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ªP?ZCUFJ�U�1TaQ�I«�8vrg>?ZEU�_¡3h
515j5¤hJh�h@hJh�h@h�hJh�h@h@h@h�hJh�h ��=�EU^ZQPKPF\KPX­¬®QcTWIYE6¦¯TaªPF[F�E6KPF\°6F@n�E1Q�I±��f�²<?PE_�U¡�h
5N³´h@h@h@h�hJh�h@h�hJh�h@hJh�h@h@h ¦0A�]3E1Q�C1T¥�UASE1TWQcI

P tLU
�pdDfo?PE_�U¡�h

³µh@h@h@h�hJh�h@h�hJh@h�hJh�h@h@h 5NIYE1F@CU?,Qcb¥ASE1TWQcI¶��d�²<?PEU�_¡3h
·¯QDE_ADb	h�hJh�h@h�hJh�h@h@h@h�hJh

121
?,QcTWIYEU�Jh

¸«¹[º>»½¼ ¹ ¾�º>¿�À�Á:Â:»½Ã�À�Ä:»Z¹[Á>Á6À�Å¯»©Æ6¾�Ç Åe¾�º6ÅeÇ®Â:Ä:ÈN¾�À�»±À
ÂÉ¾�Ç>Å¯¾�º6ÅeÇ~Â:À£º6Ä:»±Ç�º:Â:¹[Ä:ÈN»ZÊ£»



����� �����
	r����
����
����	r���R�����~��������������� �!�c�P���#"$�%��
�&'	(	S���
	*),+.-/�~����0
1 Q�TsE�XZI�?0ADC_ADbWba=Jba=J?ZTW?32 KPF>CUFJ]�EUAcIZqcbWF KZQcIYE�baF �£EUC1Q�TW�.bWQcIZq�XZF@X0CU�.KPFJ��]@QDEU=J�[�RCUFJ�1?BF ]3EUTa¨�F@GHF@IYE�^0ADXZE1F@X0CJ;%bWQcIZq�XZF@XZC�F@E

b¥ADCUqcF@X0C_¡��jQ�IYEJ;
h
;
l
F�E

L
hP¬®Q�XZC:]_^0Ac]@XZIZF`KPF`]�F ��¨SADCUTWA54ZbaF �@;PQ�I�AobpL TWGH?ZCU=J]�T¥�1TaQ�I��1XZTW¨rAcIYE1Fc;

6 h = 40
G72�EUC1F �@; Ar¨cFJ]>XZIZF`FJC1CUF@X0C.CUF@b¥ASEUTa¨�F KZF

0.1%
h

6 l = 40.3
G82@E1CUFJ�J; Ar¨cFJ]>bWF:9jf�;>=�E_ADIYE:]�QcIB�jT¥KP=@CU=`]�Q�GoGHF`KPFJC1IZTWF@C:]_^0T=<�C1F`�1Taq�IZTa�B]@ADE1TaO>9jF�ªZAc]�E?;H��]@�1F ¡�h

6 L ∈ [40.2, 40.6]
; T�h FchW;A@¶FJ�jE�XZIZF`¨SADbWF@XZC`�*F�ªP?ZCUTaGH=@F`FJI G72@E1CUFJ�_¡£=Jba=JGHF@IYE6KPF`]�F@EjE1F`TWIYE1FJC1¨SADbWbWF KPF\]@QcIP�,ADI0]@Fch

9>I�¨cQcXB�.KZF@G	ADI0KZF\KPF	k
v�h��
ªP?ZC1TWGHF@C ;M?BQ�XZC\]_^0A�]�XZIZF	KPF¤]@FJ� EUC1Q�TW�[¨SADCUT¥AB4ZbWFJ�J;�b�L TaIB]�F@C1E1TaE1XBKPF¤VYXZF	b�L QcI¶A­�jX0C`F@bWbaF	FJI b¥A­GHF�EjE_ADIYE �1QcX0� b¥A
ORQcCUGoF

x = x? ± ∆x
Q5C

x? F�E ∆x
�1F@CUQcIYE�KZ=�E1FJC1GHTWIZ=J�JhED�FG�~����H

dZh:46Q�IZIZF@C®bpL Ac?Z?ZCUQrªPTaG	ASEUTaQ�I\KPXo¨cQcbWXZGHF
V
KPF�]�F�?0AcCUAcbabW=@bW=@?0Ta?$2JKPF�C1F ]3E_ADIZq�baF �*KPQ�IZIZ=@F�?0AcC¯bWF�?ZCUQ%KZXZTsE
KPF�]�F �¯E1CUQcT¥�

]�QDEU=J�J;MT�h FchW;
V ∗)

D�+I�¯����H ;eF�E\bpL TaI0]@F@C1E1TaE1X0KZF KPF
V
�*T�h FchW;

∆V
¡`?0ADC\b¥A­GH=�EU^ZQPKPF KPF	?ZCUQc?BADq�ADE1TWQcI±KML FJC1CUF@X0C

�RXPEUTabWTW�UADIYEebpL AD?Z?ZCUQrªPTaG	ADE1TWQcI`KPF�·~A(J%baQ�CeKPF�bWA�ORQ�I0]3EUTaQ�I ADX`?0C1FJGoTWF@C¯QcC_KPCUF ¡3hKD�L7�~����H 1 QcXZbWTaq�IZF@CebaF �¯]_^ZT�<�C1F �
�jTWqcIZTa�B]JASE1TaO*�M98F@ªZAc]3E_�N;­�*]@�1F ¡ KPF¤]@FHC1= �jXZbaEUADEJh©�6C1CUQcI0KZTaC`]�F@EjEUFHAc?Z?ZCUQrªPTaG	ASEUTaQ�I AcXPª«IZQcGO4ZCUFJ�[KPF¤]@�1F	AcKP= VYX0ASE h
D�+��¯����H 46Q�IZIZFJC6�0IBADbWF@GHF@IYE>bpL TaIYE1FJC1¨SAcbabWF KPFH]�Q�IP�BADIB]�F KZAcI0�:bWFJVYXZFJb~�1F\EUC1Q�XZ¨cFJCUAcTsE>bWA	¨%C_ADTWF\¨SADbWF@XZC[KPF

VQ54PEUF@I%XZF[?0ADC:]@F�E1E1F[GH=�E1^0Q%KZF¤�RF@I­XPEUTabWT¥�1AcI�E:bWFJ��Ac?Z?ZCUQrªPTaG	ASEUTaQ�I0�.IZQcI­ADCUCUQcI0KPTWFJ�_¡3h.DP+*�~����H
f0h�¬~FJXPE:QcI�XPEUTabWTW�1F@C�b¥AHGH=�EU^ZQPKPF\KPF[bWA<ORQ�XZCU]_^0F�EjEUF`?BQ�XZC�Q54ZE1F@I0TaC:]@F�EjEUF`TaIB]�F@C1E1TaE1XBKPF
Q 1 T©QcXZTMF@ªP?ZbaT¥VYXZF@C�?,QcX0CUVYXZQ�T

D�+R�~����H´F�E	XPEUTabWT¥�jFJCH]@F�E1E1F­GH=�E1^0Q%KZF¶��KPF�bWA ORQcX0CU]_^ZF@EjEUF ¡ ?BQ�XZCHQ54PEUF@IZTWCHXZI&TWIYE1FJC1¨SADbWbWF KPF�]�Q�IP�BAcI0]�F­KZADIB�
baF V�X0F@b©�1F6EUC1Q�XZ¨cFJCUAcTsE�bWA<¨%CUAcTaF ¨SADbWF@XZC:KZF

V
F@E�FJI�KP=JKPX0TaCUF>bpL TaI0]@F@C1E1TaE1X0KZF`C1= �jXZbaEUAcIYE1FH�RTph F�ha;ZFJC1CUF@X0C.A540�jQ�baX0F ¡.�jX0C

V
VYXZF`bpL QcI�Q54PEUTaFJI0KPC_ADTaE�?BADC:]�F@EjEUF`Go=@E1^ZQPKPF�hSD7TG�¯����H

UWV��X"$���J�
-3�

@�L F@CUCUF@XZC:CUF@b¥ASEUTa¨�F KPFobWA ?ZCUF@GHT�2JC1F ¨rAcC1T¥AB40baF\I0QcX0�>?BFJC1GHF@E[KPFo]@AcbW]@XZbaFJC>bpL F@CUC1FJXZC>A540�jQ�baX0F VYXZF bpL Q�I�O*ADTaE`�jXZC[]�F@EjEUF
GHFJ�1XZCUFc;PTph F�ha;

