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∼
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��G¢>.^.@BAQE	@P\XN�deN�sPScDP9pD?G��`­%ERNPdcNPs�SeD8N�V	D`G.\`NPAQD �;ScNY\_^;SeERScD=N�V¢<?\`NPdcNPsPScDP9PNPG¢AQD`G.\`NPGHC/AQD�MOAQ<?THV;D`ERERD`GHC�IYD?��deN�Sc��IYSeC/D?�

! ^H­%>�D`A"�bN�deSUTHV;D?�$#°THV;SÃN�GHC�>�NPV.A[D&%Y>;AQD?�Q�kScNPG

y (x) =
a x

b + x
��DXC/C/D	dcNPS
IYN�G;G;DP9K>b@BAZD&%YD?EF>.deD�9Kdc@³sPA_@BGbIYD`V;AWIKJ V;G;D¢\`NPG.\`D`GHC/A_@pCQSeN�G IKJ V;G >;A/NYIYV.SuCWMONPV.A/G;S
>b@BAWV;G;D	AQ<?@�\1C/ScNPG D`G��?­�'
E	@pCQScTHV;D �)NPV¤drJ @�\1CQS)(%SeC/<¯IKJ V;G;D¯D?G��`­%ERD]�[D`G¥MONPGb\1C/ScNPG�I;D¯dc@	\`NPG.\`D`GHC/A_@pCQSeN�G¤IKJ V.G;Da@BV;C/AQD¯�kV��b�6C_@BG.\`D¢�OV;G;DF�kV*�.�6C_@BG.\`D
G%VYC/AQSeC/S+(PDZ>.@PA8D&%YD`ER>;dcD]�Xq���G,�;ScNPdcNPs�SeDZE	@PA/ScG;DP9;\`DXC/C/D¯dcNPSÃScGHC/D?A-(%ScD`GHC?9;>b@BA8D.%%D?ER>;deD�9.I;@PG.�[dcDZCQ@PV�%³IYD¯\`A/N�Sc�Q�Q@BG.\`DR�

y
�

IYV¥>;^%­HC/N�>;dc@PG.\1CQNPG³D`G MONPG.\XC/ScNPG¤IYDWdU@	\XNPGb\XD`GHCQAQ@BC/ScNPG IÃJ V;G¥<?de<?EFD?GHC�G%VYCQA/SeC/SeM[�
x
�Xq

/g@¯sPA_@BG.IYD?V;A
y
�)THV;S�D]�6C,V;G	CQ@PV�%��;ScNPdcNPsPSUTHV;D]�
<XCQ@PGHC�D`GHC_@P\_^;<?D=IKJ V;G;D°D`AQA/D?V;A�D&%Y>�<`AQSeERD?G�C_@BdcDP9HNPG \_^.D`A_\_^;D`A_@ZI;@BGb�

\XD:>;AQN0�;dc®`ERDP921	D]�6CQSeERD`A]9�>bN�V;A4V.G;DF�/<`AQScDaIYD
N
IYNPG;G.<`D?�4D&%Y>�<`AQSeERD?G�C_@BdcD?�

(yi = y(xi)
�X9�dcD?�4>.@PAQ@PEF®`C/AQD?�

a
D`C

b
IYD

\XD`CkCQDZdeN�SK>.@BA[dU@FEF<`C/^;NYIYD¯I;D?�[ERNPScG.IYAQD?��\?@BAQA/<?D?�?q
343435343

©�q �)@�� 24NPG;G;D?A§drJ D.%Y>;A/D]�/�/ScNPG
R(a, b)

@P>;>bD?de<?D8AQ<?�/ScIYV	N�V	<?\?@BA/C§T�Vb@PIYA_@pCQScTHV;D¯�OMONPG.\XC/ScNPG¢IYD]�§\XN%D.6	\`SeD?GHCQ�
a
DXC

b
DXC

IYD]�
N
IYNPG;G.<`D?��D&%Y>b<?A/ScERD`GHCQ@PdeD]�

xi

9
yi = y(xi)

�
THV;S.�/D`A_@BSeC
EFScG;ScERSc�/<`D8>b@BA�\XD`CkCQD[EF<`C/^;NYIYD4IYD?�
ERN�SeG.I;A/D]�
\`@PA/AQ<?�?q
7�8 �²�9
;:

�<�b�³24NPG;G;D?A8dcD?��<?THV.@BC/ScNPG.��G.NPAQER@PdeD]�,>bD?A/ERDXC/CQ@PG�C=I;DWC/AQNPV�(�D`A�deD]�[\XN%D&6¢\`SeD?G�C_�
a
DXC

b
@PV³�/D`G.�[I;D?�[ERNPScG.IYAQD?�

\`@PA/AQ<?�[I;D¯\XDXC/C/D¯dcNPS��OSrq D�qe9bdeD¯�/­Y�6CQ®`ERD¯IKJ <?THV.@pCQSeN�G.�8THV;SÃ>�D`AQERDXC/C/A_@RD`G.�/V;SeC/DaIYDWCQA/N�V�(PD?A[deD]�8\XN%D.6	\`SeD?GHCQ�
aDXC

b
@BV¤�/D`G.�[I;D?��ERNPScG.IYAQD?�[\?@BAQA/<]�Q�Xq

7�= �²�9
;:
��\?�¥¬Y@PG.�[AQ<?�/NPV.IYAQDZ\XD¯�/­Y�6CQ®`ERD¯IKJ <?THV.@pCQSeN�G.�?9.IYScA/D¯THV;D?dr���Q�,C6­%>�D����Q�[I;DZEF<`C/^;NYIYDH�)�_��G%V;ER<`AQScTHV;DZ>�D`AQERDXC/C/A_@BSeC
IYDZdcDWA/<]�kN�V.IYAQDPq
7�8 �²�9
;:

343435343
f;q �)@��¥74G>(p@WER@PSeGHCQD`G.@PG�CÅCQD`GHC/D?A§IYD[dcSeG;<]@BAQSc�/D`A
dcD[>;AQN0�;dc®`ERD�>�NPV;A�>�NPV*(PNPScA�@BAQAQS)(�D`A?1WIYD`V�%F<?THV.@BC/ScNPG.�
G.NPAQER@PdeD]�

dcSeG;<]@BScA/D]�§THV;S��kD?AQ@PSeD?GHC
M)@P\XScdcD`ERD`GHC,�/NPd+(p@@�;dcD?�?q0/gD4\_^.@PG;sPD?EFD?GHC�IYD (p@BAQSU@@�;dcD?��T�V.D8d�J NPGA(t@:\XN�G.�kSUIY<?A/D?A§I;@BGb�
V;G¥>;AQD`ERScD`A�C/D?ER>.�[D?�kC[deD¯�/V;S+(p@BGHC

{

z = 1/y

w = 1/x

��G�VYCQSedcSc�Q@BGHC¢\XD¤\_^.@PG;sPD?ERD`GHCFIYDB(p@BAQSU@@�;dcD?�?9ÅEFN�GHC/AQD`A	THV;D¥deD]�FI;NPG;G;<?D?�
zi = z(wi)

(PN�GHCR�/D¥A/<?>.@BA/C/ScA
dcSeG;<]@BScA/D?ERD`GHC?q
7 ���²�9
;:

�<�b�C��G VYC/ScdeSU�Q@BGHC4dcD?�4IYNPG;G.<`D?�=D&%Y>�<`AQSeERD`GHC_@BdcD?�=I;NPG;G;<?D?�=>.@BA4deDaCQ@@�.deD]@BV \`S�IYD]�/�/NPVb�`9;D]�6CQSeERD?A4E	@BScGHC/D?G.@BGHC
aDXC

b
@BV¤�/D`G.�[I;D?��ERNPScG.IYAQD?�[\?@BAQA/<?D?�?q

xi 0.5 1.0 2.0 4.0 10
yi = y(xi) 1.8 1.2 2.4 3.9 6.7

74G¤IYNPG.G;D`A_@adcDWCQ@0�;dcD?@BV¥�/V;S)(p@PG�C

∑N
i=1

1
xi

= 3.85
∑N

i=1
1
x2

i

= 5.3225

∑N
i=1

1
yi

≈ 2.21122
∑N

i=1
1

yi xi

≈ 2.23181



N��
N
D]�6CaSU\XS§deD¢G.NPE �.A/D¢IYD	>�NPScGHCQ� �

N = 5
�WIYD \XD >;A/N;�;dc®`ERD��)\`DRCQ@@�.deD]@BV DXCa>.deV.�a>;AQ<?\XSU�/<`ERD`GHCa\XD?A�'

CQ@PSeG.D?�1n]C/N�VYC/D]��I;DW�/D?��<`sH@BdcSuCQ<?� (PN�V.�,>bD?A/ERDXC/C/AQNPGHC,I;DW�Q@BV*(PD`A,IYV C/D`ER>.��IYDZ\?@BdU\XV;d�>bN�V;A�dc@:AQ<?�/NPdcVYC/ScNPG I;D
\XD`CkCQD¯T�V.D?�kC/ScNPGb�Xq
7�� �²�9
;:

��\?���[CQSedcSU�kD?A8deD]� (p@BdcD`V;A_��>;AQ<?\X<]IYD`ERERD`GHC[D?�kC/ScER<`D]�[IYD
a
DXC

b
>�NPV;A[ScGHC/D`AQ>�NPdcD`A

y(x = 3.0)
q

7�8 �²�9
;:
343435343

h.q �)@����ÅNPV;A¯\`DFC6­H>�D¢IYDR>;AQN0�;dc®`ERD�9KdeD]�Z\_^.@BG;s�D`ERD`GHC_�ZIYD>(t@PA/SU@@�.deD]�°\`NPG.I;V;Sc�Q@BGHC 1³dc@³dcSeG.<?@BAQSeC/<	IYV ERN%I;®`dcDFG.D
�/NPGHC[>.@P��V;G.ScTHV;DZD`C8NPG³>bD?VYC=\XN�G.�kSUIY<?A/D?A?9%>.@PA[D&%YD`ER>;dcDZdeDZ\_^.@PG;sPD?ERD`GHC8IYD (t@PA/SU@@�.deD]�[�kV;S+(p@BGHC

{

z = x/y

w = x

��G¢V;C/ScdeSU�/@PGHC�\XD=\_^b@BG;s�D`ERD`GHC�IYD (p@BAQSU@@�;dcD?�?9BERNPGHC/AQD`A�T�V.D8deD]��IYN�G;G;<`D]�
zi = z(wi)

(�NPGHC§�kD[AQ<`>b@BA/C/ScA§@BV.�Q�/S
dcSeG;<]@BScA/D?ERD`GHC?q
7�8 �²�9
;:

�<�b�C��G	VYCQSedcSU�/@PG�C�deD]��IYNPG.G;<`D]�
D&%Y>�<`AQSeERD`GHC_@BdcD?�
>;AQ<?\`<?IYD?GHC/D?�ÅD`C§dcD[CQ@0�;deD]@BV	\XSbIYD?�Q�kN�V.�?9BD?�kC/ScERD`A
a
D`C

b
@BV¢�/D`G.�

IYD]�[ERNPScG.IYAQD?��\`@PA/AQ<`D]�`q
7�� �²�9
;:

∑N

i=1 xi = 17.5
∑N

i=1 x2
i = 121.5

∑N

i=1
xi

yi

≈ 4.4626
∑N

i=1
x2

i

yi

≈ 21.6668

��\?���[CQSedcSU�kD?A8deD]� (p@BdcD`V;A_��>;AQ<?\X<]IYD`ERERD`GHC[D?�kC/ScER<`D]�[IYD
a
DXC

b
>�NPV;A[ScGHC/D`AQ>�NPdcD`A

y(x = 3.0)
q

7�8 �²�9
;:
343435343

w.q
	4VÃJ D?�kC8\XD¯THV;SKAQD`G.IYA_@BSeC8\XD`CkC/DWD]�6CQSeE	@pCQSeN�G³I;D?�[ERNPScG.IYAQD?��\?@BAQA/<?D?�,>;dcV.��A/N;�;V.�kC/DZ@BV �;AQV;SeC��Zª
N�V.��>bN�V�(PD��
>;AQNP>�N��/D`A�>;dcV.�/SeD?V;AQ�[�/NPdcVYCQSeN�G.��>bNH�/�/S+�;deD]�`q
7�
 �²�9
;:

� ��� � 	 
?�

� �k���
/ÃDWAQ<?�/ScI;V³THV;DZdrJ N�G³\_^.D`A_\_^;D 1FERScG;SeERSU�kD?A8>.@PA[dc@:C/D]\_^;G;SUTHV;DZIYDZdeSU�Q�/@PsPDWIYD?�[ERN�SeG.I;A/D]�,\?@BAQA/<]�,D?�kC

R(a, b) =

N
∑

i=1

(

yi −
a xi

b + xi

)2

< 3 pts >

� ���?�
±²A/N�V�(PD?AadcD?�	\XN%D.6	\`SeD?GHCQ�

a
DXC

b
@PV��/D`G.�RIYD]�RERNPScG.IYAQD?�R\`@PA/AQ<?�?9�\PJ D]�6CFC/AQNPV*(PD`A

a
D`C

b
>bN�V;A	T�V.D

R(a, b)
�/NPSeC

ERSeG.SeE	@Bdr9.\PJ D]�6C 1	IYScA/D°CQD`dgTHV;D ∂R(a,b)
∂a

= 0
DXC ∂R(a,b)

∂b
= 0
q�/²@FI;<`AQS)(p@pCQSeN�G >b@BA[A_@B>;>�NPA/C�@PV >b@BA_@BER®XCQA/D

a
IYN�G;G;DRl

∂R(a, b)

∂a
= 2

N
∑

i=1

(

yi −
a xi

b + xi

) ∂
(

yi − a xi

b+xi

)

∂a
= 2

N
∑

i=1

(

yi −
a xi

b + xi

)(

− xi

b + xi

)

/�J <?THV.@BC/ScNPG G;NPAQE	@BdcDWTHV;SÃ�/D¯IY<]IYV;SeC=IYD ∂R(a,b)
∂a

= 0
D?�kC8IYNPG.\

a

N
∑

i=1

( xi

b + xi

)2

=

N
∑

i=1

( xi yi

b + xi

)



/g@RIY<?A/S+(p@pCQSeN�G >.@PA[AQ@P>;>bN�AkC8@PV >.@PAQ@PER®XC/AQD
b
IYN�G;G;D

∂R(a, b)

∂b
= 2

N
∑

i=1

(

yi −
a xi

b + xi

) ∂
(

yi − a xi

b+xi

)

∂b
= 2

N
∑

i=1

(

yi −
a xi

b + xi

)(

− a xi

(b + xi)2

)

/�J <?THV.@BC/ScNPG G;NPAQE	@BdcDWTHV;SÃ�/D¯IY<]IYV;SeC=IYD ∂R(a,b)
∂b

= 0
D?�kC8IYNPG.\

a
N
∑

i=1

( x2
i

(b + xi)3

)

=
N
∑

i=1

( xi yi

(b + xi)2

)

¡8N�V.�,C/AQNPV*(PNPGb�,I;NPG.\°dcD¯�k­Y�kC/®`ERDZIKJ <?THV.@BC/ScNPG.��G;N�A/E	@PdeD]�,�/V;S+(p@BGHC/D]�`9















a
∑N

i=1

(

xi

b+xi

)2

=
∑N

i=1

(

xi yi

b+xi

)

a
∑N

i=1

(

x2

i

(b+xi)3

)

=
∑N

i=1

(

xi yi

(b+xi)2

)

7�= ����
�:

� �����
74G¥@RV;G¤�k­Y�kC/®`ERDZIYD¯IYD?V�% <]THV.@pCQSeN�G.��G;NPG³dcSeG;<]@BScA/D]� 1FA/<]�kN�V.IYAQDP9YNPG³>�NPV;AQAQ@PSuC[VYCQSedcSU�kD?A8dc@FER<XCQ^;NYIYD¯IYD¯¡=D`o�C/N�G

� 'L58@P>;^.�/NPGb��NPV³dU@REF<`C/^;NYIYDZIYD]�[>�NPScG�C_����%YD?�[>�NPV.A[deDWAQ<?�/NPV.IYAQDPq 7�8 �²�9
;:


 �k���
74G¥@;9;@�(PD]\=dcD¯\_^.@PG;sPD?EFD?GHC�IYD (p@PA/SU@@�;dcD?�W�

z = 1/y
DXC

w = 1/x
�

y =
a x

b + x
1

y
=

b + x

ax
=

b

a

1

x
+

1

a

z =
b

a
w +

1

a
z = A w + B

THV;S�G;NPVb�:\`NPG.IYV.SuC�1�dU@ IYSU�kC/AQS)�;V;C/ScNPG¹dcScG;<?@PSeAQD IYD]�FI;NPG;G;<?D?�
(z(wi) = zi, wi)

@�(PD]\¢dcD?�:>.@BA_@BER®`C/AQD?�
(A, B)

��@�(PD?\
A = b

a

D`C
B = 1

a

�Xq 7 ������
�:


 ���?�
� V³�kD?G.��IYD?�,ERNPScG.IYAQD?��\?@BAQA/<]�`9�deD]��>b@BA_@BER®XCQA/D]�

(A, B)
�/NPGHC[�kN�deV;C/ScNPG.�,IYD?��<]THV.@pCQSeN�G.�§G.NPAQER@PdeD]�§N�V IYV³�k­Y�kC/®?EFD

E	@pCQA/SU\XScD`dÃ�/V;S+(t@PGHC
(

∑N

i=1 w2
i

∑N

i=1 wi

∑N

i=1 wi N

)(

A

B

)

