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[1\]V ^G_a`RbdcdeGf*eGghc ikj WUg]lnmNbofp`Rcdqsrht]e.euc
ive<Y>exw7y]ezb7w7y]e<[X_?^Gbo`Rcdq{mNg]g]eG|}|{eN~

y�cdcd_��P�����>�>�A~ q}boma~ t]fpmNghcdboeG`N|S~ wz`��
∼
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� q

f(x, y)
bdeG_]bd^x��eGghcde�|�j q{f	`R�Ne�m�bdq{�Nq{ga`N|}e�\

g(x, y)
|�j q{f	`R��e�wumNg���mN|{t]^ze>�nq�~ eN~{\z�am�t]ex�keuc� ]bot]q}cd^�\zeuc

h(x, y)1
|{`�lnm�gawBcoq}m�g

�am�t]e	�nmNt¢¡ �]£4¤ �B\?wue._]bom�wzeG�o��t?�>iveAiv^z��bo`�i]`�coq}m�g¥_Peztvc �Gj ez¦v_]bdq{fpezb>_a`Nb,|}eAfpmviv§z|{eA|{q}g]^x`Rq{bde.�dt]q}��`Ng�c<�
g(x, y) = f(x, y) ∗ h(x, y) + n(x, y),

�Z�x�
mN¨

n(x, y)2
bdeG_]bd^x��eGghcde©|}e. ]bot]q}c `Ni]ivq}cdq}lª��`Rt?�d�dq}eGg«ezc>mN¨ ∗ iv^G�dq}��g]e.|Sj mN_P^zb7`�coezt]b>ive<wzmNg��Nm�|}t]cdq{mNg«i]q{�owuboeucx~

�­¬a� �n®��
¯,°n±�²k��³µ´�¬�¶X·B�	DzKhTAO��BILKNI�MPDR�}T,¸ª¹�º?»GºP¼a½�¬v¸ª¹¿¾L¸ª¼?ÀÁ�4´s®�¶X·B�	DzKhTA�7O�MaÂ�O��L�aÃoTADRÂ�T7�©�vM©Ä,OR�H�vMaI ÅuOR�B�pTAÆkÇ7Æ	TzQ�ÈNÃÉKR�oDNÈNÃ7T
Ê D��ËÈ��EÌz�B�vI�Q4KhD���Í7ÍBI­TzMÎÈNT1Â�D��BI­DRMP�7T σ2=20.0

�

Y>ezcdbomNt]��ezb
f(x, y)

�Gj `N_]_?eG|}|{e©q{wzqkt]g]e.½�ÏhÐG»G¬aÑ�½�¬v»xÒ­ºPÓ�~]V©`Rga��|{eAwz`N�¿mNt
n(x, y)

eG��c�g�t]|�\v|}e©_]bomvwueG�o�dta�¿rht]qk_Pezbofpeuc
ive«bdezcdbomNt]��ezbË|�j q}f	`R��eHmNboq{�Nq{ga`R|{e¥ÔÕ_?`Rbdcdq{b1iveÖ|Sj q{fp`N�Ne	�?mNt]e��nf	`Rqs�1g]mNg× abdt]q}cd^Gex�1�zj `R_a_?eG|}|{e¥t]gae«Ø4ÙhÚ�º?ÓÜÛPº?ÝSÑ�»xÒ­ºPÓ�~
ÞZß�à,á�âBã*ãxä�å æ{âBç­è>à,éBêëàZìSí�ãxíSåïîïåïì�ð,ñ�ò7ä�ì¿óRà�ò7ã�ôZâBã�õpñxà>ì�åïè�ãxîöòoí�åïâBä�ì�ñxà>çSàZìSí�ò7ã�çSòoí�åïâBä	ñ�÷ åïè
ò7øBà�ì�ùhúkà>è>âzñ�ûZîïà,ñ�à¿á�âBã*àZìSí�ôZàZîïã�åsü�õ�ò7çàUýxàZè>õ�îïàBüzþzã�åNò7õ�õ�ç­âdýGåïè>à4ã�ä�à�àZçSç­àZã�çkñ�à4è>åïìSà�ò7ã õRâBåïäuíkñh÷ ò7õ�õ�ò7çSàZåïîïìkâBõxíSåïþGãxà�ìªÿ{ò7õ�õ�ò7ç­àZåïîhõ��xâ7í�âBøBçSò7õ���åïþzã�àBü�ô�ò7è>ðZç�òxüuíSð�îïàZìSô�âBõRàBü�àUíSôBù �UùGßvòç­ð�õRâBä�ìSà�åïè>õ�ã�îïì�åïâBäxä�àZîïîïà4ñ�à�ôZàUíSíSà�ñ�ðZøBç�ò7ñ�òoíSåïâBäAõRàZãxí�ìd÷ àUýxõxçSåïè>àZç õ�ò7ç îöò�ç­à�îöòoíSåïâBä©ìSã�å �Bò7äuíSà��

h(x, y) =



1

L2

ì�å
− L

2
≤ x, y ≤ L

2
,

0
ò7ãxíSçSàZè>àZäuí

.

����íSåïîïåïì�àZçkîöò¿æ}âBä�ôUí�åïâBä©ò7ñ�ñ
	 øuò7ã�ìSì�åöò7ä
	 ä�âBåïìSàBù
�
� âBåïäuí��Gõ�ç­à�ò7ñ���ã�ä�ôUíSåïâBähù



V©`Rga�X|}epwz`�� m�¨
n(x, y)

ex�Zc©g]mNgµg�t]|�f	`Nq{�©rht]e
h(x, y) = δ

��I­��TG���
g(x, y)

eG��cX ]bot]q}cd^GeËf	`Rqs� gamNgÕ�?mNt]e��B\PbdezcdbomNt]��ezb
f(x, y)

Ô*_a`Rbdcdq{b
ive
g(x, y)

�Gj `N_]_?eG|}|{eAt]g]e.m�_?^Gbo`Rcdq{mNg¢iveAØ�Ùh®4½�Ñ4Òn»x¬]¼PÏE�­i]ezg]m�q{�dq}ga�h�B~
� e��,¡ wum�ga�dq{��cdeJÔÎq}fp_]|{^zfpeGg�coezb	cobdm�q{�1coeGw7y]g]qsrht]eG�¥ive¢bdex�Zc7`Rt]b7`�coq}m�gP��iv^xwum�gh��mN|{tvcdq{mNgÜ��iv^G ]bdtaqLc7`R�Ne�~kWU| �Gj `N�Nq}c	i]e

|�j `N|}��mNboqLcoy]fpe¿ive���`Ngaiv��ez Pezb��}�	��\�ivt*��eGt]q}|{|s`R�Ne�iveG�ªwzmhe	
Hwuq{ezghco�ªikj mNgai]ez|{euc�coeG�4euc�ive,|s`
fp^ucoy]mvive,bd^xwuezfpfpezghc4_]bdm�_?mh��^Ge
_a`Nb�� ~�
<~��.~ £ q{�Ntaezq{bdexivmpeuc��
m��,`��������É~
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��j `R_a_]bdmvw7y]e,q}cd^Gbo`Rcdq{�Ne>_]bomN_Pm��d^ze>_a`Nb���`Ngaiv��ez PezbXTzQ�D��}�&�}�	�a_?eGbdfpezc�ive>cobdm�t]�NeGb�|{`Ë��m�|}tvcoq}m�g

f̂(x, y)
rht]qafpq{g]q}fpqs��e

|s`Ëlnm�gawBcoq}m�gJiveAwum(']c ��t]q{��`Rghcde 5 �

f̂(x, y) = arg min
f

{

‖g(x, y)− h(x, y) ∗ f̂(x, y)‖2
}

,
�)���

* eucdcde.coeGw7y]g]qsrht]eAwum�gaivt]q}c Ô*|Sj `R_]_abdmvw7y]e.q}cd^zb7`�coq}��e©�dt]q{��`Rghcde	�

f̂k+1(x, y) = f̂k(x, y) +α h(−x,−y) ∗
(

g(x, y)− h(x, y) ∗ f̂k(x, y)
)

,

`���eGw
f̂0(x, y) = g(x, y).