∆h = 0.04
F�E6KPQ�I0][KML = ]�CUTaCUF

h = 40.0± 0.04
h D�+*�~����H

@©F O*ADTaE¤VYXZF bWF�]_^ZT�<,CUF�KZFJ�	KPTaªPT�2JGoF �Y9
3
; �*KZF�C_ADI0q −1

¡<�1QcTaEobWF�KPF@CUIZTWF@CH]_^ZT=<�CUF­�1TWqcIZTa�B]@ADE1TaO6IZQ�X0�o?BFJC1GHF�E¤KPF
E1CUQcX0¨cF@C£XZIZFZ4BQ�C1IZF>�jXZ?,=@CUTWF@XZCUF

∆l = 0.5× 10−1 KZF6bpL FJC1CUF@XZC.AB40�1QcbWXZF6K©L F �8EUTaG	ASEUTaQ�IHO*A([¥E1F[�jX0C�]�F@EjEUF>GHFJ�1XZCUF:F�E�KPQcIB]
KML =J]@C1TWC1F

l = 40.3± 0.05
h DP+*�¯����H

¦~TaIBADbWF@GHF@IYEJ;0bWAH]�Q�IZI0AcTW�U�1AcI0]�F�;P?BQ�XZC�b¥AHGoF �jX0C1F
L
KML XZI�TWI�EUF@CU¨SADbWbaF`KPF ]@QcIP�,ADI0]@Fc;PIZQ�X0��?BFJC1GHF@E>KML =J]�CUTWC1F]\ZK©L XZI0F

?0AcCjE[V�X0F<b¥A¤¨SADbWF@X0C Ac?Z?ZCUQrª%TWGH=@F\?,QcX0C ]@F�EjEUF<¨SAcC1T¥AB4ZbWF<�1F@C_A	bWFo]@F@IYE1CUF<KZFo]@F�EjEUF<TWIYE1FJC1¨SADbWbWF F�E`KML ADXPEUC1F<?0ADC1E VYXZFH�1QcI
F@CUCUF@XZC�AB4B�jQ�baXZF[F �8E�b¥AoKZF@GHT©b¥ADCUqcF@X0C�KZF\]�F�E�TWIYE1F@CU¨SADbWbaF�;PT�h FchW;

L = 40.4± 0.2
h DP+*�¯����H

^�"B�J�«k_@¯A CU=@?,QcI0�1F>VYXZTM]@QcI0�1TW�jEUAcTsEM`<?BQ�XZCU�1XZTW¨%C1F>baF[]@AcbW]@XZbMAr¨cFJ]:?BQ�XZC�]_^0Ac]@XZIZF[KPF ]@FJ�.TWI0]�FJCjEUTsEUX0KPFJ�J;%XZIZFa4,QcCUIZF
KML F@CUC1FJXZC��jX0?B=JC1TWF@XZCUF`KPX��8E?J%bWF

h = 40.0± 0.05 l = 40.3± 0.05 L = 40.4± 0.5
F �8E6]@QcCUC1F ]3EUF AcX0�1�1Tph

+.�
9>I­A<?,QcX0C�¨rAcbaFJXZC:AD?0?ZC1QP]_^Z=JFc;

V ∗ = 40× 40.3× 40.4 = 65124.8 m3. < 2 pts >
¬®QcXZC:]JADb¥]�XZbWF@C�bpL TWI0]@F@C1E1TaE1X0KPF\KZF

V
;PQcI�KPQ�TsE:]JADb¥]�XZbWF@C�b¥AHKPT=<�=@CUF@IYEUTaFJbabWF

∆V (h, l, L)
;%T�h FchW;

∆V (h, l, L) = |l × L| ∆h + |h × L| ∆l + |h × l| ∆L. < 2 pts >
1 Q�TsE ;

∆V (h, l, L) = |40.3× 40.4| × 0.04 + |40.0× 40.4| × 0.05 + |40 × 40.3| × 0.2

= 65.1248 + 80.8 + 322.4

≈ 468.3248. < 1 pt >



9>I�Q54ZE1TWF@IYE KPQ�I0]
V ≈ 65124.8 ± 468.3248

h���Q�GHGoF
468.3248 < 0.5 × 103 ;�bWF«C_ADIZq&KPX¢KPFJC1IZTWF@C ]_^ZT=<�CUF�1Taq�IZTs�,]@ASEUTsO�FJ�jE

3
F@E£QcIH?,F@XPE£= ]�CUTaCUF

V ≈ 65124.8±468.3248
D -��¯��H�h 1 TBQcI	ADCUC1Q�I0KPT%�0IBADbWF@GHF@IYE�]@F�EjEUF�FJ�jE1TWG	ASE1TWQcI

ADXZª IZQcGO4ZCUFJ��KPF\]@�1Fc;ZA�KP=JVYX0ADEJ;PQ�I�Q�4PE1TWF@IYE ;

V ≈ 65× 103 ± 500 (
FJI G 3). < 1 pt >

1 TPQ�IoXZE1TWbaT¥�jF�bWFJ�
Ac?Z?ZCUQrªPTaG	ASEUTaQ�I0�~IZQcIHADCUCUQcI0KPTWFJ�J;
V
�jF.EUC1Q�XZ¨cFJCUAcTsE
KZADIB�®b�L TaIYEUF@CU¨rAcbabWF

[64656.4752 , 65593.1248]
h

DP+*�¯����H

L �
@eA GH=�E1^0Q%KZFHKZF<b¥A¤ORQ�XZC_]_^ZF�E1E1Fo?BFJXPE���E1CUFoXPE1TWbaT¥�1=@FoTW]@T®]JADC[b¥A	ORQcIB]3E1TWQcI

V (l, L, h) = l × L × h
FJ�jE`�8EUC1T¥]3EUF@GHF@IYE

GHQcIZQcE1Q�IZF«�RFJI¶O*ADTaEo]�CUQcT¥�U�1AcI�EUF ¡ �1XZC
IR
KPQ�I0]¤�1XZC`EUQcXPEUF¤TaIYEUF@CU¨rAcbabWFP4,QcCUIZ=che5Nb£FJ�jE<KPQ�I0]	?,Q��U�jT 4ZbWFc;©FJIlXPE1TWbWTW�UADIYE bWFJ�

¨SADbWF@XZC_�.GHTaIZTWG	ADbWFJ�.?,QcXZC
l, L, h

KPF`KP=@E1FJC1GHTWIZF@C�b¥A 4,QcCUIZF GoTWIZTWG	ADbWF ?,QcX0C.³ F@E�FJI XZE1TabWT¥�1AcI�E�bWFJ�.¨SADbWF@XZC_�.GHADªPTaG	ADbWFJ�
?,QcXZC

l, L, h
KPFoKZ=�E1FJC1GHTWIZF@C>bWAW4BQ�C1I0F\G	ASªPTaG	AcbaF<?BQ�XZC

V
�*F@I O*ADTaE>TWb¯F �8E E1Q�XPE �1TaGH?ZbWF@GHFJI�E ?BQY�1�1T 4ZbaFoKPF<]JADb¥]�XZbWF@C>baF

¨cQ�baX0GoF[GHTWI�F@E:G	ASª FJI­�1F`�jFJC1¨SAcI�E�CUFJ�1?BF ]3E1TW¨cFJGHF@IYE:KPFJ�
l, L, h

baQ�IZqcX0F@XZC_�.GoTWI­F�E:G	ASª�� ¡�h DP+*�¯����H

V ��� 	 = (40 − 0.04)× (40.3− 0.05) × (40.4− 0.2) = 64657.278 < 1 pt >

V ��
�� = (40 + 0.04)× (40.3 + 0.05) × (40.4 + 0.2) = 65593.9284 < 1 pt >

@eAo¨SADbWF@X0C�Ac?Z?ZCUQrªPTaGH=@F FJ�jE:KPQcIB]>bWF`]�FJI�EUC1F[KPF\]@F�EjEUF[TaIYE1FJC1¨SAcbabWF`KPF`]�QcIZ�BADI0]@F>F@E�b�L TaIB]�F@C1E1TaE1XBKPF\�jX0C
V
�1F@C_ADTaE�bWAHKPFJGoT

b¥ADCUqcF@X0C�KZF[]@F�E1E1F`TWI�EUF@CU¨SADbWbaF�h���F\V�X0TMIZQcX0�:?BFJC1GHF�E:KML =J]@C1TWCUF
V ≈ 65125.6032± 468.3252

h DP+ �¯����H

�(����&'	(	r� �
	 � � �P	��R��

� VY�����.�~���M��"0�J�J�A��� �«�Y�����Z�A���¯�Z���#"$� �X
 &��.��	S� �����#"$� ) -��K�~����0

v�h��
ªP?ZbaT¥VYXZF@C�?,QcX0CUVYXZQ�TMbaF`]@AcbW]@XZb©I%XZGH=@CUT¥V�X0F[KZF[]@FJ��F@ª%?0C1F �1�1TaQ�I0�J;
�*A�¡

exp(x) − exp(−x)
; VYX0ADI0K

x ≈ 0
;

