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w�q�� I����sX�[3K
F (ν) = F [f(x)]

�Y[�q M�qjC
F (ν)

J\M.G`JNF.�\MHQRKNI5Q�Kµi^I KNJNI5QE�LVYX5JNO F.M¬S`Md�`X5_EJ\[hMHJd�:�p�¸�µS`M
f(x)
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� I9i^eb_EijM.JpGEI9Jpi^I O FHK\f`XWSWMdS`M���X9KNJ\Mregf`X�[��
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F [ x2f(x) ]

���¥���pKN[jih[^�LM.J
ihI JNMHi^IZKN[jX�Q�SWF��EQ`[hMaG`J\FyebFySWMHOPOPMHQRK
G7X5_`J
e.I9i^eb_`ihMHJµi^I	�p��SWM
x2 exp(−x)

�YG7X5_`J
x > 0

��q
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� q�� I����sX�[3K
h(x)

i^I VYX5Q¥e�K\[hX5Ql�YG7X5_EJ
x > 0

� �\X5ih_WKN[jX�Q�SWMri�T F.]R_EIZKN[jX�Q�S`[���FHJNMHQRK\[hMHihihMa�\_`[��ZI9QRK\M
h′′(x) + 2h′(x) + h(x) = exp(−x)

�Awo�
� _`MrSWM��R[hMHQRK
i�T � ]¥q��Awy�µ�\[UX5Q ih_`[·I9GEG`ij[^]R_`Mri^I KNJNI5QE�LVYX5JNO F.M¬S`Md�`X5_EJ\[hMHJ F ��
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���¥� �±Q1SWFySW_`[hJ\M
H(ν)

C`�LX�ij_`K\[hX5Q�S`MaeHMbK\K\MaF.]R_EI9K\[hX5Q�SEI9QE��ihMaS`X5O	I9[hQ`Ma�LG7M.ebK\JgI9i�G`_`[^�p�\I �\X5ih_WK\[hX5Q
h(x)

CESEI9QE�ihMdSWX5O	I9[hQ`Mr�\GEIZKN[hI5i:q
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�:e.� � X5OPOPMHQRKrG7X5_`JNJNI5[3K¬X5Q F.ebJN[hJ\M
h(x)

�L[¸X�Q!�5X�_`i^I9[jK¬i�T M��WG`J\[hOPMHJa�LX�_E�?VYX5JNOPM SWMPG`JNXWSW_`[jKaS`MPeHX5Q"�5X�ij_`K\[hX5QSUT _`Q`MrO�#HOPMaVYX�QEe�KN[jX�Q ��
	�� ��
��
� SE� �s[UX�Q JNMHOPG`i^I%$HI5[3KµihM?OPMHO&�`JNM¬SWMrSWJNX5[jK\MaSWM¬i:T � ]7q��Lwy� GEI9J [

δ(x) − δ′(x)
] � I9_�ih[jM._�SWM

exp(−x)
�bC`]�_EMHihijM�\MHJgI9[jK(' Q`X�_)�5MyI9_�ihI	�\X5ih_WK\[hX5Q SWMrebMHKLKNMrF.]R_EIZKN[jX�Q�S`[���FHJNMHQRK\[hMHihihM ��+*,� ��
��

-�.0/�132547698"10:%:�;%<=<=;?>A@);
δ′(x) ∗ f(x) = f ′(x) B

C q
@pMbKNJ\X�_)�5M.J�i^IPebF.iED��`J\MaG`JNX5GEJ\[hFbKNF¬�\_`[��oI5QRK\MrSWMri^I �p�
F [ f ′(x) ] = (2πjν) F (ν)

� � �
MHQ _`K\[hij[^�\I5QRK�ihMcV I5[3Kp]R_`M wGFA�

f ′(x) = limε→0
f(x+ε)−f(x)

ε

C � F<�!ihI K\JgI9QE�LVYX5JNOPFHM¬SWM¬�EX5_`JN[hMHJµSUT _EQ`McVYX�QEe�KN[jX�QSWF.e.I9ihFHM¬MbK C FA�¢ihMaV I9[jKc]�_EM5C`]R_EI9Q¥S
x → 0

