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SUMMARY

This paperis concernedvith the Bayesiamanalysisof musicalsignals. The ultimate
aim is to use Bayesianhierarchicalstructuresn orderto infer quantitiesat the highest
level, including suchquantitiesas musicalpitch, dynamics,timbre, instrumentidentity,
etc. Analysisof realmusicalsignalsis complicatedy mary things,includingthepresence
of transientsoundsnoisesandthe comple structureof musicalpitchesin the frequenyg
domain.The problemis truly Bayesiann thatthereis a wealthof (often subjectve) prior
knwowledgeabouthow musicalsignalsare constructedywhich canbe exploitedin order
to achiere more accuratanferenceaboutthe musicalstructure.Herewe proposedevel-
opmentgo an earlierBayesianrmodelwhich describessachcomponentnote’ at a given
time in termsof a fundamentalfrequeng, partials(‘harmonics’), and amplitude. This
basicmodelis modifiedfor greaterrealismto include non-whiteresiduals time-varying
amplitudesand partials‘detuned’from the naturallinear relationship. The unknavn pa-
rametersof the nev modelare simulatedusinga variabledimensionMCMC algorithm,
leadingto a highly sophisticate@nalysigool. We discusshow the modelsandalgorithms
canbe appliedfor featureextraction, polyphonicmusic transcription,sourceseparation
andrestoratiorof musicalsources.

Keywords: MUSICAL ANALYSIS, AUTOMATIC PITCH TRANSCRIPTION, PITCH ESTIMA-
TION, INSTRUMENT CLASSIFICATION, AUDITORY SCENE ANALYSIS

1 Introduction

Inferenceaboutthe high-level informationcontainedn musicalaudiosignalsis comple, and
requiressophisticatesgignalprocessingools (Bregman,1990). In this paperwe focuson the
automaticinterpretationof musicalsignals. Musical audiois highly structured bothin the
time domainandin the frequeng domain. In the time domain,tempospecifiesthe rangeof
possiblenotetransitionrates.In the frequeng domain,two levels of structurecanbe consid-
ered. First, eachnoteis composedf a fundamentafrequeng (relatedto the ‘pitch’ of the
note),and partialswhoserelative amplitudesdeterminethe timbre of the note'. The frequen-
ciesof the partialsareapproximatelyinteger multiplesof thefundamentafrequeng. Second,
several notesplayedat the sametime form chordsor polyphory. The fundamentafrequen-
ciesof eachnotecomprisinga chordaretypically relatedby simple multiplicative rules. For

1This frequeny domaindescriptioncanbe regardedasan empiricalapproximatiorto thetrue processwhich
is in reality a complex non-lineartime-domainsystem(Mcintyre, Schumacheand Woodhouse1983; Fletcher
andRossing,1998)



example,a C major chordmay be composef the frequencieb23 Hz, 659 Hz ~ 5/4x523
Hz and 785 Hz ~ 3/2x523 Hz. An additionallevel of structureis the melody which gives
the frequeny dependencef successie notes. A given melodyis characterisedby the suc-
cessionof fundamentafrequenciesat specifictime instants. Figure 2 showvs a spectrogram
analysidor asimplemonophonidsinglenote)flute recording(this maybeauditionedat www-
sigproc.eng.cam.ac.uk/~ sjg/sounds/flute.wav ). In this boththe temporal
segmentatiorandthe frequeny domainstructureareclearlyvisible ontheplot. In polyphonic
musicalexamples several (possiblymary!) suchstructuresaresuperimposedandthe eye is
thentypically unableto separateheindividual notestructuredrom the spectrogranalone.

The goalsof a musicalanalysiscanbe manifold,andwe seekto make our modelsgeneral
enoughthatthey will fit with theinferencerequirementathand.Somemportantgoalsandap-
plications,which canall be expressedn probabilistictermsthroughthe useof suitablychosen
modelstructuresjncludeautomatictranscription(generatiorof a musical‘score’), classifica-
tion andsearch(e.g.determiningwhich instrumentsareplayingor whethera particulartuneis
presentandsourceseparatior{separatiorof individual instrumentgfrom a polyphonicmix).

It shouldbe clearfrom this discussionthat musicalaudio provides anideal structurefor
Bayesianmodelling andinference: thereis plenty of prior information available (both sub-
jective andphysically-based)thereis a naturalhierarchicalstructure(from individual partial
frequencieshroughnotes chordsandeventuallywholemelodies) All of theseelementf the
structureshouldideally beestimatedointly in orderto exploit thefull powerof theinformation
available. Thisis aformidabletaskthatnonehassuccessfullyachiearedto our knowledge.Most
researcherbave focusedeitheron very high level, or very low level, modellingalone. Here
we attemptpartially to bridgethe gapbetweenheseextremes py exploring modelswhich di-
rectly modelmusicalsignalsin termsof their componentnotes’, while retaininga moderately
realisticsignallevel model. Of course,in future work we would wish to seethe whole task
performedointly, andwe will expectto seedramaticperformancemprovementsoncethisis
properlyachieved.

