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q��#�iq'n#�#�iq�f�k�jUn{l_op}�y\titiqU����q\��,opopk��!�,���
�
��� }�n{ym� �ir|y\tuopn{qUl\�`� �'l
�
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4 ¦ (*²�³�´�µe¶�µ�·�´
¸ y,}Zo8�itiq¹xzy,tm�ºo{}�y,t

f(x)
v�j'»mti}�q¹¼p�in

IR
g\v�jUnp}�½�l_¾i��q
¼��in

IR ¿ ¼{l_��x!j'½\qUtuop�iqU����q'r|q'tuo8q't|�ittiy,r¯¾in{q¹»mti}Àv�q�k!y\}�tuo{¼�viq�v�}�¼p�'y\tuop}�t
�i}�opj�v�q�kinpqUr|}�ÁUnpq
q�¼�k!ÁU�'q�Â�q'o�l_¾�¼�y,���ir|qUt,oÃ}�tuopjU�\n#l_¾i��q
¿ }£� q\��g\�£w }�tuopj'�,n{l\��q ∫ +∞

−∞ |f(x)| dx
qU¼�oÃ»mti}�q�Â%�
f�tVl_kmk�qU����q
opn#l_t�¼exzy\n{r|j'q
v�q�Ämy\�in{}�q'n�v�q

f(x)
g��l¯xzy,tm�ºo{}�y,t

F : IR → C
g ¿ C v�jU¼p}��\tiq���q��%y\n{km¼¹v�q�¼��%y,rskm��q'Å
q�¼{Â%g
opqU����q�~,�mq\g

F (ν) =

∫ +∞

−∞

f(x) exp (−2πjνx) dx, ν∈IR. ¿ ��Â

ÆÃw l_kmki��}��'l_op}�y\t
F : f → F

q�¼eo¯l\kik�qU��jUq1opn#l_t�¼exzy,npr1l�o{}�y,tÇviqÈÄiy,�inp}�q'n���f�t�tiy\opqUn{lÇ�
F :

F(f)
�mÆ�lhxzy\tm�%op}�y\t

F
q�¼eo
¾!y\n{tij'q,�iÉÃtÊq%ËÀq%o�g

|F (ν)| =
∣

∣

∣

∫ +∞

−∞

f(x) exp (−2πjνx) dx
∣

∣

∣
≤

∫ +∞

−∞

|f(x)| dx,

�'l\n
|exp (−2πjνx)| = 1

��b�qÌkm���m¼Ug�y\t±vij'r|y\tuopn{qÌ~u�iq
F
qU¼�o1�%y\tuo{}�t
�iqÍ¼��in

IR
q%o1~,�mq��}�r

|ν|→∞
|F (ν)| = 0 Î �

Ï Ð�Ñ�ÒsÓUÑ�Ô\Õ�Öz×!ØÚÙuÖ�ÛiÔÚÒ¯Ï
Ü�Ý f Þ
ßUàsá Üiâ�ã Þ

F (ν) =

∫ +∞

−∞

f(x)(cos 2πνx − j sin 2πνx) dx.

f�n
��qU¼¹xzy,tm�ºo{}�y,tm¼
x → f(x) cos 2πνx

q%o
x → f(x) sin 2πνx

¼py\tuo�n{qU¼pk�q��ºo{}�½,q'r|q'tuo
kml_}�n{qq%o�}�r|kml_}�n{q\�ib�y\tm�\g
∫ +∞

−∞

f(x) cos 2πνx dx = 2

∫ +∞

0

f(x) cos 2πνx dx,

äeå�æ8ç�èºé�ê`ë_ì�í,î ï�ð'é�æ{ñ`òóèºô
y = |F (ν)|

ìeõ�ñ�æ#ö�ö_ìe÷óïeì�õ`ö\ìeç�ñ`ê`ì�í�ì
f øUù é�ìe÷ó÷óìÚð'é�ì�õ`èºò ñ f ú ÷óìÚõ£ö_ìeç�ñ£ê�ì�ö_èºõ£õ`ûeí�ìí�èºô�çÃ÷�î æ{üUì

Ox
ö_èºé�ê�æ#õ`ýUþ
ö�ñ`è#ñ£ì ø

�
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q'oUg ∫ +∞

−∞

f(x) sin 2πνx dx = 0.

¸ }
f
qU¼�o�kml_}�n{q\g
�`w }�t,o{j'�,n{l\��q�v�q�Äiy,�in{}�qUn�¼'w jU�'np}�o�v�y\tm�\g

F (ν) = 2

∫ +∞

0

f(x) cos 2πνx dx. ¿�� Â
b�l_tm¼
�'q��'l\¼Ug

F (ν)
q�¼eo�n{j'qU�`�

� Ý f ÞußUà â�� á Üiâzã Þ

� q%opopq�xzy,}�¼Ugiy\tÊlig ∫ +∞

−∞

f(x) cos 2πνx dx = 0,

v�y,tm�
F (ν) = −2j

∫ +∞

0

f(x) sin 2πνx dx. ¿�� Â
É8o�vil\tm¼��'q��Ul\¼Ug

F (ν)
q�¼eo�}�r1l_�\}�tml\}�n{q�km�inpq,�

� Ý f ÞußUà ã	� Þ�
b�l_tm¼Ú�'qÃ�'l,¼'g%y,t�v�j'r|y\tuo{npqÃ~u�iq8��l¹kml_npop}�q8n{j'q'����qÃv�qÃ��l�opn#l_tm¼�xzy\n{r|j'q8v�qÃÄiy,�in{}�qUn6v�q
f(x)

g}£� q,��g
R[F (ν)]

q�¼eoskml_}�npqÈq%o1¼plXk�l_npop}�qÈ}�r|l\�\}�tml_}�n{q\g6}£� q\��g
I[F (ν)]

qU¼�oh}�r|kml_}�npq ¿ ¼
�ur|j'opn{}�q�iqUnpr|}�op}�q'titiq�Âº�

� ¦�®���������������� ¶�� �8´"!$##·%� � ² � !
& Ý('*),+.- à â�)/+10 á )mã àUÞ32

f(x)

x-1/2 1/20

4 Ö6587 �:9ÈÄiy,tm�ºo{}�y,t<;�k�y,n�o{q>=�tiy_o{j'q
Π(x)

�
Æ6lhxzy,tm�ºo{}�y,t<;�k�y,n�o{q>= ¿ �ºxe��Ä�}��\�mnpq|��Â%g�tiy_o{j'q Π(x)

gmqU¼�o�v�j%»�ti}�q�k�l_n�g






Π(x) = 1
¼p}

|x| ≤ 1
2 ,

Π(x) = 0
¼p}

|x| > 1
2 .Æ6lhxzy,tm�ºo{}�y,tÍj'o{l\t,o
kml\}�n{q\g�y,tÍlmg

F (ν) = 2

∫ +∞

0

Π(x) cos 2πνx dx,

F (ν) = 2

∫ 1

2

0

cos 2πνx dx,

F (ν) =
sin πν

πν
.

