














Figure 11: Galileo’s Tomb environment map, sampled with left: LightGen, center: Structured Importance Sampling, and right: our system.
The map size is 1024 x 512, the number of samples is 300. On a 2.6 GHz P4, sampling times were: left: 45 minutes, center: 25 seconds,

right: 8 milliseconds.

one could use the cumulative importance density function sampled
with a stratified Monte-Carlo sampling pattern or low-discrepancy
sequences, as shown in Figure 13. As mentioned before, the result-
ing sample points do not exhibit a blue-noise distribution. Whether
a blue-noise distribution of the lights is better in this context can be
debated, but that is beyond the scope of this paper.

With the relative speed of our system, the bottleneck quickly be-
comes the rendering process. With a rendering system that could
handle a few hundred lights in real time, it would be possible to sim-
ulate distant illumination with dynamic maps at interactive frame-
rates, using our sampling system.

See Figures 1 and 11 and the companion video.

6 Discussion and Future Work

Several important notions are given in this paper without formal
proof. For example, the property of uniformity of point distribution
introduced in Section 3 must be thoroughly studied and adequately
presented. This is a considerable work that goes far beyond the
scope of this paper. Adequate mathematical tools for this study
should be developed.

As we mentioned in Section 2, three-dimensional extension of Pen-
rose tiling was proposed by Mackay more than twenty years ago;
it played an important role in the discovery of quasicrystals. Con-
sequently, one may expect to build a 3D construction, similar to
our construction in Section 3, which would result in isotropic 3D
point distribution, modulated by 3D importance density functions.

Such hierarchical constructions would be useful in various com-
puter graphics applications. Moreover, a multi-dimensional vari-
ant of our construction may exist as well. It would be helpful in
various light transport calculations where multi-dimensional impor-
tance density functions must be sampled (see also [Veach 1997],
[Kollig and Keller 2001], [Kollig and Keller 2002]).

Sampling point sets produced with our method are not perfectly
isotropic. One possible way to improve our results would be study-
ing different available aperiodic tilings with the methodology intro-
duced in this paper. Among the known aperiodic tilings that share
various properties with Penrose tiling, we are considering Am-
mann’s octagonal tiling [Griinbaum and Shephard 1986], Socolar’s
dodecagonal tiling [Socolar 1989], and Wang tiling [Griinbaum
and Shephard 1986], [Hiller et al. 2001], [Cohen et al. 2003].

Another way to improve isotropy would be to use our method as
a starting point for some other methods, such as weighted Lloyd’s
relaxation, which will then converge in much fewer iterations.

7 Conclusions

Let us summarize the contributions of this paper.

First, we have proposed an original method for sequentially num-
bering all vertices of Penrose tiling, based on the Fibonacci number
system. The Penrose tiling is used as an underlying structure for
a recursive subdivision. The numbers associated with the tiles are
used as thresholds in the sampling process.

Second, we improve the above system with corrective vectors to en-



sure blue noise properties of the sampling point distribution. This
is achieved through an off-line Lloyd relaxation scheme. The cor-
rective vectors obtained in the optimization are stored in a two-
dimensional lookup table.

Our technique is very fast because the required processing per sam-
pling point is simple. The processing time grows linearly with the
number of sampling points. Typical processing time for sampling
a scene with thousands of sampling points can be measured in mil-
liseconds. Because each tile is processed independently, the pro-
posed system is parallelizable and therefore can be efficiently im-
plemented with hardware.

