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Localization of Shapes Using Statistical
Models and Stochastic Optimization

Francois Destrempes, Max Mignotte, and Jean-Francois Angers

Abstract—In this paper, we present a new model for deformations of shapes. A pseudolikelihood is based on the statistical distribution
of the gradient vector field of the gray level. The prior distribution is based on the Probabilistic Principal Component Analysis (PPCA).
We also propose a new model based on mixtures of PPCA that is useful in the case of greater variability in the shape. A criterion of
global or local object specificity based on a preliminary color segmentation of the image is included into the model. The localization of a
shape in an image is then viewed as minimizing the corresponding Gibbs field. We use the Exploration/Selection (E/S) stochastic
algorithm in order to find the optimal deformation. This yields a new unsupervised statistical method for localization of shapes. In order
to estimate the statistical parameters for the gradient vector field of the gray level, we use an Iterative Conditional Estimation (ICE)
procedure. The color segmentation of the image can be computed with an Exploration/Selection/Estimation (ESE) procedure.

Index Terms—Shape localization, statistical model, stochastic optimization, Exploration/Selection (E/S) algorithm, Probabilistic

Principal Component Analysis (PPCA).

1 INTRODUCTION

OCALIZATION of shapes is an important problem in Image

Processing with applications to segmentation and
classification [1], [2], pattern recognition [3], motion track-
ing [4], and 3D reconstruction [5], [6].

Localization of a shape consists [7] of matching a deform-
able template to the data in the image. In the free-form
formulation, the shape of the template is constrained only by
local geometric criteria, such as smoothness and continuity.
The elasticdeformable model [8],[9], the active contour model
[10], the models presented in [11] and [12], and the Mumford-
Shah functional [13] are examples of that approach. In the
parametric formulation, the prior global information of the
shapeisused tomodel the deformations. Inthatapproach, one
can represent the template either by 1) a family of parame-
trized curves or by 2) one or several prototype templates
together with their parametric spaces of deformations, as
formulated in the pattern theory of [14], [15]. The models of
[16], [17] follow the first scheme, whereas [1], [2], [3], [7], [15],
[18],[19],[20], [21], [22],[23], [24], [25], [26], [27], [28], [29], [30],
[31], [32] are examples of the second scheme.

Animportantidea exploited in [7], [11], [12], [15], [20], [32]
is the formulation of the localization problem in a Bayesian
framework. Namely, one searches for the optimal deforma-
tion of the shape in the sense of the Maximum A Posteriori
(MAP). Nevertheless, in the probabilistic model presented in
[7], the likelihood is defined in an ad hoc manner: It depends
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on a smoothing parameter p, which is not estimated from the
image. Moreover, it is based on a binary detection of contours
so that the localization step might be penalized by flaws
occurring at the edge-detection step. In contrast, the like-
lihood functions presented in [11], [12], [20] are based on the
distribution of the gray level. However, in those models, the
prior distribution is not learned from a sample of shapes. In
the active shape model [19], [25], the prior distribution of the
deformations of the shape is learned from a sample of curves
representing the same shape. The classical Principal Compo-
nent Analysis (PCA) is used to reduce the dimensionality of
the deformation space and the distribution of the reduced
parameters is modeled by a mixture of Gaussian distribu-
tions. A statistical shape prior can also be incorporated into a
Mumford-Shah segmentation process [21], [22], [26], [27], a
geodesic active contours method [28], or level sets represen-
tations [31]. Models based on textures have been introduced
in [33], [34], [35].

In [36], we presented a model for localization of shapes
based solely on contours. A shape is viewed as a
deformable template and the distribution of the deforma-
tion parameters is modeled with the Probabilistic Principal
Component Analysis (PPCA) [37] obtained from a training
set aligned as in [19]. This gives the prior distribution of
deformations of a shape. A pseudolikelihood of deforma-
tions of a given shape is based on the statistical distribution
of the gradient vector field of the gray level [38] (similar to
[39], [40]). We use an Iterative Conditional Estimation (ICE)
procedure [41], [42] for the estimation of the parameters, as
explained in [38]. Localization of a shape can then be
viewed as minimizing the Gibbs field corresponding to the
pseudoposterior distribution. The E/S optimization algo-
rithm [43] is then used to find the optimal solution. From
[43], the internal parameters of the E/S algorithm that
ensure asymptotic convergence to a global optimal solution
are known and are practical. This is not the case, as far as
we know, for genetic algorithms or the simulated annealing.
Furthermore, as mentioned in [44], the known convergence
results [45] for the particle filtering algorithms require that
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the number of particles tend to infinity, although working
with a finite number of particles might be useful in practice
[24] in the context of localization of shapes. Furthermore,
deterministic algorithms such as the iterative model
refinement method [25] work well in some contexts, but
we do not know of any theorems of convergence in a
general setting (for instance, with complex backgrounds, as
considered in some examples reported here). Also, the
graph cuts algorithms yield an optimal solution and are
useful [46], but, generally speaking, they apply only to the
optimization of special types of functions [47]. Although
elegant and useful, the formulation of the problem in level
sets representations [31], active contours [28], or variational
functionals [27] deserve further study, in particular with
respect to the convergence of algorithms to an optimal
solution of the model. Finally, the jump-diffusion random
sampling algorithm presented in [15] and the variant [32] of
the reversible jump Monte Carlo Markov Chain (RIMCMC)
[48] are two algorithms that converge to a sampling of the
desired posterior distribution. However, in this paper, we
do not wish to sample from the posterior distribution, but,
rather, to find its mode. Thus, we may rely on the (simpler)
E/S optimization algorithm.

Yet, due to its complexity, the Gibbs field of the posterior
distribution is rather hard to optimize directly, even if the
optimization algorithm converges asymptotically. Thus,
one has to use an initialization procedure to explore
plausible regions of the deformation space in order to
speed up convergence to a solution. In [36], we optimized a
heuristic potential function similar to [2] for the initializa-
tion procedure. In [49], we used a clustering of contour
segments in order to find initial positions of the shape. In
[40], we used for the initialization procedure a clustering of
the shapes. The main problem with these approaches lies in
fitting a one-dimensional object (the shape) with a one-
dimensional subset of the image, i.e., the contours.