�,+h�

* eucA`R|{�Nm�bdq}cdyaf*e�\P`N_]_Pez|{^p`Nta�o��q&-Zm�g]e1��cdeG_µ��bo`�ivq{ezghc/.B\?wzmNgaivtaqLc<Ô¥cdbomNt]��ezb |�j eG��cdq{f*^Ge
f̂(x, y)

q}cd^zb7`�coq}��ezfpezghc©_a`Rb.t]g]e
cdexw7y]g]qsrht]eÖi]e¢i]eG�owuezghcoe«ivt �Nb7`Nivq{ezghcp`��NeGw

g(x, y)
wum�f*fpe¢��m�|}t]cdq{mNgëq{g]q}cdqs`R|{e«ezc

α
wzmNfpfpe«_?`N�G~0� mRcoezbpr�tae¢ia`Rga�

|{e¢wG`NivboeJiveJwueÖcdb7`���`Rq{|S\
h(x, y)

^uco`Nghc	�21�fp^ucdboqsr�taeN\�mNg�`
h(−x,−y) = h(x, y)

~ * m�f*fpeJwuezc¥`R|{�Nm�bdq}cdy]fpeÖtvcdq{|{q{�de
|�j m�_?^Gbo`Rcdeztab iveËwzmNg��Nm�|}tvcoq}m�g ∗ \?wzez|{|}e	3Éwzq _?eGtvc54zcdboeAbd^x`R|{q{�d^zeAe	
Hwz`Nwzezfpezghc i]`Nga�
|{eËivm�f	`Rq{g]e<ive £ mNt]boq}eGb
ezgJt]cdq}|{qs�d`Ng�ct]g]e £ª£ �.~

687:9 Y>^x`R|{q{�dezbHtag]eEiv^xwumNg���mN|{tvcdq{mNg�iveÕ|�j q{f	`R��eJ¸4¹4ºa»xº?¼?½�¬v¸ª¹�¾}¸4¼PÀ Ô |s`Nrht]eG|}|{eJ�Nm�ta�	`Rtabde<;Õ`>=ZmNt]cd^Jt]g��am�t�Ô
|�j `Nq{ive1ikj tag@?a|}cdboeËwz`Nbdbo^

h(x, y)
ivmNghc©|{`pc7`Rq{|}|{e1�dezb7`	�d_?^xwuq�?a^ze1_a`RbX|Sj tvcdq{|{q{�o`�coezt]bx~Ü[XgÕ_abdeGgaivb7`

α=1
~ * `R|swuta|}eGb
_?m�t]b

w7ya`�r�tae
qLco^zb7`�coq}m�g	|}eXW � � Y�m� vcdeGg�t ~�¡ªm�t]b���mRcdboe> P^zg]q�??wue�\���qs��t?`R|{q{�dezb¿|}eXbd^x��t]|}co`Rc�mN ]cdezg�tH`N_]bd§x�
10, 20, 30, 40, 50, 100q}cd^zb7`�coq}m�ga�G~

W � � Y
= 10 log A,B

(

∑

x

∑

y

(

f(x, y)− g(x, y)
)2

∑

x

∑

y

(

f(x, y)− f̂(x, y)
)2

)

,

62CD9 ��j `R|{�Nm�bdq}cdy]fpe�iveE��`Rg?iv�¿eG ?eGbª_?eGtvc�`Rta�o�dq��dezbo��q}b�Ô©boeG��co`RtabdeGb�t]gae�q{f	`R��eN~>

q{ga�dqS\R`�=ZmNtvcoezbªt]gp ]bot]qLc��h`Rta�o��q{ezg1Ô
|�j q{f	`R�NeXwumNg���mN|{t]^ze>ezc¿bo^G`R|{qs��eGb�t]g]eXbdex�Zc7`Rt]b7`�coq}m�g*iveX|Sj q{fp`N�Ne
¸ª¹4ºa»xº?¼?½�¬v¸4¹¿¾L¸ª¼PÀ��?mNt]e
ezc¿ ]bot]q}cd^Ge _a`Nb�|s`.cdexw7y]g]qsr�tae
ive���`Rgai]�¿eG ?eGbG~x[Xg._]boezg?ivbo`