At thelevel of musicalnotes two principaltasksmay beidentifiedfor the analysisof mu-
sicalaudio: a segmentatiorstepthatidentifiesnotetransitionsin time, andan estimationstep
in which the numberof notesaswell astheir fundamentafrequenciestheir partial structure
andothercharacteristicareestimatedat ary giventime. We focuson the latter, sinceefficient
musicseggmentatioralgorithmssuchasthetime-frequeng (LaurentandDoncarli,1998),Sup-
port Vector Machines(Davy and Godsill, 2002b)or generalisedik elihoodratio (Basseille
andNikiforov, 1993)techniquexanbeusedfor this step.

Numerousmusicalpitch estimationandanalysistechniquesanbefoundin theliterature.
Mostapplyonly to monophonidsinglenote)recordingsaandrely onnonparametrisignalanal-
ysistools(local autocorrelatioriunction,spectrograngtc.). We do not have spaceo reference
all approachesere. Certainauthorshave, however, adoptedmethodswith a statisticalmod-
elling flavour, often usingiterative procedureso estimatethe individual component®f a mu-
sicalsignal,seefor example(De Chereigne,1993;VirtanenandKlapuri, 2001;De Cheveigne
andKawahara,1999). Bayesiamapproacheblave beensurprisinglyrare,consideringhelarge
quantitiesof prior information available aboutmusicalsignals. Notable exceptionsinclude
(Kashino, Nakadai,Kinoshitaand Tanaka,1995; Kashinoand Murase,1999), who adopta
Bayesianhierarchicalstructurefor high level featuresn musicsuchaschords,notes,timbre,
etc. Bayesianmodelsfor polyphonicmusic have beenproposedn (Walmsley, Godsill and
Rayner 1998;Walmslegy, GodsillandRayney 1999)andit is thesethatwe extendanddiscuss
in this paper



In this paperwe devisenovel Bayesiarmodelsfor periodic,or nearlyperiodic,components
in amusicalsignal. Thework developsuponmodelsdevisedfor automaticpitch transcription
in (Walmsley etal., 1998;Walmsley etal., 1999)in whichit is assumedhateachmusicalnote
may be describedy a fundamentafrequeng andlinearly relatedpartialswith unknavn am-
plitudes. The numberof notes,andalsothe numberof harmonicsor eachnotearegenerally
unknavn andso a reversiblejump MCMC procedures adoptedor inferencein this variable
dimensiorprobabilityspacesee(AndrieuandDoucet,1999;GodsillandRayney 1998a;God-
sill andRayner 1998b;Davy, Doncarliand Tourneret,2002)for somerelevant MCMC work
in signal processingand audio. Use of thesepowerful inferencemethodsallows estimation
of pitch, harmonicamplitudes andthe numberof notes/harmonicpresentat eachtime. The
methodsof (Walmsley et al., 1998; Walmsleg/ et al., 1999) have shavn promisein highly
comple problemswith mary notessimultaneoushpresentHowever, in the presencef non-
stationaryor ambiguougdata,problemsare expectedin termsof large residualmodellinger-
rors and pitch errors(especiallyerrorsof +/- oneoctave). Herewe seekto addresssomeof
theseshortcomingsy elaborationof the modelto include moreflexibility in the modelling
of non-stationaryata,modellingof non-whiteresidualnoise,andalsoto allow the modelling
of inharmonicity(or ‘detuning’ of individual harmonicsrelative to the usuallinear frequeng
spacing).As before,avariabledimensionMCMC stratayy is adoptedor inferencein the new
model,andnovel proposaimechanismaredevelopedfor this purpose.

Thepapelis organizedasfollows. In Section2, we presenthebasicharmonianodelfor the
descriptionof musicalsignals.Moreover, we specifythe probabilisticframenork, andgive the
parametepriors. In Section3, we discussestimationobjectvesandsummarise¢he Bayesian
computationamethod. Simulationresultsarepresentedn Section4, andfinally a discussion
is given. Givenspacerestrictionsit hasbeenimpossibleto describen detailthe prior models
andexactMCMC implementatiorschemeaused.In factwe have implementedseveraldifferent
versionsof themodelsandMCMC algorithms,andthecodeis still undegoingdevelopmentas
moresophisticated@ndrealisticmodellingassumptiongareincorporated A snapshotletaling
theimplementatiorwhich generatedhe simulationresultsfor this papercanbefoundasDavy
andGodsill (2002a).