In this paper, we present an extension (that appears in an
earlier version of Destrempes’ PhD thesis [50, Chapter 8]) of
the above model that takes into account a segmentation of the
image into regions. Namely, we require that the region labels
inside and outside of the shape be distinct. We call this
property the object specificity. This simple idea turns out to
make the model a lot easier to estimate, as the tests reported in
this paper indicate. Indeed, the task now consists of fitting a
two-dimensional object (the interior of the shape) with a two-
dimensional subset of the image, i.e., the color regions
forming the object. In particular, we no longer need the
initialization procedures of [36], [40], [49]. We base the image
segmentation on the model presented in [51]. A procedure
called the ESE procedure [44] is used to compute the
segmentation, as explained with full details in [51]. We also
make comparisons with a few other segmentation models.
We also propose a local object specificity property that is useful
in the case of multiple occurrences of the object in the image.
Furthermore, we include a generalization [37] of the PPCA
that uses mixtures of Gaussian kernels. This model for
reduction of dimensionality offers more flexibility in the case
of a shape with greater variability. Note, however, that, in
[37], the reconstruction operator depends on the Gaussian
kernel, whereas here it is fixed.

Altogether, the method proposed here for localizing
shapes is organized in four steps:
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1. The first step consists of learning offline the
deformations of the shape from a sample of curves.
This means learning the mean shape, the nonlinear
deformations of the shape, and the prior distribution
of deformations of the shape. This training step is
based on the PPCA [37] in its simplest form or on the
new model for reduction of dimensionality pre-
sented in Section 5.

2. The second step consists of estimating online the
statistical distribution of the gradient vector field of
the gray level from the observed data in a given
image, using an ICE procedure.

3. The third step consists of segmenting online the
image based on colors using the ESE procedure.

4. The fourth step consists of localizing the shape in the
image, by minimizing with the E/S algorithm [43]
the Gibbs field of the pseudoposterior distribution of
deformations of the shape, with the global constraint
of (local) object specificity taken into account.

In our opinion, the main contribution of this paper is to
bring together interesting ideas of previous work with the
novelty of a new model for deformations of shapes and new
global constraints for the localization.

The remainder of this paper is organized as follows: In
Section 2, we recall the statistical model [38] for the gradient
vector field of the gray level, as well as the statistical model of
the colors [51]. Section 3 presents the statistical model for
deformations of a shape, with a brief review of the PPCA. The
stochastic method for localization of a shape is explained in
Section 4. The new model for reduction of dimensionality is
presented in Section 5. The local object specificity property is
presented in Section 6. In Section 7, we discuss experimental
results. We conclude in Section 8.

2 SrtATISTICAL MODELS FOR THE IMAGE

2.1 Statistical Model for the Gradient Vector Field
In this section, we recall the model introduced in [38] (similar
to what we have proposed in [39], [40]) for the distribution of
the gradient of the gray level in an image. It gives much more
than a binary detection of contours (i.e., a classification of
pixels as being on or off contours): It also gives, for each pixel,
its likelihood of being on contours and its likelihood of being
off contours. The likelihood of deformations of a shape
presented in Section 3.4 is based on this model.

Given an image of size M x N, G = (V, E¢) will denote
the nonoriented graph consisting of the M x N pixels of the
image together with the edges given by the usual
8-neighbors. If s and ¢ are adjacent sites of G, we denote
the edge joining s and ¢ by (s,t) (so, (s,t) € Eg).

For each s € Vi, the random variable Y, represents the
norm of the gradient of the gray level at the corresponding
pixel. If (s,t) € E, the random variable Y, represents the
absolute value of the angle between the mean of the gradient
at s and ¢ and the normal to the vector from s to ¢. This angle
is normalized between —m/2 and /2 before taking its
absolute value. As explained in [38], the variable Y;; can be
viewed as the angle in absolute value between a level curve of
the gray level function and the curve going through the
segment (s,t). Finally, for each s € V; and (s,t) € Eg, the
random variables Z, and Z, take their values in the set
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{e1,e2}, where e; denotes the class “off contours” and e, the

class “on contours.”
As in [38], we adopt the following distributions for the

marginals of Y; and Yj; on the classes e; and es:

o  P(ys|zs = e1,C, ) is a shifted Weibull law [52] W(ys;
min, C, o) defined by C(y, —min)“ "/ ale~((Bmin)/0)®
where y, > min = —0.001, and C, a > 0.

o P(ys|zs = e, wj, uj, 0;) is a mixture M (y,; wj, puj, 05) =

Z§:1 w;N (ys; pj, 05) of three Gaussian kernels trun-
cated on the interval (0, 00).

e  P(yq|zq = e1) is a uniform distribution /(y;0,3) on
[0,3]-

o  P(ysl|ze =e2, ) is a truncated exponential law
koE(yst; ) on the interval [0,7], with

o))

As explained in [38], the distribution on Y; reflects the
hypothesis that the norm of the gradient of the gray level
tends to be larger for points on edges than for points off
edges. Also, the distribution on Y, models the hypothesis
that there is no privileged angle between a level curve of the
gray level function and a segment off edges, whereas this
angle is expected to be near 0 whenever the segment is

located on edges.
See [38] for an example of estimated distributions and

empirical distributions. We use an ICE procedure [41], [42], as
explained in [38], in order to estimate the hyperparameters C,
a, wj, iy, 05, and o for a given image. The choice of three
Gaussian kernels is arbitrary; it could be estimated using the
Bayesian Information Criterion (BIC) [53] for instance.

2.2 Statistical Model for the Field of Colors
In this section, we recall the model introduced in [51] for the

distribution of the colors in an image.
For each s € Vg, the random variable W, represents the

Luv components at the corresponding pixel. For each
s € Vg, the random variable X, takes its values in a finite

set of K region labels {fi, fo,..., fx}.
We adopt the following distributions for the marginals of

W, on a region class fj:

o P(ws|lrs = fi, m(in), fi, f)?) is a mixture of K; Gaussian
kernels 21121 TN (W fla, ), where Ef“ Ty = 1
and T (i k) > 0.

