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Setting.—In our work, we consider independently administered copies of tests performed by a
subject Alice on a subject Bob. We demonstrate that correlated strategies in quantum information
theoretic variants of these tests can exhibit striking non-classical characteristics.

The interactions between Alice and Bob that we consider have the following simple form:

1. Alice prepares a question and sends it to Bob.
2. Bob responds by sending an answer to Alice.

3. Based on Bob’s answer, as well as whatever memory she has of her own question, Alice decides
whether Bob has passed or failed the test.

The restriction to two outcomes is not an inherent limitation of the setting under considera-
tion, but it will serve to illustrate the differences between the classical and quantum settings that
represent the main point of our work. For a fixed choice of a test, we will let p denote the optimal
probability of passing for Bob.

In the classical case, classical information is sent between Alice and Bob, and their behaviour
can be randomized. In the quantum case, quantum information is sent between Alice and Bob,
possible entangled with other quantum information that they possess. A complete description of
the process by which Alice operates is part of the description of a particular test. We make the
assumption that Bob has access to the description of the test.

We consider the case in which two repetitions of a test occur in parallel, with Alice operating
in them independently from each other. In this situation, first two questions are sent by Alice, and
then two answers are received from Bob. We ask then two natural questions:

1. What is the optimal probability with which Bob passes both tests?
2. What is the optimal probability with which Bob passes at least one of the tests?

If Bob is constrained to answer both tests independently, then the answers to the previous
questions are be p? and 1 — (1 — p)?, respectively. We can then ask whether these are still the
answers when Bob is not constrained anymore to answer the tests independently. Note that it is
not clear how not operating independently might help Bob, since Alice operates independently in
both tests.

Results.—Using an interactive measurement model for our tests, we express our questions in the
semidefinite programming framework that originally appeared in [GW07].

In the classical case, the probabilities p? and 1 — (1 — p)? are indeed optimal over all possible
strategies. This follows from the fact that in the classical case the optimal strategy will always be
deterministic. It also follows easily from the semidefinite programming formulation. Note also that
in the classical case, it is still optimal to play independently in the more general case in which a



test is repeated in parallel n times, and Bob is trying to maximize his chance of passing at least k
of those repetitions.

In the quantum case, it is known that p? is indeed the answer to the first question, from results
in [GWO07] and [MS07], obtained in the semidefinite programming framework. We examine how
does the proof from the first question not extend to the second question. We see how, in short, the
reason the proof does not extend corresponds to the replacement of a > constraint by a < constraint
in the dual semidefinite program. Then, we provide a example that shows how 1 — (1 — p)? is not
always the answer to the second question. In particular, we consider a simple test in which we
prove that the value of p is at most cos?(7/8) ~ 0.85 (and indeed, that value is reached for an
optimal strategy). However, when two parallel repetitions of the test are considered, we show that
it is possible for Bob to correlate his answers to both tests so that he always passes at least one of
them. The test in our example is the following one:

1. Alice prepares a pair of qubits (X, Z) in the state % (]00) + |11)), and sends the second qubit
to Bob.

2. Bob applies an arbitrary quantum channel to the qubit Z that he receives, with the output of
the channel being represented by a qubit Y. Bob sends Y to Alice.

3. Alice performs a projective measurement with respect to cos(7/8)|00) + sin(7/8)[11). The
outcome 1 corresponds to Bob passing the test, while the output 0 corresponds to Bob failing
the test.

When only one repetition is considered, it is optimal for Bob to let his channel simply be the
identity. However, when two parallel repetition of the tests are considered, it is optimal for Bob to
let his channel be a controlled phase flip |00) — —|00), |01) — |01), |10) — |10), |11) — |11) on his
two input qubits. This guarantees that at least one of the repetitions is passed (indeed, it is the
case that exactly one of them is passed).

The ability of Bob to correlate two independent tests in the way described in the previous
paragraph can be seen as a perfect form of hedging, as the following (highly fictitious) scenario
illustrates. One individual (Bob) is offered the opportunity to take part in two potentially lucrative
but somewhat risky games of chance, run by another individual (Alice). The two games are
completely independent and identical in nature: for each Bob must put forth $1 million of his own
money to take part, and he has 85% chance to win if he plays optimally. For each game he wins,
Bob receives $3 million (representing a $2 million gain over his initial $1 million investment), while
he receives nothing (and loses his $1 million initial investment) if he loses. A $1 million or greater
loss is to be considered ruin for Bob.

The expected gain from each game is $1,550,000, and the chance for a loss in both, if they are
treated independently, is only 2.25%. Bob, however, is a highly risk-averse person: while he would
enjoy being a millionaire, he cannot accept a 2.25% chance of ruin. Classically speaking, Bob can
do nothing to avoid at least a 2.25% chance of ruin, so he will choose not to play. If the two
games are modeled by quantum information as in our example, however, Bob can be guaranteed a
$1 million return, and can therefore play without fear: an appropriately chosen quantum strategy
allows him to hedge his bets perfectly.

Discussion.—We discover in our work a situation with a counter-intuitive outcome for an interac-
tion between two parties, due to the presence of correlated strategies not possible classically. There
are other settings in which quantum effects that are not possible in the classical world have been
discovered to be possible in an interaction between two parties. However, our setting differs from
some of the best-known such situations, such as the CHSH game [CHSHG9], and the Mermin-Peres
magic squares game [Mermin90, [Peres90]. In our setting, we do not have two parties collaborating



to achieve a non-classical outcome. Instead, we have prover-verifier setting, in which Bob is trying
to convince Alice in order to pass a test.

Our work is also related to the problem of error reduction for certain kinds of quantum interactive
proof systems [BM88, I(GMRR&9]. In this situation, there is a string x known to Alice and Bob, which
might or might not be a member of a language L. We also have a test of the form we consider
in our work, such that whenever € L Bob can pass the test with probability at least a, while
whenever = ¢ L Bob can pass the test with probability at most 5 < «. Assuming Bob is playing
to maximize his chance of passing, Alice can then use the outcome of the test to make a guess
about whether x € L or not. We can see that this will be very easy to do whenever « is close to 1
and S is close to 0. Error reduction corresponds then to obtaining another test with smaller 5 and
larger «. If if was true that it is optimal for Bob to answer independently, that would easily prove
the correctness of a natural strategy to reduce error. In this natural strategy, the new test simply
consists of a number of independent instantiations of the original test. The new test accepts if and
only if some suitably chosen fraction of these independent tests (e.g. O‘—JQFB) lead to acceptance. This
would improve on the more complicated strategy for reducing error in this situation that appears
in [JUWOQ9]. Our result shows that a proof method that uses the optimality of independent answers
for Bob does not work if we want to prove the correctness of the natural strategy to reduce error.

Our work does have potential importance in the setting of cryptography, where certain proto-
cols might very well be abstracted as tests of the sort we have considered. The extent to which
a dishonest individual can attack such protocols by correlating independent executions is an im-
portant security consideration that some would-be cryptographers might fail to consider. Our
results demonstrate that quantum attacks to such protocols may exhibit striking non-classical and
counter-intuitive properties, and should therefore be given very careful consideration.

A version of the work described here that shows the technical aspects is available as arXiv.org
e-Print 1104.1140.
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