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ABSTRACT

In this paper we describea statisticalmocel for the
gradient vecta field of the gray level in images basedon
empiricd results.Moreover, we presenta globd Markov
modeé for contous in imagesthat usesthis statisticalmo-
delfor thelikelihood Ourmockl s suitablefor anICE pro-
cedue for the estimationof the paranetersand dynamic
progammirg (or a simulatedannedéing) for the sggmena-
tion. This yields an unsupevised methal for detectionof
contaurs. Also, we presenta Markov model for pathsin
imagesbasecdbn the statisticaldistribution of the gradien.
Our modelcanbeusedto definecostfunctiors suitablefor
dynamic progammingasin the intelligent scissorsalgo-
rithm for semi-autoratic extradion of contous.

1 Intr oduction

Unsupervised detection and semi-atiomatic extrac-
tion of contous areimportart prablemsin ImageProces-
sing.

Onepopdar tool for solvingthe first prodem is the
Canry edgesdetectoror its variants(Deriche, Shenedge-
detectos) basedon the gradent of the gray levels at the
pixelsof theimage In [1], aMarkov modelwith constraints
for sggmentationof animageinto regions or cortourshas
beenpresentedOnetool for the secondprablemis thein-
telligentscissorsalgoithm [2] and[3]. Themainincorve-
nientwith thesealgoritimsis the supenision in the speci-
fication of threshdds. Moreover, thesealgorithms are not
directly basedn the statisticsof theimage.

In [4], anadvancehasbeenmadein proposinga sta-
tistical mocel for the norm of the gradien of the gray le-
vels outsidecontous andfor a relatedrandam variableon
contaurs. However, we departfrom the modelpresentedh
[4].

We presenin this paperthe statisticalmodé [5] for
thenom of thegradentof thegraylevelsfor points off and
on cortours.We alsointrodwce a nev mocel for the angle
betweerievel curves andcontou curves.Thosemocklsare
basedn empitical results.

We usean ICE procedire for the estimationof the

paraneters.Theestimatiorproedures basednaMarkov
modé with constraimthattakesinto accoum the statistical
distribution of thegradent vecta field of thegraylevelsin
theimage.Compaison betweerhistograns andestimated
distributions suggestshatour modelis valid.

A preliminay stepconsistsn presggmentatio of the
imageinto potentialcontairs usingdirectly anideain the
Canry edge-@tectormethal. We obtaina subsetl” of the
imagethat containsthe contous of interestbut alsofalse
contaurs which appear as noise.Basedon the samemo-
del as for the estimationstep,we canremaove the noise
from the setT by finding the global minimum of a corres-
pondng enegy function usingthe Viterbi algorithm. This
yieldsanew unsugrvisedmethodor detectiorof contous
in images.

For the semi-atiomaticextraction of contaurs,we in-
troduce a Markov modelfor pathsin imagessimilarto [4]
alsobasedon the distribution laws of the gradent vecta
field of the graylevel. We canthenusedynamic progam-
ming exactly asin [2] and[3] thoudh with different cost
functions now motivatedby the statisticsof theimage.

This paperis organizedasfollows. In Section2, we
explainthepre-sgmentatiorstep.In Section3, we present
the statisticaimodelfor contous. Section4 presentsn de-
tailstheestimatiorprocedureof thestatisticaldistributions.
In Section5, we explainanunsupevisedmethal for detec-
tion of contous,whereasn Sectiorn6, we presenamethal
for semi-automtic extractian of contous. In Section7, we
discussbriefly empiricalresults.

2 Pre-segmetation of the image

Givenanimageof sizeN, G = (S, U) will derotethe
non-orientedgraph consistingof the NV pixelsof theimage
togethe with theedgegyivenby theusual8-ndghbors. If s
andt areadjacensitesof G, we dende the edgejoining s
andt by (s, t) (so,(s,t) € U). S’ will denotethesetof all
sitesof G togethemwith the setof its edgegS' = Su U).
We form a graphG’ = (S’,U’) by makingtwo adjacent
sitesin G alsoadjacentn G, andby makng (s, t) adjacent
to its endpointss andt.