We use the ESE procedure [44], as explained in [51], in
order to estimate the parameters and obtain a segmentation
for a given image. Here, we take K = 30 region labels and
K = 30 Gaussian kernels. The initial number of labels is K
and the ESE procedure allows this number to be decreased.
See Fig. 1 for an example of segmentation. Note that this is an
unsupervised method. Also, in practice, each region class fj, is
defined by the proportions 7(; 1y, . . . , T, 1), some of whichare
near 0. Thus, we can fix the upper bound K; and let the
procedure estimate the actual contribution of each Gaussian
kernel. The choice of the upper bounds K and K| is arbitrary.
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(b)

(d)

Fig. 1. Segmentations of image (25) of Fig. 8 of Appendix | (which can be
found at http://computer.org/tpami/archives.htm), based on color models.
(a) The color model of Section 2.2. (b) The Mean Shift algorithm. (c) The
color model of [44]. (d) The K-means algorithm (with K = 30).

3 STATISTICAL MODEL FOR DEFORMATIONS OF
A SHAPE

In this section, we present a statistical model for deformations
of a shape. The training phase and the prior distribution are
based on the PPCA [37]. The likelihood is based on the
statistical model of the gradient vector field of the gray level
presented in Section 2.1. Thus, the prior distribution can be
learned from a sample of curves representing the shape, and
the likelihood can be estimated from the observable data
given by the image. The global constraint is based on the
image segmentation method presented in Section 2.2. The
material presented in Sections 3.1, 3.2, 3.3, and 3.4 first
appeared in [36]. Sections 3.1, 3.2, 3.3 were generalized to the
three-dimensional case int the context of object reconstruc-
tion in [6]. Sections 3.1 and 3.3 are extended to a more flexible
model in Section 5.

3.1 Training Phase

A curve is represented as a template, that is, a sequence of
points

. 7am7bm)7 (1)

where the m+1 points (ao,bo), (a1,b1),. .., (an,by) are
equally spaced on the curve between certain key-points
(see Fig. 6 of Appendix I for an example, which can be found
at http://computer.org/tpami/archives.htm). Those key-
points are only used at the training phase. Although not
essential, they are useful in the semiautomatic editing of the
templates corresponding to a database of the shape. All steps
of the localization procedure itself are automatic and do not
use those key-points. In our experiments, we segment the
contour of the shape with the “intelligent scissors” algorithm
[54]. Once this is done, an automatic procedure chooses

v = (ag, bo, a1, b1, ..
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m + 1 points on the curve (equally spaced between the key-
points). In our experiments, we chose m rather arbitrarily so
that the approximated curves are “satisfying visually.”
Instead, a method could be designed that determines m as
a function of a given error between the original curve and its
approximated curve of m + 1 points.

Givenasample i, ..., vy of curves with the same number
of points and representing the deformations of a same shape,
we resort to the procedure [19] to align this training set on a
mean shape. Viewing T = (Ao, By, . .., Ay, Bi,) as a random
vector and setting d = 2m + 2, we consider the Probabilistic
Principal Component Analysis (PPCA) model [37]: T =
WZ+ v+e, with W a d x ¢ matrix, v a vector of dimension
d, 2~ N(0,1,), and € ~ N(0,0%1,). If t1,...,ty is an iid.
sample of the variable 7', we obtain an optimal model [37] in
the sense of the ML upon taking

where Aj,...,\; are the eigenvalues of the sample
covariance matrix in decreasing order, A, is the diagonal
matrix with entries Ai,..., A, and U, is the d x ¢ matrix
with columns equal to the corresponding eigenvectors,
normalized so that they have euclidean norm equal to 1 (i.e.,
the columns of U, span the principal subspace of the sample
covariance matrix). See [26], [30], [35] for a similar use of the
SVD decomposition. Note that 7" has distribution function

pr(t) = N(t;v,0?I; + WWH). (3)

If N < d, the sample covariance matrix of the full data might
not be positive-definite. However, the matrix oI, + WWtis
positive-definite as long as 0® > 0. This case occurs provided
Ag+1 > 0, even if the sample covariance matrix is not full-rank
[26] (i.e., Ay = 0). Thus, we can actually consider the case
where N < d, as in our tests. The corresponding reconstruc-
tion operator is

Vppea ('f ) =

We view the vector ¢ as a vector of shape deformation.

Uy(Ay — o*12) 26 + v. (4)

3.2 Deformation Parameters

From the training phase, we obtain the mean shape v = ¢ and
its statistical deformations 7., (), where ¢ is a vector in the
parameter space = of dimension ¢. In addition, we consider
projective deformations of the form (a',y') = (cos(¢y)z +
sin(),) sin(;)y, cos(, )y) applied pointwise to a curve. Such
a transformation is obtained by applying to a point (x,,0) a
rotation by an angle ¢, around the x-axis, then a rotation by an
angle ¢, around the y-axis, and, finally, projecting the
resulting point onto the zy-plane. Namely, we have

cos(ep,) 0 sin(yy) ] [1 0 0
0 1 0 0 cos(tp,) —sin(yy)
—sin(,) 0 cos(sy) | [0 sin()  cos(i)
€z cos(¥y)x + sin(¢y) sin(¢, )y
X |y|= cos(¥r )y
0 —sin(t,)x + cos(vy) sin(v, )y
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We also consider rigid deformations given by scaling s,
rotation 1), and translation (7., 7,) applied pointwise to a
curve lying in the zy-plane. This yields a vector of
deformation

9: (T177y757¢7¢!/7¢17§17“'754) (5)

of dimension ¢ + 6. The transformation ¢ is computed in the
following order: First, calculate the statistical deformation
Yppea(€); Next, apply the projective transformation (¢,,v,);
then, apply s and ¢; finally, translate by 7. The resulting
template is denoted ~y. Note that, although (4) defines a linear
operator (from IRY to IRY), it does not describe in general an
affine operator (on IR?) applied pointwise to a curve. In this
sense, it yields a nonaffine deformation of the curve.

