�cb@8#s@PcdD?V;A�@BG.@PcdHC/SUTHV;D4I;D4[XD_CjCQD4SbGHC/<_r�AQ@PcdD�9PN�G¢>aD?VYC8@B>;>.A/<\[XSbD_A§cU@¯>.A/<\[XSU�jSbNPG	N9�YC/D?GHV.D4@�#PD\[�cU@

ER<XCQ];NYIYDFI;D?�4C/A^@B>�®*�?D?�¹[XNPER>�N��/StCQD?�4DXCWcb@ �aN�A/G.D:�/V;>a<?A/SbD_V.A/DFIYDF�/NPG D_AQA/D?V;A4N9�YC/D?G%V;DPpÃ74G >�D_VYCZ@B>.>;A/<\[XSbD_A¹@BV.�Q�jS�cU@
>;AQ<?[_Sb�/SdN�G²I;D¹cU@FER<XC/].N%I;D¯IYD?�8THV.@�IYA^@oC/V.A/D\� �W@PV.�/�/SbD_G;G;D\�_p



������� 
 �  � � � � � � 	 ���(� 
�� �Y� �
��	 � ��� ���o� 	 � � ��� �)� � � � �±�=��
w�p85�DXCQA/N�V:#PD?A=cU@¢ER<XCQ];NYIYD:SdC/<?AQ@BC/S%#PDFIKJ I§V;cdD?AWEFNYIYS �.<?D:D?G�SdGHCQ<_rPA^@BGHC¹cdD\�4IYD?V�&�ERD_E-�;A/D\�4IÃJ V;G.D:<\T�Va@oC/SbNPG IYSt¨�< �
A/D?G�CQSdD?cdcbDWIYV >.A/D?EFSbD_A�N�AQI;A/D¹IYV²C6H>�D

y′(t) = f(t, y(t))
DXC�D?G²@P>;>;AQN�&%SbE	@BGHC�cqJ V;G;D¯IYD\�,I;D_V�&²SdGHC/<?rPA^@oCQSdN�G.�§>a@BA

V;G;DZ@B>;>.A/N�&YSbER@BC/SbNPG GHV.EF<?A/SUTHV;DZTHV;DWc�J NPG¥>;AQ<?[_Sb�/D_A^@;p
<�� �����>

e;p=¬%NPSdC�c�J <?THV.@BC/SbNPG¥IYSt¨�<_AQD_GHCQSdD?cdcbD¯�jV.S(#o@BGHCQDP9

y′(t) = f(t, y(t)) =
t

2 y(t)
+

y(t)

2 t

��e��

@�#PD?[4cU@F[_NPG.I;StCQSdN�G SbG;SdC/SU@BcbD
y(t = 1) = 1

p
�)@�� 5�<\�jN�V.IYAQDF[_DXCjCQDR<?THV.@oCQSdN�G IYSd¨�<_AQD_GHC/SbD_cbcdD	@�#�D?[¯cU@²ER<XC/].N%I;DRIÃJ I�V.cdD?AZDXC¯@�#PD\[¯V;GÇ>.@P�

h = 0.1
pf�,@BcU[XV;cbD_A

�/D_V;cbD_ERD_GHC
y(1.1)

9
y(1.2)

9
y(1.3)

DXC
y(1.4)

�)I;NPG;G;D?A�cdD\��A/<\�jV.ctC^@oCQ��@�#�D?[¹@BV²ERNPSbG.��C/AQNPSU��IY<?[_SdE	@PcdD\�Q�Xp
<�� �±�=9>

�?�a�²5�<\�jN�V.IYAQDF[_DXCjCQDR<?THV.@oCQSdN�G IYSd¨�<_AQD_GHC/SbD_cbcdD	@�#�D?[:cb@ ER<XC/].N%I;D¢IKJ I§V;cdD?AZERN%I;S �.<?DRDXCWC/N�V��6NPV;A^�W@�#PD\[¯V;G >.@��
h = 0.1

p§�,@Pcb[_V;cdD?AF�/D_V.cdD?EFD?GHC
y(1.1)

9
y(1.2)

9�DXC
y(1.3)

��IYNPG.G;D_AR@BV.�Q�/S�cbD?�FAQ<?�/V;ctC^@oC^�`D?G¸r�@PAQI.@BGHC:@BV
ERNPSbG.�,C/AQNPSU��IY<\[XSbER@PcdD\�Q�Xp
<�� �±�=9>

��[?� � >.@BA/C/SbAFI;D?�:D?�jC/SbER@BC/SbNPG.�FIYD y(1.1)
9
y(1.2)

9
y(1.3)

