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SUMMARY

This paperis concernedwith the Bayesiananalysisof musicalsignals.Theultimate
aim is to useBayesianhierarchicalstructuresin order to infer quantitiesat the highest
level, including suchquantitiesasmusicalpitch, dynamics,timbre, instrumentidentity,
etc.Analysisof realmusicalsignalsis complicatedby many things,includingthepresence
of transientsounds,noisesandthecomplex structureof musicalpitchesin thefrequency
domain.Theproblemis truly Bayesianin thatthereis a wealthof (oftensubjective) prior
knwowledgeabouthow musicalsignalsareconstructed,which canbeexploited in order
to achieve moreaccurateinferenceaboutthemusicalstructure.Herewe proposedevel-
opmentsto anearlierBayesianmodelwhich describeseachcomponent‘note’ at a given
time in termsof a fundamentalfrequency, partials(‘harmonics’), and amplitude. This
basicmodelis modifiedfor greaterrealismto includenon-whiteresiduals,time-varying
amplitudesandpartials‘detuned’from thenaturallinear relationship.Theunknown pa-
rametersof the new modelaresimulatedusinga variabledimensionMCMC algorithm,
leadingto ahighly sophisticatedanalysistool. Wediscusshow themodelsandalgorithms
canbe appliedfor featureextraction,polyphonicmusic transcription,sourceseparation
andrestorationof musicalsources.

Keywords: MUSICAL ANALYSIS, AUTOMATIC PITCH TRANSCRIPTION, PITCH ESTIMA-
TION, INSTRUMENT CLASSIFICATION, AUDITORY SCENE ANALYSIS

1 Introduction

Inferenceaboutthehigh-level informationcontainedin musicalaudiosignalsis complex, and
requiressophisticatedsignalprocessingtools(Bregman,1990).In this paper, we focuson the
automaticinterpretationof musicalsignals. Musical audio is highly structured, both in the
time domainandin the frequency domain. In the time domain,tempospecifiesthe rangeof
possiblenotetransitionrates.In thefrequency domain,two levelsof structurecanbeconsid-
ered. First, eachnote is composedof a fundamentalfrequency (relatedto the ‘pitch’ of the
note),andpartialswhoserelative amplitudesdeterminethetimbreof thenote1. The frequen-
ciesof thepartialsareapproximatelyintegermultiplesof thefundamentalfrequency. Second,
several notesplayedat the sametime form chordsor polyphony. The fundamentalfrequen-
ciesof eachnotecomprisinga chordaretypically relatedby simplemultiplicative rules. For

1This frequency domaindescriptioncanberegardedasanempiricalapproximationto thetrueprocess,which
is in reality a complex non-lineartime-domainsystem(McIntyre, SchumacherandWoodhouse,1983;Fletcher
andRossing,1998)
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example,a C major chordmay be composedof the frequencies523 Hz, 659 Hz � 5/4� 523
Hz and785 Hz � 3/2� 523 Hz. An additionallevel of structureis the melody, which gives
the frequency dependenceof successive notes. A given melodyis characterisedby the suc-
cessionof fundamentalfrequenciesat specifictime instants. Figure2 shows a spectrogram
analysisfor asimplemonophonic(singlenote)fluterecording(thismaybeauditionedatwww-
sigproc.eng.cam.ac.uk/˜ sjg/sounds/flute.wav ). In this both the temporal
segmentationandthefrequency domainstructureareclearlyvisibleon theplot. In polyphonic
musicalexamples,several (possiblymany!) suchstructuresaresuperimposed,andtheeye is
thentypically unableto separatetheindividualnotestructuresfrom thespectrogramalone.

Thegoalsof a musicalanalysiscanbemanifold,andwe seekto make our modelsgeneral
enoughthatthey will fit with theinferencerequirementsathand.Someimportantgoalsandap-
plications,whichcanall beexpressedin probabilistictermsthroughtheuseof suitablychosen
modelstructures,includeautomatictranscription(generationof a musical‘score’), classifica-
tion andsearch(e.g.determiningwhich instrumentsareplayingor whetheraparticulartuneis
present)andsourceseparation(separationof individual instrumentsfrom apolyphonicmix).

It shouldbe clear from this discussionthat musicalaudioprovidesan ideal structurefor
Bayesianmodellingand inference: thereis plenty of prior informationavailable (both sub-
jective andphysically-based),thereis a naturalhierarchicalstructure(from individual partial
frequenciesthroughnotes,chordsandeventuallywholemelodies).All of theseelementsof the
structureshouldideallybeestimatedjointly in orderto exploit thefull powerof theinformation
available.Thisis aformidabletaskthatnonehassuccessfullyachievedto ourknowledge.Most
researchershave focusedeitheron very high level, or very low level, modellingalone. Here
we attemptpartially to bridgethegapbetweentheseextremes,by exploring modelswhich di-
rectlymodelmusicalsignalsin termsof theircomponent‘notes’,while retainingamoderately
realisticsignal level model. Of course,in future work we would wish to seethe whole task
performedjointly, andwe will expectto seedramaticperformanceimprovementsoncethis is
properlyachieved.