3.3 Prior Distribution

Let © be the random variable corresponding to the vector of
deformations. We model the distribution of © by

= U(TmTwsa’% %,wm)pT(Vppm(ﬁ)), (6)

where U denotes the uniform distribution and 7" represents
the full data. From the lemma of [36], we obtain

P(0)

PrCipea(©) o exp(— €1, = AN (1)

3.4 Pseudolikelihood

Let Y be the random field {Y;,Y}, where the random
variables Y;, Y;; are asin Section 2.1. Given an image I, y is the
observed realization of Y =Y(I). Given a path c¢=
(80,---,8m) in the graph G of Section 2.1, let E(c) denote the
set of edges {(si—1,si) : 1 =1,2,...,m}. We consider, as we
have proposed in [40], the pseudolikelihood P(y|c) given by

HP(US‘ZQ :el)HP(ys|Zs :eZ)

s¢c s€c
x H Plys |z = e1) H P(yst | 25 = €2)
(s:t) & E(c) (s,t)EE(c)
Plyu|za=c2) (&)

H ys | Zs = 62
sec P y5 | Zs = ) (s,t)eE(c) P(y"t | Zst = 61)

m

— k(y) H M(ys; wy, g, 05) ﬁ ko&(Ys, 1 s o)
0 W(ys,; min, C, ) =1 u(y&‘—h&‘; 0, %) 7

where
k(y) = H P(ys ‘ s = 61) H P(yét | st = 61)- (9)

seVg (s,t)eEq

The distributions W(y,; min, C, ), M(ys; wj, i1, 05), U(yst;
0,%), and ko (y; ao) are as in Section 2.1.

We call P(ylc) a pseudolikelihood since, in general,
JP(y(I)lc)dI #1 because the random variables of the
random field Y(I) are dependent. Note, however, that
J, P(yle)dy = 1. Also, we have dropped the dependence
of P(y|c) on the vector of statistical parameters of the
gradient model for simplicity of notation.

The map of log(P(ys|zs = e1)/P(ys|zs = e2)) is presented
in Fig. 5 of Appendix I, which can be found at http://
computer.org/tpami/archives.htm.

Note that the scaling factor k(y) depends only on the
observed data (and not on the curve) and that the
principal factor
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m

H (Ysys Wy, 15, 05) Hko5 Ysi 155 Q0)
Wys,mlnCa T UWYs s 0,3

(10)

is invariant under affine transformations of the gray levels in
the following sense: Let I = (I;) be the realization of the gray
levels and consider the image I’ = (I.) obtained by a
pointwise affine transformation I, = al, + b. Then, ¥/, = ay;
and v, = ys;. Under the change of variable 3, = ays, the
distributions for 4/, correspond to Wi = ap;j, 0 = aoj, o = aq,
min’ = amin, whereas w; and C will remain unchanged One
can then check directly that W(:is Py jc(féi; = %é;’;jn“ ’C(Zg
Finally, the second factor remains identical. Note, however,
that, in our tests, we fix min = —0.001 so that the invariance
property holds only approximately.

We can then define the pseudolikelihood of a deforma-
tion 6 by

P(yl0) = P(ylco), (11)
where ¢ is obtained by interpolation of the polygonal curve

with vertices given by the points of ;.

3.5 Pseudolikelihood of the Augmented Data

Let 2 = () be a classification of the pixels in the image into
K equivalence classes according to the colors as in Section 2.2,
withz, € A = {f1,..., fr}. We consider the global constraint

K

=2 n

k=

V(x,0)

Hs D w :fk,s¢c§’)m’}‘, (12)

where pj,(0) is the proportion of the points in the interior ¢} of
the curve having label f;. Note that the second factor is equal
to|{s: z; = fi}| — Npi(0),where N = |{s : z, = fi,s € cj"}|.
So, only p;(¢) needs to be computed dynamically, whereas
{s: zs = fi}| can be precomputed. Thus, V(z, ) is minimal
whenever the region labels inside an object are specific to that
object, i.e., the region labels inside an object do not occur
outside thatobjectand vice versa. Thus, we areworking under
the following hypothesis:

Object specificity : the color labels inside and outside

, . (13)
the object are distinct.

In Section 6, a variant of this global constraint is presented in
the context of multiple occurrence of the object. In Section 7.2,
we suggest a variant to handle the case of strong occlusions of
the object. In [19], [25], [29], [35], the distribution of the gray
levels of the object is also learned from a training set. In this
paper, we consider the problem where the object has a gray-
level appearance that might vary according to the image. On
the other hand, we assume that the color distribution of the
object differs sufficiently from the background, as expressed
by the object specificity constraint.

We consider the couple of random fields (Y, X). The
hidden discrete random field X is not observable, but it can
nevertheless be deduced from the observable random field
of colors W, for instance as in Section 2.2. We define the
pseudolikelihood of the augmented data by

P(y, z6) o< P(ylg)e” "7 (14)

Again, for an image I, there is a statistical dependence
between the random field Y = Y (I) and the hidden discrete
field X = X(I) that is estimated from the random field of
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colors jointly with its statistical parameters (Section 2.2). In
order to have a likelihood distribution from (14), we would
need a normalizing factor

Z(0) = / P(y(I)|0)e VD04 . (15)
The likelihood would then be equal to
1
P(110) :mp(y(f)w(f)lﬂ (16)

Note also that, since the contours and the colors are
correlated, one should estimate jointly the statistical para-
meters of the gradient and the color models, as well as the
segmentation x. However, we preferred to estimate them
independently in this paper for the sake of simplicity, thus
obtaining a hierarchical approximation of the full estimate.