�
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v�y,tm�_g
F [Π(x)] =

sin πν

πν
. ¿�� Â

f�tÍ½\j'n{}�»mq�~u�iq
F
qU¼�o
¾�y,nptmj'q\gi�'y\tuop}�t
�iq�q%o�~u�iq ��}�r

|ν|→∞
|F (ν)| = 0 ¿ �ºxe��Ä�}��\�mnpq � Â%�

-0.5

0

0.5

1

1.5

-3 -2 -1 0 1 2 3

TF de la fonction porte

4 Ö65 7 � 9��
Ä v�q���l¯xzy,tm�ºo{}�y,t ;ek!y\npopq =#�
� Ý('*),+.- à â�)/+ ß â�� á��.
�ß â�)/+ ß¸ y,}Zo
��l¯xzy,tm�ºo{}�y,t

ΠT (x)
g�v�j%»�ti}�q�k�l_n�g







ΠT (x) = A
¼p}

|x| ≤ T
2 ,

ΠT (x) = 0
¼p}

|x| > T
2 .

f�tÍnpqUr|l\n{~u�iq�~u�iq ∫ +∞

−∞
ΠT (x) dx = AT

� � y,r|rsq�kmnpj��%jUviq'r|r|q'tuoUg�y,tÍlmg

FT (ν) = 2

∫ T

2

0

A cos 2πνx dx = A
sin πνT

πν
= AT

sinπνT

πνT
.

Ï Ð�Ñ�ÒsÓUÑ�Ô\Õ�Öz×!ØÚÙuÖ�ÛiÔ�Ï¸ }
AT = 1

g6��qU¼¯xzy\tm�%op}�y\tm¼hkin{jU�'jUv�qUt,o{qU¼s¼�y,tuohl_kik!q'��j'q�¼�xzy,tm�ºo{}�y,tm¼h}�r|ki�i��¼p}�y,t��£�mti}Zo{j\�ÉÃ����q�¼
k!q'�i½,q'tuo�¼'w q%Å�kin{}�r|qUn
	h�£w l_}�v�q�v�q���lhxzy,tm�ºo{}�y,tÍk!y\npopq,g

ΠT (x) =
1

T
Π

( x

T

)

=







1
T

¼p}
|x| ≤ T

2 ,

0
¼p}

|x| > T.

viy\tm�\g
F

( 1

T
Π

( x

T

))

=
sinπνT

πνT
.

ÆÚy,n{¼{~u�iq
T → 0

g���l���}�r|}Zo{qQy,¾�opqUt
�iq\g�~u�i}utÚw q�¼eo�kml,¼6�itmqÃxzy\t��ºop}�y\t6g�q�¼eo�l_kik!q'��j'q���W�
º^£ ºW��%¢�^£W�]�[
�\a��¯W� pS\¤¹q'o�tiy_o{j

δ
��c��6¼pq'n#lh�'y\r|r|y
viq�v�q��%y\t�¼�}�v�j'n{q'n¹kml\n
��l|¼p�i}�opq�~u�iq\g

δ =
��}�r

T→∞

1

T
Π

( x

T

)

.

Æ6lÊkmnpy,kinp}�j%o{j ∫ +∞

−∞
1
T Π

(

x
T

)

dx = 1
qUt,o{n{l���tmqs��lÊtiy\o{l�o{}�y,tÇl\¾i�m¼p}�½,q ∫ +∞

−∞
δ(x) dx = 1~u�i}��e�m¼eo{}Z»�qÈ��l n{q'kin{jU¼pq'tuo{l_op}�y\t��\n#l_km�i}�~u�iqVviq

δ ¿ �%xe�8Ä�}��\�mnpq � Âº��ÉÃt�o{q'tml\t,o|�%y,rskiopqÌviq��}�r
T→0

sin πνT
πνT = 1

giy\tÍy\¾�o{}�qUtuo
viy\tm�\g

F(δ) = 1. ¿ �\Â

�
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T/2-T/2 T/4-T/4 0

f(x)

0

f(x)

1δsi T-> 0ΠT
1/T

2/T

4 Ö6587 � 9Êb�}�¼eo{np}�¾i��o{}�y,t�v�qhb�}�n{l,� ¿ y,� ��}�r|}�opqhviq¯��l1xzy\t��ºop}�y\t�k�y,n�o{q¯v�q¯��l_n{�\qU�in T
~u�ml\tmv

T → 0
Âº�

� Ý('*),+.- à â�)/+ Þ���á ),+ Þ + à â Þ�
�
�Þ¸ y,}Zo
f : f(x) = exp−a|x| (a ∈ IR∗+)

gm��lhxzy\t��ºop}�y\tÊj'o{l_tuo
kml\}�n{q\g�y,tÍlmg

F (ν) = 2

∫ +∞

0

exp (−ax) cos 2πνx dx.

