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YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Yi� �j f � �� � i f � �� �

�r n q x ~ { wx yz x m n { nt p m
I � { o n t n t p m x or m x t z { yx x m o � y t p m 	 } p z p y
 m x 	 �{r 	x m 	q x 	 � q  � qr z pr � x z x m n � q x ~ { nx � nr o x �x n s u �

� �x z |~ x 	
� q  � pr � x z x m n � x � nr o x

� � n} pq x 	 � p 	 	 t � ~ x 	

• � � nx s n t p m q x 	 � p o q 	 q x 	 q t� � o x m nx 	 o � y t p m 	

I 	x yz x m n{ n t p m q x 	 s p m n pr o 	 �x � � w m { � x �

• � � nx s n t p m q t o x s nx q x 	 o � y t p m 	 	 { m 	 ~ x 	 s p m n pr o 	

I 	x yz x m n{ nt p m q x 	 o � y t p m 	 �x � �� { o� p� �
�

YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Yi� �j f � �� � i f � �� �

� p m q t nt p m 	 q x n pr nx � p m m x 	x yz x m n { nt p m

• � { 	x yz x m n { nt p m q p t n� no x s p z |~ 
 nx �t ux u � s} { �r x | t �x ~q p t n � no x q { m 	r m x s~ { 	 	x �

• �x 	 | t �x ~ 	 { | | { o nx m { m n� ~ { z � z x o � y t p m q p t � x m n � n o xs p m m x s n� 	

• �x 	 o � y t p m 	 q p t � x m n � no x q t 	 � p t m nx 	

� { | |x ~

wxr t ~ ~ { yx � �

� z � ~ t p o { nt p m | p 	 	 t � ~ x y o � sx {r � nx s } m t �r x 	r nt ~ t 	 { m n ~ {� p o | } p ~ p y t x � { n} � z { n t �r x

I �� u � } { | u � t m { o t 	 { nt p m �� p o | } p ~ p y t x � { n} � z { n t �r x
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� x | o � 	x m n{ n t p m q x ~ �t z { yx | { o r m �r { q �{ o � o x
�

YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Ye k �g k� � h � i f � � hj h � �j f � � k e �� i � �g kj � k �� �

� ~ y p o t n} z x

• � 	
� �
� t � t 	x ~ �t z { yx x m o � y t p m 	 x m r nt ~ t 	 { m nr m x o x | o � 	x m n{ �nt p m q x ~ �t z { yx x m �r { q �{ o � o x

•� � � � { 	 	x z � ~ x ~ x 	 � xr t ~ ~ x 	 qr �r { q �{ o � o x �r t 	 p m n � p t 	 t m x 	x n 	 t z t ~ { t o x �{r 	x m 	 q x 	 � q  � nx � nr o x 	 �x n s u �
F



YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Ye k �g k� � h � i f � � hj h � �j f � � kg hj � f �i k� � k �� �

� { | |x ~ 	r o ~ x 	 � o p� { � t ~ t n � 	 x n ~ x 	 � { o t { � ~ x 	 � ~ � { n p t o x 	

� p n p m 	 ~ �� � � m x z x m n sx o n{ t m | { o I u � p m 	 t q � o { m n q xr � � � � �m x z x m n 	 Ax n B � A ∪ B � m p nx ~ �� � x m x z x m n p� n pr 	 ~ x 	q xr � 	x | o pqr t 	x m n u Ax n B 	 p m n z r nr x ~ ~ x z x m n x � s~r 	 t� 	

	 �t ~ 	 m x |xr � x m n 	x | o pqr t o x x m z � z x nx z | 	 � A∩B = ∅ � u

� o p� { � t ~ t n�

� { | o p� { � t ~ t n� q �r m � � � m x z x m n Ax 	 n ~ x m p z � o x P(A)

	 { nt 	� { t 	 { m n ~ x 	 { � t p z x 	 	r t � { m nx 	

(i) P(A)x 	 n | p 	 t n t� � 0 ≤ P(A) ≤ 1
(ii) � { | o p� { u q x ~ �� � x m x z x m n sx o n{ t m x 	 n 1 � P(I) = 1
(iii) w t Ax n B 	 p m n z r nr x ~ ~ x z x m n x � s~r 	 t� � { ~ p o 	