α=1
~ * `N|{wzt]|}eGbk_?m�t]b�w7y?`Nwutag]e�ive�wzeG�kq}cd^Gbo`Rcdq{mNga�k|{e�W � �XY�mN vcoezg�t	�nq}cd^Gbo`Rcdq{mNga� wzmNfp_]boq{�deG�

ezghcobde
0
euc

50
_a`Nb>eu¦vezfp_]|{ex�u~

5
:<@1/H=�F�-.:G! )�;Á;�/ -./p(1;�24;¿5
5 ;,=Î(*;H p@Ë@1:
IuÓÜ»G½�º�Ø�Ñ4ÚR»xÒ­ºPÓ

��`Öcobo`Nga��lnmNbof*^Ge	ezg m�gaivez|{eucdcdex�J� +>�¿ex�Zc1t]g×mNt]cdq{|¿rht]q¿`N_]_a`Nb�coq}eGg�c*`Rt ivmNf	`Nq}g]e«ivt cdb7`Rq}cdeGfpezghcËivtë�dq}��ga`R|�~ � m�g
`Rg?wK4ucobde eG��c�|{`Acdb7`Rga��lnmNbofp^ze
ive £ mNtabdq{ezbx\�rht]e
��mNta��wumNgaga`Rqs�d�de	;
i]^/=�Ô<ezc�rht]q?_?eGbdfpeucx\h`N_]bo§G��iv^xwum�f*_Pm��dq}cdq{mNgHivt¥�dq{�Nga`N|
�dt]b t]gJeGga�dezfË a|}eËi]eË��q{�Ng?`Rtv¦Jive< a`���eH�­ezga�dezf1 ]|{e1iveËwzm��dq}g�ta�
_?m�t]b |s`HV * � m�tJeu¦v_PmNg]eGg�coq}eG|}|{eËwzmNfp_]|{eu¦veG� _?m�t]b
|s`
V £ �ÁlnmNbof	`Rghc>t]g]e< ?`N�de©m�b�coy]mN��mNga`N|}e��B\�ikj eu¦v_]|{mNboezb>|s`*wzmNfp_Pm��dqLcoq}m�g¥lnbo^Grht]eGg�coq}eG|}|{e<ivtJ�dq}��ga`R|kezc
_a`Rb
�deG�,_]bomN_abdq{^uco^G�G\
iveA|{t]q�`N_]_]|{q{rht]eGb,i]eG�>m�_?^Gbo`Rcdeztabo�,iveL?a|}cdb7`R��eN~
M8N �PORQ � N îïãxçSç­àZñ �GåïøBä�ò7î�í�âEO�âBåïì�à�Q�òoí�åïâ�ù
SUT ä©õxç�òoíSåïþGãxàuüRâBäXñ�âBå í�õ�ç­ðdò7îöò7óxîïà�è>àZäuí�à�ì­í�åïè>àZç ôZàªá�âBãWV¿õ�ò7ç­íSåïç�ñ�à�îs÷ åïè
ò7øBà4âBç­åïøBåïä�ò7îïà�ò �7ò7äzí�ñ�à�ç­ð�ò7îïåïì�àZç�íSâBãxíSà�ñ�ðZô�âBä �uâBîïãxíSåïâBähù



�ÖÙhÚ�º?À×¸�º?ÐxÒn»xÒ­ºPÓ×Ï�Ó�º?Ó4Ø4ÏhÝSÏh»z»GÏ�Ð*Ø��{Ñ�Ó�ÐxÒ­¼PÓ4¬]Ý 7 �
VXe¿f	`Rgaq}§Gbde�q}ghcot]qLcoq}��eN\�|s`Xiv^xwum�f*_Pm��dq}cdq{mNgËeGgËm�gaivez|{eucdcdex��_Pezbofpeuc�ive,��^G_a`Rboezb4t]gp��q{�Ng?`R|hezgË ?`Rgaivex�ªive�lnbd^xr�taezgawzeG�G~