��tmq�v�y\�i¾m��q�}�t,o{j'�,n{l_op}�y\t Î k�l_n
kml\n�o{}�q�¼
�%y\t�v��i}�o 	ig
F (ν) = 2

a

a2 + 4π2ν2
.

b�y\tm�\giy\tÊlig

F [exp−a|x|] = 2
a

a2 + 4π2ν2
. ¿ �uÂ

� ¦ /
·%� ���"� � ��� µ�´
	 � � !
µ�·�´
f�t±l,v�r|q%o�o{n{l�~,�mqÈ��lXopn#l_t�¼exzy,npr1l�o{}�y,t�v�qÌÄmy\�in{}�q'n¯k!q'�io��'opn{qÈ}�tu½,q'n#¼�jUq\g��_w qU¼�o � 	���v�}�n{q~u�Úw }���q'Å
}�¼�opqÇ�itiqÇopn#l_tm¼�xzy\n{r1l�o{}�y,tÚg¹tiy_o{j'q

F−1 g¹opqU����q�~u�iq f = F−1(F )
� ¸ }

F (ν) =äeå�æ�í�èºé�ë�÷óì8òóô'ñ`ï�
ºê£æ{ñ`òóèºô�ö�æ#êÚö�æ#êzñ£ì�õ£ì�í�ï�ê�èºé�÷óìÃçeèºþ
þ
ì�õ`é�ò ñ ú
I = F

ˆ

exp (−a|x|)
˜

= 2

Z

∞

0

exp (−ax) cos(2πνx) dx

= 2

»

−
1

a
exp (−ax) · cos(2πνx)

–

∞

0

−
4πν

a

Z

∞

0

exp (−ax) sin(2πνx) dx

=
2

a
−

4πν

a

“

ˆ

−
1

a
exp (−ax) · sin(2πνx)

˜

∞

0
+

2πν

a
I

«

=
2

a
−

4πν

a

„

0 +
πν

a
I

«

=
2

a
−

4π2ν2

a2
I

=
2a

a2 + 4π2ν2
.

�
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∫ +∞

−∞
f(x) exp (−2πjνx) dx

g�y,tÊvij'r|y\tuopn{q�~u�iq\g
∫ +∞

−∞

F (ν) exp (2πjνx) dx =
1

2
[f(x + 0) + f(x − 0)], ¿�� Â

y��
f(x+0)

q%o
f(x− 0)

n{q'kin{jU¼pq'tuo{q'tuoÃ��l¯��}�r|}Zo{q 	hv�npy,}Zo{q�q%o¹��l���}�r|}Zo{q�	��,l_���#�iq�q't
x
�uÉÃt�itÊk!y\}�t,o�y��

f
qU¼�o��%y,t,o{}�t
�iq,g�y\tÊl|v�y\tm���£w jU~u�i}�½�l\��qUtm�%q��\�

F (ν) =

∫ +∞

−∞

f(x) exp (−2πjνx) dx ⇔ f(x) =

∫ +∞

−∞

F (ν) exp (2πjνx) dν. ¿�� Â

	 Û�
6Û
��ÓiÙuÛ 	 Ñ6ÓiÓiÙuÖz×�Ñ
ÕÀÖ����±Ó��6ØÚÔ±Ù,ÛÇ×mÑ�Ùu×!ØÚÙ�����Ö���Õ�� 5�ÔÀÑ6Ù,Û�7
f�tÍls½
�X~u�iq

F(Π(x)) = sin πν
πν

g�v�y\tm�\g ¿ �%xe�iÉ�~u�ml�o{}�y,t ¿�� ÂpÂºg

F−1
( sin πν

πν

)

=







Π(x)
¼p}

|x| 6= 1
2

1
2

¼p}
|x| = 1

2

� w q�¼eo � 	 � vi}�n{q\g
q'tXv�j'o{l\}�����l\tuoUg
∫ +∞

−∞

sinπν

πν
exp (2πjνx) dν =







1
¼p}

|x| < 1
2

1
2

¼p}
|x| = 1

2
0

¼p}
|x| > 1

2

�8l_n
q%Å�qUrskm��q,g�k�y,�in
x = 0

g�y\tÊlig
∫ +∞

−∞

sin πν

πν
dν = 1,

v�w y��Úg�qUtÍk!y,¼{l_tuo
πν = t

g
∫ +∞

−∞

sin t

t
dt = π.

� ¦�� +.- � + ® 0¬ª�� ( ® ­¯¥ 0�+ ¥ ¨ �¹/1-�+"! ª ® ( ® /|-±°*+.) ® +
ÆÃw jU~u�i}�½�l_��q'tm�'q�l\v�r|}�¼�q�kin{jU�'jUv�qUrsr|qUt,o�g�}`� q\��g

F (ν) =

∫ +∞

−∞

f(x) exp (−2πjνx) dx ⇔ f(x) =

∫ +∞

−∞

F (ν) exp (2πjνx) dν,

½�l_��l_¾i��q�qUtÊopy\�io�k�y,}�tuo�y��
f
qU¼�o��%y,t,o{}�t
�iq,gix�l\}Zo�l\kikml\n{l���o{npq��itiqs¼ �
r|j%o{np}�q�kml\n�x�l\}Zo{q¯vil_t�¼��qU¼�xzy\n{r¯�m��q�¼'�,f�tskml\¼{¼pq¹viq���l�opn#l_tm¼�xzy\n{r1l�o{}�y,thv�q�Ämy\�in{}�qUn8v�}�n{qU�%opq

F
	���l�o{n{l\tm¼�xzy\n{r|l_op}�y\t}�tu½,q'n#¼�q

F−1 q'tÍjU�#��l_ti�,qUl_tuo�g
f

q't
F,

x
q't

ν,

j
qUt

− j.

#%$Uò
F
ì�õ�ñ�ö�æ#òóê`ì ú f(x) = 2

R

+∞

0
F (ν) cos 2πνx dν ø f(x) = 2j

R

+∞

0
F (ν) sin 2πνxdν ú õ£ò F

ìeõ`ñòóþ
ö�æ#òóê�ì ø
�
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��y\��o{q�kin{y\kin{}�j%opj�v�q
F
q�¼eo
v�y\t���½
n{l\}�q�k�y,�in

F−1 qUtVopqUtml_tuo
�%y,rskiopq�viq��'q%o�o{q�o{n{l\tm¼ �k!y,¼p}Zo{}�y,tÚ�
4 ¦�­ µp´�² � �mµe¶�²
¸ }

F(f) = F
q%o

F(g) = G
gmv�w l_kmnpÁ�¼¹��ls��}�tij�l_n{}Zo{j�v�q��`w }�t,o{j'�,n{l_op}�y\tÚg

F(λf + µg) = λF + µG, ¿�� Â
~u�iq'��¼
~u�iq�¼py\}�q'tuo

λ
q%o

µ
�%y\r|ki��q%Å�q�¼'�ib�q�r �'r|q\g

F−1(λF + µG) = λf + µg. ¿ �U�uÂ
� ¦ 0 � �8´"!$##·%� � ² � ��� #�� � ���

¸ y,}Zo
��l¯xzy,tm�ºo{}�y,t
g : g(x) = f(ax)

g
a ∈ IR∗ g

F(g) =

∫ +∞

−∞

f(ax) exp (−2πjνx) dx.