At thelevel of musicalnotes,two principal tasksmaybeidentifiedfor theanalysisof mu-
sicalaudio:a segmentationstepthat identifiesnotetransitionsin time,andanestimationstep
in which thenumberof notesaswell astheir fundamentalfrequencies,their partial structure
andothercharacteristicsareestimatedat any giventime. We focuson thelatter, sinceefficient
musicsegmentationalgorithmssuchasthetime-frequency (LaurentandDoncarli,1998),Sup-
port VectorMachines(Davy andGodsill, 2002b)or generalisedlikelihoodratio (Basseville
andNikiforov, 1993)techniquescanbeusedfor this step.

Numerousmusicalpitch estimationandanalysistechniquescanbefoundin theliterature.
Mostapplyonly to monophonic(singlenote)recordingsandrely onnonparametricsignalanal-
ysistools(localautocorrelationfunction,spectrogram,etc.).Wedonothavespaceto reference
all approacheshere. Certainauthorshave, however, adoptedmethodswith a statisticalmod-
elling flavour, oftenusingiterativeproceduresto estimatetheindividualcomponentsof a mu-
sicalsignal,seefor example(DeCheveigne,1993;VirtanenandKlapuri, 2001;DeCheveigne
andKawahara,1999).Bayesianapproacheshavebeensurprisinglyrare,consideringthelarge
quantitiesof prior information available aboutmusicalsignals. Notableexceptionsinclude
(Kashino,Nakadai,KinoshitaandTanaka,1995;KashinoandMurase,1999),who adopta
Bayesianhierarchicalstructurefor high level featuresin musicsuchaschords,notes,timbre,
etc. Bayesianmodelsfor polyphonicmusichave beenproposedin (Walmsley, Godsill and
Rayner, 1998;Walmsley, Godsill andRayner, 1999)andit is thesethatwe extendanddiscuss
in this paper.
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In thispaper, wedevisenovelBayesianmodelsfor periodic,or nearlyperiodic,components
in a musicalsignal.Thework developsuponmodelsdevisedfor automaticpitch transcription
in (Walmsley etal., 1998;Walmsley etal., 1999)in which it is assumedthateachmusicalnote
maybedescribedby a fundamentalfrequency andlinearly relatedpartialswith unknown am-
plitudes.Thenumberof notes,andalsothenumberof harmonicsfor eachnotearegenerally
unknown andsoa reversiblejump MCMC procedureis adoptedfor inferencein this variable
dimensionprobabilityspace;see(AndrieuandDoucet,1999;GodsillandRayner, 1998a;God-
sill andRayner, 1998b;Davy, DoncarliandTourneret,2002)for somerelevantMCMC work
in signalprocessingandaudio. Useof thesepowerful inferencemethodsallows estimation
of pitch, harmonicamplitudes,andthenumberof notes/harmonicspresentat eachtime. The
methodsof (Walmsley et al., 1998; Walmsley et al., 1999) have shown promisein highly
complex problemswith many notessimultaneouslypresent.However, in thepresenceof non-
stationaryor ambiguousdata,problemsareexpectedin termsof large residualmodellinger-
rors andpitch errors(especiallyerrorsof +/- oneoctave). Herewe seekto addresssomeof
theseshortcomingsby elaborationof the model to includemoreflexibility in the modelling
of non-stationarydata,modellingof non-whiteresidualnoise,andalsoto allow themodelling
of inharmonicity(or ‘detuning’ of individual harmonicsrelative to theusuallinear frequency
spacing).As before,avariabledimensionMCMC strategy is adoptedfor inferencein thenew
model,andnovel proposalmechanismsaredevelopedfor this purpose.

Thepaperis organizedasfollows. In Section2,wepresentthebasicharmonicmodelfor the
descriptionof musicalsignals.Moreover, wespecifytheprobabilisticframework, andgivethe
parameterpriors. In Section3, we discussestimationobjectivesandsummarisetheBayesian
computationalmethod.Simulationresultsarepresentedin Section4, andfinally a discussion
is given. Givenspacerestrictionsit hasbeenimpossibleto describein detail theprior models
andexactMCMC implementationschemeused.In factwehave implementedseveraldifferent
versionsof themodelsandMCMC algorithms,andthecodeis still undergoingdevelopmentas
moresophisticatedandrealisticmodellingassumptionsareincorporated.A snapshotdetaling
theimplementationwhichgeneratedthesimulationresultsfor thispapercanbefoundasDavy
andGodsill (2002a).

2 Bayesian model for musical analysis

Considerfor the momenta short-timeframeof musicalaudiodata,denoted������� , in which
notetransitionsdo not occur. This would correspond,for example,to theanalysisof a single
musicalchord. Throughout,we assumethat the continuoustime audio waveform ������� has
beendiscretisedwith a samplingfrequency 	�
 rad.s��
 , so thatdiscretetime observationsare
obtainedas ������������������	�
������ �"!��$#����$��%&%&%���')(*# . We assumethat �+�,��� is bandlimitedto
	�
��-� rad.s��
 , or equivalently that it hasbeenprefilteredwith an ideal low-passfilter having
cut-off frequency 	�
.�-� rad.s��
 .