P(A ∪B) = P(A) + P(B)

w p t n Xr m x m 	x z � ~ x q x � { ~ xr o �x � � ~ �x m 	x z � ~ x R � u � m x� { o t { � ~ x { ~ � { n p t o x X { 	 	 p s t x {r � � � � m x z x m n 	 { ~ � { n p t o x 	| p 	 	 t � ~ x 	r m x � { ~ xr o xq { m 	 X u p m { | |x ~ ~ x

� p m s nt p m q x � o p� { � t ~ t n� �r z r ~ { n t � x

� { � p m s nt p m q � � m t x | { o �

FX(x) = P(X ≤ x)

� { m 	 ~ x s { 	 z r ~ n t � { o t � � � X = (X1, . . . , Xn) ∈ Rn � � p mq � � m t n FX(x) = P(X1 ≤ x, . . . , Xn ≤ x) u � { q t 	 n o t �r nt p msr z r ~ { n t � x x z | t o t �r x q �r m � s} { m n t ~ ~ p m (x1, . . . , xn)x 	 n

F̂X(x) =
#xi ≤ x

n

D

YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Yj h � � k� � k �j f � h �i � i � � �� �

� x m 	 t n�
� { q � o t � � x q x ~ { � p m s n t p m q x � o p� { � t ~ t n� sr z r ~ { n t � x FX(x) �

PX(x) =
dFX(x)

dxx 	 n ~ { � p m s nt p m q x q x m 	 t n � q x X u � { m 	 ~ x s { 	 pr n = 2

� X = (X1, X2) � � p m { PX1,X2
(x1, x2) = ∂2FX(x)

∂x1∂x2

� { o { �r 	 q x m p n{ nt p m � PX(x)� { t n o � � � o x m sx � r m x � p m s nt p mq x | o p� { � t ~ t n � � �q Xx 	 n q t 	 s o 
 nx � pr � ~ { q x m 	 t n � q x ~ {� u{ u X � �q Xx 	 n s p m n t mr x � u

� �x z |~ x � X ∼ N (µ, σ) PX(x) = 1√
2πσ

exp−(x−µ)2

2σ2

� 	 | � o { m sx � { n} � z { nt �r x

� �x 	 | � o { m sx z { n} � z { n t �r x q �r m x � { o t { � ~ x { ~ � { n p t o x x 	 n~ �t m n� y o { ~ x �
µX = E{X} =

∫ +∞

−∞
xPX(x)dx

p� PX(x)x 	 n ~ { � p m s n t p m q x q x m 	 t n � q x X

�
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� { o t { m sx
� { � { o t { m sx q �r m x � { o t { � ~ x { ~ � { n p t o x x 	 n �

σ2 = E{(X − µX)2} =

∫ +∞

−∞
(x− µX)2PX(x)dx

p� PX(x)x 	 n ~ { � p m s n t p m q x q x m 	 t n � q x X

� o p� { � t ~ t n� � p t m nx

PX,Y (x, y)

� pr o ~ x s pr |~ x q x � { o t { � ~ x { ~ � { n p t o x Z = (X, Y ) �r t | o x m q

	x 	 � { ~ xr o 	 q { m 	 ~ x | o pqr t n s { o n� 	 t x m q x X × Y

� o p� { � t ~ t n� s p m q t n t p m m x ~ ~ x

PX|Y (x | y) =
PX,Y (x, y)

PY (y)

q � � m t n 	xr ~ x z x m n �r { m q PY (y) 6= 0

� o p� { � t ~ t n� n p n{ ~ x

PY (y) =

∫

x

PY |X(y | x)PX(x) dx

� � �� 	  � �� � � 

• 	 t Xx n Y 	 p m n t m q � |x m q { m n 	 	 	 t PX,Y (x, y) = PX(x)PY (y)

�

YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Yj h � � k� � k �j f � h �i � i � � �� �

� } � p o 
 z x q x � { �x 	

PX|Y (x | y) =
PY |X(y | x)PX(x)

PY (y)

