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ABSTRACT

In this paper, we describea statisticalmodel for the
gradient vector field of the gray level in images basedon
empirical results.Moreover, we presenta global Markov
model for contours in imagesthatusesthis statisticalmo-
delfor thelikelihood. Ourmodel is suitablefor anICE pro-
cedure for the estimationof the parametersanddynamic
programming (or a simulatedannealing) for thesegmenta-
tion. This yields an unsupervisedmethod for detectionof
contours. Also, we presenta Markov model for pathsin
imagesbasedon thestatisticaldistribution of thegradient.
Ourmodelcanbeusedto definecostfunctions suitablefor
dynamic programmingas in the intelligent scissorsalgo-
rithm for semi-automatic extraction of contours.

1 Intr oduction

Unsuperviseddetection and semi-automatic extrac-
tion of contours areimportant problemsin ImageProces-
sing.

Onepopular tool for solving the first problem is the
Canny edge-detectoror its variants(Deriche, Shenedge-
detectors) basedon the gradient of the gray levels at the
pixelsof theimage. In [1], aMarkov modelwith constraints
for segmentationof an imageinto regionsor contourshas
beenpresented. Onetool for thesecondproblemis thein-
telligentscissorsalgorithm [2] and[3]. Themaininconve-
nientwith thesealgorithmsis thesupervision in thespeci-
fication of thresholds. Moreover, thesealgorithms arenot
directlybasedon thestatisticsof theimage.

In [4], anadvancehasbeenmadein proposinga sta-
tistical model for the normof the gradient of the gray le-
velsoutsidecontours andfor a relatedrandom variableon
contours.However, we departfrom themodelpresentedin
[4].

We present in this paperthe statisticalmodel [5] for
thenorm of thegradientof thegraylevelsfor pointsoff and
on contours.We alsointroducea new model for theangle
betweenlevel curvesandcontour curves.Thosemodelsare
basedonempirical results.

We usean ICE procedure for the estimationof the

parameters.Theestimationprocedureis basedonaMarkov
model with constraint thattakesinto account thestatistical
distributionof thegradientvector field of thegraylevelsin
theimage.Comparisonbetweenhistogramsandestimated
distributions suggeststhatourmodelis valid.

A preliminary stepconsistsin pre-segmentation of the
imageinto potentialcontoursusingdirectly an ideain the
Canny edge-detectormethod. We obtaina subset

�
of the

imagethat containsthe contours of interestbut alsofalse
contours which appear as noise.Basedon the samemo-
del as for the estimationstep,we can remove the noise
from theset

�
by finding theglobal minimum of a corres-

ponding energy function usingtheViterbi algorithm. This
yieldsanew unsupervisedmethodfor detectionof contours
in images.

For thesemi-automaticextraction of contours,we in-
troducea Markov modelfor pathsin imagessimilar to [4]
alsobasedon the distribution laws of the gradient vector
field of thegraylevel. We canthenusedynamicprogram-
ming exactly as in [2] and[3] though with different cost
functionsnow motivatedby thestatisticsof theimage.

This paperis organizedasfollows. In Section2, we
explainthepre-segmentationstep.In Section3, wepresent
thestatisticalmodelfor contours.Section4 presentsin de-
tailstheestimationprocedureof thestatisticaldistributions.
In Section5,weexplainanunsupervisedmethod for detec-
tion of contours,whereasin Section6,wepresentamethod
for semi-automatic extraction of contours. In Section7, we
discussbriefly empiricalresults.

2 Pre-segmentation of the image

Givenanimageof size � , �������
	��� will denotethe
non-orientedgraph consistingof the � pixelsof theimage
together with theedgesgivenby theusual8-neighbors.If �
and � areadjacentsitesof � , we denote theedgejoining �
and � by ����	��� (so, ����	������� ). ��� will denotethesetof all
sitesof � togetherwith thesetof its edges( � � ������� ).
We form a graph � � ����� � 	�� �  by makingtwo adjacent
sitesin � alsoadjacentin � � , andby making ����	��� adjacent
to its endpoints � and � .