ÉÃt�k!y,¼{l_tuo
ax = t

q%o�q't�npqUr1l_n#~,��l_tuoÚ~,�mq8��q�¼Ú¾!y\n{tiqU¼�¼py\tuo6�%y,tm¼pq'n{½\j'q�¼�¼�}
a > 0

g%jU�#�ml\ti�\jUqU¼¼p}
a < 0

g

F(g) =
¼p�\t

(a) ×

∫ +∞

−∞

f(t) exp (−2πjν
t

a
)

dt

a
,

F(g) =
1

|a|

∫ +∞

−∞

f(t) exp
(

−2πj
(ν

a

)

t
)

dt,

v�w y��Úg
F [f(ax)] =

1

|a|
F

(ν

a

)

, ¿ �\��Â

	 Û�
6Û
��ÓiÙuÛ 	 ÕÀÔÀÑ��6Ò�� �6Ô�� �iÛ � �ZØ �ÚÛ������6×�ÕÀÖ����
	#Ó��6Ô,Õ�Û�� �6Û Ù,Ñ6Ô 	
56ÛmØÚÔ 2x0

¸ y\}�o
f(x) = Π

(

x
2x0

) g\��l�xzy\tm�%op}�y\t ;�k�y,n�o{q>=��%qUt,o{npjUq
q't
0
q'oQv�q���l_n{�\qU�in

2x0 ¿ �ºxe��Ä�}��\�mnpq � Â%g�y\tXlig

F [Π(x)] =
sin πν

πν
,

vÚw y��Úg
F [f(x)] = 2x0

sin 2πνx0

2πνx0
.

� ¦ 0 � �8´"!$##·%� � ² � ��� #�� ��
 � · �
¸ y,}Zo
��l¯xzy,tm�ºo{}�y,t

g : g(x) = f(x − x0)
g

F(g) =

∫ +∞

−∞

f(x − x0) exp (−2πjνx0) dx,

�
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f(x)

-xo x0

1

0

4 Ö65 7 � 91xzy,tm�ºo{}�y,t ;�k!y\npopq>=��%q'tuo{npjUq�qUt 0
q'o�v�q���l\np�,q'�in

2x0
tiy\opj'q

Π
(

x
2x0

) �

ÉÃtÊk!y,¼{l_tuo
x − x0 = t, t ∈ IR

giy,tÌy,¾�op}�q'tuo�g

F(g) =

∫ +∞

−∞

f(t) exp (−2jπν(x0 + t)) dt,

F(g) = exp (−2jπνx0)

∫ +∞

−∞

f(t) exp (−2jπνt) dt,

viy\tm�
F [f(x − x0)] = exp (−2jπνx0) F (ν). ¿ � � Â

f�tÍq'tXv�jUvi�i}Zo�gm¼pq'��y\tÈ��lsopn#l_t�¼�k!y,¼p}Zo{}�y,tÈ}�tmv�}�~u�ij'q�kin{jU�'jUv�qUrsr|qUt,o�g���lskin{y\kmnp}�j%o{j�l\tml_��y\�,�iqk!y\�in
F−1 g

F−1[F (ν − ν0)] = exp (2πjν0x) f(x). ¿ � � Â

��� 	 Û�
6Û ��ÓiÙ,Û 	 Õ�ÔÀÑ ��Ò�� �6Ô�� �iÛ�� �ZØ �6Û 	#Ó
��Ô\Õ�Û���� �m×�Ñ6Ù �iÛ
Æ6lhopn#l_t�¼exzy,npr|j'q�v�w �itiq�k!y\npopq�v�j��'l_��j'q ¿ �ºxe�mÄ�}��\�in{q��\Â�qU¼�oUg

F [Π(x − x0)] = exp (−2jπνx0) ×
sin πν

πν
.

�Ã���m¼
�\jUtij'n#l_��q'r|qUt,o�g
y\tÊlig

F
[ 1

T
Π

(x − x0

T

)]

= exp (−2πjνx0) ×
sin πνT

πνT
.

¸ }
T → 0

g�y,tÌqUtÊvijUv��i}�oUgmq'tÊk�yu¼pl\tuoUg

δx0
= δ(x − x0) =

��}�r
T→0

1

T
Π

(x − x0

T

)

,

}`� q\��gi��l|v�}�¼�opn{}�¾i��op}�y\tÊv�q�b�}�n#l\��o{n{l\tm¼���l�o{j'q�q't
x0
�!f�tÍy\¾�o{}�qUtuoUg

F(δx0
) = exp (−2πjνx0).
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xo-T/2 xo+T/2xo

f(x)

1/T

1

0 x

δxo

4 Ö65 7 �(9ÈÄiy\t��ºop}�y\t ;�k�y,n�o{q>=��'q'tuopn{j'q�qUt x0
q%o�v�q���l_n{�\qU�in

T
�

� � 	 Û�
6Û ��ÓiÙ,Û 	 Õ�ÔÀÑ ��Ò�� �6Ô�� �iÛ���Û f(x) cos wx

f�tÌk!q'�io�jU�'np}�npq,g

f(x) cos wx =
1

2

(

exp (jwx) + exp (−jwx)
)

f(x).

¸ }
F(f) = F

g�y,tÌqUtXv�jUv��m}Zo�giq'tÊk!y,¼{l_tuo
ν0 = w

2π

g

F
(

f(x) coswx
)

=
1

2

(

F (ν − ν0) + F (ν + ν0)
)

.

� ¦ 0 � �8´"!$##·%� � ² � ��� /
· � �mµ � � ��� ##·�´��!¶�µ�·�´��À·8!
µ�´ � ! � ¶ !
µ�´ � !
ÉÃtX��o{}���}�¼pl\t,o���q�¼�kin{y\kmnp}�j%o{jU¼
kin{jU�'jUv�qUtuopqU¼Ugiy,tXy\¾�o{}�qUt,o�x�l\�%}���q'r|q'tuo���l|opn#l_t�¼exzy,npr|j'q�viqÄiy,�in{}�qUn�v�q���lhxzy\t��ºop}�y\tX�'y,¼p}�t
�m¼�q%o�¼p}�tu��¼'g

F
(

cos(2πν0x)
)

=
1

2

(

δ(ν − ν0) + δ(ν + ν0)
)

,

F
(

sin(2πν0x)
)

=
j

2

(

δ(ν − ν0) − δ(ν + ν0)
)

,�'l_n�g
F(exp(2πjνx0)) = δ(x − x0).