2 Bayesian model for musical analysis

Considerfor the momenta short-timeframe of musicalaudio data,denotedy(7), in which
notetransitionsdo not occur This would correspondfor example,to the analysisof a single
musicalchord. Throughout,we assumethat the continuoustime audio waveform y(7) has
beendiscretisedvith a samplingfrequeny w, rad.s!, sothatdiscretetime obsenationsare
obtainedasy; = y(2nt/ws), t = 0,1,2,... , N — 1. We assumehaty(7) is bandlimitedto
ws/2 rad.s, or equivalently that it hasbeenprefllteredW|th anideal low-passfilter having
cut-off frequeny w,/2 rad.s™*.

In this sectionwe describeBayesianmodelssuitedto musicalaudio analysis. We first
introducea robustmonophoniqsinglenote)modelfor music. We thenexplain how to expand
it to a polyphonic(mary note) model,and discussthe salientfeaturesof the approach.it is
assumedhroughoutthat the musicalaudiohasbeenseggmentedsuchthat no notetransitions
occurfort € {0,1,2,...., N — 1}.
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2.1 Monophonic case: single note models

In the monophoniccaseit is assumedhat at any giventime only onesingle musicalpitch is
sounding,e.g. solo trumpet,or solo clarinet, etc. From this simple casewe canbuild more
sophisticategholyphonic(mary note)structuresy superpositiorof severalmonophoniainits.

Physicalconsiderationsndempirical obsenation of spectrogramsgseee.g. Fig. 2 - it is
clearfrom this thatthereis a seriesof spectrallines’ correspondingo the fundamentabnd
partialsof eachnote)leadto the conclusionthat the notesin musicalsignalsare composed
of a fundamentafrequencyw, anda setof M partials. This classicmodel,seee.g. (Serra,
1997),resultsfrom the approximateshort-termperiodicity of musicalsignals,which enables
a Fourier seriesdecomposition.In the simplestcasesthis idealisedassumptiorholds well
andthefollowing modelcanbe appliedfor shorttime segmentg(asin (Walmsley etal., 1998;
Walmsley etal., 1999)):

M
Yy = {Z Qi €08 (mwot) + By, sin (mwot)} + vy (1)
m=1
fort € {0,... ,N — 1}. Here,M > 0 is thenumberof partialspresenty,, andz,, give the

amplitudeof thesepartials,andv, is aresiduainoisecomponentNotethatw, € (0, 7) is here
scaledfor corvenience its audiblefrequeng is 52wi.

It turnsout thatthis modelis over-idealisedfor mary realisticcasesandmustbe modified
in several ways to improve performance. In particular partialscan be expectedto exhibit
time-varyingamplitudes andthe partialscanbe expectedto deviate from the ideal frequeng
spacing.Thesetwo factscanbe accommodateth a nev model:

U = {Z Q1 €08 (1M + O )wot| + B e sin [(m + 0 )wot ] } + v (2)

m=1

wherethe partialamplitudesy,, , andg,, : cannow dependdntime, andde-tuningparameters
0, allow eachpartialto be offsetfrom its nominalfrequeng of mwy.

Many evolution modelsare possiblefor the amplitudeprocesses,,; and 3, ., including
randomwalks, autorgressionsetc.,andmostwould be tractablewithin our Bayesiarframe-
work. It isimportant,however, to regularisetheevolution of thesecomponents priori in order
thatambiguitiesbetweentrue frequeny modellingandmodellingof the time-varyingampli-
tudesdo not occur We adopta simplesolutionwhich consistsof representinghe amplitudes

an, and g, in termsof smoothbasisfunctionse;, i = 1,...,I (with I fixedandknown)
suchthat
I 1
At = Z am,iqbi,t ; /8m,t = Z bm,iqbi,t (3)
=1 i=1

Therearemary possiblechoicedor thebasisfunctions,andin practiceary sufiiciently smooti?
interpolationfunctionswill do. Herewe have implementeda simpleschemanvolving raised

2The numberof basisfunctions(I + 1) hasto be upperboundedo avoid unidentifiability: low frequencies
canactuallybe modelledby atime-varying amplitudeaswell asby a sinusoid. It is thusimportantto limit the
numberof basisfunctionssuchthatwamp.max = (I + 1)ws/N is belon the lowestnotefrequeng in a given
harmonicsignal(e.g.,20 Hz).
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cosinefunctions(Hanningwindows) with 50% overlap,seeFig. 4. Sincel is typically cho-
senmuchsmallerthan N, the reparameterisatiom termsof basiscoeficientsa,,; anda,, ;
is of muchlower dimensionalitythanthe original formulationin termsof «,,, and3,, ;. The
monophonicotemodelnow becomes:

M 1
Y = {Z Z i @it COS (M 4 O )Wot] 4 b iy sin [(m + (5m)w0ﬂ} 1, (4)

m=1 i=1

We notethatthemodelcannow be seerasarepresentatioof y; in termsof asetof Gabor
atoms(Flandrin,1999).Here,eachatomhasa preciseime-frequeng location(¢;, [m+ d,,|wg)
andanamplitude(a? , + b2, ,)*/? wheret; is thetemporalcentreof ¢;. We will referto each
terme; ; cos [wt| or ¢, ; sin [wt| asan‘atom’ in the subsequennaterial.