PX|Y (x | y)x 	 n { | |x ~ � ~ { | o p� { � t ~ t n � � 	 $
 %& �! $ �! u PX(x)x 	 n ~ { | o p� { � t ~ t n� � 	 �! $ �! u PY |X(y | x)x 	 n { | |x ~ � ~ { � o { t �

	x z � ~ { m sx

� } { � m x 	 q x � { o � p�

w p t n {Xi} = X1, X2, . . . , Xn �r m x 	 � �r x m sx q x � { o t { � ~ x{ ~ � { n p t o x { � x s ~ x 	 � { ~ xr o 	 | p 	 	 t � ~ x 	 a1, . . . , an u w t ~ { | o p �

| o t � n � z { o � p� t x m m x x 	 n 	 { n t 	� { t nx �

P(Xn = ain
| Xn−1 = ain−1

, . . . , X1 = ai1)

= P(Xn = ain
| Xn−1 = ain−1

)

� ~ p o 	 {Xi}x 	 nr m x s } { � m x q x � { o � p�





YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Y� � hg � eg hj � f � i k� �� �

� �t z { yx � � x s nxr o q x � u{ u

w p t nr m x t z { yx q � � m t x 	r or m x z { t ~ ~ x q p m n ~ x 	 	 p z z x n 	s p m 	 nt nr x m nr m x m 	x z � ~ x Sq x 
 ! %& 
 s

S = {s = (i, j); 1 ≤ i, j ≤ N}

� s} { �r x 	 t nx s � pr | t �x ~ � x 	 n { 	 	 p s t � r m x � u{ u � Ys �q p m n~ x 	 � { ~ xr o 	 ∈ Λobs = {0, . . . ,255} �o x | o � 	x m n { m n ~ x 	 � q  �

� �t z { yx � N×N � x 	 n q p m s o x | o � 	x m n� x | { or m � x s nxr o q x� u{ u Y = {Ys, s ∈ S}q p m n ~ x � x s nxr o y = {ys, s ∈ S} � x 	 nr m x s p m � yr o { n t p m � pr o � { ~ t 	 { nt p m � ∈q x ~ �x 	 | { sx ΛN×N
obs

PY (y)x 	 n ~ { | o p� { � t ~ t n � q x ~ { s p m � yr o { n t p m y � s �x 	 n ~ {| o p� { � t ~ t n� PY (ys, s∈S) u PYs
(ys)x 	 n ~ { ~ p t z { o y t m { ~ x q x Ys

w � 	 n
 z x q x � p t 	 t m { yx

� m 	 � 	 n
 z x q x � p t 	 t m { yx ν = (νs, s ∈ S)x 	 n � p o z � q x| { o n t x 	 νsq x S � � � o t � { m n ~ x 	 | o p | o t � n� 	 	r t � { m nx 	

s 6∈ νs

s ∈ νt ⇔ t ∈ νs

� �x m 	x z � ~ x νsx 	 n { | |x ~ � ~ x � p t 	 t m { yx q x s u tx 	 n q t n � p t 	 t mq x s 	 t t ∈ νs

� } { z |� { o� p� t x m

� m s} { z | 	 { ~ � { n p t o x Xx 	 n q t n �� �� 	 � � �� $� ! & # { 	 	 p s t �

� sx 	 � 	 n
 z x q x � p t 	 t m { yx 	 	 	 t

PX(x) > 0

PXs|Xr
(xs | xr, r 6= s) = PXs|Xr

(xs | xr, r ∈ νs)

E G

YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Y� � hg � eg hj � f � i k� �� �

� ~ t �r x
� m 	 pr 	 x m 	x z � ~ x cq x Sx 	 n { | |x ~ � r m x ��! �� & o x ~ { nt � x{r 	 � 	 n
 z x q x � p t 	 t m { yx 	 ν 	 t

• cx 	 nr m 	 t m y ~ x n p m

• 2 | t �x ~ 	 �r x ~ s p m �r x 	 q x c 	 p m n � p t 	 t m 	 �{r 	x m 	 q x ν �

• � � p o q o x q �r m x s~ t �r x s p o o x 	 | p m q {r m p z � o x q x 	x 	 � ~ � �z x m n 	