We will needa subset
�

of the setof sites � obtai-



ned from a pre-segmentationstepas in the Canny edge-
detector� . Namely, wefirst computethegradient of thegray
levels in the image.At eachpixel � of the image,we ap-
proximate the directionof the gradient to the nearestdi-
rection � among thedirections

 "! 	$#%#&#%	  (' corresponding to
the angles )�*,+.-/	�0/	�*,+.-/	�*,+(1 . If the norm of the gradient
at � is smallerthanoneof its two neighborsalong � , then�32� �54 ; otherwise,��� �64 . Next, we remove theisolated
pointsof

�74
thusobtaining aset

�
. Thissimpleprocedure

givesus a setof potential contour points from which we
will extract contour pointsusingour statisticalmodel for
thegradient distribution in theimage.

Finally, we decompose
�

into a family 89�9:�;
<"=
of disjoint non-empty paths(in � ) with the property that
eachpathis maximal(no two distinctpathshave adjacent
endpoints).Such,a decompositionis not unique, but we
fix onein all thatfollows.

We thendefine
� � to bethesetof all edges���(	��� ap-

pearing in thepathsof 8 .

3 Statistical Model for contours

Foreachsite ���>� , therandomvariable?A@ represents
thenormof thegradient of thegraylevel at thecorrespon-
dingpixel.

Basedonempiricalresults,wemodel B�CED.�GFH@I for the
sitesoff contoursby a Weibull law [6],J �KF @ML�NPO&Q 	SR6	STUV� RTUW �KF @ ) NPO&Q  WYX !"Z X6[�\ D�](^`_ ab cKd
with F @fePNgO&Q .

For points on contours, we model B C D.�KF @  by a mix-
tureof two Gaussianlaws,h �GFH@ L�ikj 	�l j 	Sm j n� opj�q ! ikj�r �GF�@ L l j 	�m j �#

If ����	���s��� , weconsiderthedistributionof theangle?"@ut betweenthe meanof the gradient at � and � with the
normal to the vectorfrom � to � . The angleis normalized
between)�*,+v1 and *,+v1 . We have observed that w ?Y@utxw fol-
lows aWeibull law up to a factory(z J �KF @ut�L min

z 	SR z 	ST z 
whenever theedge ����	��� belongsto a contour. We impose
theconditionthat R z|{~}

andthe factoris takenso asto
obtaina distribution in theinterval � 0�	f� o�� .

In thecasewhere���(	��� is off contours,wemodel w ?Y@utxw
by auniform distribution on � 0�	 � o � ,� �KF�@ut L 0/	 * 1 �� 1* #
4 Estimation of parameters

We considera coupleof random fields �~���K��	�?g
on the graph � � , where ?���:M?�@M	�?"@ut�	S�����A	$����	�����

��= representsthe field of observations, and � �:$�3@M	���@�tS	����|�
	$����	���s����= thelabelfield.
Here,theobservable datais asin Section3 andeach�3@ , �3@ut is in : Z ! � “off ” 	 Z o � “on” = . Thedistributionof�G��	�?� is definedbyapriordistribution Bs�P�G�" andbysite-

wiselikelihoods B C D�� � D �GFH@x+E�"@� , B C D���� � D�� �GFH@ut�+E�f@�t� whose
parameter � dependsontheclasslabel � @ 	�� @ut . We assume
independencebetweeneachrandom variable ? @ given � @
and ? @ut given � @�t . Theobservable ? is calledthe“incom-
pletedata”,and � the“completedata”.

In order to obtaina reliableestimationof theparame-
ters,we resortto the ICE algorithm. This procedure,des-
cribedin detailin [7], is outlinedasfollows :

Parameter initialization : we usetheparametersesti-
matedonaninitial segmentationobtained by the � -means
algorithm describedin [8] for �P� z�� . Then �6� � 4 !�� is compu-
tedfrom �7� � � in thefollowing way :

1.Stochasticstep: usingtheGibbssampler, onereali-
zation � is simulatedaccording to theposterior distributionB � � C �K�"+.F� , with parameter vector ��� � � .

2. Estimationstep: theparametervector �g� � 4 !�� is es-
timatedwith theML estimatorof the“completedata”cor-
responding to eachclass.