2.2 A polyphonic harmonic model

Theabove monophonianodelcanbeeasilyexpandedo thepolyphoniccasethatis for signals
composedf K concurrennotes.A suitablemodelis:

K M, I
Ye = {Z Z Z Ak m,i @it COS [(M + Op i )Wo kt] + D m,iPig sin [(m + 5k,m)wo,kt]} + v

k=1 m=1 i=1
(5)

fort =0,...,N—1. Eachnote,k = 1, ..., K, now hasits own setof parametersandthenota-
tion is extendedn anobviousway with anadditionalsubscript £’. The(unknavn) parameters
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determiningthe polyphonicmodel of Eq. (5) are: the total numberof notesk’, the number
of partialsfor eachnoteM = [Mj, ... , Mg]?, the de-tuningparametersy = [d;,...,dx]
with 8y = [0k1,...,0kar )", the fundamentafrequenciesvy = [wo 1, ... ,wo x|’ andthe
amplitude® = [a111, b1.11,-- - » Ax 1 i) - It isassumedhat! is prespecified.

In vectornotationthe modelis now written as:

y = DO+v (6)

wherey = [yo,...,yn_1]%, v = [vo,... ,vn_1]T, the matrix D containsthe Gaboratoms
stacled in columns,and @ containsthe amplitudeparameters, ,, ; andby, ,,, ;. The detailed
expressiongor D and@ aregivenin (Davy andGodsill,2002a).

In practice musicalsignalsalsohave non-harmonicomponentssuchasemittedair sounds
or aspirationnoise. Thesecomponentsin additionto ary backgrounchoise,aresubsumedn
thenoisetermu, in EqQ. (5). It is desirablethatthe noisev; modelsaccuratelyall the possible
sourcef modelerrors.A simpleandgenerapossibilityis the autoregressive(AR) modelof
orderp:

Vi = M1t YU & (7)

wheree, is azeromeanGaussiarwhite noiseof variances?. Thisintroducesanadditionalset
of parameters?, p andy = [y1,... ,7,]".

Giventhelinearmodelformulationof Eqg. (5) andtheassumptiorof i.i.d. Gaussiarexcita-
tion for the AR processye immediatelyobtainthelik elihoodfunction:

1

p(y‘07w0757M7K7770—62) - me

1
< |5 (v~ DO)"ATA(y ~DO)| (®)

The (N —p) x N-dimensionamatrix A is constructedby stackingthe AR coeficientsin rows,
with appropriateeropadding,asdetailedin (Davy andGodsill,2002a).

2.3 Featuresof the Model

Themodelsproposedn earliersubsectiondyothmonophoniandpolyphonic,all fall into the
generakateyory of thelinearmodel. Undera Gaussiarprior for 8 thiswill facilitateinference
in the modelby allowing exactsimulationof 8 from its full conditional,and maiginalisation
of 8 from the posteriordistribution. This canprovide animportantdimensionalityreduction
in the modelsinced is often high-dimensional.This, however, is all standardmaterial,and
we seethe main interestof our modelto bein the specificstructurechoserfor the D-matrix
andin the prior distributionsof the unknaovn parameterdyoth of which arecarefullytunedto
subjective andobjective informationaboutmusicalsignals.
Thepolyphonicmodelpresente@sEqg. 5 hasseveralfeatureghatdistinguishit from other
work in the area. Firstly, it directly incorporategshe frequeng relationshipbetweenpartials
and fundamentalffrequencies. This is differentfrom typical approachesn the literatureto
musicalpitchtranscriptiorwhichwill estimateghefrequencie®f eachline spectratomponent
independentlyf theothers performinggroupinginto unitssuchaschordsandnotesasapost-
processingtagebut notethatpapersuchas(Griborval andBacry, 2001)and(Klapuri, 1999)
go someway towardsintegratingthe harmonicstructuredirectly into the model). This misses
an opportunityfor greaterestimationaccurag throughdirect modelling of the waveform at
the level of notes. We retainthis featurein our model,basedon the earliermodelof Eq. (1)
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(Walmsley etal., 1998;Walmsley etal., 1999). An extensionprovidedin themodelof Eq. (5)
is the incorporationof detunedharmonicswith parameters, ,,. Many researcherdelieve
this to be an importantcomponentof ary realistic musicalinstrumentmodel (Fletcherand
Rossing,1998)andwe planto investigatethis claim throughuseof the nev model. Potential
ambiguitiescan occurif the §;,, parametersllow one partial (harmonic)to stray into the
frequeng rangeof adjacenharmonics However, this ambiguityis suppressetiereby careful
choiceof priors that favour |d; .| << 1. Note that this model, which essentiallyincludes
randomdeviationsfrom the naturalharmonicpositions,could easilybe extendedo modelthe
more systematidrendsin spacingof harmonicsobseredin e.g. stringinstrumentgFletcher
andRossing,1998).