In this sectionwe describeBayesianmodelssuitedto musicalaudio analysis. We first
introducea robustmonophonic(singlenote)modelfor music.We thenexplainhow to expand
it to a polyphonic(many note)model,anddiscussthe salientfeaturesof the approach.It is
assumedthroughoutthat the musicalaudiohasbeensegmentedsuchthatno notetransitions
occurfor ��/10�!$�$#������&%2%3%3�&'4(5#�6 .
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Figure1: Waveform:fluteextract
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Figure2: Spectrogram:fluteextract
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Figure3: Pitchestimationfrom fluteextract
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2.1 Monophonic case: single note models

In the monophoniccaseit is assumedthatat any given time only onesinglemusicalpitch is
sounding,e.g. solo trumpet,or solo clarinet,etc. From this simplecasewe canbuild more
sophisticatedpolyphonic(many note)structuresby superpositionof severalmonophonicunits.

Physicalconsiderationsandempiricalobservationof spectrograms(seee.g. Fig. 2 - it is
clearfrom this that thereis a seriesof spectral‘lines’ correspondingto the fundamentaland
partialsof eachnote) lead to the conclusionthat the notesin musicalsignalsarecomposed
of a fundamentalfrequency	87 anda setof 9 partials. This classicmodel,seee.g. (Serra,
1997),resultsfrom theapproximateshort-termperiodicityof musicalsignals,which enables
a Fourier seriesdecomposition.In the simplestcases,this idealisedassumptionholdswell
andthefollowing modelcanbeappliedfor shorttime segments(asin (Walmsley et al., 1998;
Walmsley et al., 1999)):

�$�:�
;
<>= 


? <A@�B-C �,DE	87��.�GFIH <:CKJ2L �,DE	�7K�.� FNM�� (1)

for �O/P0�!$�&%&%�%��&'Q(�#�6 . Here, 9 R4! is thenumberof partialspresent,? < and H < give the
amplitudesof thesepartials,andM-� is aresidualnoisecomponent.Notethat 	87S/P��!$�T�+� is here
scaledfor convenience- its audiblefrequency is UWVXZY 	�
 .

It turnsout thatthis modelis over-idealisedfor many realisticcasesandmustbemodified
in several ways to improve performance. In particular, partialscan be expectedto exhibit
time-varyingamplitudes,andthepartialscanbeexpectedto deviatefrom the ideal frequency
spacing.Thesetwo factscanbeaccommodatedin anew model:

���:�
;
<>= 


? <>[ � @�B�C8\ ��D"F^] < ��	�7K�._�FIH <>[ � CKJ2L`\ ��DQF^] < ��	�7K�._ FIM-� (2)

wherethepartialamplitudes? <a[ � andH <a[ � cannow dependon time,andde-tuningparameters
] < allow eachpartialto beoffsetfrom its nominalfrequency of DE	�7 .

Many evolution modelsarepossiblefor theamplitudeprocesses? <>[ � and H <>[ � , including
randomwalks,autoregressions,etc.,andmostwould betractablewithin our Bayesianframe-
work. It is important,however, to regularisetheevolutionof thesecomponentsa priori in order
thatambiguitiesbetweentrue frequency modellingandmodellingof the time-varyingampli-
tudesdo not occur. We adopta simplesolutionwhich consistsof representingtheamplitudes? <>[ � and H <>[ � in termsof smoothbasisfunctions bdc , ef�g#���%&%&%��&h (with h fixed andknown)
suchthat

? <>[ ���
i
c = 

j <>[ ckbdc [ �8l H <a[ �8�

i
c = 

m <a[ cnboc [ � (3)

Therearemany possiblechoicesfor thebasisfunctions,andin practiceany sufficientlysmooth2

interpolationfunctionswill do. Herewe have implementeda simpleschemeinvolving raised

2Thenumberof basisfunctions(prqts ) hasto be upperboundedto avoid unidentifiability: low frequencies
canactuallybemodelledby a time-varyingamplitudeaswell asby a sinusoid. It is thusimportantto limit the
numberof basisfunctionssuchthat u amp.max v w pxqAszy{u�|�}K~ is below the lowestnotefrequency in a given
harmonicsignal(e.g.,20 Hz).
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Figure4: Typical setof Gaboratomsbdc [ � @�B�C �n%��

cosinefunctions(Hanningwindows) with 50% overlap,seeFig. 4. Since h is typically cho-
senmuchsmallerthan ' , the reparameterisationin termsof basiscoefficients j <>[ c and j <a[ c
is of muchlower dimensionalitythantheoriginal formulationin termsof ? <a[ � and H <>[ � . The
monophonicnotemodelnow becomes:

�$���
;
<�= 


i
c = 

j <>[ ckboc [ � @zB�C8\ ��D�F�] < �n	87��._�F m <a[ c�bdc [ � C�J3L \ �,DQF�] < �n	87��._ FIM-� (4)

Wenotethatthemodelcannow beseenasarepresentationof �$� in termsof asetof Gabor
atoms(Flandrin,1999).Here,eachatomhasaprecisetime-frequency location ���Tcn� \ D^Ft] < _�	87&�
andanamplitude � j X <>[ � F m X <a[ � ��
�� X where�Tc is thetemporalcentreof bdc . We will refer to each
term boc [ � @�B�C�\ 	+�._ or boc [ � CKJ2L`\ 	+�._ asan‘atom’ in thesubsequentmaterial.