3.6 Pseudoposterior Distribution

We consider the pseudoposterior distribution of a deforma-
tion conditional to (y, z),

P(Bly, z) o< P(y|0)e” " P(6). (17)
Writing ¢y = (80, 51, - -, Sm), let Vi(0,y,z|x,) be the Gibbs
field defined by

i log (W(
py

Ysis mina Cv Oé)/M (ys,; Wy, [y, Uj))

+ ZIOg( Ysi1s:5 0 )/kﬂ EWsi 15 aU)) (18)
=1
K
+ D _pe(O)|{s 5 we = fis € 6"} +35 Le, oA E
k=1
Then, the pseudoposterior distribution is given by
P(e‘ya‘r) X eXp(_Vl(ea yﬂﬁ))» (19)

where the factor depends only on the image and not on the
deformation of the shape.

4 STOCHASTIC LOCALIZATION OF A SHAPE

We view, similarly to [11], [12], [7], and [20], the localization
of a shape ¢ in an image as finding its deformation ¢ that
maximizes the pseudoposterior distribution P(f|y, ). So, in
order to localize a shape in an image, we want to minimize
the Gibbs field V;(6,y, x) of Section 3.6, as a function of 6.
Our assumption is that an optimal solution for the function
V} is the desired deformation of the shape. This will be the
case, as shown in our tests, under the hypothesis of object
specificity (see (13) of Section 3.5), provided there is not a
strong occlusion of the object.

In order to solve the optimization problem, we resort to
the stochastic algorithm [43] for which the asymptotic
convergence has been proven. In this paper, we use the
version presented in Table 1. Its asymptotic convergence
follows from [44]. We had already used the ES algorithm in
the context of localization of shapes in [36], [40], [49] and in
the context of 3D-reconstruction in [6]. The main point here
is that the use of the global constraint of Section 3.5 makes
the algorithm converge a lot more rapidly than before. In
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TABLE 1
Version of the E/S Algorithm Used in Section 4

E a finite discrete subset (using the e-machine)
of the Cartesian product of Section IV:
[O,M = 1] X [O,N = 1] X [pld, pgd]
x [07 277] X [_wOJ/}OP x [_17 1}[1;
l number of coordinates (here [ = ¢ + 6);
Vi the Gibbs field of equation (18) defined on E;
r a real number in the interval (0, 1) called the

radius of exploration with r greater than the
e-machine (here, r = %);

D = 5 the diameter of exploration;

T the initial temperature (here, 7 = 15);

n an integer greater than 1 (here, n = 30);

0

an element (61, ..., 0,,) of E™, called a popu-

lation;
k the current iteration;
Dk the probability of exploration.

Goal: to minimize V; on E.
Initialization: Initialize randomly 91[0],
1.
while £ < 436 do
Update k «— k+ 1.
Determine the best current solution a/(61F) = H[k] where
i
is defined by Vl(H[k]) > Vl(O[k]) for j <4, and
(O[k)>V1( ]) for j > 1.
fori=1,2,...,n do
Let u be a random number between 0 and 1.
if u < pr=k~7 then
Exploration: draw m according to the binomial
distribution b(D — 1 Set 6 = 9[k+1] 9[ ]
for m + 1 times do
Set 0 = 01[]9“].
Replace with probability % each of the [ coordi-
nates of 6 by a random number within a distance
of r to the coordinate
With probab111ty 5, add to the fourth coordinate
(representing the angle of rotation) a random
multi-
ple of 7. Let G‘Z[kﬂ] be the resulting solution.
end for
else
Selection: Set 91[k+1] =
end if
end for
end while

fori=1,..,n. k —

7D_1)

a(G1H),

particular, we do not need anymore the (complicated)
initialization procedures proposed in [36], [40], [49].

Given an image of dimension M x N, we consider the
function 1} of (18) on a domain of the form

(TIaTyaS:wawxaq/}y) € [07M7 1] X [07N7 1]
% [prd, pad] x [0,27] x [=9o, 3" (20)
5 = (517 cee 75!1) € [717 1]117
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where d=+VM?+ N? is the diameter of the image,
0<p1 <p2 <0.5,and 0 < 7y < 5. The choice for the interval
associated to the scalar factor s implicitly assumes an a priori
on the dimension of the shape. This is reasonable since, in
applications of localization of shapes, one usually knows the
relative size of the shape (for instance, an anatomic objectin a
medical image). We experimented with p; = p, /2 (see Fig. 7 in
the Appendix, which can be found at http://computer.org/
tpami/archives.htm). Also, the choice for the interval of 1,
and 1, is guided by the restriction on projective deformations
that is allowed for the shape. In our tests, ¢ = . In our
implementation in C++, the domain of (20) is discretized
naturally by the precision of the representation of the floats.

Note that it seems preferable, in practice, to do a few trials
with different seeds for the generator of pseudorandom
numbers, rather than increase the number of iterations with
the same seed. In our tests, 20 stochastic optimizations are
performed with different seeds. Each search is limited to
436 iterations. The parameters of the E/S algorithm are set
equaltor = %, 7= 15,and n = 30in Table 1. For the two hard
examples of Sections 7.1 and 7.2, after the 20 stochastic
optimizations on the full image, we perform 20 more
stochastic optimizations with 7, and 7, restricted to a
rectangular neighborhood of the position coordinates of the
best solution previously found (the radius is M /8 for 7, and
N/8 for 7).

5 GENERAL MODEL FOR DEFORMATIONS OF
A SHAPE

In this section, we present a statistical model for deforma-
tions of a shape that extends the PPCA of Section 3. The
main point is to replace a single Gaussian distribution by a
more flexible mixture of Gaussian kernels.

5.1 Modified Training Phase

Let T'= (T1,...,Ty) = (Ao, By, ..., A, By,) be the random
vector of a template as in (1). We consider the model
T=W=+4+v—+e with W a dx q orthonormal matrix, v
a vector of dimension d, = NZle mN (G, %), and e ~ N
(0,0%1,). Note that, unlike the PPCA, we require that W be
orthonormal (i.e., W'W = I,). But then, the distribution of =
is allowed to be any mixture of Gaussian kernels. One can
show that 7" has distribution

l
t) = Zﬂ'i
i=1

Now, let t1,...,ty be an ii.d. sample of the variable 7.
We consider the Principal Component Analysis (PCA)
reconstruction operator

Vpea (6) =

where U, and v = t are as in (2). Thus, we now take W = U,
instead of Uy(Ag — 021,)"/%. That choice minimizes the
reconstruction error. The reduced dimension ¢ is chosen so
that the minimal reconstruction error is smaller than a certain
value.