Secondly instrumentsproducenoteswith time varying amplitude,a typical exampleis
the noteattadk. A constantamplitudemodelsuchasEq. (1) is clearly unableto dealwith
sucha caseandwill leadto misleadingparameteinferences.The chosendecompositiorof
amplitudesn termsof a setof basisfunctions(3) ensuresmoothnessandreduceshenumber
of parameterin themodelconsiderably

Finally, theresidualnoiseis an AR processhatcanmodelresidualnoisefrom instruments
aswell asgenerabackgrounchoise.

Furtherimprovementsin modelling could be achieved by allowing the fundamentalre-
guenciesy, to vary overthetime-frame- however, thisleadsto amuchmoreintractablemodel
thatwe have avoidedimplementingthusfar - providedframesizesarekeptshort,the frequen-
ciescanusuallybe modelledasconstantvithin aframe.See(Walmsleg etal., 1999)for some
progreson modelswith time-varyingfrequeng.

Evenwithouttime-varyingfrequencieshe priceof this moreflexible modelis alargenum-
berof unknovn parametersThe principalunknovnsare,then,thenumberof notesk’, thefun-
damentafrequeng, numberof harmonicsandamplitudesor eachnote: {w x, My, ax.m.is Okm.i }»
the AR parametersy andthevariances?. This variable-dimensiospaceof parameterss em-
beddedn a Bayesianschemeasoutlinedin the next section. To our knowledgethis problem
hasneverrecevedafully Bayesiantreatmenbefore. As will be seenthe Bayesiarpriors,in
additionto the specialstructureof D, play akey role in definingthe model.

2.4 Bayesian model

A naturalhierarchicalprior structurefor the musicalmodelis asfollows:

p(60.wo, 8, M, K, v, \*, 07)
= p(8)wo, 8, M, K, 02)p(8|wo, M, K) p(wo|M, K)p(M|K) p(K) p(v) p(x2) p(c?)

wherey is introducedlater. The form of the prior distributionscanbe choseno reflectprior
beliefsaboutparticulartypesof music,or particularinstrumentsandthisis certainlyaninter-
estingline of future study Herewe adopta genericapproachn which the priorsaredesigned
to matchthe averagecharacternf musicalnotes. We considerthe prior distributionsone by
one.

Prior for 8. Theamplitudesf the partialsdeterminghecharacteristi¢timbre’ of amusical
note. Henceit is importantto modeltheseaccuratelyin applicationssuchas sourcesepara-
tion and musicalinstrumentclassification. We adopta zero-meanGaussiarprior for these
parameters.This matcheswell the variability obsened whenthe samenoteis playedunder



slightly differentconditionsor on differentinstruments. |t is alsoreasonabldéo assumehe
scaleof the amplitudess relatedto the scaleof the AR residualprocesssincethe AR resid-
ual modelsprincipally non-harmoniaoisesproducedby the instruments. Thuswe adopta
zero-meanGaussiarprior with covariancematrix ¢23,. Choiceof the matrix X, will then
determinethe propertiesof the prior. We have implementeda numberof possibilitieshere,
andit is clearthatthe prior would ideally be instrument-specificHowever, it is possibleto
build in a certainamountof physicalprior knowledgewithout limiting to very narrov classes
of instrument. Seefor exampleFig. 5. This displaysa single short-timeFourier magnitude
spectrunfor theflute extractin Fig. 1. Thespectrums computedrom approximatelythefirst
0.25sof themusicwhereno notetransitionsoccut Thefundamentafrequeng andpartialsare
clearly visible, exhibiting a slow decayin amplitudewith decreasindrequeng. This general
obsenation appliesto mostacousticalsoundsand so canbe usefully incorporatedn a prior.
One successfulmplementatiorsetsX, asdiagonalwith diagonalelementsequalto x?/m®,
wherem is the numberof the partial, o is experimentallydetermineda = 2 is agoodmatch
to mary signalswe have analysed)and? is anunknowvn scaleparametethatis sampledn
the MCMC schemewith aninvertedgammaprior. This form of covariancematrix assumes
joint prior independencef all notes,partialsand atoms. While this functionswell in prac-
tice, it maybe arguedthatdependencshouldbe modelledbetweerpartialsandatomswithin
a particularnote. Thereare mary waysthis could be achiezed andwe leave this asa future
topic of researchAs analternatve to thesephysicallybasedoriors,we have alsoimplemented
with somesuccesshewell knwon G-priorwhich hasbeenfoundto beeffectivein similarcon-
texts (AndrieuandDoucet,1999; Walmsley et al., 1999). A full investigationof the relative
meritsof thesechoicess againleft asatopic of futurework.