We will needa subsetT" of the setof sites.S obtai-



nedfrom a pre-sgmentationstepasin the Canry edge-
detectorNamely we first computethegradien of thegray
levelsin theimage.At eachpixel s of theimage,we ap-
proximate the direction of the gradent to the nearesti-
rectiond amorg thedirectionsdy, ..., ds correspndirg to
theangles—=/4,0,7 /4,7 /2. If the norm of the gradent
at s is smallerthanoneof its two neighorsalong d, then
s € T ; otherwise;s € T. Next, we remove theisolated
pointsof T+ thusobtairing asetT'. This simpleprocealure
gives us a setof poterial contou points from which we
will extract cortour points using our statisticalmodel for
thegradien distributionin theimage

Finally, we decompseT into a family P = {pa,}
of disjoint non-ampty paths(in G) with the property that
eachpathis maximal(no two distinct pathshave adjacent
end points). Such,a deconpositionis not unique, but we
fix onein all thatfollows.

We thendefineT” to bethe setof all edgeq(s, t) ap-
pearirg in the pathsof P.

3 Statistical Model for contours

Foreachsites € S, therandon variableY, represents
thenormof thegradent of the graylevel atthe corresjpn-
ding pixel.

Basedon empiricalresultswe model Py, (y,) for the
sitesoff contairsby a Weihull law [6],

W(ys;min, C,a) = —5(ys — min)¢ e~ (Lagmm)©
«
with ys > min.

For poirts on contous, we model Py, (y;) by a mix-

ture of two Gaussiaraws,

2
M(ys;wjap’jao'j) = ijN(ys;,u/jao'j)'
=1

If (s,t) € U, weconsidetthedistribution of theangle
Ys: betweenthe meanof the gradent at s and¢ with the
normal to the vectorfrom s to ¢. The angleis normalizel
between—=/2 andw/2. We have obseredthat |Y;| fol-
lows a Weibull law upto afactor

koW (ys¢; ming, Co, o)

wheneer the edge(s, t) belmgsto a contair. We impose
the conditionthat Cy < 1 andthefactoris takensoasto
obtainadistributionin theinterval [0, Z].
Inthecasewhere(s, t) is off contous,wemodel | Y|
by auniform distribution on [0, 7],
Ulpi0,5) = 2

4 Estimation of parameters

We considera coupleof randan fields Z = (X,Y)
on the graph G', whee Y = {Y;,Yy,s € S,(s,t) €

U} representsthe field of obserations, and X =
{Xs,Xst,8 € S,(s,t) € U} thelabelfield.

Here,the obsenable datais asin Section3 andeach
X5, Xsrisin {e; = “off”,es = “on”}. Thedistribution of
(X,Y) isdefinedby aprior distribution Px (z) andby site-
wiselikelihoads Py,  x, (ys/%s), Py,,/x., (Yst/Tst) Whose
paraneter® dependontheclasslabelz ;, ;. We assume
independenceébetweeneachrancm varialde Y, given X,
andY; given X ;. TheobserableY is calledthe“incom-
pletedata”,andZ the“completedata”.

In orde to obtainareliableestimationof the parane-
ters,we resortto the ICE algorithm This procedire, des-
cribedin detailin [7], is outlinedasfollows :

Paramder initialization : we usethe paranetersesti-
matedon aninitial segmenationobtainel by the K-means
algorithm descritedin [8] for 9. Then® [P+ is compu
tedfrom ®[?! in thefollowing way:

1. Stochastistep: usingtheGibbssampleyonereali-
zationz is simulatedaccordimy to the posteria distribution
Px,y (z/y), with parameer vecta ®P].

2. Estimationstep: the parametevector®[P+1! is es-
timatedwith the ML estimatorof the “completedata” cor
respoming to eachclass.

3.1f ®lPt1] % 3l7] for somek = 1,2, returnto step

We now explain the estimationprocedurein details.