� 4B¡ √
x2 + 1 − 1

; VYX0AcI0K
x ≈ 0

;
��]J¡ ∑x=100

x=1
1
x3

?BFJXZ¨cFJI�Eo]�QcIBKPXZTWC1F `«KPFJ�<?ZCUQ54Zb 2@GHF � KML F@CUC1FJXZC_�`I%XZGH=@CUTWVYXZF � \e��ª%?0baT¥VYXZF@Co?BQ�XZC_V�X0QcT>�*T�h FchW;~TWKPFJIYE1Ta�0F@CoF�EH]�TaE1F@C
baF<?ZC1Q�4Zb 2@GHF I%XZGH=@CUT¥V�X0F<Ac�U�1Q%]@Ta=r¡�F�E[?ZCUQc?,Q��1F@C:X0IZF ORQ�C1G<XZbWF =JVYXZTW¨SADbWF@IYE1F<V�X0T~?,F@CUGHF�E1E1C_ADTaE KML =@¨%TaE1F@C[]�F �6?0C1Q��
4Zb�2JGHFJ��I%XZGH=@CUTWVYXZF ��F�E6VYXZTM?,F@CUGHF�EjEUCUAcTsE6K©L AcXZqcGHF@IYEUF@C�bWAo?ZCU=J]@TW�1TWQcI­KPFJ��]JADb¥]�XZbeKZF[]@FJ�.EUC1Q�TW��F@ª%?0C1F �1�1TaQ�I0�Jh
D��*�~����H

dZh�§�¨SADbWXZF@C�bpL F@ªP?ZC1F �1�1TWQcI �1XZTW¨SADIYE1FHk

x =
3

√

3 +
3

√

3 + 3
√

3 + . . .

¬~Q�XZC�]@F@b¥AZ;�?ZC1FJIZF��6baF6]@XA4,F>KPF ]�F�E1E1F>F�ªP?ZCUFJ�U�jTWQcI��RTph FchW;Y]JADb¥]�XZbWF@C
x3 ;cF@I KP=JKPX0TaCUF:F@IB�jXZTaE1F>XZIZF>=JVYX0ASEUTaQ�I¤KPX	E?J%?,F

f(x) = 0
?,QcXZC�b¥AcVYXZFJbabWF

x
FJ�jE��1QcbWXPEUTaQ�I F�E:XZE1TWbaT¥�jFJC�bWAoGH=�EU^ZQPKPF[TsEU=@C_ASE1TW¨cF[KPF`°:FJn�E1Q�I FJI ?0AcCjE_ADIYE�KPF

x[0] = 1�*°:QcEUA�kZT¥]�TMbpL TWI0KPT¥]�F`TWI0KPT¥VYXZF`bpL TaE1=JCUADE1TWQcIB¡�h��.ADb¥]�XZbWF@C�bWFJ�
6
?ZCUF@GHTWF@C_��E1F@CUGHFJ��KPF\]@F�E1E1F`GH=�EU^ZQPKPF`TsEU=@C_ASEUTa¨cF�h

D��*�~����H
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¬®QcXZC�baF>?ZCUF@GHTaFJC£F@E.KPFJXPªPT�2JGoF ]@A��@;�QcI¤ADX0CUA`X0I¤?ZCUQ54Zb 2@GHF6KMLPAcIZI%XZbWADE1TWQcI¤KPF>]@�1F>KPXZFZ``b¥A �1QcX0�jE1C_Ac]�E1TWQcI	KPF>KZF@XPª

IZQ�G 4ZCUFJ�\Ac?Z?ZCUQrªPTaGH=J�`VYX0A��jT£=@q�AcXPª D -%�¯��H h¯¬®QcXZC<=@¨%TsEUF@C ]@F¤?ZCUQ54Zb 2@GHF�;©QcIl?,F@XPE<=J]�CUTWC1F¤]@FJ�\KPFJXPª¶C1FJbWADE1TWQcI0�\KZF
E1FJbabWF�O*A��@QcIoV�X0F�?ZbaXB�
ADX0]@XZIZF��jQ�X0�jE1C_Ac]3EUTaQ�I<KPF�KPFJXPª<I0QcG 40C1F �¯TWI0]@F@C1EUADTWI0���RTph FchW;DTaGH?ZCU=J]@TW�_¡~VYX0Ac�1TP=@qYADXPª Ac?Z?0ADC_ADT¥�U�jFJI�E h
¬®QcXZC�b¥Ao?ZCUF@GHT�2JC1F[F@ª%?0C1F �1�1TaQ�I Q�I ¨SAHXPEUTabWTW�1F@C�bWF\KP=J¨cF@bWQc?0?BFJGoFJIYE�bWTWGoTaE1=\KZF

exp(x)
ADX�¨cQcT¥�1TaI0AcqcF[KPF

0
h

exp(x) − exp(−x) ≈ 1 +
x

1
+

x2

2!
+ o(x3) −

(
1 − x

1
+

x2

2!
+ o(x3)

)
,

≈ 2x + o(x3), x ≈ 0. < 2 pts >

¬®QcXZC
b¥A[�jF ]�Q�I0KPF�F�ªP?ZCUFJ�U�jTWQcIe; Q�I<¨SA`�1TaGH?ZbWF@GHFJI�E�G<XZbaE1TW?ZbaTWF@C
bpL F�ªP?ZCUFJ�U�jTWQcIo?0ADC √
x2 + 1+1

F@E£KPF:]�F�O*AcTsE
Q�4PE1FJIZTaC ;

√

x2 + 1 − 1 =
x2

√
x2 + 1 + 1

, x ≈ 0. < 3 pts >

VYXZT©IZF[?,Q��1F`?ZbWX0��KPF`?ZCUQ54Zb 2@GHF`KML ADIZI%XZb¥ASEUTaQ�I�KZF[]J�jF�h
¬®QcXZC bWF EUC1Q�TW�1T�2JGHF ?ZCUQ54Zb 2@GHF�;BbpL FJC1CUF@X0C6I%XZGH=@CUTWVYXZFo¨%TaFJI0KPC_A¤KPX O*ADTaE[VYXZF<b�L QcI ¨SA¤O*AcTaCUF<AcX�E1Q�XPE[KZ=�4ZXPE\KPFH]�F@EjEUF

�1QcGHGHFc;,XZIZF<A�KZKPTaE1TWQcI«FJIYE1CUF\¨SADbWF@XZC[KML QcC_KPC1F<KPF q�CUAcI0KPF@X0C6KPT�<,=JC1FJI�EUF�D -G�¯��H ;�]�FoVYXZT®¨rA Ac]@]@XZG X0baFJC>KPF<b�L TaGH?ZCU= �
]�T¥�1TaQ�I©h05Nb¯O*ADXPE[KPQcIB]\GHTaFJXPª«]@AcbW]@XZbaFJC:EUQcX0�6baF �6?,F�EUTsE_�:EUF@CUGoF �6FJIYE1CUF\F@XPª�?ZX0TW�>F@I0�1XZTaE1FoAcKZKPTaE1TWQcI0IZF@C ]�F\CU=J�1XZbaEUASE[ADXPª
E1FJC1GHF ��?0baX0�.q�CUAcI0K¤KPF[]�F@EjE1F`�1=@CUTaF�h�¬®Q�XZC.O*ADTWC1F[�jTWGH?ZbWFc;%TabM¨SAcXPE.GHTWF@XPª ]JADb¥]�XZbWF@C�I%XZGH=@CUT¥V�X0F@GHF@IYE.]@F�E1E1F`�j=JC1TWF>K0ADI0�.bWF
�1F@I0��TWI%¨cF@C_�1F��

x=1∑

x=100

1

x3
. < 2 pts >

+.�
9>IH�@L AD?,F@C���Q�TsE~O*Ac]@TabWF@GHF@IYE�VYXZF

x3 = 3+x
D�L��¯����H#F@E£KPQcIB].VYXZF.ª F �8E��1QcbWXPE1TWQcIHKPF�bpL = V�XBASE1TWQcI

x3−x−3 = 0
h

@eAoCUF@b¥ASEUTaQ�I TaE1=JCUADE1TW¨cF[KPF\°:FJn�E1QcI­IZQ�X0��?,F@CUGoF@E6KML =J]�CUTWC1F�;

x[n+1] = x[n] −
f(x[n])

f ′(x[n])
, k = 0, 1, . . .