2.2 A polyphonic harmonic model

Theabovemonophonicmodelcanbeeasilyexpandedto thepolyphoniccase,thatis for signals
composedof � concurrentnotes.A suitablemodelis:

���8�
�
� = 


;��
<�= 


i
c = 

j � [ <>[ ckbdc [ � @�B-C�\ ��D"F^] � [ < �n	87 [ � �._$F m � [ <a[ cnboc [ � C�J3L`\ �,D�F�] � [ < �n	87 [ � �._ FIM-�

(5)

for �a��!$�&%&%&%��&'P(�# . Eachnote, ����#z�&%2%3%3�&� , now hasits own setof parameters,andthenota-
tion is extendedin anobviouswaywith anadditionalsubscript‘ � ’. The(unknown) parameters
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determiningthe polyphonicmodelof Eq. (5) are: the total numberof notes � , the number
of partialsfor eachnote � � \ 9 
 �&%&%�%��&9 � _�� , the de-tuningparameters��� \ � 
 �&%&%&%���� � _
with � � � \ ] � [ 
 �&%&%&%G�&] � [ ; � _�� , the fundamentalfrequencies�O��� \ 	�7 [ 
 �&%&%&%G�K	87 [ � _{� and the
amplitudes��� \ j 
 [ 
 [ 
 �

m

 [ 
 [ 
 ��%&%&%G� j � [ ;�� [ i �

m � [ ;�� [ i _{� . It is assumedthat h is prespecified.
In vectornotationthemodelis now written as:

� � ���EF�  (6)

where � � \ ��7��&%�%&%��K��¡ ��
 _�� ,  4� \ MW7��&%&%&%��KM�¡ ��
 _�� , the matrix � containsthe Gaboratoms
stacked in columns,and � containsthe amplitudeparametersj � [ <>[ c and

m � [ <>[ c . The detailed
expressionsfor � and� aregivenin (Davy andGodsill,2002a).

In practice,musicalsignalsalsohavenon-harmoniccomponents,suchasemittedair sounds
or aspirationnoise.Thesecomponents,in additionto any backgroundnoise,aresubsumedin
thenoiseterm M�� in Eq. (5). It is desirablethat thenoiseM�� modelsaccuratelyall thepossible
sourcesof modelerrors.A simpleandgeneralpossibility is theautoregressive(AR) modelof
order¢ :

M����¤£ 
 M-� ��
 F�%&%&%-FN£o¥TM�� � ¥¦F^§�� (7)

where §�� is azeromeanGaussianwhitenoiseof variancë
X© . This introducesanadditionalset

of parameters̈
X© , ¢ and ª�� \ £ 
 �&%&%&%��T£o¥z_{� .

Giventhelinearmodelformulationof Eq.(5) andtheassumptionof i.i.d. Gaussianexcita-
tion for theAR process,we immediatelyobtainthelikelihoodfunction:

¢8� ��« ������7¬���­���4�&�E��ªa�&¨ X© �I� #
�����¦¨ X© ��® ¡ � ¥�¯ � X±°Z²�³ ( #

�$¨ X© � � (´�µ��� �·¶¸�·¶ � � (������ (8)

The ��'^(¹¢��º�¹' -dimensionalmatrix ¶ is constructedby stackingtheAR coefficientsin rows,
with appropriatezeropadding,asdetailedin (Davy andGodsill,2002a).

2.3 Features of the Model

Themodelsproposedin earliersubsections,bothmonophonicandpolyphonic,all fall into the
generalcategoryof thelinearmodel.UnderaGaussianprior for � thiswill facilitateinference
in themodelby allowing exactsimulationof � from its full conditional,andmarginalisation
of � from theposteriordistribution. This canprovide an importantdimensionalityreduction
in the modelsince � is often high-dimensional.This, however, is all standardmaterial,and
we seethemain interestof our modelto be in thespecificstructurechosenfor the � -matrix
andin theprior distributionsof theunknown parameters,bothof which arecarefully tunedto
subjectiveandobjective informationaboutmusicalsignals.

ThepolyphonicmodelpresentedasEq.5 hasseveralfeaturesthatdistinguishit from other
work in the area. Firstly, it directly incorporatesthe frequency relationshipbetweenpartials
and fundamentalfrequencies.This is different from typical approachesin the literatureto
musicalpitchtranscriptionwhichwill estimatethefrequenciesof eachline spectralcomponent
independentlyof theothers,performinggroupinginto unitssuchaschordsandnotesasapost-
processingstage(but notethatpaperssuchas(Gribonval andBacry, 2001)and(Klapuri, 1999)
go someway towardsintegratingtheharmonicstructuredirectly into themodel).This misses
an opportunityfor greaterestimationaccuracy throughdirect modellingof the waveform at
the level of notes.We retainthis featurein our model,basedon theearliermodelof Eq. (1)
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(Walmsley et al., 1998;Walmsley et al., 1999).An extensionprovidedin themodelof Eq.(5)
is the incorporationof detunedharmonicswith parameters] � [ < . Many researchersbelieve
this to be an importantcomponentof any realistic musical instrumentmodel (Fletcherand
Rossing,1998)andwe planto investigatethis claim throughuseof thenew model. Potential
ambiguitiescan occur if the ] � [ < parametersallow one partial (harmonic)to stray into the
frequency rangeof adjacentharmonics.However, this ambiguityis suppressedhereby careful
choiceof priors that favour « ] � [ < «�»O» # . Note that this model, which essentiallyincludes
randomdeviationsfrom thenaturalharmonicpositions,couldeasilybeextendedto modelthe
moresystematictrendsin spacingof harmonicsobserved in e.g. string instruments(Fletcher
andRossing,1998).