Because of its speed, simplicity, and multi-resolution properties
combined with good quality of point distribution, our importance
sampling technique may be applied in a large variety of graphical
applications.
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APPENDIX A: Pseudo-code of the Adaptive
Subdivision and Sampling

ADAPTIVESAMP(t of type file)

1 > Structure tile contains the fields:
2 > type: [‘a’.1]

3 > LOS: Level of Subdivision

4 D> vertices: center if ‘a’ or ‘b’, triangle otherwise
5 > Fcode

6 > mag and importance are global variables

7 local LOS — GETMAXLOSWITHINTILE(t)

8 ift.LOS > local _LOS

9 then > Terminal: don’t need more subdivisions
10 local .importance «— mag - GETLOCALIMPORTANCE(?)
11 if r.type = (‘c’ or ‘d’ or ‘e’ or ‘f’)
12 then return > Not a “sampling tile”: do nothing
13 if local _importance > FIBOTODECIMAL(z.Fcode)
14 then OUTPUTS AMPLE(t.center)
15 return
16 else > Need more subdivisions
17 {t1,..,tn} < SUBDIVIDEUSINGPRODUCTIONRULES(¢)
18 return { ADAPTIVESAMP(f}),.., ADAPTIVESAMP(t,)}

It is worth mentioning that the routines GETMAXLOSWITHIN-
TILE(t) and GETLOCALIMPORTANCE(?) play a very important,
even crucial role in the algorithm. If, for any reason (e.g., because
of a singularity in the importance density), they fail to evaluate the
local importance/max importance, it may result in locally erroneous
sampling density.

APPENDIX B: ¢- and F- Number Systems

Details about ¢- and F- (Fibonacci) number systems can be found
in [Knuth 1997] and [Graham et al. 1994].

The ¢-system is a positional number system in base ¢, where

¢ = H'T‘E is the Golden Ratio. Any rational number x can be ex-
pressed in this system exactly as in our conventional binary or dec-
imal systems, except that instead of using powers of two or ten, this
system employs powers of ¢. For example, the number (101.001)
in base ¢ is

(101.001)4 = ¢* +¢° + ¢ > ~ 3.8541

The ¢-system is closely related to the F-system (the abbreviation
for Fibonacci system). The F-system is also a positional sys-
tem. Any integer n can be presented in the F-system as a sum of
Fibonacci numbers F; multiplied by their positional coefficients,
which may be 0’s or 1’s. Thus, a number n can be expressed by its
F-code (bmbm,1 .. .b3b2)F2

m
n=(bmbm_1...bsb2)r <= n=1Y bjF;. @)
j=2

The first index in the summation is j = 2 because of the convention
used for Fibonacci numbers Fj:

Fo=0,F=1,F=1F=2F=3 F=5 F=8F=13,...

The representation of numbers is not unique in the F-system, but
it becomes unique if the rule of normal form is imposed: two ad-
jacent 1’s are not permitted. The procedure of conversion from an
arbitrary sequence of 0’s and 1’s to the normal form, along with
many other technical details, can be found in [Graham et al. 1994].
Here are the first twelve integers expressed in the F-system in nor-
mal form:

0.8

0.6

0.4

0.2

3813 21 34 55 89 144

Figure 12: Function ¥ (x). Note that ¥'(x) “jumps” every F;

Figure 13: A ramp importance density image sampled with (top)
our system and the cumulative importance density function sampled
with (middle) a stratified Monte-Carlo pattern, or (bottom) Sobol
low-discrepancy sequence.

1=(00001)F, 2=(00010)F, 3= (00100),
4=(00101)F, 5=(01000)r, 6= (01001),
7=(01010)F,  8=(10000), 9= (10001)f,
10=(10010)F, 11 =(10100)F, 12=(10101)f.

More examples of interpretation of such sequences of 0’s and 1’s,
which we shall call F-codes, as integer numbers, are shown in Fig-
ure 6.

The routine FIBOTODECIMAL converts F-codes to the conven-
tional decimal representation.

FIBOTODECIMAL(Fcode)

1 accumulator 0

2 fori«— 0to LENGTH(Fcode)— 1

3 do

4 accumulator — accumulator + Fcodeli] - Fiyp
5 return accumulator

Function ¥(x) that maps a real positive x onto interval [0..1], as
shown in Figure 12, is defined as follows:

¥(x) = (logy2 V5-x) mod 1.
It can be easily derived from the well-known Binet’s formula

Fy=[0"/V5],

where [ ] is the usual notation for the nint (Nearest Integer) function.