Our goal is then to estimate the vector of parameters
x = (7, ¢, X, 0%). For instance, in the case of ¢ =1, the
estimation of the parameters in the sense of the ML is given
by ¢ =0, ¥ = A, — %I, and o? —M—lq)zzl 11 Ni, as fol-
lows from (2). Thus, in that case, we recover the PPCA.

N(t,WG + v, 0'2](1+WE7;Wt). (21)

Ug+v, (22)
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TABLE 2
Gibbs Sampler Used in Section 5.1
t1,.. N an i.i.d. sample of the random vector T" of equation (21);
W,v the PCA on t3,...,tN;
1 number of Gaussian kernels;
G mean of the ith kernel;
D covariance matrix of the ith kernel,
m proportion of the ith kernel;
o? variance of the reduction noise;
Ao, 1, ...,a¢ parameters for the prior on 7y, ..., 7¢;
Ao, dp parameters for the prior on ¥;;
Co, ko parameters for the prior on ¢;.
Goal: to sample from the posterior distribution of (¢;, ¢;, m;, §;, £i, 02) conditional to t1, ..., tN.
Given a reduced dimension g, compute the PCA W, v on ¢y, ...,tn. Let Ag, ..., Aq be the corresponding
eigenvalues.
Set dop = g+ 2, ko = 0.01. Let {p be the empirical mean of the sample set &1, ...,&n, and A be dp
times its empirical covariance matrix.
SetA0=€anda1=...=ag=%.
Simulate 0~2 according to the posterior distribution G(Nd/2+1, 3 ;V=1 [|t; — W& — v|[?). (At the
first iteration, set o2 = '2711—_«; EL‘I 1)
for j=1,..,N do
sample £; according to the distribution &; ~ N (0721, +2; 1)~ Y(Z7 1 G+ 2Wi(t;—v)), (02 I+
T71)71). (At the first iteration, set & = Wt(t; —v) for j = 1,...,N.)
end for
forj=1,..,N do
draw c¢; = g; with probability w; = f‘%’ where ¢ = 1,..., £. (At the first iteration, set
i= 536,244 )T
wi =1/0) '
end for
Simulate the mixture parameters according to the posterior distribution (71,...,m) ~
D (N + Ag; —]‘-’]"\-;%goﬁi), where NV; is the number of labels c; equal to g;.
fori=1,...,4 do o
simulate the covariance matrix ¥; according to the posterior distribution 3; ~ TW(A, d), where
A=Ao+ N;S + NA:&;(E —¢0)(€ — ¢)t and d = N; + dp, with £ and S the empirical mean and
covariance matrix, respectively, of the set of elements £; with hidden label c; = g;.
simulate the mean (; according to the posterior distribution ¢; | X; ~ N (5 " %Ei), where f =
€ — 5B (€ — o) and k = N; + ko.
end for
Note that the proposed mixture model differs from the IW(E[Ao, do) =
. . . —1
mixture of PPCA [37] used in [6]. In our case, there is only A |%f’<)|2|*%“’U*q“)e’%”‘““yl2%‘1“[1F 1 d
one reconstruction operator (W,v), whereas, in [37], the 0 g a\ %0 >
reconstruction operator varies with the kernel. . . . -
Under the Bayesian paradigm, we set the following usual Xhére Ly (3do) :d' Lj=1 11(2 dy =5 (j ; 1)-
priors [55] on the parameters 7, ¢, %, and 02’ 3. aussian conditional prior on the mean G
1. A Dirichlet prior on the mixture parameters 7; G~ N (g()7%21->, (25)
0
T, ..., 70) ~ D(Ag; ..., « 23 .
(1, o) (Aoj -, 00), (23) where ¢y and ky = 0.01 are as in Table 2.
where Ag =/, and oy = ... = oy = % Recall that the 4. A noninformative improper prior on o2
Dirichlet distribution is defined by D(my, ..., m|Ao; )
o a[) _ T'(Ag) Hf ] 71_1_4005171 o~ 1. (26)
T Hf:lF(Anm) =t ’
2. An inverted Wishart prior on the covariance We are then interested in the mean estimator of x
matrix X;
X = / XP(x|ti, ... tn)dx. (27)
X ~IW(Ag, dy), (24) \ Ty

where Ay and d, are as in Table 2. Recall that the

inverted Wishart distribution of dimension ¢ is
defined by

We compute an approximate value of the estimator using a
Monte Carlo Markov Chain (MCMC) algorithm. In order to
doso, we consider a latent discrete variable C taking its values
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in the set of hidden labels {g1, . . ., g} indicating the Gaussian
kernel. Furthermore, we consider = as a latent continuous
variable. This is equivalent to the following distributions:

t] &0 ~ N(WE+v;0°1y)
Ele=gi~N(G, X))
CNM(ﬂ'l,...

(28)
,ﬂg),

where M denotes the multinomial distribution. We deduce
the distributions

£| t’C:gi’U2 NN(&E):
(=0 L +57) 7 (571G + o Wit —v)),

S=(,+357) 7 (29)
-2 1 2
ot e~ 6 /2 1. - We ),

where G(z; a, b) denotes the Gamma distribution iz 2 ~'e ™"
We can now simulate from the augmented posterior distribu-
tion of (¢;,¢j,m;, ¢, i, 0%) conditional to t,...,ty by the
straightforward Gibbs sampler of Table 2. The model
parameters are learned from a sample set upon iterating the
Gibbs sampler for a few hundred iterations and then taking
the average value of each parameter. The initialization of the
simulation is presented in Table 2.