= x[n] −
x3

[n] − x[n] − 3

3x2
[n] − 1

. < 3 pts >

]�F`VYXZT©I0QcX0��?,F@CUGHF�E6KPF E1CUQcX0¨cF@C ;

x[0] = 1.0,

x[1] = 2.5,

x[2] = 1.929577465,

x[3] = 1.7078664,

x[4] = 1.672558473,

x[5] = 1.671700382.

x[6] = 1.671699882.

. . .

VYXZTe�1F@GO4ZbaF`]@QcI%¨cFJC1q�F@C.¨cF@C_�
x = 1.671699882

E1C,2J��C_AD?ZT¥KPF@GHFJI�E h
DP+ �¯����H



�(�(����� V���

"S�¯�/�����:"$�#�����M� �©�«�Y�7�¯� ^����H��"3� ) L��*�~����0
9>I­�jF[?ZCUQc?,Q��1F`KPF E1CUQcXZ¨�F@C�XZIZF`¨SADbWF@X0C:AD?Z?ZCUQP]_^Z=@F[KML XZIZF\KPF ��KPF@XZª C_Ac]�TWIZF �.KZF`b�L =JVYX0ADE1TWQcI©;

f(x) = x ln(x) − 1.25 = 0.
�8vr¡

v�h � VY� 
�" �¯�/��� �X"$�#���8� �©�
�*A�¡ ��Q�I�EUC1FJC�VYX©L Tab,F�ªPT¥�8EUF6XZI0F>C_Ac]@TaIZF6XZIZT¥V�X0F

r
?,QcXZC�]�F@EjE1F>=JVYX0ADE1TWQcI �jv ¡�K0ADI0��b�L TWI�EUF@CU¨SADbWbaF

J = [1.65, 2]
hD��I

CUF@G	ADC_VYX0ADIYE>VYXZFob�L =JVYX0ADE1TWQcI ?ZC1Q�?BQY�j=JF\FJ�jE[=JVYXZTW¨rAcbaFJIYE1F7`
g1(x) = x

Ar¨cFJ]
g1(x) = 1.25

ln x

;MGHQcIYE1CUF@C V�X0F
]�F@E6TWI�EUF@CU¨SADbWbaF`F �8E6X0I�TaIYE1FJC1¨SAcbabWF`�jXZC>baF VYXZF@b©b¥A	]�Q�I%¨cF@CUqcFJI0]�F[¨�F@C_��XZIZF �1QcbWXPE1TWQcI­XZI0TWVYXZF\?BADC�b¥A	GH=�E1^0Q%KZF
KPX­?,QcTWI�E��0ª%F[I©L FJ�jE:?0A���Ac�U�jXZCU=@F�h.D8T �~����H

� 4B¡ ��I ?ZCUF@I0AcI�EoE1Q�X��8QcX0CU�<baF�G��@GHF­TaIYEUF@CU¨rAcbabWF
J
K0ADI0�obWFJVYXZF@b�IZQ�X0�H�jQ�GHGoF �HAc�U�jXZCU= KML Ar¨cQ�TaCoXZIZF�C_Ac]�TWIZF�;

?ZCUQc?,Q��1F@C:X0IZF ADXZE1CUF`ORQcI0]�E1TWQcI
g2(x)
;0EUF@b®V�X0F

g2(x) = x
�1QcTaE6=JVYXZTW¨SADbWF@IYE1FO`	b�L �£V,h®�8v ¡�F�E>?,QcX0C6b¥AcVYXZF@bWbWF

b¥A	]�QcI%¨�F@CUqcF@IB]�F ¨cF@C_�.XZIZF �1QcbWXPEUTaQ�I XZI0TWVYXZF`?0AcC:b¥AHGo=@E1^ZQPKPF\KZX�?,QcTWIYE:�ZªPF`I©L FJ�jE�E1Q�X��8QcXZC_��?0A��:Ac�U�jX0C1=JF��
D�LG�¯����H

��]J¡���Q�I�EUC1FJC:VYXZF[b�L =JVYX0ADE1TWQcIl�8vr¡.FJ�jE6ADX0�U�jTM= VYXZTa¨SAcbaFJI�EUFY`
g3(x) = x

Ar¨�FJ]
g3(x) = exp(1.25/x)

F�E6VYXZF\�1XZC
J
;0b¥A	]�Q�IY¨�F@CUqcFJI0]�F[¨cFJCU��X0IZF �1QcbWXPE1TWQcI­XZIZT¥VYXZF\?0AcC:b¥AHGo=@E1^ZQPKPF<KPX�?BQ�TaIYE:�0ª%F FJ�jE6]�F�E1E1F`ORQ�TW�>]�T~Ac�U�jXZCU=@F�h

D�LG�¯����H
�*K0¡ ��I�XZE1TWbaT¥�1AcIYE�KPQ�I0]�bpL = V�X0Ta¨SADbWF@IB]�F KPF b�L =JVYX0ADE1TWQcI��jv ¡	Ar¨�FJ]

g3(x) = x
;�KP=�EUF@CUGHTaIZFJC AcI0ADb JYE1T¥V�X0F@GHF@IYEJ;

qcC	�c]@F	ADX±E1^Z=JQcC,2@GHF¤KPF �\Ac]J]�CUQcT¥�1�1F@GHF@IYE_�6�BIZTW� �RQ�X KPF	bWA­¨SAcbaFJXZC\GHQ�JcFJIZIZF ¡�;©XZIZF	G	A
�8QcC_ASE1TWQcI¶KPX¶E?J%?,F
|rn − r| ≤ K

;
QcX
rn
KP=J�1Taq�IZF�bWA±¨SADbWF@XZC	Ac?Z?ZCUQ%]_^0=@Fc; ` bWA±I � T 2@GHF­TsEU=@C_ASE1TWQcIe;®KZF­]@F�E1E1F­CUA�]�TWIZF�?0ADCHb¥A

GH=�EU^ZQPKPF6TaE1=JCUADE1TW¨cF:KPX¤?,QcTWIYE��ZªPFchY��I KZ=JKPXZTWCUF:baF6IZQcGO4ZC1F:K©L TaE1=JCUADE1TWQcI0�
n∗

IZ= ]�FJ�U�UADTWC1F�?,QcXZC�Q54PEUF@IZTWC ;c?0AcC
]�F@EjEUF`Go=@E1^ZQPKPF�;ZXZIZF`¨SAcbaFJXZC:AD?Z?0C1QP]_^Z=JFZ`

10−1 ?ZC,2J��KPF\]@F�E1E1F[CUA�]�TWIZFch D��*�~����H
�:X0CUAcTsE �pQ�I�?ZX©;M�1AcI0�:XZE1TWbaT¥�jFJC ]@F\EU^Z=@Q�C 2JGoF<KPFJ� Ac]J]�CUQcT¥�1�1F@GHF@IYE��0I0TW�J;B?0C1=J¨cQcTWC6VYXZF<bWA ¨YTaE1F �1�1F KPFo]�Q�IY¨�F@C �
qcFJI0]�F`KPF\]@F�E1E1F`GH=�EU^ZQPKPF\KPX­?BQ�TaIYE��ZªPF\�1QcTaE��1TMbWF@IYE1F
Q ��QcGHGHF@IYE$Q��cX0�jE1Ta�0FJC�¨cQDEUC1F CU=@?,QcI0�1Fch
DP+*�¯����H