3. If ��� � 4 !�� 2� �5� � � , for some
y � } 	S1 , returnto step

1.

We now explain theestimationprocedurein details.

Posterior distrib ution

The posterior distribution is modeledaccording to a
global Bayesianformulationusingtheindependencehypo-
thesisB � � C �G�"+.F��� �@S �¡ B C D�� � D �KF�@x+E�"@��[ @S¢ t c  H£B CED�� � �ADK� �GF�@�t�+E�f@�t�sBU�P�G�"�#

For thelikelihood,we usethedistributionspresented
in Section3B C D�� � D �GF�@I+ Z ! n� J �GF�@ L�NPO%Q 	�R6	�T
B C D�� � D �GF�@I+ Z o n� h �GFH@ L�ikj 	�l j 	Sm j B C D���� � DK� �GF�@�t¤+ Z ! n� � �GFH@ut L 0/	 * 1 B CED�� � �ADK� �GF�@�t¤+ Z o n� y z J �GF�@�t L min

z 	�R z 	�T z I#
For thelocala priori model,weadopt thesimplemo-

del corresponding to the function ¥�¦ @S¢ tu§�¨ } )ª©��K� @ 	�� t �«
in orderto favor ahomogeneoussegmentation,where ����	���
ranges over

� � . We alsoimposethefollowing constraints:� @ � Z !
for all �¬2� � ; � @ut � Z !

whenever ����	���|2� � � ;�f@7� Z o and �fts� Z o if andonly if �@uts� Z o . Giventhis a
priori model with constraint,theprior distribution B®�g�G�f



canbewrittenas,BU�P�G�"¯� !°3±x²´³¶µ )�¥·¦ @S¢ tu§�¸ [ @S¢ t c  (¹fºI¨ } )»©��G�"@E	��`t��«´¼½ @x¾ (¹ ©��G�"@E	 Z !  ½ [ @�¢ t c ¾ (¹ º ©��G�f@�t�	 Z ! ½ [ @S¢ t c  (¹ ºE¿ �G�"@E	��`t�	��"@ut�
wheresummationis takenover all edgesof

� � , ©���#  is the
Kronecker deltafunction, � is a normalizing constant, and¿ �G�"@E	��`t�	��f@�t�¯� } if �"@®�À�/tY�À�f@ut¯� Z o , or �Á@ut¯� Z ! and�f@�� Z ! or �`tY� Z ! , and ¿ �K�Á@E	��`t�	��"@ut�Y�Â0 otherwise.

Parameter initiali zation

Weinitialize theICE procedureby theparameterses-
timatedon thecompletedataobtained by a � -means clus-
tering segmentation of

�
into two classesbasedon the

normof thegradientof thegraylevels.Theclasswith smal-
lestmeanis labeled

Z !
.

Stochasticstep

Theenergycorresponding to theposterior distribution
is theGibbsfield�P�K�	�F�Y� ¥ @� �¡ )�Ã Q B CED � �AD �KF @ +E� @ Ä ¥ [ @�¢ t c  H£ )�Ã Q B CMD�� � �AD�� �KF�@ut�+E�"@ut¤Ä ¥ ¦ @S¢ tu§�¸ [ @S¢ t c  (¹ º$Å } )�©��G�"@M	��/t��Æ
with theconstraintthat ÇÈ�G�f is minimal,whereÇÈ�G�fk� ¥ @x¾ (¹ Å } )�©��G�f@M	 Z !  ÆÄ ¥ [ @�¢ t c ¾ (¹ º Å } )�©��G� @�t 	 Z !  ÆÄ ¥ [ @S¢ t c  (¹fº$Å } ) ¿ �G�f@M	��/t�	��f@ut� Æ #

Theconstrainedstochasticrelaxation hasbeendeve-
lopedin thiscontext [9] andcouldbeusedin thesimulation
of � . However, for computationalreasons,we imposethe
constraints directly by setting �,@É� Z !

whenever �ª2� � ,� @�t � Z ! whenever ����	���È2� � � , and � @�t � Z o if andonly
if � @ � Z o and � t � Z o . Thus,we simply usethe Gibbs
sampleralgorithm [10] on