5.2 Modified Gibbs Energy

Let © be the random variable corresponding to the vector
of deformations of Section 3.2. We model the distribution
of © by

P(@) = u(TLM Ty, S, 1% 1/},7/3 wm)pT(’cha(g))y

where the first factor is as in (6), whereas pr is now given
by (21).
We have the following lemma.

(30)

Lemma 1. The distribution pr(vpe(€)) is equal to

14
1
2 (2m) |01y + U U}
1 _
X exp (—?(5 — ) (= (T + =) e - Q))-
Proof. See [50]. .

Accordingly, the Gibbs energy of (18) is replaced by
V2(8,y,z) equal to

zm: log(W
=0
+ > 1 Si1,8i
; og( (y
K
—}—Zp;(@)‘{s )
=1

(ysﬁ min, C, a)/M (ysl s Wiy s Uj))
)/kO (ys,,l.,s,§ Oéo))

Ts = fk7 S € ant}| (31)

14
1
—log e
{ ; @2m)*o? I, + U, SUL|

xexp( 57 (6= ) (L= (L + 'S )(g—g))}.
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Now, we consider ¢ auxiliary change of variables, one for
each Gaussian kernel

E=pi(6) = Al + G, (32)

for i =1,...,¢, where X; = A;Al. Instead of (20), we now
consider the domain

(T Ty 8,0, g, y) €0, M — 1] x [0, N — 1]
X [prd, pad] x [0,271] x [—tby, %] (33)
Eel-1,1)%

This is equivalent to a parameterization of the domain for &.
In particular, it would not make sense to require that
¢ € [-1,1]”. In the E/S algorithm of Table 1, the choice of the
auxiliary change of variables is modified randomly with
probability 1/2.

6 GLOBAL CONSTRAINT IN THE CASE OF MULTIPLE
OCCURRENCE OF THE OBJECT

When an object is expected to appear in multiple instances
in the image, the specificity hypothesis (13) is replaced by
the following hypothesis:

Local object specificity : the color labels inside and
outside the object are distinct within a neighborhood (34)
of the object.

Formally, let x = (z;) be a classification of the pixels in
the image into K equivalence classes according to the colors
as in Section 2.2, with =z, € A= {f1,..., fx}. Consider the
global constraint

Zpk

where pg(0)) is the proportion of the points inside the
curve having label f;, },”t is the interior of the curve,
and ¢’ is a neighborhood of the curve. Thus, Vj,.(z,0) is
m1n1ma1 whenever the region labels inside an object are
locally specific to that object. In our tests, we took a
neighborhood of radius of 25 pixels. Accordingly, (31) is
replaced by V3(0,y,x):

lor z, 0 (35)

{8 e .fkas c Cebhd\dm}‘,

Z log(W(ys,; min, C, o) [ M(ys,; wj, i, 0;))

+ Z log(U(ys; .53

1=1

Vs
0, §)/k0 g(ys,fl,s,,; aO))

(Os 2 = fi,s € "\ "} (36)

£ 1
— log { Z U

= @n)o s + US UL

x exp(— 55 (6~ 6 (I~ (I + 0?27 ) (€~ 6}

See Fig. 4 for an example of multiple occurence of an
object.

7 EXPERIMENTAL RESULTS

Since Destrempes’ PhD thesis [50], some of the tests had to
be rerun with an improved implementation. Furthermore,
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Fig. 2. Top row: The four mean shapes for the MPCA prior in the example of two gymnastic movements (flying bird and weight-lifting); the rightmost
image represents the mean shape of the single PPCA model. Second and third rows: Examples of localization of a shape obtained by stochastic
optimization of the Gibbs field based on the contour parameters estimated by the ICE procedure and the segmentation computed with the ESE
procedure using the MPCA model of four kernels. Fourth row: Five of the six solutions that were counted as failures over 50 tests. Bottom row: The
30 solutions that were chosen randomly to initialize the E/S algorithm with one of the seeds for the generator of pseudorandom numbers.

we now include a quantitative evaluation of the method.

Thus, some of the results reported here differ from [50].
The localization procedure crucially depends on the

color segmentation of the image. We have experimented the
procedure with the following four segmentation models:

1. the color model of Section 2.2 (with K = K; = 30),
the Mean Shift algorithm [56], with a spatial
bandwidth of 7 and a range bandwidth of 6.5,

3. the color model of [44] (with K = 30), and

4. the K-means algorithm (with K = 30).

See Fig. 1 for examples of segmentation according to each of
the four models. We have also experimented with the
following schemes:

5. the color model of Section 2.2 without the contour
model of Section 2.1, and
6. the contour model of Section 2.1 and no segmenta-
tion model.
When comparing a solution ¢y with the ground-truth C'
(obtained manually), we consider the following error
measure

8(e0.C) = Gt Sl o) (37)

peC

where |C| is the number of points on C, d(p,cy) is the
euclidean distance between p € C to the closest point of ¢,

and diam(C') is the diameter of C (i.e., the greatest euclidean
distance between two points of C). We considered that a
failure corresponds to an error ¢ that is greater than 0.08.
This criterion is of course arbitrary, but we actually checked
that the resulting classification corresponded to our own
(personal) judgment of an “acceptable” localization.

We now present two challenging examples. Three
additional examples can be found in Appendix I, which
can be found at http://computer.org/tpami/archives.htm.

7.1 Example 1: Gymnastic Movements

A first experiment uses a rather variable shape. Namely, we
took two video sequences of two gymnastic movements of the
arms: A flying bird movement and a weight-lifting move-
ment. The database consists of 180 frames of the first
execution of the two movements in the video sequences.
Each curve is represented by a template of 200 points. The
training phase of Section 5.1 yields a reduced dimension of
q = 6 for the statistical deformations with less than 0.3 percent
for the relative reconstruction error. We fixed the number £ of
Gaussian kernels to 4.

We have tested the localization procedure with the
deformation model of (31) on 10 images with five different
initial seeds for the generator of pseudorandom numbers. The
scaling factors were p; = 0.15 and p; = 0.30. The 10 images
were taken in the second execution of the two movements in
the video sequences. See Fig. 2 for examples of localization.
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Fig. 3. First and second rows: Examples of localization of a shape obtained by stochastic optimization of the Gibbs field based on the contour
parameters estimated by the ICE procedure and the segmentation computed with the ESE procedure, using the MPCA model of four kernels.
Bottom row: The five solutions that were counted as failures over 50 tests.