Prior for M and K. Thenumberof partialsis againaninstrument-andrealisation-specific
guantity The precisedistribution canbelearnedfrom training exampleswith differentinstru-
ments.Thegenerafeatureis thata particularinstrumenthasa meannumberof partialswith a
certainspreadaboutthis value. In orderto modelthis, we have adoptedanindependenPois-
sonprior for eachM;, truncatedto userspecifiedmaximumandminimum limits. Similarly,
thenumberof notes, K, hasatruncatedPoissorprior. Thesearespecifiedvaguelyfor general
musicalextracts,but canbetunedmorepreciselywhena particularinstruments known to be
present.

Prior for 6. A third key parameteis the vectorof detuningfactors,d, which is aimedat
modelling slight harmonicde-tuningamongthe partials. Its value is expectedto be close
to zero,and herewe assumeno dependencéetweenthe 6 parameter®f differentpartials,
althoughfor certaininstrumentgheorywould dictatethe generaform of the §s (Fletcherand
Rossing,1998). Herea zeromeanindependenGaussians assumedwith variances?, fixed
to asmallvaluein orderto favor smallde-tuningparametersThedistribution canadditionally
be truncatedn orderthatadjacenfartialswithin a single notedo not crossover oneanother
in thefrequeng domain.

Prior for w,. For someinstrumentsuchaspianoor organ,notesaretunedto afixedgrid of
frequenciegonefor eachkey of the instrument).In otherinstrumentsthe playerwill usually
tune notesto be closeto the fixed grid of note frequenciesseee.g. the pitch transcription
of the flute extractin Fig. 3. A corvenientand informative prior would thus favour these
fixed frequenciesabove others. Moreover, whenseveral notesare playedat the sametime (a
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chord), thereexist simple relationsbetweenthe fundamentafrequencies.The prior density
p(wo|M, K) shouldreflectthis prior information. However, theseconsiderationsnly applyto
tonal Westernmusic,andfor the sale of generalitywe hereadopta uniform prior over some
region of interest,wy € [wmin, wmax ™. Again, thereare plenty of interestingpossibilitiesfor
informative priorsin futureinvestigations.

Remaining parameters. Briefly, regardingthe noisew;, p(c?) is invertedgammawith pa-
rametersy. andg,, p(y) is zero-mearGaussianwith diagonalcovariancematrixI,,. p is fixed
in ourimplementationshusfar, but we notethatstandardamplersarereadilyavailableshould
this parametebecomdamportant(Godsill, 2001; TroughtonandGodsill, 1998; Troughtonand
Godsill,2001;Vermaak Andrieu, DoucetandGodsill, 1999).

Posterior distribution Given the above prior structure,the posteriordistribution may be
computed.In particular 8 ando, aremaiginalisedusingstandardinear modelcomputations
(BernardeandSmith,1994;WestandHarrison,1997)to giveareducedosteriom(wy, 8, M, K, v, a2, x|y).
Full conditionalsare alsoreadily availablefor 8, o., v and y, owing to the conjugateprior
structurechosen.Thesedistributionsareall employedin the variabledimensionMCMC al-
gorithmsfor computationassummarisedn the next section.

3 Bayesian computations

Thepreciseobjectvesof inferencan thesemodelsis very muchapplicationdriven. In thecase
of pitch estimationfor example point estimatesill typically berequiredfor thefundamental
frequenciesvy. The posteriordistribution of theseparametersvill alsogive a usefulestimate
of the uncertaintyand multimodality in the posterior In sourceseparatiorand instrument
classificatiortasks estimategndposteriordistributionsof thepartialamplitiudesthedetuning
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parameterdundamentafrequeny andnumberof harmonicsarerequiredfor eachnote. There
arehowever potentialpitfalls in makingtheseestimatesastheindividual noteorderingis not
constrainedn our modelandit is quite concevable that two notesare swappedduring the
MCMC simulation. An orderingby, say increasingfundamentafrequeng or enegy would
helpsomavhat,althoughnoteswappingcouldstill occurwhenlargejumpsin parametevalues
aremade(e.g. a changein fundamentafrequeng by an octave or more). We have avoided
theseambiguitiesin this work by estimatingfunctionalsthat do not dependupon the note
labelling. ThesearecomputedasMonte Carloapproximationgo posteriormeans:

/ f(®) p(ddly) ~ Zf (©)

where® = {6,w,,d, M, K,~,x? o2} is the collectionof all unknavnsin the model, f(.)
is aglvenlntegrablefunctlon with respecto the posteriorand (2 is the samplespacefor the

e ~( .
posterioristribution 2 <I>( : are(possiblydependentMonte Carlosamplegiravn from p(®|y).
A suitablefamily of functionsto estimatearespectrogram-lik representationslhe short-
time enegy spectrunof the:th componentn themodelEq. (5) is definedas

K M, 2

Z Z ak,m,i(bi,(m+(§k7m)wo7k (w) + bk,m,iq)i,(m+5k7m)w07k—% (w) (10)

k=1 m=1
where®; ., (w) is the Fouriertransformof ¢, ; cos(w't)

The constructionof the spectrogram-lik representatiorconsistsin computingfor ¢ =
1,...,I andvariousvaluesof w in [0, 7]

9i,0,w0,6, K (w) =

Gi0.w0.6,5 (W) = ngw(1>~z>5<z>~ (w) (11)

As statedabove, thesecomputatlonsreqwrethatasetof samples{e() o Y Mo, g,
70,52 (l)} [ =1,..., L is availablefrom the posteriorp(8, wg, 8, M, K v,02ly). There-
versiblejump MCMC algorlthmfor achiezing thisis summarisedn thefollowmg paragraphs.

Thesimulationalgorithmis avariabledimensionMCMC procedureusingreversiblgumps
to achieze modelspacemovesfor boththenumberof harmonicsn eachnoteandthenumberof
notes.Otherparameterare updatedusingMetropolis-withinGibbs samplingmovesfor non-
standardconditionalsand Gibbs samplingwherethe conditionalsare standard.The posterior
distributionin this problemis highly multimodalandstronglypealed. Thisis partly asaresult
of ambiguitiesinherentin the model,andimpliesthatthe MCMC algorithmshave to be care-
fully constructedn orderto avoid gettingstuckin local trapsof the distribution. In factmuch
of theinnovative work in this projecthasbeenconcernedvith generatiorof effective proposal
distributions for fastexploration of the parameterspace. As well as standardrcandomwalk
moves,theseincludeindependenceroposaldaseduponthe sampleautocorrelatiorfunction
and spectrumof the data,and octave/fifth-jumping movesaimedat moving rapidly between
local maxima(thesemovesupdatethenumberof partialsaswell, preservinghespectraktruc-
ture, andthis leadsto improved acceptanceates). The reversiblejump proposalsallow for
several partialsto be added/remeed at oncefrom a note,andnotesmay be split andmemged
in meaningfulways. Full detailscanbefoundin (Davy andGodsill,2002a).

3Theintegral I(f) over the discreteparametershouldbe seenasa discretesumover all the possiblevalues
of thesediscreteparameters.
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4 Simulation results

Resultsarepresentedbasedon two implementationsThefirst is a full implementatiorof the
modelsasdescribedn the paperwith detunedpartialsandunknovn numbersof partials M,

andnumberof notesK. Thefull detailsof this samplercanbe foundin (Davy and Godsill,

2002a).Thisfirst sampleris usedto demonstraté¢he effectivenesf the modelin analysising
shortdatasetscontainingsolatednotesandchords.Thesecondsamplelis areducedsersionof

thefirst, in which the partialsarenot detuned(i.e. ¢ is fixedto zero),andthe numberof notes
K is specifieda priori (but M, is sampledusing a reversiblejump procedure).As a result,
thoughlessrobustandgeneralthe secondsamplertakesfar lesscomputationatime, both per
iterationandin termsof numberof iterationsto corvergence.lt is thususedfor arapidframe-
basedanalysisof long datasetscontainingmary differentpitchesandnotetransitions.In this

way we hopeto demonstratéoth the potentialof the full modelandalsothe possibilitiesof

realisticanalysisfor long monophonia@andpolyphonicmusicalextracts.

4.1 Full sampler

The first exampleis a 2-notemixture of a saxophonendtrumpet,playing with fundamental
frequencies}49 Hz (F) and523 Hz (C), assumingA440 Hz tuning. This shortextractis taken
from example'Commit’ at 2.5s,seereducedsamplersection. Note thatthe numberof notes,
aswell asthe numberof partialsfor eachnoteswereunspecifiedor the MCMC simulations.
After fitting the modelwith MCMC to thedata,thefitting erroris almostperfectwhenviewed
in the time domain. Figure 6 displaysthe spectraof the two estimatednotesaswell asthe
spectrumof the error signal. As canbe seen,both the numberof notesandthe numberof
partialswereaccuratelyestimatednotehoweverthatthe 10thpartial of thenoteF wasmissed,
but this hadno majorconsequenctr theinference).In addition,thefundamentafrequencies
arecorrectlyestimated.