 wuezc�coe5??g \]mNgÖ��`pwubo^zezb,t]gaeA a`Rgarht]eAiveL?a|}cdboeG�,_?`N�o��e	3� a`Ngaivex��Ô*_a`Nb�coq}b>ikj t]g ?a|}cdboe._a`N�o��e	3� ?`N��euc
ikj t]g ?a|}cdboe©_?`N�o��e	3
ya`NtvcG~���`piv^GwzmNfp_?mh��q}cdq{mNgÖboez��q}eGghc>Ôpboez_abd^x��eGg�coezb,|{e<��q{�Nga`N|kikj tag]e<f	`Rg]q{§zboeAivq��P^GbdeGg�coeAÔ	w7ya`Nrht]e.^uc7`R_PeN~�� mNta�>`N|}|{mNg?�
iv^x��q{�Ng]eGb t]gµ��q{�Nga`N| g�t]fp^zboq{rht]e«�GV iveË|{mNg]��t]eztab

2n
_a`Nb |{eË��eGwBcoezt]b

~s = {s0, s1, . . . , s2n−1}
~?VXt]b7`RghcX|s`	_]boezfpq{§zboe

^uc7`R_Pe<ive.|{`	i]^Gwum�fp_?mh��q}cdq{mNg \�|{e<��q{�Ng?`R|
~s
eG��c>cdb7`Rg?�Zlnm�bdfp^.wumNfpfpeA��taqLc<�

~s = {s0, s1, . . . , s2n−2, s2n−1} →
(

{m1
0, . . . , m

1
2n−1−1}, {d1

0, . . . , d
1
2n−1−1}

)

= (~m1, ~d1),

mN¨
~m1 eG��c<|}e	��eGwucdeztabËiveG�.��`N|}eGt]bo�H�pO��NTuM?MPTuÍ7\ ~d1 ex�Zc<|{e	�NexwBcoezt]b<ivex�A��`R|{ezt]b7�HÈNÃzQUD�I��ïÍH�nq�~ eN~{\ |}ex�<wum�e	
	wzq}eGghco�<ikj mNg:3iveG|}ezc�cdex�o�©ezcAmN¨ → q}gai]q{rht]ept]g�g]q{�Nex`Rtµi]epi]^Gwum�fp_?mh��q}cdq{mNg ~ V©`Rg?�.|{`¢iv^xwumNfp_Pm��dqLcoq}m�gµ�dt]bA|s`¥ a`���e	ikj mNg?ivez|{eucdcdeG�Ai]e

� `�`Rbx\�|}ex�
iv^uc7`Rq{|{�,ezc
|}ex�,fpm>1Nezgag]eG�>�dmNghc>bdeG|}q{^G�,`Nt¢�dq{�Nga`N|P_?`Rb>|{eG��lnmNbofËta|}ex�>��t]q{��`Rghcdex�.�

∀ 0 ≤ k ≤ p, m1
k =

s2k + s2k+1√
2

ezc
d1

k =
s2k − s2k+1√

2
.

�
gaeplnmNqs�A|{`Ö_]boezfpq{§zboepcdb7`Rga��lnmNbof	`�coq}m�gEbo^G`R|{qs��^GeN\k|{e	_]bdmvwzeG�o��ta�.ive	bo^G`Nbdb7`Rga�NezfpeGg�c.eG��c<bo^zq}cd^zbo^	��tabA|}ex�A�NexwBcdeGt]b7�
ivex�1fpm>1�ezg]g]ex��=Zt?�drht j ÔE^G_]t]qs��eGfpezghcpi]eG�1cdeGbdfpeG�Ö�ªezg wum�ga��qsiv^Gbo`Ng�c*|}eÖ�NexwBcoezt]b*q}gaqLcoq{`N|
iveG�*fpm>1NeGg]g]eG�

~s = ~m0 =
{m0

0, . . . , m
0
2n−1}

�

~m0 →
(

{m1
0, m

1
1, . . . , m

1
2n−1−1}, {d1

0, d
1
1, . . . , d

1
2n−1−1}

)

= (~m1, ~d1)

~m1 →
(

{m2
0, m

2
1, . . . , m

2
2n−2−1}, {d2

0, d
2
1, . . . , d

2
2n−2−1}

)

= (~m2, ~d2)

. . . . . . . . .