�*F ¡ �.ADb¥]�X0baFJC�baF �
4
?0C1FJGoT 2@CUFJ��F �8EUTaGH=JFJ�

r1, . . . , r4,
F@I�?0AcCjE_ADIYE:KPF

r0 = 1.65
h D�LG�~����H

dZh � VY� 
�" �¯�/�~�K^��
�H��"$�
�*A�¡ 1 Q�TsE

g4(x)
;£bWA ORQcI0]�E1TWQcI½TWIYE1FJC1¨�F@I0AcI�E	KZAcI0� b¥A±GH=�E1^0Q%KZF TaE1=JCUADE1TW¨cF­KPF�°6F@n�EUQcI ?BQ�XZCHbWA C1= �jQ�baXZE1TWQcI½KPF

bpL = V�XBASE1TWQcI&�8v ¡�hM46Q�IZIZF@C
g4(x)

ADTWI0�jT®VYXZF b¥A¤CUF@b¥ASEUTaQ�I�TsEU=@C_ASEUTa¨�F
rn+1 = g4(rn)

he9>I«?ZCUF@IBKPCUA
r0 = 1.65?,QcXZC:AcGoQ�CU]@F@C�]�F@EjEUF`C1FJbWADE1TWQcI�TsEU=@C_ASE1TW¨cF�h D7T �¯����H

� 4B¡ ��I«KP= KPXZTWC1F`X0IZF`¨SADbWF@XZC:Ac?Z?ZCUQ%]_^0=@F`KPF
r
AD?ZC,2J�

4
TsEU=@C_ASEUTaQ�I0�`�RTph F�ha;,KPQcI0IZF@C

r1, r2, r3, r4
¡[��Ar¨cF ]6EUQcX��8Q�XZC_�

r0 = 1.65
¡3h D�LG�¯����H

��]J¡ ��IH¨cQ�X0�®ADT¥KZADIYE�KPF�]�F�VYXZF�¨cQ�X0�®Ar¨cF �£O*AcTsE�FJIoKP=JGHQcI0�jE1C_ASEUTaQ�I©;SKPTaCUF�VYXZF@bWbaF�G	A��8Q�CUADE1TWQcI KZF |rn+1 − rn|
FJI

ORQcIB]3E1TWQcI�KPF
g′4(x)

�RF�E KZADI0��b¥AcVYXZFJbabWF
rn
KP= �jTWqcI0F`bWAo¨SADbWF@XZC>AD?Z?ZCUQP]_^Z=@F�;_`HbWAHI � T 2@GHF[TsEU=@C_ASE1TWQcIe;0KPF\]�F@EjEUF

C_Ac]�TWIZF[?0AcC.b¥AoGH=�E1^0Q%KZF\KPF`°:F@n�EUQcIB¡.I0QcX0��?,F@CUGHF�EjEUCUAcTsE�FJI0�jX0TsEUF\KPF`KP=JKPX0TaCUF`baF[IZQ�G 4ZCUF[KML TaE1=JCUADE1TWQcI0�
n∗IZ= ]�FJ�U�UADTWC1F:?,QcX0C£Q54ZE1F@I0TaC ;�?BADC�]�F�E1E1F>Go=@E1^ZQPKPF[KPF °:F@n�EUQcI©;YXZIZF ¨SADbWF@XZC.AD?Z?0C1QP]_^Z=JF:`

10−1 ?ZC 2 ��KZF>]�F@EjEUFC_Ac]�TWIZF	�RI0QDEUA�kZI0F`?0Ac��]JADb¥]�XZbWF@C�]�F`I0QcG 40C1F[KML TsEU=@C_ASE1TWQcIB��Qc?PEUTaG	ADbWF ¡�h D�FG�¯����H

UWV��X"$���J�

-Y�.�
@�L =�EUX0KPF�KPFJ�~¨SADCUT¥ASE1TWQcIB�¯KPF�b¥A�ORQ�I0]3EUTaQ�I

f
�1XZC

J = [1.65, 2]
GHQcIYE1CUF�VYXZF.b¥A:ORQ�I0]3EUTaQ�I<F �8E
]�Q�I�EUTaI%XZF.F�E
KP= ]�CUQcT¥�1�UADIYE1F

�1XZC>]@F�E6TWIYE1F@CU¨SADbWbaF¤��KPQcIB]\GHQcIZQcE1Q�IZF ¡[�
f ′(x) = ln(x) + 1

F�E
f ′(x) > 0 ∀ x ∈ [1.65, 2])

hSD - �~��H 46F<?ZbaXB�@;BQcI
A

f(1.65) = 1.65 ln(1.65) − 1.25 ≈ −0.423720
F@E

f(2) = 2 ln(2) − 1.25 ≈ 0.136294
h>D�- �¯��H 5Nb©F�ªPT¥�8EUF\KPQcIB]

XZIZF`C_Ac]@TaI0F
r
XZIZT¥VYXZF\KZADIB��]�F�E�TWIYE1F@CU¨SADbWbaF�hZ46F`?0baX0�J;



g′1(x) = − 1.25

x(ln(x))2
.

@©F	]JADb¥]�XZb£KZF |g′1(x = 1.65)| ≈ 1.5128 > 1
he4>QcIB] |g′

1(x)| 6< 1 ∀x ∈ J
;©F@E ]�F¤]@QcIYE1CUFHF�ªPF@GH?ZbWFHIZQcX0� �jX��HE

?,QcXZC�IZQ�X0��?,F@CUGoF@EjEUC1F\KML A��	CUGHF@C�VYXZF`bWAH]@QcI%¨cFJC1q�F@I0]@F6I©L FJ�jE:?0Ac��A��1�1XZCU=@F[�jX0C
J
h D�+*�~����H

-�� �
��I­?ZCUF@I0AcIYE

g2(x) = x + x ln(x) − 1.25
;PQcI­AHXZIZF`IZQ�XZ¨cFJbabWF[ORQcT¥��b�L =JVYXZTW¨SADbWF@I0]@F`F@IYE1CUF`bpL = V�XBASE1TWQcI

x = g2(x)
F�E

bpL �£V,he�jv ¡�h0°:= ADIZGHQcTWI0�J;%XZIZF[ORQcT¥��KPF`?ZbWX0��b¥AH]�QcI%¨�F@CUqcF@IB]�F6¨�F@C_�.XZIZF\�1QcbWXPE1TWQcI�XZIZT¥VYXZF[?0ADC�b¥AoGo=@E1^ZQPKPF\KZX�?,QcTWIYE��ZªPF
I©L FJ�jE[E1QcX
�8QcXZC_� ?0Ac�`A��1�1XZCU=@F<]JADC

g′2(x) = ln(x) + 2
F�E\�1XZC

J
; |g′

2(x)| 6< 1, ∀x ∈ J
�*F@I±O*ADTaE |g′

2(x)| F �8E[EUQcX��8Q�XZCU��1XZ?B=JC1TWF@X0C `
2 + ln 1.65 ≈ 2.5

�1XZC
J
¡3h D7LG�~����H

°:QcEUAlk�9>Il?,F@XPEH?ZCUF@I0KPCUF AcX0�1�1T�EUQcXPEUF¤ORQ�C1GHFJ�<KPX½�jE?J%baF
g2(x) = 1

n (nx + x ln(x) − 1.25)
VYXZT.IZF �1F@C_ADTaE ?0A��

]�Q�IYE1C_Ac]3E_ADIYE1FH�RTph FchW;0VYXZTMIZF\]�Q�I%¨cF@CUqcFJCUAcTsE.?0Ac�_¡3h
-�� �
9>I�¨c=@CUTa�0F>C_AD?0TWKPFJGHF@IYE:V�X0F

x = exp(1.25/x)
�jXZC

J
]�QcCUCUFJ�1?BQ�I0KP4ZTWF@I�`obpL �£V,he�jv ¡�h

x = exp(1.25/x)

ln x = 1.25/x

x ln x − 1.25 = 0

f(x) = 0. < 1 pt >

��I#]�Q�I0�1TWKP=JCUAcIYE
g3(x) = x

;:Q�I(A�KPQ�I0]±XZIZFlIZQ�XZ¨cFJbabWF ORQ�TW�­bpL =JVYXZTW¨rAcbaFJI0]�FlAr¨�FJ] b�L �£V,h �8vr¡3h64>F¶?ZbWX0�@;
g′3(x) =