Secondly, instrumentsproducenoteswith time varying amplitude,a typical exampleis
the noteattack. A constantamplitudemodel suchasEq. (1) is clearly unableto dealwith
sucha caseandwill leadto misleadingparameterinferences.The chosendecompositionof
amplitudesin termsof asetof basisfunctions(3) ensuressmoothness,andreducesthenumber
of parametersin themodelconsiderably.

Finally, theresidualnoiseis anAR processthatcanmodelresidualnoisefrom instruments
aswell asgeneralbackgroundnoise.

Furtherimprovementsin modellingcould be achieved by allowing the fundamentalfre-
quencies	87 to varyoverthetime-frame- however, this leadsto amuchmoreintractablemodel
thatwehaveavoidedimplementingthusfar - providedframesizesarekeptshort,thefrequen-
ciescanusuallybemodelledasconstantwithin a frame.See(Walmsley et al., 1999)for some
progressonmodelswith time-varyingfrequency.

Evenwithout time-varyingfrequenciesthepriceof thismoreflexible modelis a largenum-
berof unknownparameters.Theprincipalunknownsare,then,thenumberof notes� , thefun-
damentalfrequency, numberof harmonicsandamplitudesfor eachnote: 0�	87 [ � �&9 � � j � [ <a[ c�� m � [ <>[ cn6 ,
theAR parametersª andthevariancë

X© . This variable-dimensionspaceof parametersis em-
beddedin a Bayesianschemeasoutlinedin thenext section.To our knowledgethis problem
hasnever receiveda fully Bayesiantreatmentbefore.As will beseen,theBayesianpriors, in
additionto thespecialstructureof � , playakey role in definingthemodel.

2.4 Bayesian model

A naturalhierarchicalprior structurefor themusicalmodelis asfollows:

¢8�2������7����o���4�&�E��ª��&¼ X ��¨ X© �
��¢½�2� « �r7����o���4�&�E�&¨ X© �n¢8�k� « ��7¬���4�&����¢½�2�r7 « �*�����n¢8��� « ����¢8�n����¢½�2ª>��¢8��¼ X ��¢8�n¨ X© �

where ¼ is introducedlater. The form of theprior distributionscanbechosento reflectprior
beliefsaboutparticulartypesof music,or particularinstruments,andthis is certainlyaninter-
estingline of futurestudy. Herewe adopta genericapproachin which thepriorsaredesigned
to matchthe averagecharacterof musicalnotes. We considerthe prior distributionsoneby
one.

Prior for � . Theamplitudesof thepartialsdeterminethecharacteristic‘timbre’ of amusical
note. Henceit is importantto modeltheseaccuratelyin applicationssuchassourcesepara-
tion and musical instrumentclassification. We adopta zero-meanGaussianprior for these
parameters.This matcheswell the variability observed whenthe samenoteis playedunder
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slightly differentconditionsor on different instruments.It is alsoreasonableto assumethe
scaleof theamplitudesis relatedto thescaleof theAR residualprocess,sincetheAR resid-
ual modelsprincipally non-harmonicnoisesproducedby the instruments.Thuswe adopta
zero-meanGaussianprior with covariancematrix ¨ X©�¾ ¿ . Choiceof the matrix ¾f¿ will then
determinethe propertiesof the prior. We have implementeda numberof possibilitieshere,
andit is clearthat the prior would ideally be instrument-specific.However, it is possibleto
build in a certainamountof physicalprior knowledgewithout limiting to very narrow classes
of instrument.Seefor exampleFig. 5. This displaysa singleshort-timeFourier magnitude
spectrumfor thefluteextractin Fig. 1. Thespectrumis computedfrom approximatelythefirst
0.25sof themusicwherenonotetransitionsoccur. Thefundamentalfrequency andpartialsare
clearlyvisible, exhibiting a slow decayin amplitudewith decreasingfrequency. This general
observation appliesto mostacousticalsoundsandsocanbe usefully incorporatedin a prior.
Onesuccessfulimplementationsets¾ ¿ asdiagonalwith diagonalelementsequalto ¼ X �zDÁÀ ,
whereD is thenumberof thepartial, ? is experimentallydetermined( ? ��� is a goodmatch
to many signalswe have analysed),and ¼ X is anunknown scaleparameterthat is sampledin
the MCMC schemewith an invertedgammaprior. This form of covariancematrix assumes
joint prior independenceof all notes,partialsandatoms. While this functionswell in prac-
tice, it maybearguedthatdependenceshouldbemodelledbetweenpartialsandatomswithin
a particularnote. Therearemany waysthis could be achieved andwe leave this asa future
topicof research.As analternativeto thesephysicallybasedpriors,wehavealsoimplemented
with somesuccessthewell knwonG-priorwhichhasbeenfoundto beeffectivein similarcon-
texts (Andrieu andDoucet,1999;Walmsley et al., 1999). A full investigationof the relative
meritsof thesechoicesis againleft asa topicof futurework.