� � � � . In doingso,wevisit the
sitesof

� � � � by groups of three: a site �Ê�·� andits
two adjacentedges ����	��� , �GË.	��M . Therearetwo possiblela-
belsfor � andeachonedeterminesthelabelsof ����	��� , �GË.	��E
(sincethelabelsof theothersitesof � arefixed). For each
possibility, we consider ;,�G�,@I given byB CMÌ�D � �
Ì�D �KF(ÍS@I+.�`Í�@�¤B CED � �AD �GFH@x+E�"@�¤B CMD�� � �AD�� �KF�@ut�+E�"@ut¤±I²�³ ��)51 Ä ©��K�`Í(	��f@x Ä ©��K�f@E	��/t��
with � Í�@ et � @ut adjustedso that ¿ �K� Í 	�� @ 	�� Í�@ Î� }

and¿ �G�"@E	��`t�	��f@�t�Y� } . Wethenchoose��@ to be
Z !

with proba-
bility ;U� Z ! S+��Ï;U� Z !  Ä ;U� Z o � .

Estimation step

Assumingthatthe“completedata” is known, thepa-
rametersof the statisticaldistribution associatedto each
classcanthenbecomputedwith theMaximum Likelihood
(ML) estimatoron eachclass

y � } 	S1 , thanks to good
asymptotic properties.

In principle,oneshouldtake ��� � 4 !�� astheconditional
expectationof �� given ?Ð��F , computedaccording to the
current value ��� � � . It is thebestapproximationof � in terms
of themeansquareserror[7]. Thecomputationof this ex-
pectationis impossiblein practice,but we canapproachit
thanks to thelaw of largenumbersby,

� � � 4 !�� � }Ñ ����6�K� [ ! c 	�F� ÄÂÒxÒ$ÒMÄ ��6�G� [&Ó c 	�F� � 	
where � [%Ô c 	7Õ6� } 	x#$#x#I	 Ñ arerealizations of � drawn ac-
cording to the posterior distribution B � � C �G�"+.F"	��5� � �  . In
orderto decreasethecomputationalload,wecantake Ñ � }
withoutalteringthequalityof theestimation[11].

We usethe following estimatorsfor the distribution
laws introducedin Section3.Ö If ?×����? ! 	x#$#x#I	S?fØ> are Ù randomvariablesi.i.d.
according to a “single” Weibull law

J �GF L�NgO&Q 	�R6	�T
 , andF��Ú�KF ! 	$#x#$#I	�F Ø  is a realizationof ? , theML estimator
of R ML 	ST ML is givenby [12],�R ML ��Û��,�R ML �	�T ML � Ü }Ù Øp Ô q !5ÝF7ÞW MLÔàßâáãd ML 	
where ÝFP���KF¶) NgO&Q  and

Û��K�f·� ÙV¥ ØÔ q ! ÝF�äÔÙV¥ ØÔ q ! � ÝF äÔ Ã Q ÝF Ô 
)å¥ ØÔ q ! Ã Q ÝF äÔ ¥ ØÔ q ! ÝF äÔ #
Here,wesimplytake NPO%Q ��) } 0 Xfæxç , whereç is themaxi-
mumof thenormof thegradient in thegiven image.Weuse
aniterativemethod [12] to find �R Øgè .Ö The ML estimatorof the parametersof a mixture
of Gaussiandistributionscannot becomputeddirectly. We
usetheSEM algorithm [13]. This algorithmis a stochastic
versionof theEM algorithm[14] andis identical to theICE
algorithmexceptfor thepriordistributionwhichis replaced
by theproportionof eachclass.WeusetheML estimatoron
the resultgivenby a � -means clusteringsegmentation to
obtainaninitial solutionfor theparametersof thismixture.Ö TheML estimatorfor a truncatedWeibull law can-
not befounddirectly. So,we estimatetheWeibull law for
theinterval � min

z 	�é¬ andthenwe adjustit by its integral
from 0 to � o computed with the numerical method Simp-
son

} +.ê . We take min
z �ë) } 0 Xfì . If R z e }

, we setR z � } andre-estimateT z and
y z

. This lastcasehappens
with small imageswhenthereis over-fitting.