−1.25 exp(1.25/x)
x2

h 1 T�QcI ]@AcbW]@XZbaF
g′′3 (x) = (2.5x−3 + 1.5625x−4) exp(1.25/x)

;®QcI&�JL AD?,F@C���QcTaEoVYXZF
g′′

3 (x)
?ZCUF@IBK

KPF ��¨SADbWF@XZC_��?,Q��1TsEUTsO*�>�jXZC
J
;,KPQcIB]`V�X0F

g′3(x)
FJ�jE>]@C1Q�TW�U�1AcIYE1F F�E>KPQ�I0]\VYXZF

g′3(x) ∈ [−0.979,−0.5838]
�1XZC

J
hB4>F ]�F

O*ADTaE |g′3(x)| < 1
F�E6]@F@b¥A<I0QcX0��?,F@CUGHF�E6KPF`KPTWC1F`VYXZF`b¥AH]�QcI%¨�F@CUqcF@IB]�F6F �8E 40TaFJI­A��1�1XZCU=@F[�jX0C

J
h D�+*�~����H

-����
��I�XPE1TWbWTW�UADIYE�baF EU^Z=@Q�C 2JGoF[KPF[b¥A ¨SADbWF@X0C.GHQ�J�F@IZIZF�;%QcI�Q54PEUTaFJI�E ;P?ZXZT¥�1VYXZF

g3(r) = r
F@E

rn = g3(rn−1)
Ar¨cF ]

rn
b¥A

¨SADbWF@XZC:Ac?Z?ZCUQP]_^Z=@F[KPF`b¥A<C_Ac]@TaI0Fa`ob¥AoI �pT 2@GHF[TaE1=@C_ASEUTaQ�I©;

(rn − r) =
g3(rn−1) − g3(r)

(rn−1 − r)
× (rn−1 − r)

= g′3(ζ) × (rn−1 − r),
Ar¨cF ]

ζ ∈ J. < 2 pts >

��I�XPEUTabWT¥�1AcI�E:bpL TaIZ=Jq�AcbaTaE1= |g′3(x)| <≈ 0.98
D -K�~��H�;¯�*T�h FchW;Zb¥A74BQ�C1I0F`bWAH?ZbWX0��?,FJ�U�1TaGHT¥�8EUF`E1CUQcXZ¨�=@FY`Hb¥AoVYXZF �8EUTaQ�I¶vJ]J¡�;

QcI�Q54ZE1TWF@IYE:baF ��TaI0=@q�AcbaTaE1= ���jX0Ta¨SADIYEUFJ�J;

|rn − r| ≤ (0.98) |rn−1 − r| ≤ (0.98)
2 |rn−2 − r|

≤ . . .

≤ (0.98)
n |r0 − r|

≤ (0.98)n × 0.35. < 3 pts >

9>I�Q54PEUTaFJI0KPC_A<Q�4ZbWTaqYASE1Q�TaCUF@GHFJI�E�KPQ�I0] |rn − r| < 10−1 ;0KA2J��VYXZFc;

(0.98)
n × 0.35 < 10−1

n ln (0.98) < ln (10−1) − ln 0.35.

1 Q�TsE:?,QcXZC�EUQcXPE
n > 63

��]�F\VYXZTMGHQcIYEUC1F`VYXZF`b¥Ao]@QcI%¨cFJC1q�F@I0]@F6¨SA ��E1CUF E1C,2J��bWF@IYE1F	hWhWh ¡ DP+*�¯����H



9>I¶ADXZC_ADTaE`?ZXPE\?ZCU=@¨�QcTWC[]@F�E1E1F	bWF@IYE1FJXZC\KPF¤]�Q�I%¨cF@CUqcFJI0]�F<F@I±¨cQ�JYADIYE[VYXZF |g′3(x)| < 1
G	AcTW�[EUQcXPE �8X0�jE1F�;
`­]@AcX0�1F

KPF¤�UA 4BQ�C1IZF¤KZF¤KPC1Q�TsEUFHE1C,2J�[?ZCUQP]_^ZF	KPF
1
�*KZQcI0]Hb¥A�ORQcI0]�E1TWQcI¶I©L FJ�jE VYXZFHE1Q�XPE �8X0�jE1F ]@QcIYE1C_Ac]�EUADIYEUF ¡<�R?,QcXZC\¨�QcX0�[FJI

?,F@C_�jX0A�KPF@C ;M]@AcbW]@XZbaFJC[baFHIZQ�G 4ZCUF	KML TaE1=JCUADE1TWQcI0� IZ= ]�F �1�UADTWC1F<?BQ�XZC\ADCUCUTa¨�F@Ca` b¥A�?ZCU=J]�T¥�1TaQ�I ¨cQ�XZbWXZF<bWQcC_�UV�X0F |g′3(x)| <
`

XZIZF`¨SAcbaFJXZC�E1C,2J��?ZCUQP]_^ZF[KPF
0
¡�h DP+*�¯����H

-Y�$�
��I­?0AcCjE_ADIYE�KZF

r0 = 1.65
;%QcI­AZ;

rn = g3(rn−1)
F�E ;

r0 = 1.65

r1 = 2.133098799

r2 = 1.796790331

r3 = 2.005081994

r4 = 1.86528816. < 3pts >
°:QcE1FHk ��FJbWAH�1F@G 40baF`]�Q�I%¨cF@CUqcFJC£EUC 2 ��baFJIYE1F@GHFJI�E:¨�F@C_�.bWAo¨SADbWF@XZC

1.918508201
h

+Z�.�
@eA<ORQ�I0]3EUTaQ�I

f(x)
FJ�jE6KP=@CUTW¨rA54ZbWF[�1XZC

J
F�E�QcI�AZ;

g5(x) = x − f(x)

f ′(x)
= x − x ln(x) − 1.25

ln(x) + 1
.

9>I­AoKZQcI0] b¥AoORQcCUG XZbWF[TsEU=@C_ASE1TW¨cF[�1XZTa¨SAcI�EUFc;

rn+1 = rn − rn ln(rn) − 1.25

ln(rn) + 1

=
rn + 1.25

ln(rn) + 1
. < 4 pts >

��I­?0AcCjE_ADIYE�KZF
r0 = 1.65

;%QcI­AZ;
rn = g4(rn−1)

F�E ;

r0 = 1.65

r1 = 1.93233459

r2 = 1.918538094

r3 = 1.918508201

r4 = 1.918508201. < 3 pts >
°:QcE1FHk ��FJbWAH�1F@G 40baF`]�Q�I%¨cF@CUqcFJC£EUC 2 ��¨%TsEUF`¨cF@C_�.bWAo¨SADbWF@X0C

1.918508201
h

+�� �
��I«CUF@?0C1FJI0ADIYE6bWFJ�>=@bW=@GHF@IYE_�>KPFo]�Q�C1CUFJ]�E1TWQcI0�:KZF<b¥A¤KP=JGoQ�I0�jE1C_ASE1TWQcI

2
;,VYXZT~XPEUTabWTW�1F@IYE[baF E1^Z=JQcC,2@GHF<KZFJ� Ac]@]@C1Q�TW�U�jF��

GHF@IYEU���0IZT¥�@;PQ�I­Aob¥AoC1FJbWADE1TWQcI©;

10−1 > |rn − r| =
1

|1 − g′4(ζ)| × |rn+1 − rn|

10−1 > K × |rn+1 − rn|
10−1

Ks
> |rn+1 − rn|

Ar¨cF ]
Ks
XZIZF/4BQ�C1I0F��1XZ?,=@CUTaFJXZC<?,QcX0C�� �RTph F�ha;