Prior for � and � . Thenumberof partialsis againaninstrument-andrealisation-specific
quantity. Theprecisedistribution canbelearnedfrom trainingexampleswith differentinstru-
ments.Thegeneralfeatureis thataparticularinstrumenthasameannumberof partialswith a
certainspreadaboutthis value. In orderto modelthis, we have adoptedanindependentPois-
sonprior for each 9 � , truncatedto user-specifiedmaximumandminimum limits. Similarly,
thenumberof notes,� , hasa truncatedPoissonprior. Thesearespecifiedvaguelyfor general
musicalextracts,but canbetunedmorepreciselywhena particularinstrumentis known to be
present.

Prior for � . A third key parameteris the vectorof detuningfactors, � , which is aimedat
modelling slight harmonicde-tuningamongthe partials. Its value is expectedto be close
to zero,andherewe assumeno dependencebetweenthe ] parametersof differentpartials,
althoughfor certaininstrumentstheorywould dictatethegeneralform of the ] s (Fletcherand
Rossing,1998). Herea zeromeanindependentGaussianis assumed,with variancë

XÂ , fixed
to asmallvaluein orderto favor smallde-tuningparameters.Thedistributioncanadditionally
be truncatedin orderthatadjacentpartialswithin a singlenotedo not crossover oneanother
in thefrequency domain.

Prior for �O7 . For someinstrumentssuchaspianoor organ,notesaretunedto afixedgrid of
frequencies(onefor eachkey of theinstrument).In otherinstruments,theplayerwill usually
tune notesto be closeto the fixed grid of note frequencies,seee.g. the pitch transcription
of the flute extract in Fig. 3. A convenientand informative prior would thus favour these
fixed frequenciesabove others.Moreover, whenseveralnotesareplayedat thesametime (a
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Figure5: Fluteextract

chord), thereexist simplerelationsbetweenthe fundamentalfrequencies.The prior density
¢8�2��7 « �*����� shouldreflectthisprior information.However, theseconsiderationsonly applyto
tonalWesternmusic,andfor thesake of generalitywe hereadopta uniform prior over some
region of interest,��7¸/ \ 	 min �K	 max_ ; . Again, thereareplenty of interestingpossibilitiesfor
informativepriorsin futureinvestigations.

Remaining parameters. Briefly, regardingthe noise M-� , ¢8��¨ X© � is invertedgammawith pa-
rameters? © andH © , ¢8�2ªa� is zero-meanGaussian,with diagonalcovariancematrix Ã�¥ . ¢ is fixed
in our implementationsthusfar, but wenotethatstandardsamplersarereadilyavailableshould
thisparameterbecomeimportant(Godsill,2001;TroughtonandGodsill,1998;Troughtonand
Godsill,2001;Vermaak,Andrieu,DoucetandGodsill,1999).

Posterior distribution Given the above prior structure,the posteriordistribution may be
computed.In particular, � and ¨ © aremarginalisedusingstandardlinearmodelcomputations
(BernardoandSmith,1994;WestandHarrison,1997)togiveareducedposterior¢8�2�x7¬�¬���.�*���E��ªa�&¨ X© �&¼ « � � .
Full conditionalsarealsoreadily availablefor � , ¨ © , ª and ¼ , owing to the conjugateprior
structureschosen.Thesedistributionsareall employedin thevariabledimensionMCMC al-
gorithmsfor computation,assummarisedin thenext section.

3 Bayesian computations

Thepreciseobjectivesof inferencein thesemodelsis verymuchapplicationdriven.In thecase
of pitchestimation,for example,pointestimateswill typically berequiredfor thefundamental
frequencies��7 . Theposteriordistribution of theseparameterswill alsogivea usefulestimate
of the uncertaintyand multimodality in the posterior. In sourceseparationand instrument
classificationtasks,estimatesandposteriordistributionsof thepartialamplitiudes,thedetuning
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parameters,fundamentalfrequency andnumberof harmonicsarerequiredfor eachnote.There
arehowever potentialpitfalls in makingtheseestimates,astheindividual noteorderingis not
constrainedin our modeland it is quite conceivable that two notesareswappedduring the
MCMC simulation. An orderingby, say, increasingfundamentalfrequency or energy would
helpsomewhat,althoughnoteswappingcouldstill occurwhenlargejumpsin parametervalues
aremade(e.g. a changein fundamentalfrequency by an octave or more). We have avoided
theseambiguitiesin this work by estimatingfunctionalsthat do not dependupon the note
labelling.ThesearecomputedasMonteCarloapproximationsto posteriormeans:

h·��Ä��1� ÅÆÄ+��Ç¸��¢8�nÈ-Ç « � � � #É
Ê
Ë = 

Ä+� Ç ®

Ë ¯ � (9)