C
exp(x) ≈ 1 + x

q
�
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I q
��JNX5_)��MHJ�ijMpJNF.�\_`ijKNI9K�S`M�i�T MG�WG`JNM.�N�L[hX5Q eb[ESWMy�\�\X5_¥�HCZS`I5QE�¸ihI�]R_`MHihijM
a
MHK

b
�\X5QRK±SWMH_)� J\F.MHi^�¸G¥XR�L[jK\[jV ��MHK ∗ JNMHG`JNF.�\MHQRKNMi:T X5G7FHJgIZKNMH_`JpSWMdeHX5Q"�5X�ij_WKN[jX�Q

sin πax

πax
∗ sin πbx

πbx
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VYX�QEe�KN[jX�QSWF.J\[��5F.Ma�\M.eHX5QES`M5Cs[:q M5q

F [ f ′′(x) ] = (2πjν)2 F [ f(x) ] = −4π2ν2 F (ν)

G`_`[^�
SUT I9GEG`ij[^]R_`MHJpi^I G`JNX5G`JN[jFHK\FaSW_EI5ijMrG7X5_`JX�¥QEI9ihMHOPMHQRKµK\JNX5_0�5MHJ



F [ x2f(x) ] = − 1

4π2
F ′′(ν) < 3 pts >

�Y[h[u�(�
Q`MDI9_WKNJ\MaOPFbKNf`XWSWM ebX�QE�\[h�LK\M.JNI5[3K '	�\MdJNI5G`G7MHihMHJd�YX�_ MHQ¤SWFySW_`[hJ\M 'PGEI5JLKN[jJ?SW_ -W.Q/�1 S`X5Q`Q`FdSEI9QE�pi�T FHQ`X�QEebFo�]R_`M F [ δ′(x) ] = 2πjν
MbKcS`X5QEe5CWGEI9Jpi^I G`J\X�G`JN[jFHK\FrSW_EI5ijMr]R_`M F [ x ] = − 1

2πj
δ′(ν)

q
� X5OPGWKNMaK\M.QR_ SWMdeHM?V I5[3KyC`X5Q�KNJ\X�_)�5M¬MHQE�\_`[jK\M

F [ x2f(x) ] = − 1

2πj
δ′(ν) ∗ − 1

2πj
δ′(ν) ∗ F (ν) = − 1

4π2
F ′′(ν)

OQPSR � T
B?Q	KNJ\X�_)�5McV I5eb[hihMHOPMHQRKr�YG7X5_`J

x > 0
� F [ exp(−x) ] = 1

1+2πjν

�YV I9[jK�M.Q�ebi^I5�N�\McX5_�e�VAq"� �`I9OPM.Q�SWM¬i:T I9QEQ`FHM � z�z�x5�bq=?X5QEe5C`MHQ�_WK\[hih[h�NI9QRK
i^IDJNMHi^IZKN[jX�Q�GEJ\FyebF.S`MHOPOPMHQRKµK\JNX5_)��FHM
F [ x2 exp(−x) ] = − 1

4π2

( 1

1 + 2πjν

)′′

= − 1

4π2

( −2πj

(1 + 2πjν)2

)′

=
2

(1 + 2πjν)3
< 4 pts >

� PSR �QT
h′′(x) + 2h′(x) + h(x) = exp(−x)

F


 (2πjν)2H(ν) + 2(2πjν)H(ν) + H(ν) =
1

1 + 2πjν
< 3 pts >

� PSR � T
=?M¬i^IPJNMHi^IZK\[hX5Q�G`JNF.ebFySWMHQRKNM5CWX5Q M.Q�SWFySW_`[jK

H(ν) =
1

(1 + 2πjν)3

��K�MHQP�\M��\MHJ �ZI9QRK�SWM�i^I?]R_`My�AKN[jX�Q w5q^���7��CZX5QDMHQ SWF.SW_E[3K±]R_`M
h(x) = 1

2 x2 exp(−x)
� G¥X�_`J

x > 0
�·My�AK¸_`Q`MpSWMy�¸�LX�ij_WKN[jX�QE�SWMdeHMbKLKNMrF.]R_EI9K\[hX5Q�S`[���FHJNMHQRK\[hMHihihM5q ����� ��
H�

� PSR�� T
h(x) = F−1

[ 1

(1 + 2πjν)3

]

= F−1
[ 1

(1 + 2πjν)

1

(1 + 2πjν)

1

(1 + 2πjν)

]

h(x) = exp(−x) ∗ exp(−x) ∗ exp(−x)
�YG7X5_`J(���
zR�

< 3 pts >

� PSR�� T
�±Q/�\MpJNI5G`G7MHi^I9QRKc�YX�_	MHQ/SWFySW_`[^�\I5Q�KM'aG¥I9J\K\[hJ SW_ -�.0/�1 SWX5QEQ`F
S`I9Q¥��i:T FHQEX5QEeHFy��]R_`M F [ δ′(x) ] = 2πjν

C5X�Q/IrebMbK\K\MVYX5[^�peb[
h′′(x) + 2h′(x) + h(x) = δ(x) − δ′(x)

F


 (1 + 2πjν)2H(ν) = 1 − 2πjν

��KyCE�L[UX�Q J\M��R[hMHQRK
I9_ SWX�OPI5[jQEMa�\GEI9K\[^I9i

h(x) = F−1
[ 1 − 2πjν

(1 + 2πjν)2

]

= F−1
[ 2

(1 + 2πjν)2
− 1

1 + 2πjν

]

= 2 exp(−x) ∗ exp(−x) − exp(−x)
G7X5_`JX���
z

< 5 pts >
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[δ(x) + δ′(x)] 7
-/.0(3��!,(3� *8���

h(x) = F
−1

h 1

1 + 2πjν

i

= exp(−x) 9
-/��!��;:8<



	
F

[

f ′(x)
]

=
1

ε
lim
ε→0

F
[

f(x + ε) − f(x)
]

=
1

ε
lim
ε→0

{

F (ν)
[

exp(2πjνε) − 1
]

}

=
1

ε
F (ν)

[

(1 + 2πjνε) − 1
]

MbKcSWX�QEe F
[

f ′(x)
]

= (2πjν) F (ν) < 5 pts >
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ebMHK
M.�\GEI5eHMG`_`[^�pJNM���MHQ`[hJpS`I9QE�µihMdSWX�OPI5[jQEMa�\GEI9K\[^I9i�CW[:q M5q

sin πax

πax
∗ sin πbx

πbx

F




1

|a| Π
(ν

a

) 1

|b| Π
(ν

b

)

= =
1

|ab|
sin πcx

πx

F




1

|ab| Π
( ν

min(a, b)

)