~mM−1 →
(

{mM
0 , . . . , mM

2n−M−1}, {dM
0 , . . . , dM

2n−M−1}
)

= (~mM , ~dM )

mN¨
M
eG��c
|}e.g]q{�Nex`Rt¢iveAbd^x��m�|}t]cdq{mNgÖmNt¢ive<iv^GwzmNfp_Pm��dqLcoq}m�gÎ�

M = 3
Ô*|s` £ q{�a~��¢�­ ?���u~
	�gÕikj `Rt]cdboeG�,fpmRc7�z\]`N_]bd§x�,t]g]e

^uc7`R_Pe<iveËiv^xwum�f*_Pm��dq}cdq{mNg \v|{eË�dq}��ga`R|kq{g]q}cdqs`R|
~s
eG��c iv^GwzmNfp_?mh��^AeGgJiveztv¦¢�NexwBcoezt]b7�

~m1 euc ~d1 \acdmNt]c iveztv¦JiveA|{mNg]��t]eztab
2n−1 ~k¡�`NbX|s`¢��t]q}cde�\k|}e*�NexwBcoezt]b ~m1 ex�Zc<iv^xwum�f*_Pm��d^pÔ«�dmNgEcdmNtab©eGgµ��eGwucdeztabo� ~m2 ezc ~d2 \Üwzeucdcde*lnmNqs�/3Uwuq�ivep|{mNg]��t]eztab
2n−2 ~ * ezc�coeAmN_P^zb7`�cdq{mNgÖeG��c>bd^G_?^zcd^<�dtawzwzeG�o��q{�NeGfpezghc M

lnmNqs�z~
� m�bo�ªivex�4cdb7`Rga��lnmNbof	`�coq}m�ga�ª��tawGwuex�d�dq}��eG�G\�|}ex�ª�NeGwucdeGt]bo�ªive>fpm>1�ezg]g]ex�

~mi
�dmNghcªbdeGfp_]|{`�wu^x�ª_a`Rb�|{ezt]bªcobo`Nga��lnmNbofp`Rcdq{mNg

�
~mi+1 \ ~di+1 �B\

~s = ~m0 → (~m1, ~d1)→ ((~m2, ~d2), ~d1)→ . . .→ ((. . . (~mM , ~dM ), ~dM−1), . . .), ~d1)
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g(x, y)
àZîïîïà�è32�è>àBù

4oß�à>õ�îïã�ì�ì�âBã �uà�äuí�üvâBä*è>âzñ�ðZîïåïì�à¿îïà,æsò7å í�þzã�à>îs÷ åïè
ò7øBà�âBç­åïøBåïä�ò7îïà
f(x, y)
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f̂0(x, y) = f̂ �������
	���
���� (x, y)
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f̂k+1(x, y) = f̂k(x, y)+
α2

σ2
h(−x,−y) ∗

(

g(x, y)− h(x, y) ∗ f̂k(x, y)
)
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• VX^GwzmNfp_Pm��dqLcoq}m�g«eGgÖm�gaiveG|}ezc�cdex�>ive f̂k+1(x, y)
�

ŵ ← �����
[f̂k+1(x, y)]

• coy]boeG�dy]mN|siE�

θ̂i =

(

(

ŵi

)2 − 3α2
)

+

ŵi

• VX^GwzmNfp_Pm��dqLcoq}m�g«eGgÖm�gaiveG|}ezc�cdex�,q}g���ezb7��e.ive θ̂
�

f̂k+1(x, y)← ����� −1 �
θ̂]

+]~>Y>eucomNt]b>eGg
1.
euc

k ← k + 1
co`Nghc r�tae*�

‖ f̂k+1(x, y)− f̂k(x, y) ‖2
‖ f̂k(x, y) ‖2
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