where Ç �Ì0¬������7¬���­���4�&�E��ªa�&¼ X �&¨ X© 6 is the collectionof all unknowns in the model, Ä+�n%��
is a given integrablefunction with respectto theposteriorand Í is the samplespacefor the

posteriordistribution.3 Ç ®
Ë ¯

are(possiblydependent)MonteCarlosamplesdrawnfrom ¢½�ÎÇ « � � .
A suitablefamily of functionsto estimatearespectrogram-like representations.Theshort-

timeenergy spectrumof the e th componentin themodelEq. (5) is definedas

Ï c [ Ð¬[ Ñ V [ Ò�[ � ��	±�1�
�
� = 


Ó �
<�= 


j � [ <a[ cÕÔ¦c [ ® <>Ö Â �Z× Ø ¯ U V × � ��	±��F
m � [ <a[ c�Ô¦c [ ® <>Ö Â �Z× Ø ¯ U V × � ��Ù Ú �,	±�

X
(10)

whereÔ¦c [ UÜÛ �,	±� is theFouriertransformof boc [ � @�B-C ��	¦ÝÞ�.�
The constructionof the spectrogram-like representationconsistsin computingfor e´�

#��&%&%&%G��h andvariousvaluesof 	 in \ !$�K��_
Ï c [ Ð&[ Ñ V [ Ò.[ � ��	±�I�

#É
Ê
Ë = 

Ï c [ ß Ð�àÞáÞâ�[ ßÑ àÞáÞâV [ ß Ò�àãáÞâ�[ ß� àÞáÞâ ��	±� (11)

As statedabove, thesecomputationsrequirethata setof samples0 � ®
Ë ¯

, � ® Ë ¯7 , � ®
Ë ¯

, � ® Ë ¯ , � ® Ë ¯ ,
ª ® Ë ¯ , ¨ X ® Ë ¯© 6 , ä±�å#���%&%&%�� É is availablefrom the posterior¢8�3������7¬���­���4�&�E��ªa�&¨ X© « � � . The re-
versiblejumpMCMC algorithmfor achieving this is summarisedin thefollowing paragraphs.

Thesimulationalgorithmis avariabledimensionMCMC procedure,usingreversiblejumps
to achievemodelspacemovesfor boththenumberof harmonicsin eachnoteandthenumberof
notes.OtherparametersareupdatedusingMetropolis-withinGibbssamplingmovesfor non-
standardconditionalsandGibbssamplingwheretheconditionalsarestandard.Theposterior
distribution in thisproblemis highly multimodalandstronglypeaked.This is partlyasaresult
of ambiguitiesinherentin themodel,andimpliesthattheMCMC algorithmshave to becare-
fully constructedin orderto avoid gettingstuckin local trapsof thedistribution. In factmuch
of theinnovativework in thisprojecthasbeenconcernedwith generationof effectiveproposal
distributions for fast explorationof the parameterspace. As well asstandardrandomwalk
moves,theseincludeindependenceproposalsbaseduponthesampleautocorrelationfunction
andspectrumof the data,andoctave/fifth-jumpingmovesaimedat moving rapidly between
localmaxima(thesemovesupdatethenumberof partialsaswell, preservingthespectralstruc-
ture, andthis leadsto improved acceptancerates). The reversiblejump proposalsallow for
severalpartialsto beadded/removedat oncefrom a note,andnotesmaybesplit andmerged
in meaningfulways.Full detailscanbefoundin (Davy andGodsill,2002a).

3The integral p wÎæ y over thediscreteparametersshouldbeseenasa discretesumover all thepossiblevalues
of thesediscreteparameters.
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4 Simulation results

Resultsarepresentedbasedon two implementations.Thefirst is a full implementationof the
modelsasdescribedin thepaperwith detunedpartialsandunknown numbersof partials 9 �
andnumberof notes � . The full detailsof this samplercanbe found in (Davy andGodsill,
2002a).This first sampleris usedto demonstratetheeffectivenessof themodelin analysising
shortdatasetscontainingisolatednotesandchords.Thesecondsampleris areducedversionof
thefirst, in which thepartialsarenot detuned(i.e. � is fixedto zero),andthenumberof notes
� is specifieda priori (but 9 � is sampledusinga reversiblejump procedure).As a result,
thoughlessrobustandgeneral,thesecondsamplertakesfar lesscomputationaltime,bothper
iterationandin termsof numberof iterationsto convergence.It is thususedfor a rapidframe-
basedanalysisof long datasetscontainingmany differentpitchesandnotetransitions.In this
way we hopeto demonstrateboth thepotentialof the full modelandalsothepossibilitiesof
realisticanalysisfor longmonophonicandpolyphonicmusicalextracts.

4.1 Full sampler

Thefirst exampleis a 2-notemixtureof a saxophoneandtrumpet,playingwith fundamental
frequenciesç�è�é Hz (F) and ê��-ç Hz (C), assumingA440 Hz tuning. This shortextractis taken
from example‘Commit’ at 2.5s,seereducedsamplersection.Note that thenumberof notes,
aswell asthenumberof partialsfor eachnoteswereunspecifiedfor theMCMC simulations.
After fitting themodelwith MCMC to thedata,thefitting erroris almostperfectwhenviewed
in the time domain. Figure6 displaysthe spectraof the two estimatednotesaswell as the
spectrumof the error signal. As canbe seen,both the numberof notesand the numberof
partialswereaccuratelyestimated(notehoweverthatthe10thpartialof thenoteF wasmissed,
but thishadnomajorconsequencefor theinference).In addition,thefundamentalfrequencies
arecorrectlyestimated.