D?�jC/SbER<_D\�$B cb@ THV;D?�jC/SbNPG���@��`DXC¤�?�a�X9D_G¸I;<?IYV;SbAQD
cU@¢MON�G.[1CQSdN�G @BGa@Bcb�CQSbTHV;DRTHV;SÅ>aN�V;AQAQ@PStC �XC/AQDR�jN�cdVYCQSdN�G IYDFcqJ <\T�Va@oC/SbNPGÇIYSd¨�<?A/D?G�CQSdD?cdcbD¥��eP�=DXC¯THV;SÅAQD_ER>;cbSdA^@BSdC
cU@ [XN�G.IYSdC/SbNPG�SbG;StCQSb@PcdD

y(t = 1) = 1
p§ª4<_AQS �aD_A THV;D [XDXC/C/D¤MON�G.[1CQSdN�G�D?�jC �;SbD_G��/NPcbVYCQSdN�G�I;D cqJ <\T�Va@oC/SbNPG
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=
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y′(t) = f(t, y(t))
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f(t, y(t))
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∫ tn+1

tn

y′(t) dt =

∫ tn+1
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f(t, y(t)) dt

[y(t)]
tn+1
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= A SdAQD¯IYV²C/A^@B>�®*�?DZ�jN�V.� f(t, y(t))

yn+1 − yn =
h

2

(

f(tn, yn) + f(tn+1, yn+1)
)

yn+1 = yn +
h

2

(

f(tn, yn) + f(tn+1, yn+1)
)
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h = 0.1
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y0 = 1.0
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yn+1 = yn + h
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yn+1 = yn +
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f(tn, yn) + f(tn+1, ỹn+1)
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+

2
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=

1

2
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tn ỹn ynw�p C � C;p ©!C9C
w�pdw C.p �HeP© C;p ��e;w
w�p e C.p hBgHh C;p hogH©

<�� �����>

� �j���
I�G¤M)@PStCWcU@¢AQD_cU@oC/SbNPG�I;V �jC6HcbD Kj>aN�SdGHC �:&YD N`THV;SÅG;NPVa�8>�D_AQEFD_CjCQAQ@ IKJ @PER<_cbSdN�A/D?A=cU@ �/NPcbVYC/SbNPG

y(1.2)
D?�jC4cU@¢AQD_cU@oCQSdN�G
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yn+1 = yn +
h
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f(tn, yn) + f(tn+1, yn+1)
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+
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2 × 0.621
+

0.621

2 × 1.1
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2 × 0.735
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y′(t) =
dx

dt
t + x =

t

2 t x
+

t x

2 t
dx

dt
t =

1
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(1 − x2

2 x
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dt
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=

2 x

1 − x2
dx
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ln |t| = − ln |1 − x2|

1 − x2 =
K

t
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y2

t2
− 1 = −K
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y2 − t2 + Kt = 0
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y(t = 1) = 1
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K = 0
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K = 0.75

DXCNPG:C/AQNPV #PD,V;G;D�]%%>aD?A���NPcbDP9
Sqp D�pd9

y(t) =
√

t2 − 0.75t
< �������>

¡8NPCQ@²k�.@BA8[?@BcU[XV;cÃ@PG.@BcbHC/SUT�V.DP9YNPG²CQA/N�V:#PDWIYNPGa[B9Y>�NPV;A8cU@R[XN�G.IYSdC/SbNPG²SdG;SdC/SU@BcbD
y(t = 1) = 0.5
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y′

2(t) = 3y1(t) − 2y(t)

y′

1(t) = y2(t)

y′(t) = y1(t)
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f1(t, y(t), y1(t), y2(t)) = 3y1(t) − 2y(t)
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y2(tn+1) = y2(tn) + h f3(tn, y(tn), y1(tn), y2(tn))

y1(tn+1) = y1(tn) + h f2(tn, y(tn), y1(tn), y2(tn))

y(tn+1) = y(tn) + h f1(tn, y(tn), y1(tn), y2(tn))
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y2(tn+1) = y2(tn) + h
(

3y1(tn) − 2y(tn)
)

y1(tn+1) = y1(tn) + h y2(tn)

y(tn+1) = y(tn) + h y1(tn)
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y(0.1) = y(0.0) + 0.1 y1(0.0) =
C;pbw

y1(0.1) = y1(0.0) + 0.1 y2(0.0) = 1.1

y2(0.1) = y2(0.0) + 0.1
(

3y1(0.0) − 2y(0.0)
)

= 1.3
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y(0.2) = y(0.1) + 0.1 y1(0.1) =
C;p eYw

y1(0.2) = y1(0.1) + 0.1 y2(0.1) = 1.23

y2(0.2) = y2(0.1) + 0.1
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3y1(0.1) − 2y(0.1)
)

= 1.61
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y(0.3) = y(0.2) + 0.1 y1(0.2) =
C.p g�gPg

y1(0.3) = y1(0.2) + 0.1 y2(0.2) = .

y2(0.3) = y2(0.2) + 0.1
(

3y1(0.2) − 2y(0.2)
)

= .
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