Ks = argmax 1

|1−g′

4
(ζ)|
¡3;
]�F­VYXZT�IZQcXB�<?,F@CUGHF�E1E1C_ADTaEHKML FJ�jE1TWGHF@CHbWF

IZQ�G 4ZCUF6KML TsEU=@C_ASEUTaQ�I0�
n∗

IZ=J]@FJ�U�1AcTaCUF�?BQ�XZC£Q�4PE1FJIZTaC�XZIZF>¨rAcbaFJXZC�Ac?Z?ZCUQP]_^Z=@F `
10−1 ?ZC,2J��KPF ]�F@EjE1F>CUA�]�TWIZF\�RF@E.VYXZT,IZQcXB�TWI0KPT¥V�X0F@C_ADTaE�VYXZF\]@F�E1E1F\]�Q�I%¨cF@CUqcFJI0]�F �jFJCUAcTsE.E1C,2J��C_AD?0TWKPFr¡3h D�FG�¯����H



���*� �¯�A�D��" 	��#� �P���#"$�
P tLU

) +3LG�~����0

v�h:46= ]�QcGH?,Q��1F@C�b¥AHG	ASE1CUT¥]�F
A
FJI�?ZC1QPKPX0TsE

P tLU
QcX

P
FJ�jE:b¥A	G	ASE1CUT¥]�F\KPF`?,F@CUG XPE_ASEUTaQ�I�?BADC:b¥AHGH=�E1^0Q%KZF KML =@bWT �

GoTWI0ADE1TWQcI­KPF��[ADX0�U��F�E:�UADI0��?0Ta¨�QDEUAcqcF�h D��G�~����H

A =





1 2 3
2 7 18
4 13 38



 .

dZh �.ADb¥]�XZbWF@C�bWF\KP=�EUF@CUGoTWI0AcI�E:KPF
A
h D�LG�¯����H

f0h:��F�E1E1F��[�1QcX0��ORQcCUGHF ]@QcGH?0A�]3E1FH�RTph FchW;PF@I�XPE1TWbaT¥�UADIYE.X0IZF`�jFJXZbaF G	ASEUC1T¥]�Fr¡£]@F�EjEUF`KP=J]@QcGH?BQY�jTaE1TWQcI
LU
h DP+K�~����H

uBh 1 T�QcIlAr¨SADTaE\XPEUTabWTW�1=¤b¥A­GH=�E1^0Q%KZF KPTWC1F ]3E1F�;©FJ�jE �N]�F¤VYXZF¤]@F�E1E1F KP= ]�Q�Go?,Q��1TaE1TWQcIlADXZC_ADTaE\=�EU=¤KPT�<,=JC1FJI�EUF
Q �cX0�jE1Ta�0FJC
¨cQDEUC1F CU=@?,QcI0�1Fch DP+*�~����H

²Zh �.ADb¥]�XZbWF@C�b¥AoKZ=J]�Q�GH?BQY�jTaE1TWQcI
LU
KPTaCUFJ]�E1F`KPF`b¥AoGHADE1CUTW]@F

A
h D �*�~����H

� h �.ADb¥]�XZbWF@C:b¥A	?ZCUF@GHT 2@CUF ]�Q�baQ�IZIZF KZF\b�L TWIY¨�F@C_�jF\KZF b¥A	G	ASE1CUT¥]�F
D
FJI«XPEUTabWTW�UADIYE6bWF GHQ�TaI0�>KML Qc?,=@C_ASE1TWQcI­?,Q��U�jT 4ZbWFch

D�+ �~����H

D =





1 0 0
2 1 0
4 5/3 1



 .

UWV��X"$���J�
-3�

@�L Qc?,=@C_ASEUTaQ�I bWTaq�IZF
2 =
baTWqcI0F

2 − (2)
bWTWqcIZF

1

F�E:bWTaq�IZF
3 =
baTWqcI0F

3 − (4)
bWTaq�IZF

1

KPQcIZI0Fc;

A =





1 2 3
0 3 12
0 5 26



 .

@�L Qc?,=@C_ASEUTaQ�I bWTaq�IZF
3 =
baTWqcI0F

3 − (5/3)
bWTWqcIZF

2

KPQcIZI0Fc;

A =





1 2 3
0 3 12
0 0 6



 .

9>I­A<KPQ�I0] bWAHKP= ]�Q�Go?,Q��1TaE1TWQcI­�jXZTW¨SADIYE1F�;©�Rb¥AoGHADE1CUTW]@F
P t ;P=@EUAcI�E�b¥AH�jTWGH?ZbaF[G	ASEUC1T¥]�F[T¥KPF@IYEUTsEU=`?ZXZT¥�1VYXZF[bpL Q�I�Ao?0A��O*ADTaE6KPF`?,F@CUG XPE_ASEUTaQ�I�AcX�]@QcXZC_��KPF`b�L Qc?,=@C_ASEUTaQ�I�KZF>EUC1T¥ADI0qcXZb¥ASEUTaQ�IB¡>k

A =





1 2 3
2 7 18
4 13 38



 =





1 0 0
0 1 0
0 0 1





︸ ︷︷ ︸

P t<1 pts>





1 0 0
2 1 0
4 (5/3) 1





︸ ︷︷ ︸

L<4 pts>





1 2 3
0 3 12
0 0 6





︸ ︷︷ ︸

U<4 pts>

.

+.�
KPF�Er�*� ¡

=
KPF@E �*¬�¡ × KPF�Er�#@¯¡ × KPF@E ���>¡ ,

= 1 × (1 × 3 × 6),

= 18. < 3 pts >



L �

LU ���������	��
 =





1 2 3
2 3 12
4 (5/3) 6





DP+*�~����H
TS�
9>XZT~]@ADC>]�F�E1E1F ORQcT¥�6]�T~QcI«AcXZC_ADTaE:F@X«XZI0F<KP= ]�QcGH?,Q��1TsEUTaQ�I�@ �#O*AcTW�UADIYE>Ac?Z?0AcCUA�[WEUC1F`KPF � 9@v ;\�jX0C6b¥A¤KPT¥ADqcQ�I0ADb¯KPF\b¥A

G	ASEUC1T¥]�F
U
h DP+*�~����H

�.�
@©F`]JADb¥]�XZb©KPTWCUFJ]3E6�1F O*ADTaE:TaGHGH=JKZTWADE1F@GHFJI�E:F@E�QcI�E1CUQcXZ¨�Fc;

A =





1 2 3
2 7 18
4 13 38



 =





1 0 0
2 3 0
4 5 6





︸ ︷︷ ︸

L:<2.5 pts>





1 2 3
0 1 4
0 0 1





︸ ︷︷ ︸

U :<2.5 pts>

F �
��QcGHGHF<]@F@b¥A A =�E1=o¨%X KZAcI0�>baFo?ZCUF@GHTaFJC>KPFJ¨cQ�TaC ;Bb¥A¤?0C1FJGoT 2@CUF<]@QcbWQcIZI0F

x1
KPFobWA G	ASE1CUT¥]�F

D−1 FJ�jE[KPQ�IZIZ=JF ?0AcCb¥A CU=J�1QcbWXPE1TWQcI±KPX¶� JP�jE 2@GHF
Dx1 = b

Ar¨�FJ]
b
bWFo¨�FJ]�E1F@X0C X0IZTsE_ADTWC1F�h�¬®AcC`�jXA4B�8EUTsEUXPE1TWQcI¶Ar¨SADIYEJ;�QcI E1CUQcXZ¨�F O*A�]�TWbaFJGHF@IYEJ;

b = (1, −2 − 2/3)
h DP+*�¯����H

� �!� ��� ��	(�X"$�*�Z���#"$� ) + �*�¯���(0
1 Q�TsE�bWFJ��?,QcTWIYEU���1XZTa¨SAcI�E_�@;

xk
�_v v ² g v�v vJf

yk
v �Nf d d u �

v�h:�:?Z?ZbWT¥V�X0F@C bWAHORQ�C1G<XZbWF<KPF<¨cQDEUC1F<]_^ZQcTaª�?,QcX0C6EUC1Q�XZ¨cFJC6bWF ?,Qcb JYI
�cGHF KPFH]�Q�babWQP]@ASEUTaQ�I«KML QcC_KPC1F\f �RTph F�ha;M]@F@bWXZT~VYXZT
?0Ac�U�jF.?0AcC
baF �®?BQ�TaIYEU�
KZF:KPQcIZI0=J�_¡eF@E�V�X0TZTaIYEUF@CU?BQ�baF��A� � ����� �¤b¥A ¨rAcbaFJXZC�ADXo?,QcTWI�E�KML AB4B�1]@TW�U�jF