S`I5QE�µihI�]R_`MHihijM
c = min(a, b)
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[3 × 3]
��SWMaK\X�_WK\My�µijMy�X�oI5ijM._`Jg�pSWMaQ`[E��M.I5_ ��SWMrt�J\[^�µ�\I5_WV�ihM.�SWMH_ �
�ZI9ihMH_EJN� MG�sK\J #HOPM.�¬�YOP[hQ MHK O	I �E��qs=?[h�Neb_WKNMHJ�i:T M#"/e.I5eb[jK\F¬SWMaebM
K$ sG7M?SWMW�EijK\JNMD�:ebX5OPGEI5J\F?I9_
�EijK\JNMcOPFySW[hI5QMbK&%aI9_¥�\�\[jM.Q¥���L_EJ�_`Q`M
[hO	I9t5MµM.Q�KgI5egf`F.M�S`M(�`J\_E[3K&%aI5_E�\�\[hMHQPMbK �\_`J�_`Q`Mp[hO	I9t�M�M.QRKNI5egfEFHMpSWM(�`JN_`[jK �LM.i`MbK±G7X5[��sJ\M�q
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ij_E[cebX�J\JNM.�\G¥X�QES�G¥I9JNO [pihM.�K\JgI9[jK\MHOPM.Q�Kg�p�L_E[E�ZI9QRKrk
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O	I5[h��X�Q	G¥M._WKM��X5[hJebi^I9[hJ\M.O M.QRKµI=��M.e?i:T XsMH[hi·ijMy�pSW[E�7F.J\M.Q�KNM.�(�ZI5t5_`My� G7FHJN[hXsS`[h]R_`M/� �R_EMaS·T M.Q�f¥I9_WK��µ]�_E[�I9G`G¥I9JgI9[^�\�\MHQRK 'P�NIP�L_`J\V I5eHM5qB?Q!�5X�_E�¬SWMHO	I9Q¥SWM	SWM K\JNX5_)��MHJc_EQ»�  W�AK DHOPM	SWM KNJNI5[3KNMHOPMHQRKdSUT [jO	I5t5MD]R_`[ ��X5_E�¬G7MHJNOPMbKLKNJNI5[3KrSWM K\JNX5_0�5MHJaI9_)FK\X5O	I9K\[^]�_EMHOPMHQRK	�YMbK S`M V I�$bX5Q»ihMDG`ih_E�aJNX%�`_¥�AKNMDG7X��N�L[��`ihMy�bC5'�G¥I9J\K\[hJ¬SWM	eHMDK$ sG7M	SUT [hO	I9t�M.�.C7i^I�G¥F.J\[hXWSWM5CUX�_,i^IihI5J\t�MH_`J¬�YMHQ O�DbKNJ\My�N� SWMy�X�oI5t5_`My�HqU� � MbKLKNMa[jQWVYX�J\O	I9K\[hX5Q My�AKp[hOPG¥X�JLKgI9QRK\M¬G¥X�_`Jpi^I OPFbKNFHXPG7X5_`Jp�NI=�5X5[hJ �\[Ui^I OPMHJM.�LK eHI9ihOPM
X5_	SWFyegfEI��uQ`Fd� G`ij_¥�±_`Q`M �oI5t5_`MpMy�AK ihI5J\t�M5CZG`ih_E�±M.ijihM
My�AK f¥I9_WKNMrk5[hQWVYX5JNO	IZK\[hX5QP[hOPG¥X�JLKgI9QRK\M
I5_E�\�\[`G7X5_`JijMy�p�L_`J\VYMHJg��! ��q
� �\�NI  5M.J SUT #bKNJ\M�ijM�G`ih_E� G`J\Fyeb[^� G7X��N�\[E�`ihM MHK X�Q«�\_`G`G7X��\MHJgI¤]R_`M�i^I¤JNF.�\X5ih_WKN[jX�Q��LGEI9K\[^I9ihM

(= ∆x)
X5_�G7FHJN[jXWSWMSUT FyegfEI9QRKN[jihijX�QEI9t�McMy�AKcSWM

2
O�DbKNJ\My�µMbKc]R_`Mai�T [hO	I9t5MaMy�AKcSWM¬KgI9[hijihM

128× 128
G`[��WM.ih�.q
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MHK¬�NI/G`JNX5G`JNMrGEI��\�\[jX�Q1G¥X�_`J¬_`QSWMrebM.�µOPXWS D.ijM/�,	
ih[heHMrG`J\[hQ1SW[jK\M! 90" Z0#��;r*,694E8 �`+9��47+$�%�H;N�L��q=cX�Q`Q`MHJ?_`Q`M K\M.egfEQ`[h]R_`MDSWMdKNJNI5[3KNMHOPMHQRK?SUT [hOPI5t5M ]R_`[�G7MHJNO MHKLKNJNI5[3KcM "/eHI5eHMHOPMHQRK���� ;'&?+5�g;b� }j;(���5;H�5-¤�g6Z� �)�!�5;
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eHX5_`G¥�pSWMaG`[jQ¥ebM.I5_ �E��q
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x`qp><OPI5t5[hQ`X5Q¥�p]�_EMdi:T X5Q¤I5[3K¬_`Q`Md[hO	I9t�MdSWM �`JN_`[jKW�`i^I9QEe %aI9_E�N�L[hMHQ1SWM O X! �MHQ`QEM �YM.Q1Q`[E��M.I5_ ��SWMDt5JN[h�g�
128