� x 	r o x q x  t � � 	 x n s} { z | 	� { o � p� t x m

�x n} � p o 
 z x q x � { z z x o 	~ x � � � ~ t� p o q q � z p m no x �r x Xx 	 nr m s } { z |� { o� p� t x m �{ 	 	 p s t � � ν � 	 	 t PX(x)x 	 nr m xz x 	r o x q x  t � � 	 q � � m t x | { o

∀x ∈ Ω, PX(x) =
1

Z
exp

(
−U(x)

)

p� U x 	 nr m x � p m s n t p m { | |x ~ � x � m x o y t x x n Ωx 	 n ~ �x m �

	x z � ~ x q x 	 s p m � yr o { n t p m 	 | p 	 	 t � ~ x | pr o X

E E
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∀x ∈ Ω, PX(x) =
1

Z
exp

(
−U(x)

)

p� Ux 	 nr m x � p m s nt p m { | |x ~ � x � m x o y t x

U(x) =
∑

c∈C

Vc(x)

• �x 	 � p m s nt p m 	 Vc 	 p m n { | |x ~ � x 	 q x 	 � p m s nt p m 	 | p nx m nt x ~ 	 �x n m x q � |x m q x m n �r x q x 	 � ~ � z x m n 	 q x x �r t { | | { o nt x m m x m n

� ~ { s~ t �r x c � Cx 	 n ~ �x m 	x z � ~ x q x 	 s~ t �r x 	 �
• � m m p nx o { 	 pr � x m n c =<s, t>r m x s~ t �r x q � p o q o x 2

Zx 	 n ~ { � $# �% ! $# �& 	 � �% ! % ! $# s �x 	 n x m � { t n ~ { s p m 	 n { m nxq x m p o z { ~ t 	 { n t p m q x ~ { | o p� { � t ~ t n� PX(x)

Z =
∑

x∈Ω
exp

(
−U(x)

)

� �x z |~ x

U(x) =
∑

c∈C

Vc(x) Vc(x) = [1− δ(xs, xt)]

� p t 	 t m { yx qr 1er p o q o x � s~ t �r x � t m { t o x

U(x) = 18

E �
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� �t z { yx 	x yz x m n � x � � x s nxr o q x � u{ u

� s} { �r x 	 t nx s � pr | t �x ~ � x 	 n {r 	 	 t { 	 	 p s t � r m x � u{ u Xsq p m n ~ x 	 � { ~ xr o 	 ∈ Ωclasse = {c0, . . . , cq−1} � o x | o � 	x m n{ m n~ x 	 q s~ { 	 	x 	 pr � p m x 	 } p z p y
 m x 	 �x m � q  � q x ~ �t z { yx

� �t z { yx � N ×N � x 	 n q p m s o x | o � 	x m n� x | { or m s pr |~ x q x� x s nxr o 	 q x � u{ u Z = (X, Y )

PX(x) � � t 	 no t �r n t p m � { o � p� t x m m x

� m � { 	r | | p 	x o �r x Xx 	 nr m s} { z |� { o � p� t x m

PX(x) =
1

Z
exp

(
−
∑

c∈C

Vc(x)
)

� � � 	
 

� pr o q = 2 s~ { 	 	x 	 �x n Vc(x) = βs,t

(
1− δ(xs, xt)

)

| pr o βs,t = β1, β2, β3, β4{ 	 	 p s t � o x 	 |x s nt � x z x m n� ~ { s~ t �r x} p o t � p m n{ ~ x �� x o n t s { ~ x �q t { y p m { ~ x q o p t nx � q t { y p m { ~ x y {r s} x
E  
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� �{ | | o p s} x � { �x 	 t x m m x �� { o � p� t x m m x x 	 	 { t x q x z { � t z t �

	x o ~ { | o p� { � t ~ t n� s p m q t nt p m m x ~ ~ x � � 	 $
 %& �! $ �! � 	r t � { m nx

PX|Y (x | y) =
PY |X(y | x) PX(x)

PY (y)

PY (y)x 	 n s p m 	 n{ m n s { o ~ { o � { ~ t 	 { nt p m qr s} { z | q x 	 p� �

	x o � { nt p m 	 �t ux u � ~ �t z { yx � x 	 n s p m mr x � q p m s

PX|Y (x | y) ∝ PY |X(y | x) PX(x)