x = 10
hS7�= ADbWTW�1F@C

]�F�E1E1F`KPFJC1IZT 2@CUF[TaIYEUF@CU?BQ�bWADE1TWQcI©h
D�-A+ �¯����H

dZh>9>I­A
�8QcXPEUF[XZI�?BQ�TaIYE6�1XZ?Z?ZbW=@GHFJI�E_ADTWC1F�;ZTph F�ha;ZbWF\?,QcTWIYE
(x = 9 ; y = 4)

hB�6?Z?ZbWTWVYXZFJC:b¥AoORQcCUG XZbWF\KPF`¨cQcE1CUF`]_^ZQcTaª
V�X0T0¨cQ�X0��?,F@CUGHF�E1E1C_ADTaE.KPF6E1CUQcXZ¨�F@C�bWF6?,Qcb J%I��cGHF6KPF ]�Q�babWQP]@ASEUTaQ�I¤KML QcC_KPC1F:f<VYXZTBTWIYE1FJC1?,QcbWF6�A�%� �*� � � b¥A\¨SADbWF@X0C
ADX ?,QcTWIYE6KML AB40�U]�T¥�1�1F

x = 10
F�E6VYXZTM?,F@CUGHF�E1E1C_ADTaE�K©L Ar¨�QcTWC�XZI0FY4BQ�IZIZF`AD?Z?0C1QrªPTWGHADE1TWQcI KZF`b�L F@CUC1FJXZC�F@I­]�F[?,QcTWI�E

Ar¨cFJ]<XZI¶GHTaI0TaG<XZG KPF¤]JADb¥]�XZbphe7�= ADbWTW�1F@C`]@F�EjEUF¤TWI�EUF@CU?BQ�bWADE1TWQcI �*ADX¶?,QcTWIYE KML A540�U]�T¥�1�1F
x = 10

¡>F@E KPQcIZI0F@C`XZIZF
AD?Z?ZCUQrªPTaG	ADE1TWQcI KPF`bpL F@CUC1FJXZC�]�QcGHGHT¥�jF�h
D�-_L*�¯����H

�������������

-3�
��QcGHGHF[baF ��?,QcTWI�E_��IZF\�1QcIYE�?0Ac�:=JVYXZT¥KPTW�jEUAcIYEU�J;PQcI­IZF`?,F@XPE6XZE1TWbaT¥�jFJC6VYXZF]\Mvr¡.bWAHGH=�EU^ZQPKPF\KPF @¯ADqcC_ADI0qcF QcX«dc¡�b¥A

GH=�EU^ZQPKPF6KPF6°6F@n�EUQcI©hP9>I	XPE1TWbaT¥�1F@C_A`]�F�E1E1F6KZF@XPªPT 2@GHF:GH=�EU^ZQPKPFchP9>IHKZQcTaE�ADX0�U�1TZXPE1TWbWTW�1F@C�XZI	?BQ�b�J%I���GHF:KPF6]�Q�babWQP]@ADE1TWQcI



KML QcC_KPCUF�E1CUQcT¥�@;cTab,IZQcXB��O*AcXPE.KPQ�I0]:VYX0ADE1CUF:?BQ�TaIYE_�@hY¬�XZT¥�1VYXZF>b�L =@I0QcI0]@=:IZQcXB�£?ZCUQc?,Q��1F
6
?,QcTWIYEU��F�E�?0C1= ]�TW�1F6VYXZF>b�L QcI¤KPQ�TsE

TWI�EUF@CU?BQ�baFJC��A�%� �*� � �
;DbWF:?BQ�TaIYE_��KML AB4B�1]@TW�U�jF
x = 10

;DQcI ?ZC1FJI0KPC_A`KPQcIB]:bWFJ��?,QcTWIYEU�.VYXZT0FJI0]�FJCU]@baF:bWF6GHTWF@XPª¤]@F:?BQ�TaIYE_�@;
]DL FJ�jE:`HKPTWC1F[bWFJ��VYX0ASEUC1F`KPFJC1I0TaFJCU��?,QcTWIYEU�Jh
D�LG�¯����H�h
��I­?ZCUF@I0AcIYE�KZQcI0] bWFJ��VYX0ASEUC1F`KPFJC1I0TaFJCU��?,QcTWIYEU�J;PbaF[E_AB4ZbWFJAcX�KPF ��KPT�<,=JC1FJI0]�F ��KPTa¨%T¥�j=JFJ���JL = ]�CUTsE ;

x y ∆y ∆2y ∆3y
² d

�

g d vrmPv d
vSmDd �

v�v u vrmPv d
v

v f �

D7T �~����H

9>I�Q54PEUTaFJI�E�bWF`?BQ�b�J%I���GHF[�1XZTW¨SADIYEJ;

P3(x) = 2 + (1/12)(x − 5)(x − 7). < 4 pts >

¬®QcXZC�bpL TaIYE1FJC1?,Qcb¥ASEUTaQ�I Q�I EUC1Q�XZ¨cF�;

P (10) = 2 + (15/12)

= 3.25. < 1 pt >

+.�
@©F	?0baX0� �jTWGH?ZbaF�;©bWF	?ZbaXB�\?ZCU=J]@TW�[F@E baF	GHQ�TaI0� ]�Q��ZE1F@XZª F@Il]JADb¥]�XZb£�1F@C_ADTaE`G	ADTWI�EUF@I0AcIYE KML XZE1TWbaT¥�jFJC\b¥A GH=@E1^ZQPKPF KZF

°:FJn�E1Q�I � C1FJqcQcC,J½�1XZC¤bWFJ�¤VYX0ADE1CUF�?BQ�TaIYE_�
(7 ; 2)(9 ; 4)(11 ; 4)(13 ; 6)

V�X0T>�1QcIYE¤=JVYXZT¥KPT¥�8E_ADIYEU� F�E VYXZT>IZQcX0�
?,F@CUGoF@EjEUCUAcTsE:KML Ar¨cQ�TaC�XZIZFY4,QcI0IZF\AD?Z?0C1QrªPTWGHADE1TWQcI KZF`b�L F@CUC1FJXZC.O*ADTaE1F\�1XZC:]�F@EjEUF`TaIYE1FJC1?,Qcb¥ASEUTaQ�I©h.D�LG�¯����H

��I ?ZC1FJI0ADIYE[KPQcI0] baF �[V�XBASE1CUF ?,QcTWIYE>GHF@IYEUTaQ�IZIZ=J� ?ZCU=J]@=JKPFJGHGoFJIYEo�R?0baX0� bWF<?,QcTWIYE[Ar¨SAcI�E>?BQ�XZC[?BQ�XZ¨cQ�TaC ]@ADb¥]�X0baFJC
XZIZF\Ac?Z?ZCUQrªPTaG	ASEUTaQ�I KPF`bpL FJC1CUF@X0C�]@QcGHGHTW�1F ¡�;ZbWF>E_AB4ZbWFJAcX�KZFJ�:KPT�<�=@CUF@I0]@FJ���JL = ]�CUTsE ;

x y ∆y ∆2y ∆3y ∆4y² d
�

g d d
d � u

� u �8d �

� u
vcv u d

d
vJf �

D�LG�~����H



9>I�Q54PEUTaFJI�E�bWF`?BQ�b�J%I���GHF[�1XZTW¨SADIYEJ;

P3(s) = 2 + 2s− 2

2
s(s − 1) +

4

6
s(s − 1)(s − 2). < 4 pts >

Ar¨cF ]
s = (x − 7)/2

;ZKPQcI0] FJI
x = 10

\
s = 3/2

F�E:Q�I EUC1Q�XZ¨cF[?,QcXZC�¨SAcbaFJXZC�TaIYEUF@CU?BQ�ba=JFc;

P3(s = 3/2) = 2 + 2(3/2)− (3/2)(1/2) + 2/3(3/2)(1/2)(−1/2)

≈ 5 − 1 = 4. < 1 pts >

�¯¨cFJ] XZI0F FJC1CUF@X0C�Ac?Z?ZCUQrªPTaGH=@F[KPF`bpL Q�CUKZC1F[KPF 1
24s(s − 1)(s − 2)(s − 3)∆4y0

F@I
s = 3/2

;P]@F\V�X0T©IZQcXB��KPQcIZI0F

|E ��� 
���� � ��� �	
 � � � | =
9

384
× 8 =

9

48
≈ 0.1875

h DP+*�~����H