5 Unsuperviseddetectionof contours

Basedon the estimatesgiven by the ICE procedure,
we cancomputeanunsupervisedMarkov segmentationof
the image into contours. In this framework, the Markov
segmentation can be viewed as a statisticallabelingpro-
blemaccording to a global Bayesianformulationin which
theposterior distribution B � � C �G�Á+EF�¯� ±I²�³ )��P�K�	�F� has
to bemaximized[15]. Thecorrespondingposteriorenergy
is given in Section4 andis subjectto the constraint thatÇ3�K�f is minimal.

We couldusethesimulatedannealing algorithm with
constraint [9] to minimizethis globalenergy function with
theabove constraint.

However, we can find directly an optimal solution
usingtheViterbi algorithm on eachpath; of theset

�
ob-

tainedby the pre-segmentation step.If ; is listed asa se-
quence � z 	S� ! 	$#%#&#%	�� Ó of adjacentpixels,and

Z Ô&í 	 Z Ô á 	x#&#&#%	
Z Ô&î

is thecorrespondingsegmentation,we considertheenergy
functionï � �GÕ z 	$#%#&#%	�Õ Ó ®�å)>Ã Q B C D í � � D í �KF�@ í + Z Ô í  Ä Óp t q !�ð tI�GÕut X ! 	�Õut¤
whereð t �KÕS	uñ´ is definedby} )�©�� Z Ô 	 Z j A)�Ã Q B CED � � �AD � �GF @ ��+ Z j )>Ã Q B CED � ] á�ò D � � �AD � ] á�ò D � �KF @ � ] á ¢ @ ��+

Z Ô ¢ j 
and

Z Ô ¢ j is adjustedso that ¿ � Z Ô 	 Z j 	 Z Ô ¢ j >� }
. Then, the

above constrainedminimizing problem is equivalentto the
minimizing of thefunctions

ï � independently oneachpath.
By applying theViterbi algorithm[16], on eachpathwith
the above cost functions,we obtainan optimal segmenta-
tion of

�
.

6 Semi-automaticextraction of contours

Recallthat
Z ! � “off” and

Z o � “on”. Givena pathó ����� z 	x#&#&#%	�� Ó  in the graph � of Section3, we consider
similarly to [4] and[17] thelikelihood B C � W �GF/+ ó  givenby½ @$¾ �ô B CED � �AD �GF @ + Z !  ½ @S �ô B CED � �AD �GF @ + Z o ½ [ @S¢ t c ¾ �ô B CED�� � �ADK� �GF�@�t�+ Z !  ½ [ @S¢ t c  �ô B CMD�� � �AD�� �KF�@ut�+ Z o � y �KF� ½ @S �ô¯õ(ö DS÷�ø/D [%ù D ��ú�û cõ ö DS÷�ø/D [%ù D¤��ú á c

½ [ @S¢ t c  �ôkõ(ö DK� ÷uø D�� [%ù D�� ��ú�û cõ ö DK� ÷uø D�� [%ù D�����ú á c� ½ ÓÔ q z5ü [%ù DKý�þ ÿ�� ¢ � � ¢ � � c� [%ù D ý�þ ��� � ¢ W ¢ < c ½ ÓÔ q !
	 í � [%ù D�ý ] á�ò D�ý þ miní ¢ W í ¢ < í c� [%ù D ý ] á ò D ý�þ
z ¢� û c

wherey �GF�n� �@S �¡ B CMD � �
D �GF @ + Z !  �[ @�¢ t c  H£ B CED�� � �AD�� �GF @ut +
Z ! I#

Moreover, weconsideranapriori model thatimposes
arestrictiononthelengthof thepathfromthestartingpoint
to theendpoint.Namely, we considerB W � ó �� }� ±x²�³ �¤)��7w ó w 

where w ó w is the number of edgesin the path ó and � is a
normalizing factor.