5 ¦ 0 � �8´"!$##·%� � ² � ��� # ′ � ���
f�tÊ¼��ikmk�yu¼�q�~u�iq

f
q'o

f ′ y\tuo�v�qU¼
opn#l_tm¼�xzy\n{r|j'qU¼¹v�q�Ämy\�in{}�qUnUg

F(f ′) =

∫ +∞

−∞

f ′(x) exp (−2πjνx) dx.

ÉÃtÊkin{y��%jUvml_tuo
	h�mtiq�}�tuo{j'�\n#l�o{}�y,tÈkml\n
kml_npop}�qU¼Ug�y\tÍy\¾iop}�q'tuoUg

F(f ′) = [f(x) exp (−2jπνx)]+∞
−∞ −

∫ +∞

−∞

f(x)[−2jπν exp (−2jπνx)] dx.

f�n=��}�r
|x|→∞

|f(x) exp (−2πjνx)| =
��}�r

|x|→∞
|f(x)| = 0

km�i}�¼{~u�iq
f
qU¼�o|l\¾m¼�y,���mrsqUtuo¯}�tuo{j �

�\n#l_¾m��q�¼��mn
IR
�mbhw y��Úg

F(f ′) = 2jπν

∫ +∞

−∞

f(x) exp (−2jπνx) dx,

�
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�_w qU¼�o � 	���v�}�npq,g
F [f ′(x)] = 2jπν F (ν). ¿ � � Â

b�q�r �'r|q\gmk�y,�in
F−1, F−1[F ′(ν)] = −2jπx f(x) ¿ ���,Â

�Ã���m¼
�,j'tijUn{l\��qUrsqUtuoUg�¼�}
f (n)(x)

q%Å�}�¼�opq�q'o�k�yu¼p¼pÁUv�q��itmq�opn#l_tm¼�xzy\n{r|j'q\g
y,tÍlmg
F [f (n)(x)] = (2jπν)nF (ν),

q'o
F−1[F (n)(ν)] = (−2jπx)nf(x).

	 Û�
6Û ��ÓiÙuÛ 	 Õ�ÔÀÑ ��Ò�� �6Ô�� �iÛ���Û�Ù,Ñ � � �6×�Õ�Ö�����Õ�Ô�Ö�Ñ ��5�Ù,Û�7¸ y\}�oQ��l�xzy\t��ºop}�y\tVopn{}�l\ti�\��q ¿ �%xe��Ä�}��\�mnpq��uÂºgutiy_o{j Λ(x)
��Æ6l�xzy,tm�ºo{}�y,tVqU¼�o�v�jUnp}�½�l_¾i��q�kml\nrsy,n{�'qUl\��ÅÇ¼p�in

IR
g6��lXxzy,tm�ºo{}�y,t�v�j'n{}�½\j'qÈk�y,�i½�l_tuoh¼Uw q'Å
kmnp}�r|q'n 	��`w l_}�v�qÈv�qÈxzy\tm�%op}�y\tk�y,n�o{qU¼Ug

Λ′(x) = Π
(

x +
1

2

)

− Π
(

x −
1

2

)

.

ÉÃtsl\kiki��}�~u�ml\tuo���l�opn#l_tm¼�xzy\n{r1l�op}�y\thv�q
Äiy\�mnp}�q'n 	���l�n{q'��l�op}�y\thkin{jU�%j�v�q'tuo{q\g�y\thy\¾�o{}�qUt,o�g

2jπν F (ν) =
sin πν

πν

[

exp
(

−2πjν(−
1

2
)
)

− exp
(

−2πjν(
1

2
)
)]

2jπν F (ν) =
sin πν

πν
× 2j sin πν,

v�y,tm�_g
F (ν) =

( sin πν

πν

)2

.

-1 +10

1

-1 +1

-1

+1

-1/2
1/2

f(x) f(x)
,

0 xx

4 Ö6587 � 9�xzy\tm�%op}�y\t1;�o{np}�l_tm�\��q>=Èq%oÈ¼{l�xzy\tm�%op}�y\t.v�j'n{}�½,jÊq%Å�kin{}�r|j'q 	Çkml_npop}�n1v�qÍxzy\tm�%op}�y\tm¼
;�k�y,n�o{q>=�vijU�'l\��jUqU¼U�

2 ¦ 0 � �8´"!$##·%� � ² � � � � �i· � � µe¶ ��� �À·�´
	�· � � ¶iµe·Q´
f�t�l_kik!q'����qÃkin{y
vi�i}Zo�v�q��%y,t
½\y\����o{}�y,t�viq�v�q'�iÅ�xzy,tm�ºo{}�y,tm¼

f
q%o

g
¼��ikmk�yu¼�jUqU¼Úl\¾m¼�y,���mrsqUtuo}�t,o{j'�,n{l\¾i��q�¼¹¼��in

IR
gi��lhxzy\tm�%op}�y\tÍtiy_o{j'q

f ∗ g
vij%»mti}�q�kml\nUg

(f ∗ g)(x) =

∫ +∞

−∞

f(t)g(x − t) dt.

f�tÊv�j'r|y\tuo{npq�~u�iq�¼p}
F(f) = F

q'o
F(g) = G

l_��y\n#¼Ug
F(f ∗ g) = F × G. ¿ �U�uÂ

�
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b�q���lsr �'r|q�x�l��'y\tÍk�y,�in
F−1 gmy\tÊlig

F−1(F ∗ G) = f × g. ¿ � � Â
ÉÃt�v�w l_��o{npq�¼�o{q'n{rsq�¼'gÀ��lVo{n{l\tm¼�xzy\n{r|l_op}�y\t v�q|Äiy,�in{}�qUn�j��#�ml_ti�,q¯��qhkmnpy�v��i}�o�l_���\j'¾mnp}�~u�iq¯q'o��q�kinpy�v��m}Zo�v�q��'y\t
½\y,����o{}�y,tÚg

∗
F
−→ ×

×
F−1

−→ ∗

	 Û�
6Û
��ÓiÙuÛ 	 × � ��� ��Ù,ØÚÕÀÖ���� �6Û �6ÛmØ�
 � � �6×�Õ�Ö����6Ò 	#Ó
��Ô\Õ�Û��f�tÍls½
�X~u�iq\g

F [Λ(x)] =
( sin πν

πν

)2

,

�\w q�¼eo � 	 � vi}�n{q\g
F [Λ(x)] =

sin πν

πν
×

sin πν

πν
,

y\n�g
F [Π(x)] =

sin πν

πν
,v�y\tm�\g

Λ = Π ∗ Π.