We have alsoplottedthe spectrogram-like representationof the estimatednotes,seeFig-
ure 7. As canbe seen,thenotesarevery concentratedaroundthe ’true frequencies’ç�è�é Hz,
and ê-��ç Hz, which shows that the posteriordistribution is well concentratedaroundthe true
frequency values. Moreover, the spectrogramof the original datahasalso beencomputed
(for equalcomparison,we usedbdc [ � aswindowing functionwith 50%overlap). The frequen-
ciesandamplitudesof the line componentsin thetwo representationsarevery similar, which
demonstratesagainthe accuracy of the approach.An audioanimationof the MCMC proce-
dureduringconvergencecanbelistenedto athttp://www-sigproc.eng.cam.a c.uk/
˜md283/harmonic.html .

4.2 Reduced sampler

The reducedsampleris applied frame-wiseto the data,as in the restorationprocessingof
(Godsill andRayner, 1998b).Thewaveformwasarbitrarily segmentedinto blocksof duration
0.1swith 50%overlapandthereducedMCMC samplerappliedin turn to eachblock. First a
shortsolo flute extract consideredhereis the openingof Debussy’s Syrinx, downsampledto
a 22050Hz samplingrate. This is monophonicthroughoutandhenceprocessedwith � �ë#
throughout.Thepitch estimatesobtainedareshown in Fig. 3, correspondingto thewaveform
andspectrogramin thefiguresaboveit. Estimatedpitchesareplottedlogarithmicallywith grid
lines showing semitonestepsrelative to A440Hz. The estimatedpitch correspondsexactly
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Note1 ( ç-è�é Hz) Note2 ( ê���ç Hz)
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Notes1 and2 Error spectrum
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Figure6: Comparisonof the original spectrumwith MCMC-estimatedspectra. In order to
improveclarity, theoriginal spectrum(top graphin eachpanel)hasbeentranslatedby adding
50dBto its amplitudein thefour panels.(Top row) Estimatedspectraof theindividual notes.
(Bottom Left) Spectrumof notes1 and 2 superimposed.(Bottom Right) Spectrumof the
residualerror.

to a manualtranscriptionof the recordingwith the exceptionof the brief low G around12s.
Closelisteningaround12sshows that the flute playsa low distortionundertonein addition
to the scoredpitch at this point, andthe algorithmis clearly modelling this undertone.The
‘drop-out’ between9sand10scorrespondsto a shortperiodof silence.Informal examination
of spectrogramsindicatesthat the reversiblejump algorithmfor determiningthe numberof
harmonicsis verysuccessful.Thisdemonstratesthehighreliability andaccuracy of themodels
for monophonicpitch estimation. Next the example ‘Commit’ (seefull samplerabove) is
processedin its entirity. Therearetwo notesplayingthroughout,so �ì��� is used.Figure8
displaysthepitch estimationresultsfor the extract. Note that thenumberof notesis known,
and was provided for inference. Comparisonwith groundtruth shows the pitch estimation
accuracy in thepresenceof polyphonicmusic.
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Spectrogram-like representation Truespectrogram
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Figure 7: (Left) Spectrogram-like representationinferred from the MCMC samplesusing
Equation(11). (Right) Spectrogramof theoriginal time series,computedusingthewindows
boc [ � .

5 Discussion

We have presentedrather limited resultshere. The methodshave in fact beentestedon a
rangeof real audiomaterialand found to be robust provided that thereareno more than 3
notesplayingsimultaneously, in which caseambiguitiescancauseerrorsin the fundamental
frequency estimation. This result is similar to thosereportedby other authorsusing other
techniques,suchas(VirtanenandKlapuri, 2001;Kashinoet al., 1995). However, theseother
methodsintegratecontextual informationor morespecificinstrument-basedknowledgeinto
theprocessing,while wehavespecifiedprior distributionsat averygenericlevel andhavenot
integratedtemporalinformationfrom surroundingdataor therelationshipsthatexist between
notesat a particulartime. Theseaspectscanall beencodedwithin a Bayesianframework and
we anticipatethat future incorporationof ideassuchas theseinto our problemwill lead to

Groundtruth Pitchestimation

1 2 3 4 5 6 7 8 9 10 11
C# 

D

D# 

E

F

F#

G

G# 

A    

F

F#

G 

G#

A 440

A#

B 

C

C# 

PSfragreplacements

P
itc

h

Time(s)
1 2 3 4 5 6 7 8 9 10 11

C# 

D

D# 

E

F

F#

G

G# 

A    

F

F#

G 

G#

A 440

A#

B 

C

C# 

PSfragreplacements

P
itc

h

Time(s)

Figure8: Groundtruth (manualtranscription)andpitchextractionfor Commitextract,assum-
ing A440Hz tuning.
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significantenhancementsin performance.Computationremainsa concern,however, as the
distributionsinvolvedarehighly multimodalandintractableto moreefficientanalysis.
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