• PX(x) � q t 	 no t �r n t p m � { o � p� t x m m x

� m { 	r | | p 	x o �r x Xx 	 nr m s } { z |� { o � p� t x m
PX(x) =

1

Z
exp

(
−
∑

c∈C

Vc(x)
)

• PY |X(y | x)� �� pq 
 ~ x q x q � y o { q { nt p m q x ~ �t z { yx

� �x z |~ x � 	x yz x m n { nt p m {r 	x m 	 q x 	 � q 

� p m q � s~ { 	 	x 0 � pr s~ { 	 	x c0 �

� x n� � s~ { 	 	x 1 � pr s~ { 	 	x c1 �

E �
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wr | | p 	 p m 	 PYs|Xs
(ys |c0)x n PYs|Xs

(ys |c1) 	 p t n s p m mr 	

� { o x �x z |~ x

PYs|Xs
(ys | c0) = N (µ0, σ0)

PYs|Xs
(ys | c1) = N (µ1, σ1)

w t p m 	r | | p 	x �r x

PY |X(y | x) =
∏

s∈S

PYs|Xs
(ys | xs)

s { q �r x ~ x � or t n 	r o s} { sr m x q x 	 s~ { 	 	x 	 x 	 n � ~ { m s � p mp� nt x m n

PX|Y (x | y) ∝
(∏

s∈S

PYs|Xs
(ys | xs)

)(1

Z
exp

(
−
∑

c∈C

Vc(x)
))

∝
(

exp

[

−
(
− ln

∏

s∈S

PYs/Xs
(ys/xs)

)])(1

Z
exp

(
−
∑

c∈C

Vc(x)
))

∝
(1

Z
exp

[

−
(

− ln
∏

s∈S

PYs/Xs
(ys/xs) +

∑

c∈C

Vc(x)

)]

E F
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x̂MAP = argmax
x
{PX|Y (x | y)}

= argmax
x

(1

Z
exp

[

−
(

− ln
∏

s∈S

PYs/Xs
(ys/xs) +

∑

c∈C

Vc(x)

)]

= argmax
x

(1

Z
exp

[
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∑
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PXs/Xνs,Ys
(xs/ηs, ys) =

1

Zs
exp

(

−
(∑

c∈C
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�x 	 y o { q t x m n q x ~ �t z { yx 	 p m n x � |~ p t n� 	 | { o ~ { z x 	r o x

	r t � { m nx

E- � , (vi, y) = −‖∇y(vi)‖
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. . .

sn−2(vn−1, vn) = min
vn−2

{sn−3(vn−2, vn−1) + En−2(vn−2, vn−1, vn)}

V 5 ) , = argmin
{vi}

E �/ * � - (V ) = min
vn−1,vn

sn−2(vn−1, vn)

� �

YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Ye k �g k� � h � i f � � hj e� h � k �� �

� | nt z t 	 { n t p m | { o  o { q t x m n

vi

vi+1

vi−2

v
i−1

�r 	 �r �� s p m � x o yx m sx

� pr o s } { �r x m pxr q qr 	 m { � x

• � m q � |~ { sx s} { �r x m pxr q 	r t � { m n ~ { | p 	 t nt p m q x ~ {m p o z { ~ x t m n � o t xr o x n x � n � o t xr o {r s p m n pr o

• � m | o x m q ~ x m pxr q �t ux u � 	 { s p p o q p m m � x � �r t z t m t z t 	x~ �� m x o y t x qr 	 m { � x

� F



YZ [\ Z ]^ _^ ` a ] bdc `\ _ [ Z Ye k �g k� � h � i f � � hj e� h � k �� �

� �x z |~ x 	
lm t nt { ~ t 	 { n t p m � p m � x o yx m sx

lm t nt { ~ t 	 { n t p m � p m � x o yx m sx

� m t z { nt p m 	r o ~ { | { yx � x � qr s pr o 	

� n n | � � � � � � ut o p ur z p m no x { ~ u s { � ∼z t y m p n nx � t� n � � � � ��r � o t �r x � � p nx 	 q x � pr o 	 { q q t nt p m m x ~ ~ x 	 � � pr o 	 { m t z �
� D