ThisyieldstheposteriorprobabilityB W � C � ó +EF�n� B C � W �GF/+ ó ¤B W � ó � ±x²´³ �¤) ï � ó 	�F��
wherethecorresponding posteriorenergy function (upto a
constant)is givenbyï � ó 	�F��� ï ��� ! 	$#%#&#%	�� Ó 3� Óp Ô q ! ð ��� ÔKX ! 	S� Ô �	
with ð ����	��� definedby

� Ä Ã����"� J �KF�@ L�NPO&Q 	SR6	STU�
)ÎÃ����f� h �GF�@ L�i¯j 	�l j 	�m j �Ä Ã����/� � �GF�@�t L 0�	 � o �Y)�Ã����f� y z J �GFH@ut L min
z 	�R z 	�T z ��#

We choose � minimal so that ð ���(	����� 0 . Therefore,
we canusedynamicprogramming[18] in order to find the
pathwith lowestcost

ï � ó 	�F� fromaspecifiedpixel � z toany
givenpixel � . Sucha procedure hasbeenpresentedin [2]
and[3] though with ad hoccostfunctions. Oneimportant
property of our modelis the in-varianceof the likelihood
under affine transformations of thegraylevels.

7 Experimental Results

In our implementationof the estimationprocedure,
we first re-calibrate the gray levels of the imagebetween
0 and255,andthenapplya ê��»ê Gaussianmask.After-
ward, we multiply the gradient by

} 0(0H+ ç , where ç is the
maximum of thenorm of thegradient in the image.Thus,
min �V) } 0 X"ì . We fix the number of iterations to 10 for
theICE procedure,to 100for eachapplication of theSEM
algorithm andto atmost30for eachestimationof theWei-
bull law. The entireprocedure takesabout 55 seconds on
a PC workstation400MHz for the imagepresentedhere.
The comparison betweenthe empirical densityfunctions
andtheestimateddistributions suggeststhat thestatistical
model presentedhereis valid. SeeFig. 2 and3 for theesti-
matedvalues of theparametersandthedistributions.

We presenttheimagesobtainedby thedetectionme-
thod in oneinstance(cf. Fig. 4). Onecanobserve that the
noiseandfalsecontours duethepre-segmentationstepare
completely removedby thesegmentation into contours.

In our implementation of thesemi-automatic extrac-
tion of contours,we have sometimesto freeze a portionof
thecontour manually, but this is alsothecasewith the in-
telligentscissorsalgorithm. Our method seemsto work as
well asthe original algorithm, if not better. Thus,it helps
validateourstatisticalmodelfor contours.SeeFig. 1.

8 Conclusion

In thispaper, wehavedescribedastatisticalmodelfor
thegradient vectorfield of the gray level in imagesbased



onempiricalresults.Moreover, wehavepresentedaglobal
Mark� ov model for contours in imagesthat usesthis sta-
tistical model for the likelihood. Our model is suitablefor
anICE procedurefor theestimationof theparametersand
dynamic programming(or a simulatedannealing) for the
segmentation.This yieldsanunsupervisedmethod for the
detectionof contours.Finally, wehavepresentedaMarkov
model for pathsin imagesbasedon thestatisticaldistribu-
tion of thegradient. Our modelcanbeusedto definecost
functionssuitablefor dynamicprogramming asin theintel-
ligent scissorsalgorithm for thesemi-automatic extraction
of contours.
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FIG. 1. Semi-automaticextractionof contours usingdyna-
mic programming andbasedon the parameters estimated
by theICE procedure. ������# }(}�� � .
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FIG. 2. Valuesof theparameters estimatedby theICE pro-
cedure.
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FIG. 3. Exampleof the empirical densityfunctions of the
gradient of thegray levelsandthedistributionsestimated
by the ICE procedure. From top to bottom: norm of the
gradient off contours; norm of the gradient on contours;
comparison of the two previous distributions; anglebet-
weenthegradientandthenormalto thecurveoncontours. FIG. 4. Example of an unsuperviseddetectionof contours

of an imageusingdynamic programmingandbasedon the
parameters estimatedby theICE procedure. Top : original
image. Center: pre-segmentation.Bottom: contoursdetec-
tedin theimage.