=

(

∑N

i=1 wi zi

∑N

i=1 zi

)

��G¥VYCQSedcSc�Q@BGHC[dcD?�[ScGYMONPAQE	@pCQSeN�G.��IYNPG;G.<`D?� 1FdrJ <?G;NPGb\X<P9.NPG³D`G¤IY<?I;V;SuC
(

5.3225 3.85

3.85 5

)(

A

B

)

=

(

2.23181

2.21122

)

< 3 pts >



>;V;SU�[>.@PA�V;G;DZNP>�<`A_@pCQSeN�G <?de<?ERD`GHCQ@PSeAQDF�
R2 = R2 − 3.85

5.3225R1 . R2 = R2 − 0.7233R1
�

(

5.3225 3.85

0 2.21512

)(

A

B

)

=

(

2.23181
0.59685

)

DXC4D`G �.Gg9.>.@PA=�kV*�.�6CQSuCQVYC/ScNPG�@PA/AQSc®`AQDP9%NPG¥CQA/N�V�(PD
B ≈ 0.2694

DXC
A ≈ 0.2244

7�
 �²�9
;: 9b\PJ D]�6C 1	IYSeAQDP9
b/a = 0.2244DXC

1/a = 0.2694
9HN�V

a = 3.7113
D`C

b = 0.8328
>�NPV;A �bG.@BdcD`ERD`GHC[V;G;DZdcNPSÃI;DZdc@:MONPAQERD

y (x) =
3.7113 x

0.8328 + x
< 3 pts >


 �����

y (3.0) =
3.7113× 3.0

0.8328 + 3.0
≈ 2.9049 < 3 pts >

5��%����le©�q xHnph

8 �k���
74G¥@;9;@�(PD]\=dcD¯\_^.@PG;sPD?EFD?GHC�IYD (p@PA/SU@@�;dcD?�W�

z = x/y
DXC

w = x
�

y =
a x

b + x
x

y
=

b + x

a
=

b

a
+

1

a
x

z =
b

a
+

1

a
w

z = B + A w
THV;S�G;NPVb�:\`NPG.IYV.SuC�1�dU@ IYSU�kC/AQS)�;V;C/ScNPG¹dcScG;<?@PSeAQD IYD]�FI;NPG;G;<?D?�

(z(wi) = zi, wi)
@�(PD]\¢dcD?�:>.@BA_@BER®`C/AQD?�

(A, B)
��@�(PD?\

A = 1
a

D`C
B = b

a

�Xq 7�8 ����
�:

8 ���?�
� V³�kD?G.��IYD?�,ERNPScG.IYAQD?��\?@BAQA/<]�`9�deD]��>b@BA_@BER®XCQA/D]�

(A, B)
�/NPGHC[�kN�deV;C/ScNPG.�,IYD?��<]THV.@pCQSeN�G.�§G.NPAQER@PdeD]�§N�V IYV³�k­Y�kC/®?EFD

E	@pCQA/SU\XScD`dÃ�/V;S+(t@PGHC
(

∑N

i=1 w2
i

∑N

i=1 wi

∑N

i=1 wi N

)(

A

B

)

=

(

∑N

i=1 wi zi

∑N

i=1 zi

)

��G¥VYCQSedcSc�Q@BGHC[dcD?�[ScGYMONPAQE	@pCQSeN�G.��IYNPG;G.<`D?� 1FdrJ <?G;NPGb\X<P9.NPG³D`G¤IY<?I;V;SuC
(

121.5 17.5

17.5 5

)(

A

B

)

=

(

21.6668

4.4626

)

< 2 pts >

>;V;SU�[>.@PA�V;G;DZNP>�<`A_@pCQSeN�G <?de<?ERD`GHCQ@PSeAQDF�
R2 = R2 − 17.5

121.5R1 . R2 = R2 − 0.144R1
�

(

121.5 17.5

0 2.479

)(

A

B

)

=

(

21.6668
1.34118

)

DXCWD`G �.GÃ9K>.@PA°�/V��.�kC/SeC/VYCQSeN�GÇ@PA/AQSc®`AQDP9.N�G�CQA/N�V�(PD
B ≈ 0.54

DXC
A ≈ 0.1004

7�
 �²�9
;: 9K\BJ D?�kC 1³IYScA/D�9
b/a ≈ 0.54

DXC
1/a ≈ 0.10

9%NPV
a ≈ 9.96

D`C
b ≈ 5.355

>bN�V;A �.G.@PdeD?EFD?GHC8V;G;DWdeN�SgIYDWdU@FMONPAQEFD

y (x) =
9.96 x

5.355 + x
< 2 pts >



8 �����

y (3.0) =
9.96× 3.0

5.355 + 3.0
≈ 3.5763 < 3 pts >

5 �Y��� lc©Pq x�nBh

¡8NPCQ@RlY74GF>�D`V;C�G;NPC/D`A�T�VgJ Scd.­R@WV;G;D=I;Su¨�<`AQD`G.\`D8ScEF>.A/D]�/�/SeN�G;G.@PG�CQD�D`GHC/AQD8dcD[A/<]�kV;deCQ@BC�IYD[drJ ScGHC/D?A/>�NPdU@pCQSeN�GRI;D?�§I;D`V�%
ER<XCQ^;NYIYD?�W�OSrq DPqc9;T�V.D?�kC/ScNPG³f.�)\]�§D`C�hb�)\]�k�1qY3Ld�M)@PVYC8\XNPER>;AQD`GbIYA/D°THV;DZI;@BG.��dcD?�[IYD?V�% \`@���N�G �/D4A_@BER®?G;D 1:V;G;DWdcSeG;<]@BAQSuCQ<
�OD`C§IYNPGb\ 1ZIYD?�Å<]T�Vb@pC/ScNPGb�ÅG;NPAQE	@BdcD?��M)@P\`SedcD`ERD?G�C§�/NPdcV��;dcD?�_�²E	@BSU��@�(PD]\§V;G¢\_^b@BG;s�D`ERD`GHC�IYD (p@BAQSc@0�;dcD?�ÅIYSe¨�<?A/D?G�C]qP±²NPVYCQD
C/A_@BGb�6MON�A/E	@pCQSeN�GÃ9K\XN�EFERD¢\`D¢\_^.@BG;s�D`ERD`GHC¯IYD�(p@BAQSU@@�;dcD?�?9K�kDRM)@PSuCa@PVÇ>.A/S)% IKJ V;G;D¢ERNYIYS �b\`@BC/ScNPG IYD	dU@¤�6CQA/V.\XC/V;AQD	IYD?�
D`AQAQD`V;A_�`q � SeGb�kSr9�dcD8>;AQD`ERScD`A,\_^.@BG;s�D`ERD`GHC§IYD (t@PA/SU@@�.deD]�`9P@�\`\`NPA_IYD`A_@=V.G;D=>;dcV.�§sPA_@BG.IYD[ScER>bN�AkC_@BG.\`D8@BV�%FM)@BS+�;dcD?� (t@PdeD?V;A_�
IYD

yi

9gdcD IYD?V�%YSe®?ERD \_^.@BG.sPD`ERD?G�C¯IYDA(t@PA/SU@@�.deD]�`9gTHV.@PG.I�1¥deV.S�9�IYNPG;G.D`A_@¥V;G;D¢>;dcV.�asPA_@BG.IYDRScER>bN�AkC_@BG.\`D¢@BV�%ÇMONPA/C/D]�
(p@BdcD`V;A_��IYD

yi

q�¬%SKNPG G;D°M)@BSeC8>.@P��IYDZ\_^.@PG;sPD?EFD?GHC�IYD (p@BAQSU@@�;dcD?�,DXC[N�G AQ<?�/NPVYC�dcDW�/­Y�6CQ®`ERDWIKJ <]THV.@pCQSeN�G.�,G;NPG³deScG;<]@BScA/D]�
N0�;C/D`G%V³D`G ©���\?�X9;NPG¥IYNPG.G;D`A_@aV.G;DZ<`sH@BdcD°ScER>bN�AkC_@BG.\`D 1aCQNPVYCQD?��dcD?� (p@PdeD?V;AQ��IYD

yi

q
2°@BG.��\XD?AkC_@BScG.��\`@��`9YIYN�G;G;D`A]9%sPA � \`D4@BV�%¢EFNYIY®?deDW\XN�G.�/ScIY<?A/<�9%V;G;D°>;deVb��sPA_@BG.IYD4SeER>�NPA/CQ@PG.\XDW@BV³>;dcV.��MONPA/C/D (t@PdeD?V;A_�,I;D
yi

D]�6C[>;AQ<XMO<?A/<W>.@PA[deD]�[�6C_@pC/SU�kC/SU\XScD`G.��D`C8>.@BA�dcD?� �;ScNPdcNPs�Sc�kC/D]��T�V.SÃ�/@�(�D`GHC�THV;DWdcD?�[>.deV.�,MON�AkCQD (t@PdeD?V;A_�[IYD
y
�OSU\XSÃScdg�?J @PsPSeC