Posterior distrib ution

The posteria distribution is modeledaccordimg to a
globd Bayesiarformuation usingtheindepadencehypo-
thesis

Px;v(z/y) o H Py, x,(ys/xs)
seS

HPYn/X“ (yst/xst) Px ().
(s,t)eU

For thelikelihood, we usethe distributions presentd
in Section3

Py,/x,(ys/e1) W(ys; min, C, a)
Py, x,(ys/e2) = M(ys;wj, pj,05)
) = Uei0,3)

) = koW(yse; ming, Co, ao)-

Py,,/x.. (yst/e1
Py, /x,, (Yst/e2

Forthelocala priori model,we adog the simplemo-
del corresponihg to the function 3°_, ;. (1 — (s, 1))
in orderto favorahomogneos segmentatio, where(s, t)
ranges over T". We alsoimposethe following constraints
zs = e forals ¢ T; x4 = e; wheneer (s,t) ¢ T';
s = ez andxy = eq if andonly if z5; = ey. Giventhisa
priori mocel with constraintthe prior distribution Px ()



canbewritten as,

Px (IL') = % €Xp {_ E<s,t>:(s,t)€T’ (]' - 6('7:5’ xt)) }
[Logr d(zs,e1) H(s,t)eT' d(zst,€1)

H(s,t)GT’ n(xsi Tty mst)

wheresummations takenover all edgesof T/, 4(.) is the
Kronecker deltafuncion, Z is anormdizing constat, and
n(xs, Ty, Tst) = 1if ©3 = 34 = Ty = €2, 0rz5 = €1 and
Ts = €1 Or oy = ey, andn(z,, x4, xs;) = 0 othemwise.

Parameter initiali zation

We initialize the ICE procedureby the paraméerses-
timatedon the compete dataobtaine by a K-mears clus-
tering sggmentatio of 7' into two classesbasedon the
normofthegradiat of thegraylevels.Theclasswith smal-
lestmeanis labelede; .

Stochasticstep
Theenepy correspondig to theposteria@ distribution
is the Gibbsfield

Uz,y) = Zses _lnPYs/Xs (ZIS/ZUS)

+ X enyev ~In Py, x,, (Yst/st)
+ E<s,t>:(s,t)ET’ (1 _6('7:55 .’L't))

with the corstraintthatV (z) is minimal, where

V(z) = ngT(l —5(373,@1))
+ 2 (s, (1 —0(zst, 61))
+ (s et (1 _Tl(ws,ﬂvt,mst)).

The constraird stochastiaelaxation hasbeendeve-
lopedin this context [9] andcouldbeusedn thesimulation
of X. However, for computationalreasonsye imposethe
constraims directly by settingz; = e; wheneer s ¢ T,
zst = e; Wheneer (s,t) ¢ T', andzs = ey if andonly
if s = es andz; = es. Thus,we simply usethe Gibbs
sampleralgoithm [10] onT'UT". In doingso, we visit the
sitesof T"U T by grouys of three: asites € S andits
two adjacenedgss (s, t), (r, s). Therearetwo possiblda-
belsfor s andeachonedeterninesthelabelsof (s, ), (r, s)
(sincethelabelsof theothersitesof S arefixed) For each
possibility we consicer p(z ) given by

PYN/X” (yrs/'Z'r.s)f>Ys/XS (ys/xs)PYst/Xst (yst/xst)
exp(—2 + 0(z, xs) + 6(xs,2¢))

with z,, et zy adjustedso thatn(z,,z,,z.s) = 1 and
n(zs, x¢,xst) = 1. We thenchooser; to bee; with proba-

bility p(e1)/(p(e1) + plez)).

Estimation step

Assumingthatthe “completedata”is known, the pa-
rametersof the statisticaldistribution associatedo each
classcanthenbe computedwith the Maximum Lik elihoad
(ML) estimatoron eachclassk = 1,2, thanks to goad
asymptadic properties.

In principle, oneshouldtake ® P+1] astheconditioral
expedation of ® givenY = y, compuedaccordng to the
currerivalued!?!. It is thebestappraimationof ® in terms
of themeansquaeserror[7]. The computationof this ex-
pectationis impaossiblein practice but we canappoachit
thanks to thelaw of large numbershby,

. .
plrttl = - [2(@a),y) + -+ (@), y)),

wherez(;, i = 1,...,n arerealizatiors of X drawvn ac-
cordirg to the posterio distribution Py,/y (z/y, ®[1). In
orderto decreas¢hecompuationalload,we cantaken =1
withoutalteringthe quality of the estimatiorn11].

We usethe following estimatorsfor the distribution
laws introducedin Section3.

oIf Y = (Y1,...,YM) areM randbmvariables.i.d.
accordng to a “single” Weibull law W(y; min, C, «), and
y = (y1,...,ym) is arealizationof Y, the ML estimator
of Cy., aw IS givenby [12],

CML = F(éML);

1 & G
. _ e, ML
au. = (M ; U; ML) ,

wherej = (y — min) and

M -~
M Zz’:l 97 )
MYM G ng) - XM mgr oY g

F(z) =

Here wesimplytakemin = —10~%v, wherev is themaxi-
mumof thenormof thegradierin thegivenimage Weuse
aniterative metha [12] to find C),y .

e The ML estimatorof the paraméers of a mixture
of Gaussiardistributions canna be computeddirectly. We
usethe SEM algoiithm [13]. This algorithmis a stochastic
versionof theEM algorithm[14] andis identica to thelCE
algorithm exceptfor theprior distributionwhichis replacel
by theproportionof eachclass We usethe ML estimatoon
theresultgiven by a K-mears clusteringsegmentatio to
obtainaninitial solutionfor theparametesof this mixture.

e The ML estimatoffor atruncated/Neibull law can-
not befounddirectly So,we estimatethe Weibull law for
theinterval (ming, oo) andthenwe adjustit by its integral
from 0 to § compued with the numeical methal Simp-
son1/3. We take ming = —1073. If Cp > 1, we set
Co = 1 andre-estimateyy andkg. This lastcasehapgens
with smallimageswhenthereis overfitting.



5 Unsupeviseddetectionof contours

Basedon the estimategiven by the ICE procedire,
we cancompute anunsugervisedMarkov segmeration of
the imageinto contous. In this framework, the Markov
segmeniation can be viewed as a statisticallabeling pro-
blemaccordng to a global Bayesiarformulationin which
the posterio distribution Px,y (z/y) o exp —U(z,y) has
to bemaximized[15]. Thecorrespndingposteriorenegy
is givenin Section4 andis subjectto the constraim that
V(z) is minimd.

We couldusethe simulatedannedéing algorithm with
constrain [9] to minimizethis globalenegy function with
theabove constrant.

However, we can find directly an optimal solution
usingthe Viterbi algorithm on eachpathp of the setT ob-
tainedby the pressggmentatio step.If p is listed asa se-
querce sy, s1, ..., S, Of adjacenpixels,ande;,, e;,, ..., €;,,
is the correspadingsegmeriation,we considetthe enegy
function

Ip(io, yin) = —In Py, sx, (Yso/€i) + D Mlit—1,it)
t=1

where); (i, j) is definedby

1 _6(ei7ej) —In PYst/Xst (yst /eJ)

—InPy, . /x. .. Ws_15/¢€i5)

ande; ; is adjustedso thatn(e;, ej,e;;) = 1. Then the
above constraird minimizing prodem s equivalentto the
minimizing of thefunctions!,, indegenderly on eachpath.
By applying the Viterbi algorithm[16], on eachpathwith
the above costfunctions,we obtainan optimal segmernia-
tionof T'.

6 Semi-automaticextraction of contours

Recallthate; = “off” andes = “on”. Givena path
¢ = (so,---, 8n) in thegraph G of Section3, we consider
similarly to [4] and[17] thelikelihoad Py, (y/c) givenby

Hsgc PYs/Xs (ys/el) HsEc PYs/Xs (y5/62)
H(s,t)ec PYst/Xst (ySt/el) H(s,t)ec PYst/Xst (ySt/e2)

_ Py, /x,(ys/e2) Py, /x4, (yst/e2)

- k(y) HSEC Py, x,(ys/e1) H(s,t)ec Py, /x,,(yst/e1)

- Hn M(ys;5w5,15,05) Hn koW(ys;_y,s;3mino,Co, o)
i=0 W(ys,;min,C,a) lli=1 U(Ys;_1.9:30,5)

where
k(y) = HPYS/XS (ys/el) H PYst/Xst (ySt/el)'
seS (s,t)EU

Moreover, we consideana priori mocel thatimposes
arestrictiononthelengthof the pathfrom thestartingpoint
to theendpoint. Namely we consider

Po() = 5 exp(—ple)

where|¢| is the numter of edgesin the pathc andZ is a
normalizing factor
Thisyieldsthe posteriomprobability