Fig. 4. Examples of localization for the saxophone shape of Appendix I-C (which can be found at http://computer.org/tpami/archives.htm) with

multiple occurrence of the object.

For image (1) of Fig. 2, the whole procedure takes about
63 minutes. The segmentation method takes 90 percent of that
time. When using the K-means algorithm, the whole

procedure takes only 9 minutes and 9 seconds.
The error rate was 12 percent with the segmentation

method of Section 2.2. Image (4) presents three failures, image
(5) presents two failures, and image (10) presents one failure.
The error rate was 8 percent with the same color model but
with the contour energy term dropped. However, the error
rate was as much as 75 percent with that strategy in the
example of Appendix I-B, which can be found at http://
computer.org/tpami/archives.htm.

In the case of the segmentation model of Section 2.2, out
of the five initial seeds, the lowest value of the Gibbs
energy corresponded to a good localization. Thus, the error
rate for the five initial seeds is actually 0 percent. In the
case of the same color model but with the contour energy
term dropped, the error rate for the five initial seeds is also

0 percent on this data set.
We compared the MPCA shape prior with four kernels

with a MPCA consisting of only one kernel. The error rate
was 38 percent. Thus, we are inclined to think that, for very
variable shapes, a simple PPCA (or PCA) is not adequate to
capture the statistics of the deformations of the shape.
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TABLE 3
Proportions of Wrong Solutions

Method Constraint Shape prior 1) 2) 3) 4) 5) (6)
gym global MPPCA (¢ =4) || 12% 84% 32% 44% 8% 60%
gym global | MPPCA (¢/=1) || 38% = — = = =

gym+occlusion | global | MPPCA ({=4) || 10% || 96% | 24% | 22% | 86% | 94%
gym-+occlusion global MPPCA (¢ =1) || 36% — — — — —

guitar global PCA ({=1) 4.7% || 38.7% | 16.7% | 7.3% | 13.3% | 45.3%

van global MPPCA (/=2) || 5.8% | 15.8% | 4.2% | 8.3% | 75% | 19.2%

saxophone local MPPCA (¢/=1) || 0.0% || 16.7% | 6.7% | 0% | 63.3% | 13.3%
saxophone global MPPCA (¢=1) || 70% — — — — —

(i.e., with a relative error between the answer and the solution found by the algorithm that is greater than 0.08) for the examples of Sections 7.1 and
7.2 and Appendix I-A, I-B, and I-C (which can be found at http://computer.org/tpami/archives.htm). Segmentation models (1) to (6) as in Section 7.

7.2 Example 2: Gymnastic Movements with
Occlusions

A second experiment uses the same shape model as in the
previous example. This time, the localization procedure is
tested on 10 images where there are partial occlusions of the
shape, with five different initial seeds for the generator of
pseudorandom numbers. The scaling factors were p; = 0.15
and p; = 0.30. The 10images were taken in the execution of the
two gymnastic movements in two video sequences. See Fig. 3
for examples of localization. The error rate was 10 percent
with the segmentation method of Section 2.2. Image (1)
presents one failure, image (2) presents one failure, image (5)
presents two failures, and image (9) presents one failure. The
error rate was 22 percent with the K-means algorithm.

In the case of the segmentation model of Section 2.2,
out of the five initial seeds, the lowest value of the Gibbs
energy corresponded to a good localization except for two
images. Thus, the error rate for five initial seeds is actually
20 percent in this case. So, we suggest the following
modification of the object specificity constraint in order to
handle strong occlusions:

K

V(z,0) = Blpe(0)pr(0)|{s : z.

k=1

fkas g Ci)nt}’7 (38)

where B(x) could be of the form 1 — m (see the
Butterworth filter) in order to attenuate the influence of
smaller proportions p;(#) due to occlusions. We have not
tested this constraint as of now.

We compared the MPCA shape prior with four kernels
with a MPCA consisting of only one kernel. The error rate
was 36 percent. Thus, we are inclined to think that, for very
variable shapes, a simple PPCA (or PCA) is not adequate to
capture the statistics of the deformations of the shape.

As can be seen from Table 3, the proposed color model
outperforms the other models, except for time considerations.
In our opinion, this is due to the fact that, for models (2)-(4),
the distribution of each color region is unimodal, whereas, in
the case of the proposed model, the region distributions are
multimodal. It follows that methods (2)-(4) yield to an
oversegmentation of the image, which in turn makes the
optimization task too difficult. Also, contours or regions
alone are not sufficient to efficiently localize the shape. In [36],
[40], [49], the success rates were much higher for most images
because initialization procedures were used. In this paper, we

have dropped those initialization procedures in order to
show thata localization procedure based solely on contours is
a much harder optimization problem. Furthermore, despite
various initialization procedures, there were still a few
images that presented a 0 percent success rate, whereas
now each image has at least a 20 percent success rate. So, we
are inclined to think that the proposed model is more
adequate than one that is based solely on contours.

8 CONCLUSION

In this paper, we have presented a coherent statistical
model for deformations of shapes. We have brought
together the following ideas: The prior distribution of
deformations can be learned using the PPCA or the
proposed mixture of PPCA. The pseudolikelihood distribu-
tion of deformations is based on a statistical model for the
gradient vector field of the gray level in the image and can
be estimated using an ICE procedure. A criterion of global
or local object specificity makes the localization of the shape
a lot easier. This criterion is based on a color segmentation
of the image that can be computed with an ESE procedure.
The optimization E/S algorithm converges asymptotically
to an optimal solution, in the sense of the MAP in our
context. The error rates with our method were 12 percent,
10 percent, 4.7 percent, 5.8 percent, and 0 percent for five
sets of experiments. In future work, we intend to develop a
(much) more efficient version of the segmentation method
used in this paper in terms of the computational time.
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