IYD8\`NPG.\`D`GHC/A_@pCQSeN�Gb���kN�G�C§@PV.�Q�kSYdcD?�
ERD]�kV;AQD?�§T�V.S.�kN�GHC�deD]�
>;dcV.� �b@0�;deD]�8�OSrq DPqc9BdeD]�
ERNPScG.�
D?G�C_@P\_^;<]�
IKJ D`AQA/D?V;AQ�
I;D[EFD]�kV.A/Dt�
DXC
IYN�G�C�Sed%D]�6CÅ>;AQ<XMO<`A_@@�.deD]�gIKJ @P\?\XNPA_IYD?AgV;G;D,>;dcV.��sPA_@BG.I;D�SeER>�NPA/CQ@PG.\XDW�OSrq D�qe9p\`NPG �b@PG.\XDt�ÃI;@PG.�²deD,>;AQN%\`D?�Q�kVb�gIKJ SeGHCQD`AQ>bN�dc@@'
C/ScNPGgq

 0

 2

 4

 6

 8

 10

 0  2  4  6  8  10

y(
x)

x

Moindres Carres

y(x)=(3.7113*x)/(0.8328+x)
y(x)=(9.96*x)/(5.355+x)

¬%V;AWdcD:s�AQ@P>;^;SUTHV;D:\`S 'LIYD?�Q�/V.�`9�N�G�(PN�SuCZTHV;D:dcD	IYD`V�%%Sc®`ERDR\_^.@BG.sPD`ERD?G�CWIYD (t@PA/SU@@�.deD³�)IYN�G;G.@BGHCWV;G;DR>;dcV.�°sPA_@BG.I;DaScE '
>�NPA/CQ@BGb\XD:@PV�%¤MONPA/C/D]� (t@PdeD?V;A_�4IYD

yi

�=@��/�/V;AQDadcD:AQ<?�/SUIYV dcD:>.deV.�°M)@PS)�.deDFDXCWD?�kC¯�/@PG.�4I;NPVYCQD:dU@ ERD?SedcdeD?V;AWSeGHCQD`AQ>bN�dc@BC/ScNPG
I;@PG.�[\XD¯\?@P�?q /²@F>;A/D?ERSe®?A/D°C/A_@BGb�6MON�A/E	@pCQSeN�G D]�6C=IYSeC/D¯I;D /gSeG.D`o,D?@�(PD?A�'��,V;A��PD8D`C8dc@R�/D?\XN�G.IYDWD?�kC8IYSeC/D¯IYD��ÇN%NPdeM6q

8 �
��dcV.�8IYDZIYN�G;G;<?D?��NPV¤�/SKV;G¥>.@BA_@BER®`C/AQD°IYDZdU@FdeN�SK<XC_@BSeC=\XNPG.GHV³NPV¥�/SÃV;G¥>bN�SeGHC8IYD¯IYN�G;G;<W<XC_@BSeC=\XN�G;G%VÃq

7�
 �²�9
;:

�������&	 �9�	�*�p�Y� � � 	�

��� ��� ����� ��� 8�� �²�9
��
¬%N�SuC[drJ ScGHC/<`s�AQ@PdeDW�/V;S)(p@PG�CQD

I =

∫ 2

1

f(x) dx =

∫ 2

1

ln
√

x dx
�6©]�

©�q � �H��� � �²�¥��� 
:���p�����	�P� 

�)@�� 24NPG;G;D?A:V.G;D @P>;>;AQN�%%ScE	@pCQSeN�G IYV¹\`@Pdc\`V;d�IYD \`DXCkCQD ScGHC/<?sPA_@BdcD¢D`G¹@P>;>;dcScTHV.@PGHCadc@ ER<XC/^.N%I;D³IYD]�¯CQAQ@P>b®��`D]�
�)THV.@�IYA_@pC/V.A/D]�,\`NPER>�N��/SuCQD?�_�§D`C8D`G¥VYCQSedcSc�Q@BGHC

4
ScG�CQD`A"(p@BdcdeD]�`q

7�� �²�9
;:
�<�b�³24NPG;G;D?A�V;G;D4@P>;>;AQN�%YSeE	@pCQSeN�G	sPAQN��Q�kSc®`AQD8IYD°d�J D`AQAQD`V;A�\XN�EFERSU�kD4>.@BA,dU@¯ER<XCQ^;NYIYD°IÃJ ScGHC/<`s�AQ@BC/ScNPG¢G%V;ER<?A/SUTHV;D
>;AQ<?\`<?IYD?G�CQDPq
7�
 �²�9
;:



��\?�¥¬%V;>.>bNH�kN�G.�WT�V.D:drJ N�G�G;DR\XN�G;G.@BSU�Q�kD:>.@P�°drJ D.%%>.A/D]�/�/SeN�G�@BG.@Pde­HCQScTHV;DFIYD:dU@ MONPG.\XC/ScNPG
f(x)
E	@BSU�4�/D`V;dcD`ERD?G�C

IYD]� (p@BdcD`V;A_��IYSc�Q\XAQ<XCQSc�/<`D]�[IYD¯\XD`CkCQD4MON�G.\1CQSeN�G,1FI;D?�8@0�.�/\`Sc�Q�/D?�,<?THV;SUIYSU�6C_@BGHC/D]�[�k<?>.@BAQ<`D]�,IÃJ V;G¥>.@��
h = 0.25�OSrq DPqc9

f(1.0)
9
f(1.25)

9
f(1.50)

9
f(1.75)

9
f(2.0)

�1q��?%Y>;deN�SuCQD`A=\`D?� (t@PdeD?V;A_�8IYSU�/\`A/<`C/SU�k<?D?��>�NPV;A°IY<XCQD`AQEFScG;D?A
V;G;D�@P>;>;AQN�%YSeE	@pCQSeN�G¹IYD¤dU@ �bN�A/G;D¤�/V;>�<`AQSeD?V;A/D¤IYD¤dU@ (p@BdcD`V;A¢@0�.�kN�deV.D³IYD�\`DXC/C/D¤D`AQAQD`V;A]q
2=<`C/D`AQERSeG.D`A	dcD
G;N�E �;AQDZIYD¯\_^;Se¨�AQD?�[�/Ses�G;S �b\`@BC/SeM)��D&%;@P\XCQ��I;@BGb��dc@>(p@BdcD`V.A[D?�kC/ScEF<?DZIYDZd�J ScG�CQ<`s�AQ@PdeD4C/AQNPV�(�<`D°D`Gm�6©�qc��@��/�1q
7�� �²�9
;:

f;q � �H��� � �²�¥��� 
�� � �.� �p�Y� � �p� 
��³� � 
�
 � � 	 	 � 

�)@�� �[CQSedcSU�kD?A°dU@ EF<`C/^;NYIYDRIYDRdU@ THV.@PI;AQ@BC/V;AQD��W@PV.�/�/ScD`G;G;DR@�(PD]\¯IYD?V�%¤C/D?A/ERD?�°>�NPV;AZ\?@BdU\XV;dcD`A°V;G;D (p@BdcD`V;AZ@B>�'
>;AQNY\_^;<`DZIYD

I
q

7�� �²�9
;:
h.q � �H��� � �²��� 	 �	��
K� � ��� �

� (�D?\°deDZ\_^.@PG;sPD?ERD`GHC8IYD (t@PA/SU@@�.deD
y =

√
x
DXC8V;G;DZScGHC/<?sPA_@pC/ScNPG >.@BA[>b@BA/C/ScDP9YAQ<?�/NPV.IYAQDW\XDXC/C/DZScGHC/<`s�AQ@PdeD�q

7 � ����
�:
wbq � � �;� �p�Y� � �p����� � �;�²� �
�[C/ScdcSc�/D`A4dc@ EF<`C/^;NYIYDFTHV;D (�NPV.�8�/NPV.^.@BSeC/D��¯>bN�V;AWIY<XCQD`AQEFScG;D?A=dcD:�/­%�kC/®?ERD:IKJ <?THV.@BC/ScNPG.�:�ONPG G;D (PN�V.�=I;D`E	@BG.I;D
>.@P�8I;DZA/<]�kN�V.IYAQDW\`Da�/­%�kC/®?ERD]�,>�D`AQEFD`CkC_@BGHC4IYDZCQA/N�V�(PD?A[deD]�[>�NPSUI;�=IKJ ScG�CQ<`s�AQ@BC/ScNPG

w1
DXC

w2
@PSeGb�kSgTHV;DZdcD¯>�NPScGHC

IKJ ScGHC/<?sPA_@pC/ScNPG
x2
IYD¯�/NPA/C/DWTHV;DZdU@aMON�A/E:V;dcDW�/V;S+(p@BGHC/D	�)THV;DZdrJ NPG¤@B>;>�D`dcdcDWTHV.@�IYA_@pC/V.A/DWIYD¯58@�I;@BVb�

J =

∫ 1

−1

f(x) dx ≈ w1f(−1) + w2f(x2)
��f��

�kN�SuCaIYD IYD`s�A/<¢IYD >;A/<]\XSU�kScNPGÇdcD¢>;dcV.�¯<?deD�(P<	>�N��Q�kS+�;dcDPqgª4<`AQS �bD`AaTHV;D
w1 = 1/2

9
w2 = 3/2

D`C
x2 = 1/3

D]�6C
�kN�deVYCQSeN�G�IYD�\`D¤�k­Y�kC/®`ERD¥DXC I;NPG;G;D?A	deD¤IYD?sPAQ<¤IYD¥>;A/<]\XSU�kScNPG dcD³>.deV.�¢<`dcD.(P<¥>�N��Q�kS+�;dcD¤IYD¤\XDXC/C/D¤ER<XCQ^;NYIYD �OD?G
IYNPG;Gb@BGHCZ>.@BA¯D.%YD`ER>;dcD	dc@B(p@BdcD`V.A¯IYD

n
N��

n
D]�6C¯dcD¢IYD?sPAQ<	deD	>;dcV.�Z<?deD�(P<¢IYV >�NPdc­%G	�PERD¢THV;D¢\XD`CkCQD¢ER<XC/^.N%I;D

SeGHC/<?sPAQD`A_@¯>.@PAkM)@PSuCQD`ERD`GHC1�1q
7�
 ����
�:

x;q�� ��� � � 
 � � 	 ��� 
 � �H��� � �²� 
 

��� �;� � ��� � 

¬%SbN�G�(PN�V.�§IYN�G;G;D4V;G	CQ@0�;dcD?@BV¢I;D4�/S %	>�NPScG�C_��AQ<`s�V;deSc®`AQD`ERD?G�C�D?�/>.@P\`<?�?9BC/AQNPV*(P<[dcD?�§C/AQNPSU��ER<XCQ^;NYIYD?��G%V;ER<`AQScTHV;D]�
(HV.D?�[D?G¥\`NPV;A_��dcD?�[>;dcV.�=>;A/<]\XSU�kD]�Z�O>.@PA8NPA_IYAQDZIY<?\`A/N�Sc�Q�/@PGHC�IYDa>;A/<]\XSU�kScNPG��§D?G�IYNPG.G.@BGHC8dcD`V;A8N�AQI;A/DZIYDZ>;AQ<?\`Sc�/ScNPG
A/D]�k>�D?\XC/SeM6q
�)¡8NPCQ@¥l;N�G¤�kV;>.>bNH�kD?AQ@RTHV;DZdrJ <]T�V.ScIYSU�kCQ@BGb\XDZIYD?�8>bN�SeGHCQ�8D?�kC

h << 1
D`C4THV;DZdcDWC/D`AQERD¯IKJ D`AQA/D?V;A8IYDZdU@REF<`C/^;NYIYD

IYD¯¬%SeER>.�/NPG ©pnph:DXC=hHn��aD?G¤T�Vb@PIYA_@pCQV;A/DW\XN�ER>bNH�kSeC/DZ\XN�GHC/ScD`GHC8IYD?�,CQD`AQEFD]��>.@BScA_��DXC8ScEF>b@BScAQ�?q �
7 � ����
�:

� ��� � 	 
?�

� �k���
74G³N0�YCQSeD?G�C]9;>.@PA,dU@RER<XCQ^;NYIYDZIYD?��CQAQ@P>b®��`D]�`9

I1,4 = (0.25/2)
(

f(1) + 2f(1.25) + 2f(1.5) + 2f(1.75) + f(2)
)

< 3 pts >

I1,4 ≈ (0.25/2)
(

0 + 0.2231435514+ 0.4054651082+ 0.559615788 + 0.345735903
)

I1,4 ≈ 0.1918497548 < 2 pts >

� ���?�
±²D`AQEFDZIKJ D`AQAQD`V;A�D`G

O(h2)
@�(PD]\

h = 0.25
9YSrq D�qe9YV.G;DZD`AQA/D?V;A[@B>;>.A/N�%YScER@BC/SeM�IYD ≈ 0.0625

q 7�
 ����
�:
� �����
74G¥@:dcD?��>�NPScGHCQ�8�/V;S+(p@BGHCQ�



x 1.0 1.25 1.50 1.75 2.0
f(x) 0.0 0.1115 0.2027 0.2798 0.3465

/�J D`AQAQD`V;A
E
�/V;A
\XDXC/C/D,SeGHCQ<`sPA_@BdcD��?J <?\XAQSeC −h2

12 (2−1)f ′′(ξ),
@�(�D?\

ξ ∈ [1, 2]
DXCÅG;NPV.�Å@PdedcNPG.��@B>.>;A/N�%YScERD`AgG%V;ER<?A/SUTHV;D&'

ERD`GHC
f ′′(ξ) ∀ξ ∈ [1, 2]

>.@PA8d�J @B>.>;A/N�%YScE	@pC/ScNPG³G%V;ER<`AQScTHV;D:\XD`GHCQA/<?D¯�kV;S+(p@BGHC/DZ>�NPV.A=dcD?�8>�NPScGHCQ�
x = 1.25

9
x = 1.50

9
x = 1.75

f ′′(xi) =
fi+1 − 2fi + fi−1

h2
< 0.5 pt >

DXC4deD]�8@B>;>.A/N�%YScER@BC/ScNPG.�,G%V;ER<`AQSUT�V.D?�8�/V;S+(t@PGHC/D?�8>bN�V;A8dcD¯>;AQD`ERSeD?Aa�
x = 1.0

�,DXC4I;D`AQG;SeD?Aa�
x = 2.0

�,>bN�SeGHC8AQD?�/>bD]\1CQS)(�D&'
ERD`GHC

f ′′(xi) =
fi+2 − 2fi+1 + fi

h2
< 0.5 pt >

DXC=�/NPG³<?THV;S+(p@BdcD`GHC

f ′′(xi) =
fi−2 − 2fi−1 + fi

h2
< 0.5 pt >

��D¢THV;S�G;N�V.�¯IYN�G;G;D
f ′′(x = 1) ≈ −0.3248

9
f ′′(x = 1.25) ≈ −0.3248

9
f ′′(x = 1.50) ≈ −0.2256

9
f ′′(x =

1.75) ≈ −0.1664
9
f ′′(x = 2.00) ≈ −0.1664

q 7 � � � �²�9
;:
74G³>;A/D?G.I dc@ (p@BdcD`V;A[E	@@% D`G (p@BdcD`V;A8@0�.�/NPdcV;DP9YSrq D�qe9

f ′′(x = 1.25) ≈ 0.3248
9�D`C8dc@ ��NPAQG;DZ�kV.>b<?A/ScD`V;AQDZ�`J <?\`A/SeC

|E| �
(0.25)2

12
× (2 − 1) × 0.3248 < 1 pt >

|E| � 0.0016916

|E| < 0.00169 < 0.005 = 0.5× 10−2 IYN�G.\°IYD`V�%³\_^;Su¨�AQD?�,�kN�G�C[�/Ses�G;S ��\`@pCQSuM)��@P>;A/®]�§dU@ (HScAQsPV;dcD=>�NPV;A�drJ D]�6CQSeE	@BC/ScNPG I;D
Î1,4
qb74G¤@RIYN�G.\

I ≈ 0.1918
7 � ���;:

¡8NPCQ@Çl ��GmV;C/ScdeSU�/@PGHC¯dc@¤\`NPG;G.@PSc�Q�Q@BG.\`DF@PG.@Bdc­HC/SUT�V.DRI;D
f(x)
9ÃNPGm@

f ′′(x) = −1/2x2 THV;S��kV;AZdrJ SeGHC/D?A-(p@PdedcD [1, 2]G;N�V.�WIYNPG;G.D |f ′′(x)| < 0.5
>;V;SU�Wdc@A�bN�A/G;DR�/V;>b<?A/ScD`V.A/DFIYD:drJ D`AQA/D?V;A°IÃJ D]�6CQSeE	@pCQSeN�G IYD

Î1,4
�/V;S)(p@PG�CQD |E| < (0.25)2

12 ×
(2−1)×0.5 = 0.002604

�)THV;S.G.NPV.�Å>�D`AQERDXCkCQAQ@PSuC§@PV.�Q�kS;IYD[IYScAQD8T�V.D8IYD`V�%F\_^;Su¨�AQD?���/NPGHC��kScsPG.S �b\?@pCQSuM)�
@P>;A/®]�Ådc@ (%ScA/s�V;deD
I;@PG.��deD¯\?@BdU\XV;dÃI;D

Î1,4
�1q


 �
��G³M)@BSU�Q@BGHC[deDZ\_^.@PG;sPD?EFD?GHC[I;D (t@PA/SU@@�.deD

x = t+3
2

9;>�NPV.A[deD]T�V.D`d
dx = 1

2 dt
9 7 � �²��:

G;N�V.��N0�YCQD`G;N�G.�

I =

∫ 2

1

ln
√

x dx

=
1

2

∫ 1

−1

ln

√

t + 3

2
dt

7�
 ����
�:

≈ 1

2

(

ln

√√
3/3 + 3

2
+ ln

√

−
√

3/3 + 3

2

)

7 � �²��:

≈ 1

2
(0.2907375987 + 0.09585734539)

≈ 0.1932974
7�
 ����
�:

8 �



J =

∫ 2

1

ln
√

x dx =

∫

√
2

1

2 y ln y dy
7 � �²�9
;:

=
[

y2 ln(y)
]

√
2

1
−
∫

√
2

1

y dy

= ln 2 −
[y2

2

]

√
2

1

= ln 2 − 1

2
≈ 0.1931471806

7 ������
�:
� �
� �;�p� � �H� � � ���
±²A/N�Sc�[>b@BA_@BER®XCQA/D]� 1 IY<`C/D?A/ERScG;D`A°\XNPERERDadcD?�8C/AQNPSU�8>.@PAQ@PER®XC/AQD?�=IKJ V.G�>bN�de­%G	��ERD:IYDFIYD`s�A/<aI;D`V�%¤THV;D:\`DXCkCQDaER<&'

C/^.N%I;DZSeGHC/<?sPAQD`A_@¯>.@PAkM)@PSuCQD`ERD`GHC

∫ 1

−1

K1x
2 + K2x

+K3 dx = w1

[

K1 − K2 + K3

]

+ w2

[

K1x
2
2 + K2x2 + K3

]

K1[
2

3
] + K2[0] + K3[2] = K1

[

w1 + w2x
2
2

]

+ K2

[

−w1 + w2x2

]

+ K3

[

w1 + w2

]

¬%N�SuC[dcD¯�k­Y�kC/®`ERDWN0�;C/D`G%V¥@B>;AQ®?��SUIYD?G�CQS ��\`@pCQSeN�G










w1 + w2x
2
2 = 2

3

−w1 + w2x2 = 0

w1 + w2 = 2


 � � � � �H� � � ��� �)��@PSc�=T�V.SKD?�kC8D`G³M)@BSeC/DWdU@RE��?ERD�� �
±²A/N�Sc�R>.@PAQ@PER®XC/AQD?��1mI;<XC/D?A/ERScG;D`A IYNPG.\³CQA/N�Sc�¢A/D?dc@BC/ScNPG.��1 CQA/N�V�(PD?A?q /²@ >;AQD`ERSe®?A/D¥D]�6C¢CQA/N�V�(P<?D¥D`G IYSU�/@PGHC T�V.D

\XD`CkCQD	A/D?dc@BC/ScNPG IYNPSeC¯SeGHCQ<`sPAQD`AW>.@PAkM)@PSuCQD`ERD`GHCWC/N�VYC¯>�NPdc­HG �PERD¢IYD��.@��kD	IYD¢IYD?sPAQ<
0
q�74GÇN0�YCQSeD?G�CaI;NPG.\ ∫ 1

−1
1 dx =

[x]1−1 = 2 = w1f(−1) + w2f(t2) = w1 × 1 + w2 × 1 = w1 + w2
q /g@¹IYD`V�%YSc®`ERD AQD`dU@pCQSeN�G�D?�kC C/AQNPV*(P<`D¤D?G

IYSU�/@PGHCaT�V.D¢\XDXC/C/D	AQD`dU@pCQSeN�GÇIYN�SuC¯ScGHC/<?sPAQD`AZ>.@PAkM)@PSuCQD`ERD`GHCWC/N�VYCa>�NPdc­HG �PERD	IYD �.@��kD	IYD¢IYD?sPAQ<
1
q�74G N0�;C/ScD`GHCaIYNPGb\

∫ 1

−1
x dx = [x2

2 ]1−1 = 0 = w1f(−1)+w2f(t2) = w1×−1+w2x2 = −w1+w2x2
qp36IYD`E >�NPV.A�dU@=C/AQNPSU�kSc®`ERD,A/D?dc@BC/ScNPG

E	@BSU�§@�(�D?\,deD4>bN�de­%G	��ERD8IYD �.@��kD=I;D=IYD`s�A/<
2
q%74G	N;�YC/ScD`GHC�IYN�G.\ ∫ 1

−1 x2 dx = [x3

3 ]1−1 = 2
3 = w1f(−1)+w2f(t2) =

w1 × 1 + w2x
2
2 = w1 + w2x

2
2

q
7 ������
�:

74G (P<`AQS �.D°THV;D
w1 = 1/2

9
w2 = 3/2

DXC
x2 = 1/3

D?�kC �;SeD?G³�/NPdcVYCQSeN�G³IYD¯\`D¯�k­Y�kC/®?EFD�q
7 � ����
�:

�ÅNPV;AZ�Q@�(PN�SeAW�kS
\`DXCkCQD	ER<XC/^.N%I;DFG%V;ER<?A/SUTHV;D:ScGHC/®?sPAQD:>.@PAkM)@PSuCQD`ERD`GHCWC/N�VYCZ>bN�de­%G	��ERDRI;DRI;D`sPAQ<FSeGYMO<?A/ScD`V.A°N�V <?s�@Pd
1¥CQA/N�Sc�?qgN�G (P<`AQS �.D �/S§dU@�AQD`dU@pC/ScNPGÇCQA/N�V�(P<?D¢SeGHCQ®`sPAQD¢@BVb�/�/S§>.@PAkM)@PSuCQD`ERD`GHC¯CQNPVYCF>bN�de­%G	��ERD IYDA�b@P�/D IYD IYD?sPAQ<

3
q
74G

N0�;C/ScD`GHC³IYN�G.\ ∫ 1

−1 x3 dx = [x4

4 ]1−1 = 0 = w1f(−1) + w2f(t2) = −w1 + w2x
3
2

THV;S4>�NPV.A dcD?� >.@BA_@BER®XCQA/D]�
w1 = 1/2

9
w2 = 3/2

DXC
x2 = 1/3

GÃJ D?�kC8>.@P� (%A_@BScDPq
7�
 ����
�:

� �
/g@W>.deV.��>;AQ<?\`Sc�/D=�/D`A_@BSeC�dc@ZER<`C/^;NYIYD°IYD45[N�E ��D`AQs¯@B>;>.deSUTHV;<`D=�/V;A§C/AQNPSU��<XC_@B>�D?��@�(PD?\�V.G	C/D?A/ERD=IKJ D`AQAQD`V;A�D?G

O(h6)�ON�G�N;�YC/ScD`GbIYAQ@PSuCRV;G;D¥>;AQ<?\`Sc�/ScNPG�I;D
O(h4)

>bN�V;A	dU@ IYD?V�%YSe®?ERD³<`CQ@P>bD¥DXC	N�G¹s�@PsPG;D?AQ@PSuCRIYD`V�%¹NPA_IYAQD >�NPV;A	\_^.@�THV;D



<XC_@B>�D]�Xq
7�
 �²�9
;:
��G.�/V;SeC/D�dU@4ER<`C/^;NYIYD8IYD8¬%ScER>.�/NPG³©tnph°\XN�ER>bNH�kSeC/D[\XN�E �;ScG;<�@�(PD]\§drJ D.%%C/A_@B>�NPdU@pC/ScNPGFIYD[5[SU\_^.@BA_I;�/NPGa>�NPV.A
V;GaCQD`AQERD

IKJ D`AQA/D?V;A�D`G
O(h5)

�ONPG³s�@PsPG;D?AQ@PSuC�V;G¥NPA_IYAQD4>b@BA[A_@B>;>�NPA/C 1FdU@RER<XC/^.N%I;D¯IYD¯¬%SeER>.�/NPG ©pnphF\XNPER>�N��/SuCQD]�Xq
7�
 �²�9
;:
��G.�/V;SeC/DZdU@:C/AQNPSU�kSc®`ERDZ�kD?AQ@PSuC�dU@REF<`C/^;NYIYD¯I;DZ¬YSeER>.�/NPG ©tnBh:\`NPER>�N��/SuCQD°D?G

O(h4)
q

7�
 �²�9
;:

������� � � 
 � � � � � � 	 ����� ��� �;� � � 	��C��� ���p� 	 � � � ����� � 
 � ����
��
©�q=¬%NPSeC[d�J <?THV.@BC/ScNPG¥IYSu¨�<`AQD`GHCQSeD?dedcD¯�kV.S)(p@BGHCQDP9

y′(t) = f(t, y(t)) = − exp(t) y2(t)
�)h��

@�(PD?\4dU@F\`NPG.I;SuCQSeN�G ScG;SeC/SU@BdcD
y(t = 0) = 1

q
�)@�� 5[<]�kN�V.IYAQDF\`DXCkCQDR<?THV.@pCQSeN�G IYSe¨�<`AQD`GHC/ScD`dcdeD	@�(�D?\¯dU@³ER<XC/^.N%I;DRIÃJ ��V.deD?AZDXC¯@�(PD]\¯V;GÇ>.@P�

h = 0.2
qg�,@BdU\XV;dcD`A

�/D`V;dcD`ERD`GHC
y(0.2)

9
y(0.4)

D`C
y(0.6)

��IYNPG.G;D`A¯dcD?�¯A/<]�kV;deCQ@BCQ�ZD?G @BAQA/N�G.IYSU�/�Q@BGHCWDXCaD?G s�@BA_I;@PG�C¯@PVÇERN�SeG.�
THV.@pCQA/DZIY<]\XScE	@BdcD?�_�1q
7�� �²�9
;:

�<�b�³5[<]�kN�V.IYAQDF\`DXCkCQDR<?THV.@pCQSeN�G IYSe¨�<`AQD`GHC/ScD`dcdeD	@�(�D?\:dc@ ER<XC/^.N%I;D¢IKJ �§V;deD?AZERN%I;S �.<?DRDXCWC/N�V	�6NPV;A_�W@�(PD]\¯V;G >.@��
h = 0.2

q
�,@Pdc\`V;dcD`AR�kD?V;deD?ERD`GHC
y(0.2)

D`C
y(0.4)

9[�)IYN�G;G;D?AF@PV.�/�/S�deD]�FA/<]�kV;deCQ@BCQ�:D`G�@BAQA/N�G.IYSU�/�Q@BGHC¯D`CRD?G
s�@PAQI.@BGHC�@PV ERN�SeG.�[C/AQNPSU�,I;<?\XScE	@BdcD?�_�1q
7 ���²�9
;:

��\?�¤74G (PNPVbIYAQ@PSuCÅE	@BScGHC/D`Gb@BGHC�@BER<`dcSeN�A/D?A
y(0.2)

@�(PD?\�V;G;D[�kC/A_@pCQ<`sPScD,SuCQ<`A_@pC/S+(PD�VYCQSedcSU�/@PG�C��/NPGFD?�kC/ScER<`D�N0�YCQD`G%V;D
1¯dU@¯THV;D]�6CQSeN�G	>;A/<]\X<]IYD`GHC/D4DXC,V;G;D4�kC/A_@pCQ<`s�SeD8IYV¢C6­H>�D ! �¤<`C/^;NYIYD°IYD4¡=D`o�C/N�G #1qb©t�
2=ScAQD4\XN�EREFD?GHC,\XD?dc@¯D?�kC
>�N��Q�kS+�;dcDP9�f��,C/AQNPV*(PD`A4\XDXC/C/D¯AQD`dU@pCQSeN�G¥SuCQ<`A_@pC/S+(PD¯hH��>;AQNP>�N��/D`A=I;NPG.\ZV.G¤AQ@@6RG.D`ERD`GHC=G%V;ER<`AQSUT�V.D¯IYD

y(0.2)THV;SÃVYCQSedcSU�kD?AQ@PSuC8\XD`CkCQD¯�6CQAQ@BC/<`s�SeD�q
7 
 �²�9
;:

f;q �§�6CQSeERD?A[d�J D&%Y>;AQD?�Q�kScNPG³@BG.@Pde­HCQScTHV;DZIYD
y(t)
>�NPV;A[AQD?�/>�D?\1CQS)(�D`ERD`GHC[dcD?�[\XN�G.IYSeC/ScNPG.��ScG;SeC/SU@BdcD?�

y(t = 0) = 1
q

7 � ����
�: q

� ��� � 	 
?�

� �k���
�
@BA�dcDZEF<`C/^;NYIYD¯IÃJ ��V.deD?A?9;dU@FA/D?dc@BC/ScNPG³SuCQ<`A_@pCQS)(�D 1R\XN�G.�/ScIY<?A/D?A�D?�kC=IYNPG.\P9;@�(PD]\

h = 0.2
DXC

y0 = 1.0
9

yn+1 = yn − h
(

exp(tn) y2
n

)

< 1 pt >

/ÃD]� (p@BdcD`V;A_�[IYD
tn
D`C

yn

�kN�G�C8IYN�G;G;<?D?�[I;@PG.��deDWC_@@�;dcD?@PV³\`S 'LIYD]�/�/NPV.�

n tn yn

0 
 q 
 ©�q 
�
�
�
�
�
�
�
�

1 
 q f 
 q � 
�
�
�
�
�
�
�

2 
 q w 
 q £Pw�hP£�£ 
 wPw%i
3 
 q £ 
 q x�f 
�
 w �HfY©�


7 � �²�9
;:



� ���?�
�
@BA�dU@REF<`C/^;NYIYD¯IÃJ ��V.deD?A[EFNYIYS �.<?DP9;N�G³@RdcD?��AQD`dU@pCQSeN�G.�,SuCQ<`A_@pC/S+(PD]�[�kV.S)(p@BGHCQD?�

ỹn+1 = yn − h
(

exp(tn) y2
n)
)

yn+1 = yn +
h

2

(

f(tn, yn) + f(tn+1, ỹn+1)
)

/ÃD]� (p@BdcD`V;A_��IYD
tn
9
yn

DXC
ỹn

�kN�GHC�AQD`>�NPA/C/<?D?��I;@PG.��deDWC_@@�;dcD?@PV³\`SgIYD]�/�/NPV.�

n tn ỹn yn

0 

q



' ©Pq

�
�


1 

q f



q �

�
�
�
�
�
�
�
 


q ��f;© �Ph


f�fBh�x

2 

q w



q £HxB£ �Bw.© 
Ph �



q £Hipw�
HiPfPx�
Hitw

7 ���²�9
;:

� �����
� (PD?\=dc@R\`NPG.IYSeC/ScNPG SeG.SuCQSc@PdeD

y0 = 1
DXC

h = 0.2
9%dc@:AQD`dU@pC/ScNPG IYD¢�Q�B�1�/�_�X�r})�p�	IYD°dU@FTHV;D]�6CQSeN�G >;AQ<?\`<?IYD?GHC/D:� 	4V;D?�kC/ScNPG

©�� �b�k���?J <?\XAQSeC�>�NPV.A
y1 = y(t = 0.2)

y1 = y0 +
h

2

(

− exp(t0) y2
0 − exp(t1) ỹ2

1

)

y1 = 1 + 0.1(−1− exp(0.2) ỹ2
1) = 0.9 − 0.1221402758 ỹ2

1

@�(PD]\
ỹ1 = 0.8

�<(p@PdeD?V;A:IYN�G;G;<?D >.@PA:dU@�AQD`dU@pCQSeN�G IYD � �����p})�`��})�B� I;D dU@�ER<XCQ^;NYIYD³IÃJ ��V.deD?AR�/ScEF>.deDt�1q�74G >bD?VYC	IYNPG.\
@B>.>;deSUTHV;D`Ag>;deVb�kScD`V;A_�KMON�Sc�gdc@[\`NPAQA/D]\1CQSeN�G°D?GWC/AQNPV�(p@PG�C

y1
�kN�deV;C/ScNPG¯IYD�drJ <?THV.@pCQSeN�G

g(y1) = 0.1221402758 y2
1+y1−0.9 =

0
THV;S;>�D`VYC �XC/AQD[AQ<?�/NPdcV:SeC/<?AQ@BC/S+(PD`ERD?G�C
D?GF>b@BA/CQ@BGHC�IYD

y
[0]
1 = 0.8218

D`C�D`GRSeC/<`A_@BGHC�dU@°A/D?dc@BC/ScNPG¥�)IYD=¡=D`o�CQNPGb�Å�/V;S+(t@PGHC/D

y
[n+1]
1 = y

[n]
1 − g(y

[n]
1 )

g′(y
[n]
1 )

= y
[n]
1 − 0.1221402758 y2

1 + y1 − 0.9

0.2442805516 y1 + 1
7�� ����
�:

��G¥SeC/<`A_@BGHC[V;G;DWMON�Sc�[\`DXC/C/DZAQD`dU@pC/ScNPG NPG³C/AQNPV*(PD
y
[1]
1 ≈ 0.8182288352.