MbK?SWM
�oI5J\[^I9Q¥ebM

σ2 = 800
Cs[:q M5CE_`Q �`J\_E[3Kc]R_`[·�\_`[jK
_`Q`MdSWM.QE�L[jK\FdS`MrG`J\X��EI �E[jih[3KNF %aI5_E�N�L[hMHQ`QEM N (µ = 128, σ2 = 800)

q
� I���=?X5Q`Q`M.Jpi:T [hQ�KNMHJ �ZI9ihijMrSWMy�pQ`[��5M.I5_ � SWMrt�J\[^�pS`I9Q¥�µijMy]�_EMHi·�\MHJgI eHX5OPG`JN[h�

99.5%
SWMy�µG`[��WM.ih� �� � � ��
��

���¥� �s[�X5Q �EijK\JNM eHMbKLKNMd[hOPI5t5MdSWM&�`JN_`[3K?GEI9J
_EQ �EijK\JNMdOPX! 5MHQEQ`MH_`J
[3 × 3]
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Np = 24
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24∆uI=�5Mye
∆u
C`i^IDJNF.�\X5ih_WKN[jX�Q��\G¥Mye�K\JgI9ihMaFHtRI9ihM7'

∆u = 1/(N · ∆x)
C¥S`X5QEe
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�6����
	��;:���������#�6���� =
Np

N · ∆x

X5_ � ' &(
 � :���:���������#�6���� =
N · ∆x

Np

M.Q�O�DbKNJ\My�
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*i�T [hQRK\MHJ �ZI9ihijM/S`M.�dQE[E��M.I9_)�»SWM�t5JN[h�dSEI9QE� ijMy]�_EMHi �\MHJgI1ebX�OPG`J\[^�

99.5%
SWMy�dG`[E�WMHi^� �\MHJgI9[jK

[128 − 3σ , 128 + 3σ]
= [≈ 43 ≈ 213]

q
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GEJ Dy�(�EijK\JgI9t�MdGEI9J?_`Q¤O	I5�N]R_`M SWM ebX�QH��X5ih_WK\[hX5Q1OPX! �MHQ`Q`M._`J

[3 × 3]
C¥i^I	OPX! 5M.Q`Q`M �\MHJgI9[jKc[^SWMHQRKN[h]R_`M��YihM �EijK\JgI9t�MGEI��\�\MGFS�EI5� � L�� � ebX5Q¥�LM.J ��MHJpi^I/OPX! 5M.Q`Q`M SWMDi:T [hOPI5t5Mo� � O � ��
H� O	I9[^�?�NI
�ZI9JN[hI5QEebMD�LM.JNI5[3KcGEij_E�cV I9[��`ihM��:eHI9J¬ihM �`JN_`[jKOPX5[hQE�µ[hO G7X5J\KNI5QRKg� � O � ��
���q

�±ih_E���±JNF.eH[h�\FHOPM.Q�KyCbi�T FyeHI9J\KUK$ sG¥M SW_7�`J\_E[3K��\MHJgI9[jK·I9G`GEJ\X=�W[hOPI9K\[��5M.O M.QRKUS`[E�s[^�LF�GEI5J √ � �·qES`MdebXsM#"/eb[hMHQRK
SW_��EijK\JNM
=√

9
�YX�_��NI��oI5J\[^I9Q¥ebM SW[E�s[^�LF.M1GEI9J

9
� MbK/X�Q«KNJ\X�_)�5M.JNI5[3K/I9GEG`J\X=�W[hO	IZK\[��5M.OPMHQRKD_`Q �EJ\_`[jK SW[^�AKNJ\[��`_`F.M1�LM.ijX�Q N (µ =

128, σ2 ≈ 89)
CW[:q M5qhC`_`Q�F.e.I9J\KµK$ RG7MdSW_ �`JN_`[jK ≈ 9.4

q ����� ��
��
U�I G`JNX5GEJ\[hFbKNFdSUT M.J\t�XWSW[heH[3KNFaG¥M.J\OPMbK¬SWMdJgI9G`G`JNXWegf`MHJpeHMbKLKNMrMG�WG7FHJN[jM.QEebMdI=��M.eaebM.ijihM �\_`JpijM O X! �MHQ`Q¥I9t5MaSUT MHQE�\MHO&�`ihMSUT [jO	I5t5M.�µM.QRKNI5egfEFHM.�µSUT _`Q �`JN_`[jK %aI9_E�N�L[hMHQ�q � � � ��
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σ
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σ = 9.59 �

�
U±T [hQWVYX5JNO	IZK\[hX5Q/eHX5_`ihMH_EJ Q·T FbKgI9QRK GEI��±KNJ Dy� [hOPG¥X�JLKgI9QRK\M?S`I9QE��ebMHKLKNM?I9GEG`ij[^eHI9K\[hX5Q·CR[hi7�\MHJgI9[jK G`JNFbVYF.JNI%�`ijM¬SWM
KNJNI=�ZI5[jihijM.JI=�5Myeri�T [hO	I9t5MDSWM.�?Q`[��5M.I5_ �1SWMDt�J\[^�.qQ�
QEM FHtRI9ih[h�NIZKN[jX�Q¤SUT f`[h�LK\X�t5JgI9OPOPM �\MHJgI9[jKc_`Q1KNJNI5[3KNMHOPMHQRK¬]R_`[¸Q`X�_E�
G7MHJNOPMbK\K\JgI9[jKSUT I=�5X�[jJP_`Q�G7MH_�G`ih_E�/S`M¤G`JNF.eb[^�\[jX�Q I5_ QE[E��M.I9_�SWM,eHM¤]R_`M¤�LX�QRK/J\F.MHihijM.O M.QRK/ijMy�/ebX�Q�KNX5_`Jg�PSWM,eHM¤�LX�[3K F SW[^�NI9QRK	XRM.[jiSUT [jQ¥SW[jM.Q·q��¸X5_EJ��s[^�L_¥I9ih[h�\MHJ¬G`ih_E�rSWM	SWFbKgI9[hih�rSEI9QE�¬ihM.�rebX�QRK\X5_EJN� �YJNMHG`JNF.�\MHQRKNFDGEI5JrSWM.�aQ`[��5MyI9_ �,S`M t�J\[^�a�LX�O �`JNMy�bC�_`QFbKN[jJNMHOPM.Q�K
SUT f`[^�AKNX5t�JNI5O OPMrI9_)� Q`[��5M.I5_ � SWMy� �HX�Q`M.�µSWMrQ`[��5MyI9_ � S`Mrt5JN[h�p�\X5O&�`J\M¬Q`X�_E�µG¥M.J\OPMHKLK\JgI9[jK
SUT I=�5X5[hJµ_`Q G¥M._G`ih_E�pSWMdeHX5QRK\JgI5�LK\M¬SWM.�peHX5QRK\X�_`JµMbK
G7MH_WK #HK\JNMaI5G`G`JNF.eH[jM.J�GEij_E� �A_¥�AKNMHOPMHQRK
i^IDJNM.�N�\MHO �EihI5QEebM¬SWMrebMdebX�QRK\X5_EJ�I=��M.e¬ebMHihihMSUT _`Q �5F.J\[jKNI%�`ijMaXsMH[hi�q
�
QEM KNJNI5QE�AVYX�J\O	I9K\[hX5Q�ih[jQEF.I9[hJNM�GEI5JDOPX�JNeHM.I9_)� I=��M.e _`Q`M G¥M.QRK\M G`ih_E�PI �`JN_`GWKNM�G7X5_`JPihM.�PQ`[��5MyI9_ ��SWM t�J\[^� GEij_E��\X5O �EJ\My���\MHJgI9[jK
I9_E�N�\[7_EQ`M �¥X�Q`Q`MrJNFHG7X5QE�\MaMbKcI5O F.ij[hX5JNMHJgI9[jK i^I �s[h�\[E�E[jih[3KNFdSWM.�cSWFbKgI9[hih�.q
B?Q G7X5_EJ\JgI9[jK�I5_E�\�\[R_WK\[hij[^�\MHJ¸_`Q J\M.fEI9_E�N�\MH_`J�SWMpebX5QRKNX5_`J�G¥X�_`J�I9_`t�OPMHQRK\M.J�i^I �s[^�L[��`[hij[jK\FpSWMy��S`FbKNI5[ji^�¸SWMµebMbK\K\Mµ[hOPI5t5M�q
����� ��
��
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e�VAq¥ebX5_EJN�.q
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