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ABSTRACT

In thispaper, wepresent acoherentMarkov modelfor
deformationsof shapesbasedon thestatisticaldistribution
of the gradient vector field of the gray level anda proba-
bilistic model for reduction of dimension. This allows us
to infer theposteriordistributionof deformationsgiventhe
data.The localizationof a shapein an imageis thenvie-
wed as the minimizing of the corresponding Gibbsfield.
We usea stochasticoptimization algorithm in order to find
theoptimal deformation,firstly with a simplerGibbsfield
andthenon thecompleteGibbsfield. This yieldsanunsu-
pervisedmethod for localizationof shapes,provided that
theimageis notprohibitively toocomplex.

1 Intr oduction

Localizationof shapesis an interestingproblemin
ImageProcessingwith applicationsto detectionof shapes
andpatternrecognition.

In [1], afirst Markov model basedoncontours is pre-
sented.Thesamemodel hasbeenusedwith variantsin [2],
[3] and[4]. Modelsbasedontextureshavebeenintroduced
in [5] and[6]. Noneof thosemodelstakesinto account the
statisticsof theimage: theGibbsfieldsconsideredarede-
finedin anadhocway. However, in [7], a statisticalmodel
is presentedfor tracking deformableshapes.

In this paper, we presenta Markov modelbasedon
thestatisticsof theimage.Weview ashapeasadeformable
templateasin [1] but wemodel its density functionusinga
probabilistic principal component analysis(PPCA)[8] ob-
tainedfrom a training setalignedas in [9]. This givesus
theprior distribution of deformationsof a shape.We base
the likelihood of deformationson the statisticaldistribu-
tion of the gradient vector field of the gray levels intro-
ducedin [10]. We thenobtaintheposteriordistribution of
deformationsconditional to theobservable data.Localiza-
tion of a shapecanthenbeviewedasminimizing thepos-
terior Gibbs field. We resortto a stochasticoptimization
algorithm [11] to find theoptimalsolution.In a first step,
we usea simplerGibbsfield [2], more suitablefor compu-
tationalreasons.Then, we usethecompleteGibbsfield on
a restricteddomaingiven by thesolutionfound in thefirst

step.
The remaining partof this paperis organizedasfol-

lows.In Section2, wepresentin detailsa fundamentaltool
for ourmethod : probabilisticprincipal componentanalysis
[8]. In Section3, we present thestatisticalmodel [10] for
the gradient vectorfield of the gray level. Section4 uses
this model to definethe likelihood for deformationsof a
shape,andusesthe PPCAto definetheprior distribution.
Themethodfor localizationof shapesis explainedin Sec-
tion 5. In Section6, wediscussbriefly empiricalresults.

2 Probabilistic model for reduction of di-
mension

Thefollowing model hasbeenintroducedin [8]. We
considertwo randomvariables

�
and � relatedby� � � �������
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is a #�$&%
matrix ( �"' denotesthe ()$*( identitymatrix). This is aspe-
cial caseof [12] aspresentedin [8]. Thevariable

�
repre-

sentsthe full data,whereas� representsthereduceddata.
Usually, thedimension % of � is significantlysmallerthan
thedimension# of

�
.

Assumingthat �+�-,.� , onecanshow that
�

hasdis-
tribution function/10 �324� � 
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Now, let 2�:;��9<9=9<�42?> be a sampleof i.i.d. observations
issuedfrom

�
. We areinterestedin findingtheoptimalva-

luesof
� �@�A� � � in the senseof the Maximum Likelihood

(ML) ; i.e.,whichmaximizethelikelihood functionB � � ���A��� � � � >CD<E : / 0 ��2 D �F9
Let G : ��9<9=9<��G � betheeigenvaluesof thesamplecova-

riancematrix, in decreasingorder, H ! bethediagonal ma-
trix with entriesG : ��9<9=9<��G ! , and I ! bethe #J$K% matrixwith
columns equalto thecorrespondingeigenvectors,normali-
zedso that they have euclideannorm equalto 1 (i.e., the
columns of IL! spanthe principal subspace of the sample



covariancematrix). From[8], anoptimal solutionto theli-
kelihooM d function is thengiven by
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The following useful fact follows from above by a
simplecalculation.

Lemma. Let
�Y� IZ![��H\:]O��^�"�"!�� : X ���
� U2_�`	 with	��a
������ �^������� and �a�

��b��� ��!�� . Then,/c0 �dI ! �bH : OP� � � ! � : X �Fe � U2?��fhgFiAjZk�O Nl e 7 ��� ! OQ� � H]m :! � e[n 9

Proof : First, observe that the inversematrix of � � ���P���� 7
is� m �co � � O � � � 7 � ��� � � ! � m : � 7qp 9

Now, substitutein theexpressionfor /r0 .