7�
 �²�9
;:
¡8NPCQ@ l.74G CQA/N�V�(PD4D`G.�/V;SeC/D

y
[2]
1 = 0.818227537

9
y

[3]
1 = 0.818227537

9B\XDZTHV;S�EFN�GHC/AQD°THVÃJ NPG G;DW>bD?V�% >;dcV.�[@BER<.'
dcSeN�A/D?A�dcD�A/<]�kV.duC_@pC�@�(PD]\�\`DXCkCQD[ER<XC/^.N%I;DPq �ÅNPV.A
>;deVb�
IKJ @PER<`dcSeN�AQ@BC/ScNPGaScd.�/D`A_@BSeCÅI;NPG.\,>;dcV.��@�(p@BGHC_@BsPD?V�%¯IYD[AQD?\XN�EREFD?G.\XD?A
@�(PD]\=V.G³>b@P�

h
>;dcV.��>�DXCQSuC]q




74G¥@
y′(t)

y2(t)
= − exp(t)

��G¥ScG�CQ<`s�AQ@PG�C�dcD?�[IYD?V�% ERD`E �;AQD?�[IYD¯\`DXCkCQDW<`s�@PdeSeC/<�9YNPG³C/AQNPV*(PD

− 1

y(t)
= − exp(t) + Cst

y(t) =
1

exp(t) + Cst
�
C=@�(�D?\°dc@F>;AQSU�kDWD`G¥\XN�ER>YC/D¯IYDZdU@R\XN�G.IYSeC/ScNPG³SeG;SeC/SU@BdcDP9.NPG C/AQNPV�(�D

y(t) = exp(−t)
q 7�� �²�9
;:

¡8NPCQ@³l �
@BA8\?@BdU\XV;dÃ@PG.@Bdc­HC/SUT�V.DP9YNPG³CQA/N�V�(PDWIYNPGb\B9Y>�NPV;A8dU@R\XN�G.IYSeC/ScNPG³SeG;SeC/SU@BdcD
y(t=0) = 1.0

9
y1 = y(t=0.2) = 0.8187307531

9
y2 = y(t=0.4) = 0.670320046

D`C
y3 = y(t=0.6) = 0.5488116361

q



��� ��� 
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 � � � �;�p� 	 � � � ���)� 
 � ��� ����
��
/ÃD	E	@BC/^;<?ER@BC/SU\XScD`G DXC:>;^%­%�/SU\XScD`Gm@BG;s�dc@PSc� /gNPA_I ��NP^.G ��ScdcdeSU@BE ¬HC/AQVYC/C:58@t­%deD?Ses�^ �

1842 − 1919
�19Ã\`NPG;G%V D`GHC/AQD

@BV;C/AQDP9p>�NPV;A��Q@°A/D]\_^;D`A_\_^;D�I;@BG.�ÅdcD[IYNPE	@PSeG;D[IYD]�
>;^;<?G;NPER®?G;D?�ÅN�G.IYV;dU@pCQNPScA/D]�`9tScG�CQA/NYIYV.Sc�/SuC
V;G.D[<?THV.@pCQSeN�GFI;Su¨�<`AQD`GHC/ScD`dcdcD
IYDZdU@:MONPAQEFD

m x′′(t) + k x(t) = a x′(t) − b
(

x′(t)
)3

>�NPV;A[ERNYIY<`dcSU�kD?A,dcD?��NH�/\`SedcdU@pC/ScNPGb�4�)NPV (HS+�;A_@pCQSeN�G.�Q��IKJ V;G;DZ@BGb\_^;DZIYDZ\XdU@BAQSeG;D`CkCQDPqY24@PG.�[\XD`CkCQD°<]THV.@pCQSeN�GÃ9
m, k, a, b

�kN�G�C
IYD]�[\XNPGb�6C_@BGHC/D]�[\XNPG.GHV.D?��DXC[dcD?�8\`NPG.I;SuCQSeN�G.��SeG.SuCQSc@PdeD]�[�kN�G�C

x(0) = 0.0
D`C

x′(0) = 1.0
qb74G (�NPV.��IYD?E	@BG.IYD¯I;D

©�q85[<`<]\XAQSeAQD,\`D8�k­Y�kC/®?EFD[D?GRV;G	�k­Y�kC/®`ERD[IKJ <?THV.@BC/ScNPG.��I;Su¨�<`AQD`GHC/ScD`dcdcD?�
IYVR>;AQD`ERScD`A�N�AQIYAQDW�O>�NPV;A�dcD?THV;D?d;NPGR@W>;AQ<?\`Sc�/<
deD]�[\XNPGbIYSuCQSeN�G.��ScG;SuCQSc@PdeD]�Q�Xq
7 � ����
�:

f;q=¬%SbN�G VYCQSedcSU�kD°dc@aER<XC/^.N%I;D°IKJ ��V;dcD`A�N�AQIYScG.@PSeAQD[>bN�V;A�A/<]�kN�V.IYAQD=\XD°�k­Y�kC/®?EFD°IKJ <?THV.@pCQSeN�G.�,IYSu¨�<`AQD`GHCQSeD?dedcD?�?9�>.A/<]\XSU�kD?A
T�V.D`dcdeDZ�/D`A_@BSeC�dcDZ�k­Y�kC/®?EFDZIYDZAQD`dU@pCQSeN�G.�,SuCQ<`A_@pCQS)(�D?�[THV;SÃ�/D`A_@BSeC�N;�YC/D?G%VÃq�74G³VYC/ScdeSU�/D`A_@

k = a = b = 1
DXC

m = 2
q

7 � ����
�:
h.q8±gAQNPV�(�D`A

x(t = 0.2)
DXC

x(t = 0.4)
q

7>8 ����
�:

� ��� � 	 
?�
� �
��G¢>�N��Q@BGHC]9

x′(t) = y(t)
9�N�G	C/AQNPV�(�D8ScEFER<]IYSc@BC/D?EFD?GHC�dcD4�/­%�kC/®?ERD4IKJ <?THV.@BC/ScNPG.��IYSu¨�<`AQD`GHCQSeD?dedcD?�,IYV¢>;AQD`ERScD`A�NPA_IYA/D

�/V;S)(p@PG�C






x′(t) = y(t)

y′(t) = 1
m

(

−k x(t) + a y(t) − b y3(t)
) < 3pts >

@�(PD]\=dcD?�[\`NPG.I;SuCQSeN�G.�[ScG;SuCQSc@PdeD]�
x(0.0) = 0.0

DXC
y(0.0) = 1.0

q 7 � �²��:

 �
74G³N0�YCQSeD?G�C]9.@�(PD]\=dU@FER<XC/^.N%I;D¯IKJ �§V;deD?A8NPA_IYScG.@BScAQDP9%deDZ�/­Y�6CQ®`ERDZIYDZA/D?dc@BC/ScNPG.�,SeC/<?AQ@BC/S+(PD?�[�/V;S+(p@BGHC







x(tn+1) = x(tn) + h y(tn)

y(tn+1) = y(tn) + h
2

(

−x(tn) + y(tn) − y3(tn)
) < 4pts >

¡8NPCQ@¤lÃ74G�>�D`VYCWVYCQSedcSc�/D`A°\XDF�/\_^;<?E	@	SuCQ<`A_@pCQSuM�>�NPV;A°AQ<?�/NPV.IYAQDZdcDa>;AQN0�;dc®`ERD�qb¡8<]@BG;ERN�SeG.�?9�NPG¤>�D`VYCWVYC/ScdcSc�/D`AW@BV.�Q�/S
dU@ (p@PdeD?V;A8IYD

x
NPV

y
dU@F>;dcV.��A/<]\XD?G�CQDW>bN�V;A[M)@P\`SedcD`ERD`GHC[NP>;C/ScEFSU�/D`A[dcD?��AQ<?�/V;duC_@pC_�`q;2°@BG.�=\XDZ\`@���NPG¥�kDWAQDXC/AQNPV*(PDW@�(PD?\






x(tn+1) = x(tn) + h y(tn)

y(tn+1) = y(tn) + h
2

(

−x(tn+1) + y(tn) − y3(tn)
)

NPV






y(tn+1) = y(tn) + h
2

(

−x(tn) + y(tn) − y3(tn)
)

x(tn+1) = x(tn) + h y(tn+1)



8 �
��G¥>.@PAkC_@BGHC�I;D?�8\`NPG.IYSeC/ScNPGb��SeG;SeC/SU@BdcD?�

x(0.0) = 0.0
D`C

y(0.0) = 1.0
9YNPG³N0�YCQSeD?G�C[ScEREF<]IYSU@pC/D?ERD`GHC8>bN�V;A

h = 0.2

{

x(0.2) = 0.0 + 0.2 × 1.0 = 0.2

y(0.2) = 1.0 + 0.1 ×
(

0.0 + 1.0 − (1.0)3
)

= 1.0

7 � � � �²�9
;:

{

x(0.4) = 0.2 + 0.2× 1.0 = 0.4

y(0.4) = 1.0 + 0.1×
(

0.2 + 1.0 − (1.0)3
)

= 1.02

7 � � � �²�9
;:
¡8NPCQ@¹l �ÅNPV.A:V;G �6D`V IYD >.@PAQ@PER®XC/AQD?�

m, k, a, b
DXCF\`NPG.I;SuCQSeN�G.�aScG;SeC/SU@BdcD?�F@B>;>.A/NP>.A/Sc<`D]�`9²NPG >�NPV;AQA_@BSeCaC/AQNPV*(PD`Aadc@

\XN�V;A"�bDZ�/V;S)(p@PG�CQDWSedcdeVb�6CQAQ@PG�C[dU@>(%S)�;A_@pCQSeN�G IYDZdU@FE	@BG.\_^;DZIYD¯\`dc@PA/ScG;D`CkC/DWD?G MON�G.\1CQSeN�G³I;V CQD`ER>.�
t
q