� ¦ /
·%� ���"� � ��� � � � ! � 	.� �
¸ }

F(f) = F
q'o

F(g) = G
gÚy,t�vij'r|y\tuopn{q1~u�iq\g6¼py\��¼�n{jU¼pq'n{½\q|v�qV�'y\t
½\qUnp�,q'tm�'qhv�q�¼}�t,o{j'�,n{l\��q�¼'g

∫ +∞

−∞

f(x)g(x)dx =

∫ +∞

−∞

F (ν)G(ν)dν.

ÉÃtÊkml\n�o{}��'�i��}�q'n�gi¼p}
f = g

g�y,tÌy,¾�op}�q'tuo���l¯xzy,nprh�i��q�viq���l\n{¼pq'½�l\���_g
∫ +∞

−∞

|f(x)|
2
dx =

∫ +∞

−∞

|F (ν)|
2
dν.

	 Û�
6Û
��ÓiÙuÛ 	 Ñ6ÓiÓiÙuÖz×�Ñ
ÕÀÖ����±Ó��6ØÚÔ±Ù,ÛÇ×mÑ�Ùu×!ØÚÙ�����Ö���Õ�� 5�ÔÀÑ6Ù,Û�7ÉÃtX�%y,tm¼�}�v�jUn{l\t,o¹��l¯xzy,tm�ºo{}�y,tÊk�y,n�o{q\g

∫ +∞

−∞

Π2(x)dx =

∫ + 1

2

− 1

2

Π2(x)dx = 1,

v�w y��Úg ∫ +∞

−∞

( sin πν

πν

)2

= 1,

¼�y,}Zo
qUtm�%y,npq,g�q'tÍk�yu¼pl\t,o
πν = t,

∫ +∞

−∞

( sin t

t

)2

= π.

�	� ô�ö�
%ý�õ`òóðUé�ì ú õ£ò f(t)
ê�ìeö�ê`ïeõ`ì�ô%ñ`ì�ö�æ#ê8ì�üUìeþ
ö�÷óì�é�ô�ì¹èºô�í�ì
��èºô�ç�ñ`òóèºôhí�é�ñ`ìeþ
ö�õ ú R +∞

−∞
|f(t)|2 dt

ìeõ�ñ÷�î ïeô�ìeê 
ºòóìmñ£è#ñ£æ#÷óì ø å�æ���èºê`þQé�÷óìmí�ì��iæ#ê�õ£ì��ºæ#÷%ñ£ê`æ#í�é�ò ñií�èºô�çÀ÷ æ�çeèºô�õ£ìeê��ºæ{ñ`òóèºô�í�ì�÷�î ï�ô�ì�ê 
ºòóì!í�æ#ô�õ�÷ æÀñ£ê`æ#ô�õ���èºê�þ
ï�ìí�ì���èºé�ê�òóìeê ø
�U�
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� ¦ ¨ -±0 ® �¹° + ­¯¥ (*)��
0�+.)���° 0�)i-�¨A( ® (*)\+ ¥��
4 ¦ (*²�³�´�µe¶�µ�·�´
Æ6lÌv�}�¼eo{np}�¾i��o{}�y,t¬v�q|b�}�n#l\�slÈj'opj|v�j%»mtm}�q|�%y,rsr|qs��}�r|}Zo{q1v�q¯xzy,tm�ºo{}�y,tm¼�;ek!y\npopq�¼ =¯v�y,tuo��lh��l_n{�\qU�in�opqUtmvÍ½\q'n#¼

0
q%o
�£w l\rskm��}�op�mviq�opq't�vÌ½,q'n#¼¹�`w }�t�»mti} ¿ �ºxe�mÄ�}��\�in{q � Â��

δ =
��}�r
T→0

1

T
Π

( x

T

)

=
��}�r
T→0

ΠT (x).

¸ }
f
q�¼eo¹�itiq�xzy\tm�%op}�y\tÍ�%y\tuo{}�t
�iq�¼��mn

IR
g
��l¯xzy\n{r¯�m��q�v�q���l¯rsy3�,q'titmq�k!q'n{r|q%o
v�w j��%n{}�n{q\g

∫ +∞

−∞

ΠT (x) f(x) dx =
1

T

∫ T/2

−T/2

f(x) dx = f(ξ), ξ ∈ [−
T

2
,
T

2
],

v�w y��6g ��}�r
T→0

∫ +∞

−∞

ΠT (x) f(x)dx = f(0),

¸ y\}�oUg ∫ +∞

−∞

δ(x)f(x)dx = f(0).

~u�iq��`w y\tX�'y\t
½
}�qUt,o�v�q�tiy\opqUnUg
< δ, f >= f(0). ¿ � � Â

Æ6l|v�}�¼�opn{}�¾i�iop}�y\tXv�q�b�}�n#l\��l_kik�l_n#l ��o
viy\tm���%y,r|rsq��£w y,k�jUn{l_opqU�in
��}�tij�l_}�npq�v�j%»�ti}Úkml\nUg
f

δ
−→ f(0).

f�tÍy\¾�o{}�qUt,o�viq���lsr �'r|q�x�l��'y\tÍk�y,�in
δ(x − x0) = δx0

=
��}�r
T→0

Π
(

x−x0

T

) g

< δx0
, f >= f(x0)

�Ã���m¼��\jUtij'n#l_��q'r|q'tuo�g,¼p}
g
qU¼�o��mtiq�xzy,tm�ºo{}�y,tÈ}�t,o{j'�,n{l\¾i��q�¼��in

IR
g
y,tV½\jUnp}�»mq�~u�iq,gu~u�iqU����q�~u�iq¼py\}�o

f
g

< δx0
g(x), f(x) > = < δx0

, g(x)f(x) > = g(x0)f(x).