3 Statistical Model for the gradient vector
field

Thefollowing model hasbeenintroducedin [10]. Gi-
venan imageof size s , t � �vu_�@IP� will denotethenon-
orientedgraphconsistingof the s pixelsof the imageto-
getherwith theedgesgivenby theusual8-neighbors. If w
and 2 areadjacentsitesof t , we denote theedgejoining w
and 2 by �vw[� 24� (so, �vwx�424�zy�I ). Eachsite w andedge �bwx� 24�
canbeclassifiedas“on” or “off ” contour.

Foreachsite wPy�u , therandomvariable{}| represents
thenormof thegradient of thegraylevel at thecorrespon-
ding pixel. Basedon empirical results,we model ~ off �3� | �
for thesitesoff contoursby a Weibull law [13],� ��� | 5 ���<���@��� �_� � ��T� �3� | O&���<�c� � m :6� m����?�@�[��� �� ���
with ��|},����<� . For pointson contours, we model ~ on �3�x|��
by amixtureof two Gaussianlaws,

� �3� | 54���x�4�c�[������� � �R� E : ��� 
��3� | 54�c�[� �A���69
If �bwx�424�Ly�I , weconsiderthedistributionof theangle{ | 7 betweenthe meanof the gradient at w and 2 with the

normal to the vectorfrom w to 2 . The angleis normalized
betweenO\�T� l and �T� l . We have observedthat ~ on ��� { | 7 � �
followsaWeibull law upto a factor¡[¢ � ���x| 7 5 min

¢ ��� ¢ ��� ¢ �

whenever theedge �vwx�424� belongsto a contour. We impose
theconditionthat � ¢¤£ N andthe factoris takenso asto
obtainadistributionin theinterval ¥ ���1¦ �A§ . In thecasewhere�bwx� 24� is off contours, we model ~ off ��� { | 7 � � by a uniform
distributionon ¥ ��� ¦ � § ,¨ ���x| 7 5 ��� � l � � l� 9

An IteratedConditional Estimation(ICE) procedure
[14] is describedin [10] for theestimationof theparame-
ters.

4 Model for deformations

4.1 Deformable template representation

A curve is represented as a template,that is a se-
quenceof points© � �3ª^:;� ��:��"9=9<9<�4ªc�x� �x���
wherethe # points ��ª+:«�4��:F�6�"9=9<9<�"�3ª ���4�x��� areequally spaced
on thecurve.

Givenasample

© :���9<9<9=� © > of curveswith samenumber
of points,we resortto the procedure[9] to align this trai-
ningset.WethenapplythePPCAof Section2 to reducethe
dimension to %¤¬ l # . Viewing

�­� �3®�:���{ :;��9<9=9<�4®-�x� { ���
asarandomvector, weobtainanoptimalmodelin thesense
of ML of theform

�¯�.� �K�&�L��	 with 	z��
������ �}�"�"��� ,�
a

l #h$Q% matrix, and �°�­
��b������!�� , by taking
� �I ! ��H ! O¤�^��� ! � : X � , � �±U2 , and � asin Section2. Thisgives

usnon-lineardeformationsof themeanshape

© ¢-�²U2 and
terminatesthetrainingphase.

Wealsoconsiderrigid deformationsgivenby transla-
tion �3³"´��4³�µ«� , scaling w , androtation ¶ , appliedpoint-wise
to a curve.Thisyieldsa vector of deformation· � ��³�´�� ³�µ���wx�4¶�� e �
of dimension %\�
¸ .

Thetransformation
·

is computedin thefollowing or-
der : first calculate

©A¹ � IZ!;�bHº!PO¯�^�"�"��� :4X � e � U2 ; then,
apply w and ¶ ; finally, translateby ³ . The resultingtem-
plateis denoted

©1»
.

4.2 Prior distrib ution

Let ¼ be the random variable corresponding to the
vectorsof deformations.Wemodel thedistributionof ¼ by~T½\� · � � ¨ ��³ ´ � ³ µ ��wx� ¶º� / 0 �dIZ!;�bHL:ºOQ� � ��!�� :4X �Fe � U24�
wherë denotestheuniform distribution and