Poy(cly) o« Pyc(y/c)Pc(c)
oc exp(—I(c,y))

wherethe correspondig posteriorenegy function (upto a
constant)s givenby

l(c,y) = l(317“'7sn) = Z’\(Siflasih

with A\(s, t) definedby

P + log(W(ys; min, C, a)) - log(/\/l(ys; Wy, g, Jj))
+log(U(yst; 0, 5)) — log(ko W (ys¢; ming, Co, avg))-

We chocse p minimal sothat A(s,t) > 0. Therebre,
we canusedynamicprogamming[18] in orderto find the
pathwith lowestcostl(c, y) from aspecifiedpixel s to ary
given pixel t. Sucha procedire hasbeenpresentedn [2]
and[3] thoudh with ad hoc costfunctiors. Oneimporttant
property of our modelis the in-varianceof the likelihoad
unde affine transfamatiors of thegraylevels.

7 Experimental Results

In our implementationof the estimationprocedire,
we first re-calibate the gray levels of the imagebetween
0 and255,andthenapplya 3 x 3 Gaussiammask.After-
ward, we multiply the gradent by 100/v, wherev is the
maximun of the nom of the gradiett in the image.Thus,
min = —10~2. We fix the number of iteratiors to 10 for
theICE procedure to 100for eachapgication of the SEM
algorithm andto at most30 for eachestimatiorof the Wei-
bull law. The entire procedire takes abait 55 second on
a PC workstation400MHz for the imagepresentedhere.
The compaison betweenthe empirical density functions
andthe estimatedlistributions suggststhat the statistical
modé presentedhereis valid. SeeFig. 2 and3 for the esti-
matedvalues of the paranetersandthedistributions.

We presentheimagesobtaired by the detectionme-
thodin oneinstance(cf. Fig. 4). Onecanobsere thatthe
noiseandfalsecontous duethe pre-sgmentationstepare
competely removedby the sgmentation into contaurs.

In our implemertation of the semi-autoratic extrac-
tion of cortours,we have sometimego freez a portion of
the contou manually but this is alsothe casewith thein-
telligentscissorsalgorithm Our methal seemgo work as
well asthe original algaithm, if not better Thus,it helps
validateour statisticaimodelfor contous. SeeFig. 1.

8 Conclusion

In this pape, we have describedh statisticalmodelfor
the gradien vectorfield of the graylevel in imagesbased



onempiricalresults Moreover, we have presenteéglobal
Markov modelfor contous in imagesthat usesthis sta-
tistical mockl for thelikelihood. Our modé is suitablefor
anICE procedire for the estimationof the paranetersand
dynamic progamming(or a simulatedannealig) for the
segmenation. This yields an unsupevised methal for the
detectiorof contairs.Finally, we have presente@d Markov
modé for pathsin imagesbhasedn the statisticaldistribu-
tion of the gradient. Our modelcanbe usedto definecost
functionssuitablefor dynamicprogrammirg asin theintel-
ligent scissorsalgoiithm for the semi-autoratic extractian
of contaurs.
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FiG. 1. Semi-atomaticextractionof contaurs usingdyna
mic programmirg and basedon the parametes estimated

by the ICE procedue. p = 6.1195.

min C e}
—0.001 0.637668 | 3.59364
wy H1 o1

0.804729 | 52.4051 14.867
w2 12 02
0.195271 15.867 6.745
mino C(] Qg
—0.001 1 0.388712
k() v
1.02051 107.366

FiG. 2. Valuesof the parametes estimatedy the ICE pro-

cedue.
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FiG. 3. Exampleof the empirical densityfunctiors of the

gradiert of the gray levelsandthe distributionsestimated

by the ICE procedue. From top to bottom: norm of the

gradiert off contous; norm of the gradiert on contaurs;

compaison of the two previous distributions; angle bet- . .

weenthegradentandthenormalto thecurveon cortours. FIG. 4 Examﬂ_e ofan upsuperwseaﬂ_etectlomf contous
of animage usingdynamic programmingandbasedon the
paraméers estimatedy the ICE proceduie. Top: original
image. Center: pre-sgmentationBottom: contousdetec-
tedin theimage.