�_w qU¼�o � 	���v�}�npq,g
δx0

g(x) = δx0
g(x0). ¿ � � Â

f�tÊl1v�j'r|y\tuo{npj�kin{jU�%j�v�q'r|r|q'tuo�~u�iq,g
F(δ) = 1,

F(δx0
) = exp(−2jπνx0),

v�w y��
F(exp(2jπν0x) = δν0

. ¿�� �uÂ
f�t qUt v�j�v��i}�oUg
qUt l_kmki��}�~u�ml_tuoÊ��q�¼Íkinpy,kin{}�j'opjU¼Ív�qÇ��l±opn#l_t�¼exzy,npr|j'q¬v�qÇÄmy\�in{}�q'n�g�q'oÍqUtn#l_kik!q'��l_tuo�~u�iq

F(f) = F
g

f(x) ∗ δ = f(x), ¿�� ��Â
f(x) ∗ δx0

= f(x − x0), ¿�� � Â
F [(f(x) exp(2jπν0x)] = F (ν − ν0). ¿�� � Â

�\�
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� ¦ � � µ��Q´ � �"� ( µ�� � �
f�tÈl\kik�qU����q�;ek!q'}��\tiq�v�q�b�}�n{l,� = ¿ �ºxe��Ä�}��,�inpq � Â�y\�Èvi}�¼�opn{}�¾m��op}�y\tÍv�q ��y,}�¼{¼�y,tÚg\��lsv�}�¼�opn{} �¾i��o{}�y,tÊtiy_o{j

qq (x)
g!v�j%»�ti}�q�k�l_n�g

qq (x) =

n=+∞
∑

n=−∞

δ(x − n).

-1 0 1 2 3 4

......

(x)

x

4 Ö65 7 � 9ÈÄmy\tm�%op}�y\t ;ek!q'}��\tmq�viq�b�}�n{l,� =�tmy_opjUq qq (x)
�

f�t.v�j'r|y\tuo{npqX~u�iqÊ��qÊk!q'}��\tiq viqÊb�}�n{l,�Ìq�¼eoV}�t
½�l_n{}�l\t,o1vil\tm¼|��l¬o{n{l\tm¼exzy,npr1l_op}�y\t viqÄiy,�in{}�qUnUg

F
(

n=+∞
∑

n=−∞

δ(x − n)
)

=
n=+∞
∑

n=−∞

δ(ν − n).

f��Úg�ki���m¼
�,j'tijUn{l\��qUr|q'tuoUg�vil\tm¼¹��q��Ul\¼
v�w �itÊk!q'}��\tiq�v�q�k!j'n{}�y�v�q ��g

F
(

n=+∞
∑

n=−∞

δ(x − nT )
)

=
1

T

n=+∞
∑

n=−∞

δ(ν −
n

T
). ¿���� Â

� q�~u�Úw }������m¼�opn{q���lsÄ�}��,�in{q � �iÆÚq�k�qU}��,tiq�v�q�b�}�n#l\��qU¼�o
�itÌy,��op}��Úr1l�o{�ij'r1l_op}�~,�mq��'y\r|r|y
viqk!y\�inÊ�£w j��%n{}Zo{�inpqÇv�qÇ��l�opn#l_tm¼�xzy\n{r|j'q¬viqÇÄmy\�in{}�qUnÍvÚw �itmq�xzy,tm�ºo{}�y,t k!j'n{}�y�v�}�~u�iq¬q'oÊvÚw �itmqxzy\t��ºop}�y\tÍjU�#��l_tuop}�����y\tmtij'q��%y,r|rsq�y,tÍk!q'�io���q�½,y\}�n¹vml_tm¼¹��l|¼��i}�opq,�

0 

......

(x)

x-T 3T2TT

... ...

-1/T 0 1/T 2/T

F
1/T

v

4 Ö6587 � 9ÈÄiy,tm�ºo{}�y,t<;�k!q'}��\tiq�v�q�b�}�n#l\�>=�v�q�k!j'n{}�y�v�q
T
q%o�¼{l �
ÄQ�

� �
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� ¦ 0 � �8´"!$##·%� � ² � ��� /
· � �mµ � � ��� � ´ � ##·�´��!¶�µ�·�´ � ² �mµ�· � µ�� ���
¸ y,}Zo

f(x)
�itmq1xzy\tm�%op}�y\t�k!j'n{}�y�v�}�~u�iq\g�v�qVk!j'n{}�y�v�q

T = 2π
w

g�v�j'»mti}�qVkml\n���lÍxzy,tm�ºo{}�y,t
;�rsy\op}�x =

f0(x) ¿ �%xe��Ä�}��,�in{q � ÂQopq'����q�~,�mq\g
{

f0(x) = f(x)
¼�}

x ∈ ∆,

f0(x) = 0
¼p}

x 6∈ ∆.

x0 xo+T

fo

∆

x

f(x)

4 Ö6587 � 9sÄmy\tm�%op}�y\tVk!j'n{}�y�v�}�~u�iq\guv�q�k!j'n{}�y
viq T = 2π
w

guvij%»mti}�q�k�l_n���l�xzy,tm�ºo{}�y,t ;er|y\op}�x =
f0
�

f�tÍk�qU��o�jU�'np}�npq
f
�%y\r|r|q�¼�y,r|rsq�v�q�xzy,tm�ºo{}�y,tm¼
v�j��'l_��jU¼
viq���lhxzy\t��ºop}�y\tÍr|y_o{}Zxeg

f(x) =

n=+∞
∑

n=−∞

f0(x − nT ),

f(x) = f0(x) ∗

n=+∞
∑

n=−∞

δ(x − nT ).

ÉÃtXl_kmki��}�~u�ml_tuo
��lsopn#l_tm¼�xzy\n{r|j'q�v�q�Äiy\�mnp}�q'n
F
g

F (ν) = F0(ν) ×
1

T

n=+∞
∑

n=−∞

δ
(

ν −
n

T

)

,

F (ν) =

n=+∞
∑

n=−∞

1

T
F0

( n

T

)

δ
(

ν −
n

T

)

,

¼py\}�oUg
F (ν) =

n=+∞
∑

n=−∞

cn δ
(

ν −
n

T

)

,
l�½,qU�

cn =
1

T
F0

( n

T

)

.