We have alsoplottedthe spectrogram-lik representationf the estimatedhotes,seeFig-
ure7. As canbe seenthe notesarevery concentratedroundthe 'true frequencies349 Hz,
and523 Hz, which shaws that the posteriordistribution is well concentratedroundthe true
frequenyg values. Moreover, the spectrogranof the original datahasalso beencomputed
(for equalcomparisonwe usede; ; aswindowing function with 50% overlap). The frequen-
ciesandamplitudesof the line components$n thetwo representationarevery similar, which
demonstrateagainthe accurag of the approach.An audioanimationof the MCMC proce-
dureduringcornvergencecanbelistenedo athttp://www-sigproc.eng.cam.a c.uk/
"md283/harmonic.html

4.2 Reduced sampler

The reducedsampleris appliedframe-wiseto the data, asin the restorationprocessingof
(GodsillandRayney 1998b).The waveformwasarbitrarily segmentednto blocksof duration
0.1swith 50% overlapandthe reducedVICMC samplerappliedin turnto eachblock. Firsta
shortsolo flute extract consideredchereis the openingof Delussys Syrinx, dovnsampledo
a 22050Hz samplingrate. This is monophonidhroughoutandhenceprocessedavith K = 1
throughout.The pitch estimatesobtainedareshown in Fig. 3, correspondingo the waveform
andspectrogrann thefiguresaboveit. Estimatedpitchesareplottedlogarithmicallywith grid
lines shaving semitonestepsrelative to A440Hz. The estimatedpitch correspondsxactly
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Note 1 (349 Hz)

Note 2 (523 Hz)
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Figure 6: Comparisorof the original spectrumwith MCMC-estimatedspectra. In orderto
improve clarity, the original spectrum(top graphin eachpanel)hasbeentranslatedoy adding
50dBto its amplitudein the four panels.(Top row) Estimatedspectraof the individual notes.
(Bottom Left) Spectrumof notesl1 and 2 superimposed.(Bottom Right) Spectrumof the
residualerror.

to a manualtranscriptionof the recordingwith the exceptionof the brief low G around12s.
Closelisteningaroundl12s shows that the flute playsa low distortion undertonein addition
to the scoredpitch at this point, andthe algorithmis clearly modelling this undertone.The
‘drop-out’ betweerBsand10scorresponds$o a shortperiodof silence.Informal examination
of spectrogram#ndicatesthat the reversiblejump algorithm for determiningthe numberof
harmonicgs very successfulThis demonstratethehigh reliability andaccurag of themodels
for monophonicpitch estimation. Next the example ‘Commit’ (seefull samplerabove) is
processedh its entirity. Therearetwo notesplayingthroughoutso K = 2 is used.Figure8
displaysthe pitch estimationresultsfor the extract. Note thatthe numberof notesis known,
and was provided for inference. Comparisonwith groundtruth shaws the pitch estimation
accuray in the presenc®f polyphonicmusic.

13



Spectrogram-lik representation Truespectrogram
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Figure 7: (Left) Spectrogram-lik representationnferred from the MCMC samplesusing
Equation(11). (Right) Spectrogranof the original time series,computedusingthe windows

Dit-

5 Discussion

We have presentedatherlimited resultshere. The methodshave in fact beentestedon a
rangeof real audio materialand found to be robust provided that thereare no morethan 3
notesplaying simultaneouslyin which caseambiguitiescancauseerrorsin the fundamental
frequenyg estimation. This resultis similar to thosereportedby other authorsusing other
techniquessuchas(VirtanenandKlapuri, 2001;Kashinoet al., 1995). However, theseother
methodsintegrate contectual information or more specificinstrument-baseénowledgeinto
the processingwhile we have specifiedprior distributionsat a very genericlevel andhave not
integratedtemporalinformationfrom surroundingdataor the relationshipghatexist between
notesat a particulartime. Theseaspectsanall be encodedvithin a Bayesiarframenork and
we anticipatethat future incorporationof ideassuchastheseinto our problemwill leadto

Groundtruth Pitchestimation
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Figure8: Groundtruth (manualtranscription)andpitch extractionfor Commitextract,assum-
ing A440 Hz tuning.
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significantenhancementms performance.Computationremainsa concern,however, asthe
distributionsinvolvedarehighly multimodalandintractableto moreefficientanalysis.
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