�
represents

thefull data.FromSection2, thisyields

~T½\� · �¾f g�i�j k O Nl e 7 �b��!LOQ� � H m :! � e n 9



4.3 Lik elihood

Givena path ¿ � �vw ¢ ��9<9=9<��w�Àz� in thegraph t of Sec-
tion 3, we consider as in [10] (andsimilarly to [15] and
[16]) thelikelihood ~LÁ X � �3���«¿�� givenbyÂ |"ÃÄxÅ ~ off �3� | � Â | ÄxÅ ~ on ��� | �Â � |@Æ 7 � ÃÄxÅ ~ off �3� | 7 � Â � |�Æ 7 � ÄxÅ ~ on �3� | 7 �� ¡ �3��� Â | ÄxÅ\Ç on � µ � �Ç off � µ � � Â � |@Æ 7 � ÄxÅÈÇ on � µ �bÉ �Ç on � µ �bÉ �f Â ÀD<E ¢�Ê � µ ��Ë4Ì Í1Î Æ Ï Î Æ Ð Î �Ñ � µ � ËqÌ Ò}Ó Ô Æ � Æ Õ � Â ÀD=E :×Ö@Ø Ñ � µ �bË ��Ù@Ú ��Ë Ì minØ Æ � Ø Æ Õ Ø �Û � µ � Ë ��Ù Ú � Ë4Ì ¢ Æ�Ü Ý �
where ¡ ���A� � C| ÄxÞ ~ off �3��|6� C

� |�Æ 7 � Ä�ß ~ off ���x| 7 �69
We canthendefinethelikelihoodof a deformation

·
by ~_Á X�½ �3��� · � � ~rÁ X Åqà �3���«¿ » �
where ¿ » is obtained by interpolation of the polygonal
curvewith verticesgivenby thepoints of

© »
.

4.4 Posterior distrib ution

We deducefrom above theposterior distribution of a
deformationconditional to theobservable data~ ½+X Á]� · �;���áf ~rÁ X�½ ����� · �4~T½\� · �69
Thismodelis entirelybasedonstatistics.

5 Method for localization of shapes

Weview similarly to [1] thelocalizationof ashape

© ¢
in animageasfindingits deformation

·
thatmaximizes the

posterior distribution ~ ½+X Á×� · ����� .
Equivalently, writing ¿ » � �bw ¢ �@w;:���9<9<9=�@w À � , we want

to minimizetheGibbsfield

Iâ� · � ��� � ÀR D<E ¢ kbã=äxå � � ��� | Ë 5 ���<���@��� �_�
O ã<ä[å � � �3� | Ë 54���x�4�c�[������� n

� ÀR D<E : k ã=äxå � ¨ ��� | Ë ��Ù Æ | Ë 5 ��� � l �
O ã<ä[å � ¡ ¢T� ��� | Ë ��Ù Æ | Ë 5 min

¢ �@� ¢ � � ¢ � n� Nl e 7 �b��!LOQ� � H]m :! � e
asa functionof

·
.

We proceedin two stepsin orderto find theoptimal
deformation.As a first step,we usethe unsupervisedme-
thodof [10] basedonthedistributionof thegradient of the

graylevelsto find theset � of contour pointsin theimage.
We thenconsiderthesimplerGibbsfield, similar to [2],

Izæb��³ ´ �4³ µ �@w[� ¶]� �A� � ÀR D<E ¢ O��âç«i k gFiAj+�4O×�^#1�vw D � �#1�vw D � � N n
asa function of �3³ ´ � ³ µ ��wx� ¶º� (i.e., e � �����"9=9<9<� �x� ), where#c�bw�� is thedistancefromthepoint w to theset � . Weusethe
stochasticoptimization algorithm of [11] to find a global
solutionto this simpleGibbsfield, with � � N � m1è . If the
imagehasdimensionéê$ës , we take� £ ³ ´ £ é8�� £ ³ µ £ s¤���9 l # £ w £ ��9 ìZ#1�� £ ¶ £ l �
for therangeof I æ , where # is thediameterof the image.
This choice of range involvesan implicit a priori on the
relative sizeof theshapein theimage.A larger range will
result in a moredifficult optimizationproblem. It simply
meansthat more iterationsmight be neededfor conver-
genceto asatisfactoryinitialization.

As asecondstep,we usethesameoptimization algo-
rithmbut onthecompleteGibbsfield restrictedto adomain
givenby the bestsolutionfound in the first step.Namely,
if ³ ´ �����6�4³ µ ���x�F��w������6� ¶������ is thesolutionobtained from the
first step,we take for therange of I

³�´��b�x�rO é l � £ ³�´ £ ³�´1���x�T� é l � �
³ µ ���x�rO sl � £ ³ µ £ ³ µ �b�x�+� sl � ���9 íÈw����x� £ w £ N 9 N w������6�¶��b�x�_O �N ì £ ¶ £ ¶��b�x�+� �N ì �O×î £ e D £ î�9

We alsoadda termequalto N �x� timesthenumberof
pointsof theshapelying outsidetheimageto thefunctionsI and I æ , in orderto forcetheshapeto bewithin theimage
range.

6 Experimental Results

The resultsobtainedwith a simpleexample arepre-
sentedin this paper.

Theshapeis a 20thcentury classicalguitar. Thedata
baseconsistsof N � pictures.Eachcurve is representedby
a templateof ï;� equallyspacedpoints.Thetrainingphase
yieldsareduceddimensionof ð for thenon-lineardeforma-
tionswith lessthan ðxñ error. Threedifferentdeformations
arepresentedin Figure2.

The parameters estimatedby the ICE procedurefor
one of the imagestestedare presentedin Figure 3, to-
getherwith the simpleGibbsfield aswell as the mapofã<ä[å � / off � / on� .



We presentin Figure4 the valuesof the two Gibbs
fieldsò for threedifferent localizations.It seemsthattheglo-
balminimumof eitherfunction is thedesireddeformation.

Finally, we presentfive examples of the entire pro-
cedure in Figure5. The estimationsteptakesabout 100s,
thefirst localizationstepabout 23sfor 500 iterations,and
the final localization step41s for 500 iterations on a PC
workstation400MHz. We have testedthe procedure on
eachimagewith 40differentseeds.Thepercentageof seeds
yieldingtoagood resultwithin agivennumber of iterations
for thefirst stepandafixednumberof 500iterationsfor the
secondstepis indicatedin Figure1. As onecansee,if the
imageis relatively too complex, the number of iterations
necessaryto obtainconvergence might be very large and
is unpredictable.Therefore, themethodcannot beuseddi-
rectly for detection of shapes.Futurework will consistin
improving thefirst stepof thelocalizationmethod.

7 Conclusion

In this paper, we presenteda coherent Markov model
for deformations of shapesbasedon the statisticaldistri-
bution of the gradient vectorfield of the gray level anda
probabilistic model for reduction of dimension.This allo-
wed us to infer the posterior distribution of deformations
given the data.The localizationof a shapein an imageis
thenviewedastheminimizingof thecorrespondingGibbs
field. We usea stochasticalgorithmin orderto find theop-
timal deformation.In a first step,we usea simplerGibbs
field, andthenwe usethe complete Gibbsfield on a res-
tricteddomaindeterminedby thesolutionfound in thefirst
step.This yields an unsupervisedmethod for localization
of shapes,providedthat the imageis not prohibitively too
complex.

Image 2500 5000 10000
iterations iterations iterationsN íx��ñ í�ï�9óðxñ N �x��ñl ¸�ðxñ ð l 9óðxñ ô l 9óðxñî ïA9 ð�ñ ï�9óðxñ ï�9óðxñ¸ íx��ñ N �x��ñ N �x��ñð l[l 9 ð�ñ l ï�9óðxñ î l 9óðxñ

FIG. 1. Proportion of the seedsfor which convergenceof
the optimizationalgorithm occurred within the indicated
number of iterations for each of theimagesof Fig. 5
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FIG. 2. Example of non-linear deformations of a shape.
Top : resultsobtained for three different setsof values,
fixingtherigid transformation parameters.Bottom: Values
of thenon-linear parameters.

min � �O×��9 �[� N ��9 ì[í[íxì N ô î�9 ð[í N l î� : � : �^�:��9 N ð�ï�¸�î«¸ ð l 9 ôxî[î[ô î�ï l 9 ìxì[ì� � � � �^����9 ô«¸ l ð[ì[ì l í�9óï«ôxð«ô N ð«í�9 l ì N
min

¢ � ¢ � ¢O×��9 �[� N N ��9 ¸�ð;¸x� N l¡[¢ �N 9 �xî«¸�ï«î N �x��9 l �[ì
FIG. 3. From Top to Bottom : Simple Gibbs field ob-
tained from the contours. Representation of the functionã<ä[å � / off ��� | � � / on ��� | � � . Valuesof the parameters estimated
by theICE procedure.



Image SimpleGibbs CompleteGibbs
field field

Top O×ìx� l 9 ì NxN O N[N ð;¸�9 í
Center O×î[í N 9 ô[��ï O l ô[í�9 �xô«¸
Bottom O l í�ï�9 î[� l N ð[�[ô�9 ì«¸

FIG. 4. Valuesof the simpleGibbsfield and the complete
Gibbsfield for threedifferent localizations of theshape.

FIG. 5. Examplesof localization of a shape in an image
usingstochasticoptimizationonthesimplerGibbsfieldfor
the initialization andthenon thecompleteGibbsfield ba-
sedon theparametersestimatedby theICE procedure.