��y\��o{q�xzy,tm�ºo{}�y,tÌk!j'n{}�y
vi}�~u�iq�v�q�k�jUnp}�y�v�q
T
g�lsk�y,�in�opn#l_tm¼�xzy\n{r|j'q�v�q�Äiy\�mnp}�q'n��itiq�¼py\r|r|q

v�w }�r|ki�m��¼p}�y,t¬v�q|b�}�n#l\�hl_��Å k!y\}�tuo n
T

g�v�w l\r|ki��}�op��v�qU¼
|cn| = 1

T

∣

∣

∣
F0

(

n
T

)∣

∣

∣

�ÀÉÃt�l_kiki��}�~,��l_tuo
F−1 	s�`w jU~u�ml_op}�y\tÍkin{jU�%j�v�q'tuo{q\g�y\tÍn{q%opn{y\�m½\q���q�v�jU½\qU��y,kik�qUr|q'tuo
q'tX¼�jUnp}�q�v�q�Äiy,�inp}�q'n��

f(x) =

n+∞
∑

n=−∞

cn exp (2πj
n

T
x) =

n+∞
∑

n=−∞

cn exp jnwx,

l�½\q��_g

cn =
1

T
F0

( n

T

)

=
1

T

∫ +∞

−∞

f0(x) exp(−jnwx) dx =
1

T

∫

∆

f(x) exp(−jnwx) dx.

� �
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� ¦ 0 � �8´"!$##·%� � ² � ��� /
· � �mµ � � ��� � ´ � ##·�´��!¶�µ�·�´ ² ���"�8´�¶iµ � � ·Q´�´�² �
¸ y,}Zo

f
�itiq¬xzy\tm�%op}�y\t }�tmv�j'»mti}�rsqUtuoÊv�jUnp}�½�l_¾i��q¬¼p�in

IR
q'oÊ¼py\}�oÌ��l±¼p�i}�opq�v�q�½�l\��qU�in{¼

(f(nTe))n∈Z
jU�#�ml\tuop}�����y\tit�l_tuo���l¯xzy\tm�%op}�y\t

f
l�½\q�����l¯k!j'n{}�y
viq�vÚw j��#�ml_tuop}�����y,titml_�,q

Te ¿ �ºxe�Ä�}��,�in{qÇ���,Â%��f�t k!q'�ioÈnpqUkin{jU¼pq'tuopqUns��lÇxzy\t��ºop}�y\t*l\}�tm¼p}
jU�#��l_tuop}�����y\tmtij'qÊkml\n1�itiq�¼py\r|r|qv�w }�r|ki�m��¼p}�y,tm¼
v�q�b�}�n#l\���'q'tuopn{j'q�¼
l_��ÅÈ½�l\��qU�in{¼
nTe

g�q'o�k�y,tmv�j'n{j'q�¼¹kml_n
Tf(nTe)

g

f(x)
n=+∞
∑

n=−∞

Teδ(x − nTe) =
n=+∞
∑

n=−∞

Tef(nTe) δ(x − nTe)

ÉÃtXl_kiki��}�~,��l_tuo
��lhopn#l_t�¼exzy,npr1l�o{}�y,tÌv�q�Ämy\�in{}�q'n�guy,tÌy,¾�op}�q'tuo�g

-Te-2Te 0 Te 2Te x

f(x)

4 Ö6587 �U� 9ÊÄiy,tm�ºo{}�y,t jU�#��l_tuop}�����y\tmtij'q�k�l_n��mtiqs¼py\r|r|qhvÚw�}�r|ki�i��¼�}�y\tm¼�v�qsb�}�n{l,�¯�'q'tuopn{j'q�¼l_�iÅÈ½�l_��q'�in#¼
nTe

�

F
(

f(x)
n=+∞
∑

n=−∞

Teδ(x − nTe)
)

= F (ν) ∗
n=+∞
∑

n=−∞

δ
(

ν −
n

Te

)

,

=
n=+∞
∑

n=−∞

F
(

ν −
n

Te

)

,

= G(ν).

¸ y,}Zo
[−ν0, +ν0]

g���qÍ¼��mkik�y,n�osv�q
F (ν) ¿ �\w q�¼eo � 	 � vi}�n{q F (ν) = 0

¼�}
ν 6∈ [−ν0, +ν0]

Â%��Æ6q�\n#l_km�iq�v�q
G(ν)

q�¼eo�viy\tm���%y,tm¼�op}�op�ij�v�w l_n#�'¼�o{n{l\tm¼p��l_opjU¼
viq n
Te

(n ∈ Z)
v��Ê�\n#l_km�iq�v�q

F¿ �%xe�mÄ�}��,�in{qs�,��Â%�
ÆÚq�¼
v�}�Ë!jUnpqUt,o#¼
l_n#�'¼¹¼py\tuo
	1¼��ikmk�y,n�o#¼
v�}�¼��ey\}�tuo{¼
¼p} ¿ �%xe��Ä�}��,�in{qs�,��Â%g

1

T
≥ 2ν0.

f�tÍk�qU��o ;e}�¼py\��q'n =
F (ν)

qUtÍrh�i��op}�ki��}�l_tuo�kml\n
�itiq�k!y\npopq�v�q���l_n{�\q'�mn
2ν0

g

F (ν) = G(ν) × Π
( ν

2ν0

)

.

� �
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F(v)

-vo 0 1/Tvo

2vo

v

G(v)

4 Ö6587 �\�:9È�\n#l_km�iq�v�q G(ν) ¿ �'y\tm¼�op}�op�mj¯v�w l_n#�'¼¹o{n{l\tm¼���l�o{jU¼�viq n
Te

(n ∈ Z)
v��X�,n{l\ki�iq�v�q

F
Âº�

v�w y��Úgmq'tÊl_kiki��}�~,��l_tuo
F−1 g

f(x) =

n=+∞
∑

n=−∞

Te f(nTe) δ(x − nTe) ∗
sin 2πν0x

πx
,

f(x) =

n=+∞
∑

n=−∞

Te f(nTe)
sin 2πν0(x − nTe)

π(x − nTe)
.

� }�tm¼p}���lÇxzy\t��ºop}�y\t
f
viy\tuoÈ��l�opn#l_tm¼�xzy\n{r|j'qXv�qÇÄiy\�mnp}�q'nÈl�k�y,�inÌ¼p�ikik!y\npo

[−ν0, ν0]
qU¼�okml\n�x�l\}Zo{q'r|q'tuo�v�j'opq'n{r|}�tmj'q�kml\n���lV¼��m}Zo{q¯v�w jU�#�ml\t,o{}�����y\tm¼

{f(nTe)}n∈Z
v�Á�¼�~u�iq

Te ≤ 1
2ν0¿ o{�ij'y,npÁUr|q�viq ¸ �ml_tmtiy\t�Â%�

���


