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Outline

e Kernels on graphs
@ Motivation
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@ Construction by regularization
@ The diffusion kernel
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@ Applications
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Kernels and RKHS
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Overview

@ Develop versatile algorithms to process and analyze data

@ No hypothesis made regarding the type of data (vectors, strings,
graphs, images, ...)

The approach

@ Develop methods based on pairwise comparisons.

@ By imposing constraints on the pairwise comparison function
(positive definite kernels), we obtain a general framework for
learning from data (optimization in RKHS).

Jean-Philippe Vert (Mines ParisTech) 6 /402



ﬂ Kernels and RKHS
@ Kernels

Kernels Methods
Pattern recognition
Kernel examples

Kernels for biological sequences

Kernels for graphs

Jean-Philippe Vert (Mines ParisTech) 71402



Representation by pairwise comparisons

@ Define a “comparison function”™ K : X' x X — R.

@ Represent a set of ndata points S = {Xy,Xz,...,X,} by the n x n
matrix:
[K]j = K (xi,%;)
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Representation by pairwise comparisons

@ Always a n x n matrix, whatever the nature of data: the same
algorithm will work for any type of data (vectors, strings, ...).

@ Total modularity between the choice of K and the choice of the
algorithm.
@ Poor scalability w.r.t to the dataset size (n?)

@ We will restrict ourselves to a particular class of pairwise
comparison functions.
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Positive Definite (p.d.) Kernels

Definition

A positive definite (p.d.) kernel on the set X is a function
K : X x X — R symmetric:

V(x,x) e X%, K(x,x)=K(X,x),

and which satisfies, for all N € N, (X1,Xz,...,Xy) € XN et
(ay,a,...,an) € RN:

Za,a, (x;,%;) > 0.
1 j=1

=
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Similarity matrices of p.d. kernels

@ Equivalently, a kernel K is p.d. if and only if, for any N € N and
any set of points (X1, Xa, ..., Xy) € XN, the similarity matrix
[K]; == K (xi,X;) is positive semidefinite.

@ Kernel methods are algorithm that take such matrices as input.
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The simplest p.d. kernel

Let X = RY. The function K : X2 — R defined by:

V(x,x)ex? K(xX)=(Xx)

is p.d. (it is often called the linear kernel).
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The simplest p.d. kernel

Lemma

Let X = RY. The function K : X2 — R defined by:

V(x,x)ex? K(xX)=(Xx)

is p.d. (it is often called the linear kernel).

° <X7X/>Rd = <x,7X>Rd ’

N N N
> Zj:1 a;d; <xi7xj>Rd = || Doiiq a@iX; Hid >0
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A more ambitious p.d. kernel

Let X be any set, and ® : X — RY. Then the function K : X% - R
defined as follows is p.d.:

V(x,X) € X% K(xX)={(d(x),®(X))g -
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A more ambitious p.d. kernel

Let X be any set, and ® : X — RY. Then the function K : X% - R
defined as follows is p.d.:

V(x,X) € X% K(xX)={(d(x),®(X))g -

® (®(X),d(X))pa = (®(X'), P (X)ga) ,
o SN SN aa (@ (x), 0 (X))po = | SN, @i (x;) [25>0 .
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Conversely: Kernels as Inner Products

Theorem (Aronszajn, 1950)

K is a p.d. kernel on the set X if and only if there exists a Hilbert space
‘H and a mapping

¢ X —H,

such that, for any x,x" in X':
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In case of ...

@ An inner product on an R-vector space # is a mapping
(f,9) — (f,g), from 72 to R that is bilinear, symmetric and such
that (f,f) > 0 for all f € H\{0}.

@ A vector space endowed with an inner product is called
pre-Hilbert. It is endowed with a norm defined by the inner product

1
as || flla = (f,H)3

@ A Hilbert space is a pre-Hilbert space complete for the norm
defined by the inner product.
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Proof: finite case

@ Suppose X = {Xq,Xp, ..., Xy} is finite of size N.

@ Any p.d. kernel K : X x X — R is entirely defined by the N x N
symmetric positive semidefinite matrix [K]; := K (x;,X;).

@ It can therefore be diagonalized on an orthonormal basis of
eigenvectors (uq, Uo, . . ., Uy), with non-negative eigenvalues
0§)\1 < ---S/\N: i.e.,

N N
K (x;, X)) = Z)\,u,u, ] =D Au(i)u() = (@ (xi) . @ (%)) gw
j 1=
with
VA (i)
$ (X,‘) = . [l
VAnun(f)
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Proof: general case

@ Mercer (1909) for X = [a, b] C R (more generally X compact) and
K continuous.

@ Kolmogorov (1941) for X countable.
@ Aronszajn (1944, 1950) for the general case.
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RKHS Definition

Let X be a set and % C R* be a class of functions forming a (real)
Hilbert space with inner product (., .),,. The function K : X2 — R is
called a reproducing kernel (r.k.) of # if

@ 7 contains all functions of the form

Xe X, Ky:t— K(Xxt).

© Forevery x € X and f € H the reproducing property holds:

f(x) = (f, Kx)y -

If a r.k. exists, then # is called a reproducing kernel Hilbert space
(RKHS).

V.
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An equivalent definition of RKHS

Theorem

The Hilbert space H C R is a RKHS if and only if for any x € X, the
mapping:

is continuous.
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An equivalent definition of RKHS

The Hilbert space H C R is a RKHS if and only if for any x € X, the
mapping:

F: H —R
f —f(x)

is continuous.

Convergence in a RKHS implies pointwise convergence, i.e., if (fr) ,cn
converges to fin H, then (f, (X)), CONverges to f(x) for any x € X.
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Proof

If 4 is a RKHS then f — f(x) is continuous
If a r.k. K exists, then for any (x,f) € X x H:

[FOO) | = [(f, Kx)y |
< || f |2l Kx |% (Cauchy-Schwarz)
1
< [[Fll-K (x,%)2

because || Kx ||, = (Kx, Kx)3, = K (X,X). Therefore f € H — f(x) € R
is a continuous linear mapping. O
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Proof (Converse)

If f— f(x) is continuous then H is a RKHS

Conversely, let us assume that for any x € X" the linear form

f € H — f(x) is continuous.

Then by Riesz representation theorem there (general property of
Hilbert spaces) there exists a unique gx € H such that:

F(x) = (f, gx)y

The function K (x,y) = gx (y) isthenark. for . O
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Unicity of r.k. and RKHS

@ If H is a RKHS, then it has a unique r.k.
@ Conversely, a function K can be the r.k. of at most one RKHS.
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Unicity of r.k. and RKHS

@ If H is a RKHS, then it has a unique r.k.
@ Conversely, a function K can be the r.k. of at most one RKHS.

Consequence

This shows that we can talk of "the" kernel of a RKHS, or "the" RKHS
of a kernel.
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Proof

If a r.k. exists then it is unique
Let K and K’ be two r.k. of a RKHS #. Then for any x € X

I K — K I3 = (K — Kes Kx — Ky
= <Kx - K)é, Kx>,H - <Kx - K)é, K;>H
= Kx (X) — Ky (X) — Kx (x) + Ky (X)
=0.

This shows that Kx = K; as functions, i.e., Kx(y) = Kx(y) for any
y € X. In other words, K=K'. [

Jean-Philippe Vert (Mines ParisTech)
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If a r.k. exists then it is unique
Let K and K’ be two r.k. of a RKHS #. Then for any x € X

I K — K I3 = (K — Kes Kx — Ky
= <Kx - K)é, KX>H - <Kx - K)é, K)é>,}_l
— Ky (X) — K (%) — K () + Ky (x)
=0.

This shows that Kx = K; as functions, i.e., Kx(y) = Kx(y) for any
y € X. In other words, K=K'. [

The RKHS of a r.k. K is unique
Left as exercice.
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An important result

A function K : X x X — Ris p.d. ifand only if it is a r.k.
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Proof

Ark. is p.d.

@ Ark. is symmetric because, for any (X,y) € A?:

K (X,y) = (Kx, Ky),, = (Ky, Kx);, = K(¥,X).
@ ltis p.d. because for any N € N,(X1,Xz,...,Xy) € XN, and

(31732,...,3/\/) ERNZ

N N
Z aia,-K (X,’,Xj) = Z a,-aj <Kx,-7 Kxj>7-[
ij=1 ij=1

N
=1 >_aik I
i=1

>0. O
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Proof

A p.d. kernelis ar.k. (1/4)

@ Let H, be the vector subspace of Rt spanned by the functions
{KX}xeX'
@ Forany f,g € Hop, given by:

m n
f=> aky, g=> bKy,
i=1 j=1

let:

(F,9)y, =Y _ aibjK (Xi,y;) .
ij
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Proof

A p.d. kernel is ar.k. (2/4)
@ (f,9)4, does not depend on the expansion of f and g because:

(F, 90, = D a9 (X)) = >_ bif (y)).
i=1 Jj=1

@ This also shows that (., .);, is a symmetric bilinear form.
@ This also shows that for any x € X and f € Hy:

(f, K, = £ (X) -
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Proof

A p.d. kernel is a r.k. (3/4)
@ K is assumed to be p.d., therefore:

I f11%, _Za,a/ (x;,%;) > 0.
7] 1

In particular Cauchy-Schwarz is valid with (., .);, .
@ By Cauchy-Schwarz we deduce that Vx € X':

1
[£001 = | (F. Ky | < 11 FllzaK (%202 ,

therefore || f |1, =0 = f=0.

@ H, is therefore a pre-Hilbert space endowed with the inner
product (., .)4, -
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Proof

A p.d. kernel is a r.k. (4/4)

@ For any Cauchy sequence (f)n>0 in (7—[0, (., .)HO), we note that:

V(X m,n) € X X N2, | (X) = Fo ()| < [l fm — i l3g K (X, X)2 .

Therefore for any x the sequence (f,(x)),~ is Cauchy in R and
has therefore a limit. N

@ If we add to H, the functions defined as the pointwise limits of
Cauchy sequences, then the space becomes complete and is
therefore a Hilbert space, with K as r.k. (up to a few technicalities,
left as exercice). O

v
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Application: back to Aronzsajn’s theorem

Theorem (Aronszajn, 1950)

K is a p.d. kernel on the set X if and only if there exists a Hilbert space
‘H and a mapping

¢ X —H,
such that, for any x,x" in X':
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Proof of Aronzsajn’s theorem

Proof
@ If Kis p.d. over a set X then it is the r.k. of a Hilbert space
H C RY.
@ Let the mapping ¢ : X — # defined by:

VXe X, o(X)=Kx.
@ By the reproducing property we have:

V(x,y) € X%, (O(X),0(y))y = (Ke, Ky)y = K(xy). O
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6 Kernels and RKHS
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@ Kernels for graphs
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RKHS of the linear kernel

Explicit characterization

@ Let ¥ = R%and K (x,y) = (X,Y)pa be the linear kernel
@ The corresponding RKHS consists of functions:

xe R f(x Za, (Xi, X)ga = (W, X)ga ,

withw = >, ax;.
@ The RKHS is therefore the set of linear forms endowed with the
following inner product:

<f7 g>HK - <W, V>]Rd

when f (x) = w.x and g (x) = V.X.
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RKHS of the linear kernel (cont.)

Kin (X, X') =xTx".

f(x) =w'x,
[RAF = w2
IFlI=2 [iflI=1 [IFI=0.5
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Smoothness functional

A simple inequality

@ By Cauchy-Schwarz we have, for any function f € # and any two
points x, x’ € X:

| F(x)—F(X) | =|(f, Kax — Ki') |
<[ Fllw x [ Kx — Ky [l
= || flly x dk (x,X') .

@ The norm of a function in the RKHS controls how fast the function
varies over X’ with respect to the geometry defined by the kernel
(Lipschitz with constant || f ||%).

Important message

Small norm — slow variations.
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Kernels and RKHS : Summary

@ P.d. kernels can be thought of as inner product after embedding
the data space X in some Hilbert space. As such a p.d. kernel
defines a metric on X'.

@ A realization of this embedding is the RKHS, valid without
restriction on the space X nor on the kernel.

@ The RKHS is a space of functions over X’. The norm of a function
in the RKHS is related to its degree of smoothness w.r.t. the
metric defined by the kernel on X.

@ We will now see some applications of kernels and RKHS in

statistics, before coming back to the problem of choosing (and
eventually designing) the kernel.
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Kernels Methods
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Two theoretical results underpin a family of powerful algorithms for

data analysis using positive definite kernels, collectively known as
kernel methods:

@ The kernel trick, based on the representation of p.d. kernels as
inner products,

@ the representer theorem, based on some properties of the
regularization functional defined by the RKHS norm.
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@ Choosing a p.d. kernel K on a set X amounts to embedding the
data in a Hilbert space: there exists a Hilbert space H and a
mapping ¢ : X — H such that, for all x,x’ € X,

V(x,X) € X% K(x,X)=((x),o (X)), .
@ However this mapping might not be explicitly given, nor convenient
to work with in practice (e.g., large or even infinite dimensions).

@ A solution is to work implicitly in the feature space!
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The kernel trick

Kernel trick

Any algorithm to process finite-dimensional vectors that can be
expressed only in terms of pairwise inner products can be applied to
potentially infinite-dimensional vectors in the feature space of a p.d.
kernel by replacing each inner product evaluation by a kernel
evaluation.

v

Remark

@ The proof of this proposition is trivial, because the kernel is exactly
the inner product in the feature space.

@ This trick has huge practical applications.

@ Vectors in the feature space are only manipulated implicitly,
through pairwise inner products.

Jean-Philippe Vert (Mines ParisTech) 42 /402



Example 1: computing distances in the feature space

d (X1,%2)° = || & (%1) — D (x2) |13,

= (®(X1) =P (X2), P (X1) — P (X2))y

= (P (X1), P (X1))g + (P (X2), P (X2))g, — 2(P (X1), P (X2))5,
dk(X1,%2)? = K(X1,X1) 4+ K(X2,X2) — 2K(X1, X2)
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Distance for the Gaussian kernel

@ The Gaussian kernel with
bandwidth o on RY is:

_lix-y|?

Kx,y)=e 2°,
@ K(x,x)=1=|®(x) |, soall R
points are on the unit sphere in e ]
the feature space. 2z °]
@ The distance between the T
images of two points x and y in -

the feature space is given by: 3 1 . : . .

_lx=yy2
dk (x,y) = \/2 [1 —e 22 ] lx=yli

v
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Example 2: distance between a point and a set

Problem

@ LetS = (x4, -+ ,Xp) be afinite set of points in X'.

@ How to define and compute the similarity between any point x in X
and the set S?
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Example 2: distance between a point and a set

Problem

@ LetS = (x4, - ,Xp) be afinite set of points in X.

@ How to define and compute the similarity between any point x in X
and the set S?

@ Map all points to the feature space
@ Summarize S by the barycenter of the points:

1 n
m._niz;cb(x,-).

@ Define the distance between x and S by:

di (X, 8) = [| @ (X) = m|l3 .
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Computation

Kernel trick

e (%,8) = | @ (x) ~ = 3" 0(xi) |
i=1

— J K(x,X) — %Z K(x, ;) + % > KX, x)).

i=1 i=1 j=1
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@ The barycentre m only exists in the feature space in general: it
does not necessarily have a pre-image X, such that ¢ (x,) = m.

@ The distance obtained is a Hilbert metric (e.g., Pythagoras
theorem holds etc..)
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1D illustration

e $={2,3}
@ Plot f(x) = d(x,S)

d(x8)_

k(x,y) = xy.

(linear)

Jean-Philippe Vert (Mines ParisTech)

d(x.s).

_(x—y)?

k(x,y)=e€e 272 .

with o = 1.

d(x.s).

(x—y)?

k(x,y)=e€e 27 .

with o = 0.2.
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2D illustration

e S={(1,1),(1,2),(2,2)}
@ Plot f(x) = d(x,S) J

(x—y)? (x=y)

k(x,y) = xy. k(x,y)=e 22 . k(x,y)=¢e" 22

(linear) with o = 1. with ¢ = 0.2.
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Application in discrimination

° S ={(1,1),(1,2)} and S, = {(1,3),(2,2)"}
@ Plot f(x) = d (x,51)% — d (X, S5)? J

Jj \\Z t Q
I=—— ,, \ (©)
/\ NS ©
K _ _ (x=y)? _xy)?
(x,y) = xy. k(x,y)=€ 22 . k(x,y)=e 27 .
(linear) with o = 1. with o = 0.2.
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Example 3: Centering data in the feature space

Problem

@ LetS = (x4, -+ ,Xp) be afinite set of points in A endowed with a
p.d. kernel K. Let G be their n x n Gram matrix: G;; = K (x;,X;) .

@ Letm=1/n>", ®(x;) their barycenter, and u; = ® (x;) — m for
i=1,...,nbe centered data in H.

@ How to compute the centered Gram matrix Gf; = (uj, Uf>H?

()
I
[ )

‘ \
| \
o3
\\. N o
N \
[}
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Computation

Kernel trick

@ A direct computation gives, for 0 < i,j < n:
G = (®(x;) — m, & (x;) — m>H
= (®(x;),® (x,-)>H —(m, o (x;) + ¢ (x/-)>,H + (m, m)y,
1 n

:Gi,j—EZ(le‘f‘G/k 2ZGkI

k=1 k=1

@ This can be rewritten in matricial form:

G°=G-UG-GU+UGU=(I-U)G(I-U),

where U;j =1/nfor1 <i,j<n.
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Kernel trick Summary

@ The kernel trick is a trivial statement with important applications.
@ It can be used to obtain nonlinear versions of well-known linear
algorithms, e.g., by replacing the classical inner product by a

Gaussian kernel.

@ It can be used to apply classical algorithms to non vectorial data
(e.g., strings, graphs) by again replacing the classical inner
product by a valid kernel for the data.

@ It allows in some cases to embed the initial space to a larger
feature space and involve points in the feature space with no
pre-image (e.g., barycenter).
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ﬂ Kernels and RKHS

@ Kernels Methods

@ The representer theorem

Q Pattern recognition
@ Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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The Theorem

Representer Theorem

@ Let X be a set endowed with a p.d. kernel K, Hy the
corresponding RKHS, and § = {xy,--- ,X,} C X afinite set of
points in X.

@ Let W : R™' — R be a function of n+ 1 variables, strictly
increasing with respect to the last variable.

@ Then, any solution to the optimization problem:

min W (F (), F () [ F ) - (1)

admits a representation of the form:

VxeX, f(X)=> aK(x;X). (2)
i=1
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Proof (1/2)

@ Let ¢(f,S) be the functional that is minimized in the statement of
the representer theorem, and % the linear span in Hy of the
vectors Ky, i.e.,

HS:{fGHKf Za,K(x,, (g, - ,n)eR”}.

e 7 finite-dimensional subspace, therefore any function f € Hg
can be uniquely decomposed as:

f=fs+1L,

with fs € ’Hﬁ and f; L Hﬁ (by orthogonal projection).
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Proof (2/2)

@ Hk being a RKHS it holds that:
Vi=1,---.,n, f(x;)={(fL,K(Xj,.))n, =0,
because K (x;,.) € Hg, therefore:
Vi=1,---,n  f(x;)="fs(x;) .
@ Pythagoras’ theorem in Hy then shows that:
1 15 = 1 s 1By + 11 £ 15 -

@ As a consequence, & (f,S) > ¢ (fs,S) , with equality if and only if
| £ 13, = 0. The minimum of W is therefore necessarily in 3.
O
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Remarks

Practical and theoretical consequences
Often the function W has the form:

\U(f(X1),-'- ,f(Xn),HfHHK):C(f(X‘]),-” ’f(xn))"i_)‘Q(HfHHK)

where ¢(.) measures the “fit” of f to a given problem (regression,
classification, dimension reduction, ...) and Q is strictly increasing.
This formulation has two important consequences:

@ Theoretically, the minimization will enforce the norm | f ||, to be
“small”, which can be beneficial by ensuring a sufficient level of
smoothness for the solution (regularization effect).

@ Practically, we know by the representer theorem that the solution
lives in a subspace of dimension n, which can lead to efficient
algorithms although the RKHS itself can be of infinite dimension.

4
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Remarks

Dual interpretations of kernel methods

Most kernel methods have two complementary interpretations:

@ A geometric interpretation in the feature space, thanks to the
kernel trick. Even when the feature space is “large”, most kernel
methods work in the linear span of the embeddings of the points
available.

@ A functional interpretation, often as an optimization problem over
(subsets of) the RKHS associated to the kernel.
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ﬂ Kernels and RKHS

@ Kernels Methods

@ Kernel PCA

Q Pattern recognition
@ Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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Principal Component Analysis (PCA)

Classical setting

@ Let S = {xq,...,X,} be a set of vectors (x; € RY)

@ PCA is a classical algorithm in multivariate statistics to define a
set of orthogonal directions that capture the maximum variance

@ Applications: low-dimensional representation of high-dimensional
points, visualization
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Principal Component Analysis (PCA)

Formalization

@ Assume that the data are centered (otherwise center them as
preprocessing), i.e.:
n
Z x; = 0.
i=1

@ The orthogonal projection onto a direction w € R is the function
hw : X — R defined by:
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Principal Component Analysis (PCA)

Formalization

@ The empirical variance captured by hy is:

(x/ w)®

[wi

5 1 1¢
var (hw) = — > hw (%) = 772
= i

@ The i-th principal direction w; (i =1, ..., d) defined by:

w; = argmax var(hw).
wL{wy, .., w1}
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Principal Component Analysis (PCA)

@ Let X be the n x d data matrix whose rows are the vectors
X1, ..., Xn. We can then write:

n

1 5 (x/w)®  1wTXTXw
n w2~ n wiw

var (hw) =

i=1
@ The solutions of:
1wl XT Xw

W, = argmax -— T
WJ-{wh'“awI'—‘]}n L

are the successive eigenvectors of C = X' X, ranked by
decreasing eigenvalues.
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Functional point of view

@ Let K(x,y) = x"y be the linear kernel.
@ The associated RKHS # is the set of linear functions:

fw(X) =w'x,

endowed with the norm || fw ||% = || W ||ga-
@ Therefore we can write:

n (XTW)2

. 1
var (hw) = — >
i=

@ Moreover,w 1. W &< fiy L fy.
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Functional point of view

@ In other words, PCA solves, fori=1,...,d:

1 n
f,= argmax —— > f(x)%
= Framax S ) )

@ We can apply the representer theorem (exercice: check that is is
also valid in a linear subspace): fori =1,...,d, we have:

n
VXeX, fi(x)=> ajK(x;,X),
j=1

. T
with o = (Oz,"1, 500 ,Oé,"n) e R
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Functional point of view

@ Therefore we have:
d
1105 = D cikeisk (X, %) = af Key,
k=1
@ Similarly:

n
Z f; (Xk)2 = O{,—-era,'.
k=1
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Functional point of view

PCA maximizes in o the function:

a' Ko

o = adrfgmaxX————
! ga na"Ka’

under the constraints:

aKaj=0 forj=1,....i—1.
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@ Let (ey,...,en) be an orthonormal basis of eigenvectors of K with
eigenvalues A\ > ... > A\, > 0.

@ Leta; = 27:1 ﬁ,-,-e,-, then

T no 242
Q; K2a > :j—1 BijA;

i n AR

na) Kay  nj ; 16,-]-)\/

which is maximized at ay = 51161, an = fonés, €tc...
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Normalization

@ For «; = Bje;, we want:
1= 615 =af Kaj=5);.

@ Therefore:
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Kernel PCA: summary

@ Center the Gram matrix
@ Compute the first eigenvectors (e;, \;)
© Normalize the eigenvectors a; = e/

© The projections of the points onto the i-th eigenvector is given by
Kaj
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Kernel PCA: remarks

@ In this formulation, we must diagonalize the centered kernel Gram
matrix, instead of the covariance matrix in the classical setting

@ Exercice: check that X" X and XX have the same spectrum (up
to 0 eigenvalues) and that the eigenvectors are related by a
simple relationship.

@ This formulation remains valid for any p.d. kernel: this is kernel
PCA

@ Applications: nonlinear PCA with nonlinear kernels for vectors,
PCA of non-vector objects (strings, graphs..) with specific
kernels...
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A set of 74 human tRNA
sequences is analyzed
%&ﬁ using a kernel for
+F sequences (the
S o T e second-order marginalized
* oy, kernel based on SCFG).
o o PC1 This set of tRNAs contains
three classes, called
8 $8%0 Ala-AGC (white circles),
Asn-GTT (black circles) and
o Cys-GCA (plus symbols)
(from Tsuda et al., 2003).

PC2

v
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ﬂ Kernels and RKHS

@ Kernels Methods

@ Kernel ridge regression
Q Pattern recognition
@ Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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Regression

@ LetS = {x4,...,X,} € X" be a set of points
@ Let {y1,...,¥n} € R" be real numbers attached to the points
@ Regression = find a function f : X — R to predict y by f (x)

4

3

2
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Least-square regression

@ Let us quantify the error if f predicts f (x) instead of y by:

V(f(x),y)=(y—f(x).

@ Fix a set of functions H
@ Least-square regression amounts to solve:

n

N 1 5
f =argmin— yi — F(X;
gm n;(, (%)

@ Issues: unstable (especially in large dimensions), overfitting if # is
too “large”

v
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Regularized least-square

@ Let us take H = Hy, the RKHS associated to a p.d. kernel k on X
@ Let us regularize the functional to be minimized by:

n

~ 1
f = argmin— Z (vi — F))2 + A F 2,
fer, N i—1

@ 1st effect = prevent overfitting by penalizing the non-smooth
functions
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Representation of the solution

@ By the representer theorem, any solution of:

; 1L
f=argmin_ " (y; — f(xi)* + Al |3,
fer, M55

can be expanded as:

n
? = ZO&,’K (X,‘,X) .
i=1

@ 2nd effect = simplify the solution
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Dual formulation

0 Leta = (a1,...7ozn)T e R,
@ Let K be the n x n Gram matrix: Kj; = K (X;, X;) .
@ We can then write:

~ 5 T
(Fox), o F o)) = K
@ The following holds as usual:

Z2 T
1712, = aKe
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Dual formulation

@ The problem is therefore equivalent to:

arg min-~ (Ka —y)" (Ka—y) + Aa' Ka.
aern N

@ This is a convex and differentiable function of . Its minimum can
therefore be found by setting the gradient in « to zero:

0= %K(Ka—y)—i—Z)\Ka
=K[(K+Anl)a—y]
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Dual formulation

@ K being a symmetric matrix, it can be diagonalized in an
orthonormal basis and Ker(K) L Im(K).

@ In this basis we see that (K + An/)~" leaves Im(K) and Ker(K)
invariant.

@ The problem is therefore equivalent to:
(K+ Anl)a — y € Ker(K)
sa—(K+An)"y e Ker(K)
sa = (K+ )"y +e with Ke=0.
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Kernel ridge regression

@ However, if o' = o + € with Ke = 0, then:
If =113, =(a—a) K(a-a')=0,

therefore f = f'.
@ One solution to the initial problem is therefore:

n
?: ZO&,’K(X,‘,X),
i=1

with
a= K+l y.
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@ The matrix (K + nA/)~" is invertible when X > 0.

@ When A — 0, the method converges towards the solution of the
classical unregularized least-square solution. When A — ~o, the
solution converges to f = 0.

@ In practice the symmetric matrix K + n\l is inverted with specific
algorithms (e.g., Cholevsky decomposition).

@ This method becomes difficult to use when the number of points
becomes large.
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Example

risTech) 84/402
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Kernel methods: Summary

@ The kernel trick allows to extend many linear algorithms to
non-linear settings and to general data (even non-vectorial).

@ The representer theorem shows that that functional optimization
over (subsets of) the RKHS is feasible in practice.

@ We will see next a particularly successful applications of kernel
methods, pattern recognition.
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Pattern recognition
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ﬂ Kernels and RKHS
@ Kernels Methods

e Pattern recognition
@ Pattern recognition

@ Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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Pattern recognition

8,
APPLE < -

?7? 299

@ Input variables x € X
@ Outputy € {—-1,1}.
@ Training set S = {(X1,¥1),...,(Xn,¥n)}-
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Formalization

@ P an (unknown) distribution on X x Y.

@ Observation: S, = (X;, Y;);_1__,1...d. random variables according
to P.

@ Loss function /(f (x),y) € R small when f(x) is a good predictor
for y

o Risk: R(f) = EI(f(X), Y).
@ Estimator ?,, X = ).
@ Goal: small risk R (?,,).

,,,,,
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Large-margin classifiers

@ For pattern recognition Y = {—1,1}
@ Estimate a function f: X — R.
@ The margin of the function f for a pair (x,y) is:

yf (x)

Large margin classifiers

@ Focusing on large margins ensures that f (x) has the same sign
as y and a large absolute value (confidence).

@ Suggests a loss function / (f (x),y) = ¢ (yf(x)), where ¢ : R - R
is non-increasing.
@ Goal: small ¢-risk Ry(f) = E¢ (Y7 (X))
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Empirical risk minimization (ERM)

ERM estimator

@ The empirical ¢-risk is:

RIN = -5 6 (Yif (X))
i=1

@ The ERM estimator on the functional class F is the solution (when
it exists) of: A
fn = argminRy(f) .
feFr

Jean-Philippe Vert (Mines ParisTech) 91 /402



Class capacity

Motivations

@ The ERM principle gives a good solution if A7 (?n> is similar to
Ry (f).

@ This can be ensured if F is not “too large”.

@ We need a measure of the “capacity” of F.

Definition: Rademacher complexity
The Rademacher complexity of a class of functions F is:

2|

where the expectation is over (X;),_; _, and the independent uniform
{#1}-valued (Rademacher) random variables (o;),_;

Rad, (F) = Ex, [sup
feFr

.,n
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Basic learning bounds

@ Suppose ¢ is Lipschitz with constant Ly:
vu, U R, |¢(u)—o()| < Lglu—u].

@ Then on average over the training set (and with high probability)
the ¢-risk of the ERM estimator is closed to the empirical one:

Es [Ff@ (?,,) ~R? (?,,)} < 2L,Rad, (F) .

@ The ¢-risk of the ERM estimator is also close to the smallest
achievable on F (on average and with large probability):

EsR, (f) < Inf Ry(1) + 4LyRady (F) .

v
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ERM in RKHS balls

@ Suppose X is endowed with a p.d. kernel

@ We consider the ball of radius B in the RKHS as function class for
the ERM:

Fp={feH  |fln<B}.

Theorem (capacity control of RKHS balls)

2B\/EK(X, X)
Rad, (Fg) < T .
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Proof (1/2)

Radn (.FB) = Exvg

2B
n

2B
< ==
n

Jean-Philippe Vert (Mines ParisTech)

n

2
EZU,-f(

i=1

sup
_fEfB

o

2 n
<f,n§a,-Kx,>H (RKHS)

sup
_fE]'_B

n
B %ZU’KXI‘ |H] (Cauchy-Schwarz)

n
= —Ex, [\ 1> aiKx, |12,
i=1

n
Exo | Y oioiK (Xi, X;)

ij=1

(Jensen)
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Proof (2/2)

But E, [a,-aj] is 1if i = J, 0 otherwise. Therefore:

N

B n
Rad, (F5) < = |Ex [Z E, [oio;] K (X, X;)

\ ij=1
B n
7 EX Z K(Xi, Xl)
\ 5
2B\/ExK(X, X)

= NG . g

IN
N
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Basic learning bounds in RKHS balls

Corollary

@ Suppose K(X, X) < k2 a.s. (e.g., Gaussian kernel and x = 1).
@ Let the minimum possibe ¢-risk:

R;= _inf  Ry(f).

f measurable

@ Then we directly get for the ERM estimator in Fp:

ER, <?n> 3 R:Z < 8L,xB N {

N int Ry(f) — R;,

fE]‘—B :|
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Choice of B by structural risk minimization

@ The estimation error upper bound 8L,xB/+/n increases (linearly)
with B.

@ The approximation error [inf,efs Ry (f) — R;g] decreases with B.

@ Ideally the choice of B should find a trade-off that minimizes the
upper bound.

@ This is achieved when
8inff€]_-B R¢(f) . _8L¢/€
0B - Jn’
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ERM in practice

Reformulation as penalized minimization

@ We must solve the constrained minimization problem:

{minfefH :—7 27:1 o (y,-f(x,~))

subject to || f||% < B.

@ This is a constrained optimization problem.
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ﬂ Kernels and RKHS
@ Kernels Methods

e Pattern recognition

@ Fundamentals of constrained optimization

@ Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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Optimization problems

@ We consider an equality and inequality constrained optimization
problem over a variable x € X:

minimize  f(x)
subjectto hi(x)=0, i=1,....,m,
gi(x)<0, j=1,...,r,

making no assumption of f, g and h.

@ Let us denote by * the optimal value of the decision function
under the constraints, i.e., f* = f(x*) if the minimum is reached at
a global minimum x*.
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Lagrangian and dual function

The Lagrangian of this problem is the function L : X x R™ x R" — R
defined by:

L(X7>‘a/") = f(X) + ZAihi (X) + Zﬂjgj(x) o

i=1 j=1

Lagrangian dual function

The Lagrange dual function g : R™ x R" — R is:

q(A, p) = inf L0x, A, 1)

Xe

= ;Q/fv (f(x) + Z Aihi (x) + Z u,-g,-(x)) ~
i=1 J=1

4
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Properties of the dual function

@ g is concave in (A, ), even if the original problem is not convex.

@ The dual function yields lower bounds on the optimal value * of
the original problem when p is nonnegative:

g\ p) <, VAERTVueR u>0.
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@ For each x, the function (\, ) — L(x, A, i) is linear, and therefore
both convex and concave in (A, ). The pointwise minimum of
concave functions is concave, therefore g is concave.

@ Let x be any feasible point, i.e., h(x) = 0 and g(x) < 0. Then we
have, for any A and p > 0O:

m r
D Aihi(X)+ ) pigi(x) <0,
i= i=

= L(X,\p)=f(X)+ i Aihi(X) + Xr: pigi(X) < f(x) ,
i=1 i=1

— g =infL(x A < LEA R <A(X), VX. O
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Dual problem

For the (primal) problem:

minimize  f(x)

subjectto h(x)=0, g(x)<0,
the Lagrange dual problem is:

maximize q(\, p)
subjectto x>0,

where q is the (concave) Lagrange dual function and A and p are the
Lagrange multipliers associated to the constraints h(x) = 0 and
g(x) <0.
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Weak duality

@ Let d* the optimal value of the Lagrange dual problem. Each
g(A, n) is an lower bound for f* and by definition d* is the best
lower bound that is obtained. The following weak duality inequality
therefore always hold:

ar < f.

@ This inequality holds when d* or f* are infinite. The difference
d* — f* is called the optimal duality gap of the original problem.

v
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Strong duality

@ We say that strong duality holds if the optimal duality gap is zero,
i.e.:
das=f.

@ If strong duality holds, then the best lower bound that can be
obtained from the Lagrange dual function is tight

@ Strong duality does not hold for general nonlinear problems.
@ |t usually holds for convex problems.

@ Conditions that ensure strong duality for convex problems are
called constraint qualification.
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Slater’s constraint qualification

Strong duality holds for a convex problem:

minimize  f(x)
subjectto g;(x) <0, j=1,...,r,
Ax=b,

if it is strictly feasible, i.e., there exists at least one feasible point that
satisfies:
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@ Slater’s conditions also ensure that the maximum d* (if > —o0) is
attained, i.e., there exists a point (A*, *) with
g\ ) =d = F

@ They can be sharpened. For example, strict feasibility is not
required for affine constraints.

@ There exist many other types of constraint qualifications
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Dual optimal pairs

Suppose that strong duality holds, x* is primal optimal, (\*, x*) is dual
optimal. Then we have:

f(x*) =q (A", ")

= O {f(x) +3 Nh0)+ 3 u}‘gf<x>}

j=1
m r
<)+ ) Ahi(x) + Y prgi(x?)
i=1 j=1

< f(x7)

Hence both inequalities are in fact equalities.
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Complimentary slackness

The first equality shows that:

L(x*,\*,u*) = xienﬂ£" L(x,\*,u")

showing that x* minimizes the Lagrangian at (A\*, ©*). The second
equality shows that:

,Lngj(X*):O, j:1,...,f.

This property is called complementary slackness:
the ith optimal Lagrange multiplier is zero unless the ith constraint is
active at the optimum.
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ﬂ Kernels and RKHS
@ Kernels Methods

e Pattern recognition

@ Large-margin pattern recognition algorithms

@ Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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ERM in practice

Reformulation as penalized minimization

@ We must solve the constrained minimization problem:

{minferH 15 2?21 ¢ (y,f(x,))

subject to || f||% < B.

@ To make this practical we assume that ¢ is convex.

@ The problem is then a convex problem in f for which strong duality
holds. In particular f solves the problem if and only if it solves for
some dual parameter A the unconstrained problem:

Eﬁ{nz‘b (vif ( +A|!fy}

and complimentary slackness holds (A =0 or || f ||, = B).

v
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Optimization in RKHS

@ By the representer theorem, the solution of the unconstrained
problem can be expanded as:

Z aiK xla

@ Plugging into the original problem we obtain the following
unconstrained and convex optimization problem in R":

1 L
c@'}gn{nz;d) (y,-z;ajK(x,',x, ) +)\Za,aj (X;, X } .
1= /=

7] 1

@ This can be implemented using general packages for convex
optimization or specific algorithms (e.g., for SVM).

V.
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Loss function examples

— 1-SVWM
—— 2-SVM
—— Logistic
—— Boosting

phi(u)
00 05 10 15 20 25 30

Method o(u)
Kernel logistic regression log (1 +e7Y)

Support vector machine (1-SVM) | max (1 — u,0)
Support vector machine (2-SVM) | max (1 — u, 0)2
Boosting el
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6 Kernels and RKHS
@ Kernels Methods

e Pattern recognition

@ Support vector machines
e Kernel examples
e Kernels for biological sequences

e Kernels for graphs
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Motivations

Support vector machines (SVM)

@ Historically the first “kernel method” for pattern recognition, still the
most popular.

@ Often stat-of-the-art in performance.
@ One particular choice of loss function (hinge loss).

@ Leads to a sparse solution, i.e., not all points are involved in the
decomposition (compression).

@ Particular algorithm for fast optimization (decomposition by
chunking methods).
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Definitions

1(f(x),y)

yf(x)

1

@ The loss function is the hinge loss:

0 ifu>1,
1 —u otherwise.

¢hinge(U) =max (1 —u,0) = {

@ SVM solve the problem:

'}2[2{ Z¢h|nge y/ _|_>\H f”H} :
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Problem reformulation (1/3)

Slack variables

@ This is a convex optimization problem

@ However the objective function in not differentiable, so we
reformulate the problem with additional slack variables

51""7§HGR:

. 1 —
min {EZ&JrMIfH%},
i=1

feH,E€RN

subject to:

i > dhinge (Yif (X7)) -

Jean-Philippe Vert (Mines ParisTech) 119/ 402



Problem reformulation (2/3)

The objective function is now differentiable in f and ¢;, and we can
rewrite the constraints as a conjunction of linear constraints:

min Z£I+)‘||f||7-[a

fer,Ecrn
subject to:
§i21_yif(xi)7 fori:17"'7n7
& >0, fori=1,...,n.
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Problem reformulation (3/3)

Finite-dimensional expansion
Replacing by

f(x) = Za, (x;,X) ,

the problem can be rewritten as an optimization problem in o and &:

min S+ a Ke,
aeR”SeR”nZ :

subject to:

Vid iy oK (X %) +&—1>0, fori=1,...n,
§ >0, fori=1,...,n.

4
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Solving the problem

@ This is a classical quadratic program (minimization of a convex
quadratic function with linear constraints) for which any
out-of-the-box optimization package can be used.

@ The dimension of the problem and the number of constraints,
however, are 2n where n is the number of points. General-purpose
QP solvers will have difficulties when n exceeds a few thousands.

@ Solving the dual of this problem (also a QP) will be more
convenient and lead to faster algorithms (due to the sparsity of the
final solution).

v
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@ Let us introduce the Lagrange multipliers p € R” and v € R".
@ The Lagrangian of the problem is:

1 n
L(a,ﬁ,u,y) = EZ§I+AQTKQ
i=1
n

- Hi | Vi a] xl7xj +&—1 Vi
Z Z -2

i=1
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Minimizing L (e, &, p,v) W.rt. o

o L(a, &, p,v) is a convex quadratic function in «. It is minimized
when its gradient is null:

VaLl=2\Ka - KYu =K 2 \a - Ypu),
where Y is the diagonal matrix with entries Y;; =y;.
@ Solving VL = 0 leads to

Yp
S on
with Ke = 0. But € does not change f (same as kernel ridge
regression), so we can choose for example e = 0 and:

aj (p,v) = yzilj\i, fori=1,...,n.

v
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Minimizing L (e, &, p,v) w.rt. €

® L (o, &, p,v)is alinear function in &.
@ lts minimum is —oo except when VgL =0,i.e.:

oL 1

8_&—5_/“_%:0-
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Dual function

@ We therefore obtain the Lagrange dual function:

q(p,v)= inf  L(c,& p,v)
aeRmEcRn
_ ST Bi— 2% STt Yivipit K (%i %;) - if i+ v = 1 for all J,
—00 otherwise.

@ The dual problem is:

maximize q(u,v)
subjectto p©>0,v>0.
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Dual problem

@ If u; > 1/nfor some i, then there is no v; > 0 such that
wi+vi=1/n,hence q(p,v) = —occ.

@ If 0 < p; <1/nforall i, then the dual function takes finite values
that depend only on p by taking v; = 1/n — p;.

@ The dual problem is therefore equivalent to:

max (x;, X
0<,u<1/nZM' 4\ I;VV/M/M/ i) -
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Back to the primal

@ Once the dual problem is solved in i we get a solution of the
primal problem by o = Y /2.

@ We can therefore directly plug this into the dual problem to obtain
the QP that @ must solve:

n
max ZZa;y,-—Za,oz/ X,,X/ f2a y— a'Ka,
I'f

QacRd
ij=1

subject to:

0<y,a,_2)\ , fori=1,....n.
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Karush-Kuhn-Tucker (KKT) conditions

@ The KKT optimality conditions are, fori=1,...,n:

wi [yif (x;) + & — 1] =0,
vi§i =0,

@ In terms of « this can be rewritten as:

ailyif (x;) + & —1] =0,
(@i = 245) & =0.
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Analysis of KKT conditions

{ai if (x;) +& —1] =0,

(@i = 245) & = 0.

@ If o; = 0, then the second constraint is active: £ = 0. This implies
y,-f(x,-) > 1.

0 If0<yja; < 2177 then both constraints are active: & = 0 et
yif (X;) + & — 1 = 0. This implies y;f (x;) = 1.

@ If aj = =, then the second constraint is not active (£; > 0) while
the first one is active: y;f (x;) + & = 1. This implies y;f (x;) < 1
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Geometric interpretation
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Geometric interpretation
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Geometric interpretation
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-
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Support vectors

Consequence of KKT conditions

@ The training points with «; # 0 are called support vectors.

@ Only support vectors are important for the classification of new
points:

VX e X, Za, (X, X) = ) aiK (X}, X)

ieSV

where SV is the set of support vectors.

Consequences

@ The solution is sparse in a, leading to fast algorithms for training
(use of decomposition methods).

@ The classification of a new point only involves kernel evaluations
with support vectors (fast).
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Remark: C-SVM

@ Often the SVM optimization problem is written in terms of a
regularization parameter C instead of \ as follows:

arg mm—” fl3, + CZ Vhinge (f (Xi) , Vi) -
i=1

e This is equivalent to our formulation with C = 5.
@ The SVM optimization problem is then:

n
max 2 "oy — Za,a] (x,X;)
i—1

oeR?
i,j=1

subject to:
0<yjaj<C, fori=1,...,n.

@ This formulation is often called C-SVM.

4
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Remark: 2-SVM

@ A variant of the SVM, sometimes called 2-SVM, is obtained by
replacing the hinge loss by the square hinge loss:

rfT;I?I_’Z {n Z¢h|nge (yif ( ) + A fHH} :

@ After some computation (left as exercice) we find that the dual
problem of the 2-SVM is:

max 2a'y —a' (K + n\)
oaeR?

subject to:
0<yj, fori=1,....n.

@ This is therefore equivalent to the previous SVM with the kernel
K+ nAland C = +

<
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Kernel methods: Summary

@ The kernel trick allows to extend many linear algorithms to
non-linear settings and to general data (even non-vectorial).

@ The representer theorem shows that that functional optimization
over (subsets of) the RKHS is feasible in practice.

@ The norm in the RKHS can be used as regularization for empirical
risk minimization. This is theoretically justified and leads to
efficient algorithms (often finite-dimensional convex problem).
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Kernel examples
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Introduction

@ The kernel plays a critical role in the performance of kernel
methods.

@ Kernel is the place where prior knowledge about the problem can
be inserted, in particular by controlling the norm of functions in the
RKHS.

@ In this part we provide some intuition about the link between
kernels and smoothness functional through several examples.

@ Subsequent parts will focus on the design of kernels for particular
types of data.
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition

@ Kernel examples
@ Mercer kernels

e Kernels for biological sequences

@ Kernels for graphs
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Mercer kernels

A kernel K on a set X is called a Mercer kernel if:
@ X is a compact metric space (typically, a closed bounded subset
of RY).
Q@ K:X x X — Risacontinuous p.d. kernel (w.r.t. the Borel
topology)

@ We can exhibit an explicit and intuitive feature space for a large
class of p.d. kernels

@ Historically, provided the first proof that a p.d. kernel is an inner
product for non-finite sets " (Mercer, 1905).

@ Can be thought of as the natural generalization of the factorization
of positive semidefinite matrices over infinite spaces.

v
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Sketch of the proof

@ The kernel matrix when X is finite becomes a linear operator
when X is a metric space.

© The matrix was positive semidefinite in the finite case, the linear
operator is self-adjoint and positive in the metric case.

© The spectral theorem states that any compact linear operator
admits a complete orthonormal basis of eigenfunctions, with
non-negative eigenvalues (just like positive semidefinite matrices
can be diagonalized with nonnegative eigenvalues).

© The kernel function can then be expanded over basis of
eigenfunctions as:

K(x,t) = i Mecthi (X) v (1)
k=1

where \; > 0 are the non-negative eigenvalues.
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In case of...

Let H be a Hilbert space
@ A linear operator is a continuous linear mapping from #H to itself.

@ A linear operator L is called compact if, for any bounded sequence
{fn} o4, the sequence {Lf,},~; has a subsequence that
converges.

@ L is called self-adjoint if, for any f, g € H:

(f,Lg) = (Lf,g).

@ L is called positif if it is self-adjoint and, for any f € #:

(f,Lf) > 0.
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An important lemma

The linear operator

@ Let v be any Borel measure on X, and L (X) the Hilbert space of
square integrable functions on X'.

@ For any function K : X2 — R, let the transform:

Ve L5 (X)), (Lkf)( /th dv(t).

If K is a Mercer kernel, then Ly is a compact and bounded linear
operator over Ly (X)), self-adjoint and positif.
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Proof (1/6)

Lk is a mapping from L} (X) to L; (X)
Forany f € L (X) and (x1,X¢) € X2:

| Lxf(X1) — Lxf(x2)| = ‘/(K(x1,t) — K (x2,t)) f () dv (t)‘
<K (x1,:) = K(x2,-) [ £l
(Cauchy-Schwarz)
< ereaXXIK(XM) — K (x2,t) ||| 1.

K being continuous and X compact, K is uniformly continuous,
therefore Lk is continuous. In particular, Lif € L5 (X') (with the slight
abuse of notation C (X') C L3 (X)). O
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Proof (2/6)

@ Linearity is obvious (by definition of Lk and linearity of the
integral).
@ For continuity, we observe that for all f € LY (X) and x € A
(LN =| [ K@ dr)]
< Vv (¥)max| K (x, 1) ||| f]
< vV (X)Ckl -

with Cx = maxyicx | K (X, 1) |. Therefore:

| Lt ] = (/LKf(t)2 du(t>)2 <v(®)Cklf]. O

v
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Proof (3/6)

Criterion for compacity

In order to prove the compacity of Lx we need the following criterion.
Let C(X') denote the set of continuous functions on X endowed with
infinite norm || f ||oc = Maxxex | f (X) .

A set of functions G C C(X) is called equicontinuous if:

Ve > 0,36 >0,V (X,y) € A2,
[x—y|<déd = VgeG,lgx)-g(y)|<e

v

Ascoli Theorem

A part H C C(X) is relatively compact (i.e., its closure is compact) if
and only if it is uniformly bounded and equicontinuous.
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Proof (4/6)

Lk is compact

Let (fn) >0 be a bounded sequence of L3 (X) (|| fn || < M for all n).
The sequence (Lxfp),~q is @ sequence of continuous functions,
uniformly bounded because:

| Lkf |loo < /¥ (X)Ck] f| < /v (X)CkM.

It is equicontinuous because:

| Lxfn (X1) — Lkfa (X2) | < \/V(X)rtrgvx]K(xht) —K((x2,t) | M.

By Ascoli theorem, we can extract a sequence uniformly convergent in
C(X), and therefore in L3 (X). O
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Proof (5/6)

Ly is self-adjoint

K being symmetric, we have for all f,g € H:

(F.Lg) = / () (Lg) (x) v (dx)

_ / / £ (%) g (t) K (%, t) v (dX) v (at) (Fubini)
_Lf.g).
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Proof (6/6)

Ly is positif

We can approximate the integral by finite sums:

(f, Lf) = //f(x (t) K (x,1) v (dx) v (dt)

= lim Vl((f) i; K (xi,%;) f(x;) f (%))

>0,

because K is positive definite. [
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Diagonalization of the operator

We need the following general result:

Spectral theorem

Let L be a compact linear operator on a Hilbert space . Then there
exists in 7 a complete orthonormal system (1, 4>, . . .) of eigenvectors
of L. The eigenvalues (A1, Ao, ...) are real if L is self-adjoint, and
non-negative if L is positive.

This theorem can be applied to Lx. In that case the eigenfunctions ¢
associated to the eigenfunctions A\, # 0 can be considered as
continuous functions, because:

’
= — Ly .
Yk 9 YK
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Main result

Mercer Theorem
Let X be a compact metric space, v a Borel measure on X, and K a
continuous p.d. kernel. Let (A1, A2, ...) denote the nonnegative
eigenvalues of Lx and (v, ¢2, . ..) the corresponding eigenfunctions.
Then all ¢, are continuous functions, and for any x,t € X:

K (x,t) = Z MWk (X) ¥k (1),
p

where the convergence is absolute for each x,t € X', and uniform on
X x X.
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Mercer kernels as inner products

Corollary

The mapping

O X P
x o (Vi)
is well defined, continuous, and satisfies

K(x,t) = (®(x),®(t)p .
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Proof of the corollary

By Mercer theorem we see that for all x € X, >~ Ay (X) converges to
K (x,X) < oo, therefore ¢ (x) € 2.
The continuity of ® results from:

1o () =S (1) 2 =D A (e (%) — vk (1)
pa

= K (x,X) + K (t,t) — 2K (x,1)
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@ This proof extends the proof valid when X’ is finite.
@ This is a constructive proof, developed by Mercer (1905).
@ Compacity and continuity are required.
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RKHS of Mercer kernels

@ Let X be a compact metric space, and K a Mercer kernel on X
(symmetric, continuous and positive definite).

@ We have expressed a decomposition of the kernel in terms of the
eigenfunctions of the linear convolution operator.

@ In some cases this provides an intuitive feature space.
@ The kernel also has a RKHS, like any p.d. kernel.

@ Can we get an intuition of the RKHS norm in terms of the
eigenfunctions and eigenvalues of the convolution operator?
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Reminder: expansion of Mercer kernel

Theorem
Denote by Lk the linear operator of L} (X') defined by:

W € L5 (), (Licf) (x /th (1) dv (b).

Let (A1, A2, ...) denote the eigenvalues of Lk in decreasing order, and
(11,9, ...) the corresponding eigenfunctions. Then it holds that for
any X,y € &:

K(X,Y) = > Mt (X) i () = (@ (X), @ (¥))e s

k=1

with ® : X — [? defined par ® (x) = (vVAkk (X)) oy
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RKHS construction

Assuming that all eigenvalues are positive, the RKHS is the Hilbert
space:

42
HK:{feL” f_Za,¢,, with Zi }
k=1

endowed with the inner product:

(f,9)k = N for f=> " akibk, g =">  brij.
K K

If some eigenvalues are equal to zero, then the result and the proof remain

valid on the subspace spanned by the eigenfunctions with positive
eigenvalues.
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Proof (1/6)

Sketch

In order to show that Hy is the RKHS of the kernel K we need to show
that:

@ itis a Hilbert space of functions from X to R,
Q foranyx € X, K, € Hk,
Q forany x € X and f € Hk, f(x) = (f, Kc)p, -
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Proof (2/6)

Hg is a Hilbert space
Indeed the function:

1
L2 :L5 (X) — Hk

> awi = > a/ i
i=1 i=1

is an isomorphism, therefore H is a Hilbert space, like L (X). O
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Proof (3/6)

Hk is a space of continuous functions

Forany f = "%, ajyi € Hk, and x € X, we have (if f(x) makes
sense):

X)| = i (X (%)
i=1
< (Z a;) .<ZA;wi(x)2>
i=1 ! i=1
= || f |4 K (x, %)

= [ FllHe v/ Cr

Therefore convergence in || . ||, implies uniform convergence for
functions.

v
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Proof (4/6)

Hk is a space of continuous functions (cont.)

Let now f, = "7, aj1); € Hk. The functions v; are continuous
functions, therefore f, is also continuous, for all n. The f,’s are
convergent in Hk, therefore also in the (complete) space of continuous
functions endowed with the uniform norm.

Let f; the continuous limit function. Then f; € LY (X') and

o= e llgey 2, O
On the other hand,

1= falligay < Ml F=Fallme = O,

therefore f = f.. O
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Proof (5/6)

For any x € X let, for all i, a; = \jy; (x). We have:

therefore ¢x := >"7° ajyi € Hk. As seen earlier the convergence in
Hy implies pointwise convergence, therefore for any t € X':

o0

ZA,w, K (x,X) < oo,

>/|\N

X (t) = Z aiwi (t Z /\17/11 X) 1/)1 ) - (X t)
i=1

therefore ¢y = Ky € Hx. O
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Proof (6/6)

f(x) - <f’ KX>HK
Let f =>"7°; aiyi € Hk, et x € X. We have seen that:

Ke =) Aibi (X) ¢,

i=1

therefore:

(K0 = 20 Za,w, (x) = (%),

=il

which concludes the proof. O
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@ Although Hgk was built from the eigenfunctions of Lk, which
depend on the choice of the measure v (x), we know by unicity of
the RKHS that H is independant of v and L.

@ Mercer theorem provides a concrete way to build the RKHS, by
taking linear combinations of the eigenfunctions of Lk (with
adequately chosen weights).

@ The eigenfunctions (v;);.y form an orthogonal basis of the RKHS:

’
Vi

The RKHS is a well-defined ellipsoid with axes given by the
eigenfunctions.

<77/)iij>HK:0 SII#/? Hw/HHK:
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition

@ Kernel examples

@ RKHS and Green functions

e Kernels for biological sequences

@ Kernels for graphs
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@ The RKHS norm is related to the smoothness of functions.

@ Smoothness of a function is naturally quantified by Sobolev norms
(in particular L, norms of derivatives).

@ In this section we make a general link between RKHS and Green
functions defined by differential operators.
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A simple example

Explicit choice of smoothness

Let
H= {f :[0,1] = R, cont., dérivable p.p., f € L2 ([0,1]), f(0) = o} .
This is a Hilbert space, endowed with the inner product:
1
V(.9 e P o= [ (U)g (o

The norm || f|| measures the smoothness of f:

1
1 2
| Fll# = (/o f' (u)? dU) = || 'l 2(go,17)-
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The RKHSs point of view

‘H is a RKHS with r.k. given by:

V(x,y) € X2, K(x,y)=min(x,y).

Remark

Therefore, || f||% = || f'||;2: the RKHS norm is precisely the
smoothness functional defined in the simple example.

| A\
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Proof (1/3)

We need to show that

@ The evaluation functionals f — f(x) are continuous,
@ Vx e [0,1], Kx S Ha
@ V(x,f) €[0,1] x H,(f, Kx)4 = f(X).
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Proof (1/3)

We need to show that

@ The evaluation functionals f — f(x) are continuous,
@ Vx e [0,1], Kx S Ha
@ V(x,f) € [0,1] x H,(f, Kx)y = f(x).

Evaluation functionals are continuous
Forany x € [0,1] and f € H,

f(x) = £ (x) - (0) = /O fuydu < VR Tl O
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Proof (2/3)

Vx € [0,1], Ky € H

Let Ky(y) = K(x,y) = min(x, y) sur [0, 1]2:

K(s,t)

t

s 1
Ky is differentiable except at s, has a square integrable derivative, and
Kx(0) = 0, therefore Ky € H forall x € [0,1]. O
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Proof (3/3)

For all x, 1, (f, Ky),, = f(x)
For any x € [0,1] and f € H we have:

1 X
(F,Kx)y, = /o F(u)K(u)du = /0 (u)du = £(x),

which shows that K is the r.k. associatedto #. O
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Generalization

Theorem

Let X = RY and D a differential operator on a class of functions
such that, endowed with the inner product:

V(f, g) € %27 <f7 g)’H = <Df7 Dg>L2(X)’

it is a Hilbert space.
Then # is a RKHS that admits as r.k. the Green function of the
operator D*D, where D* denotes the adjoint operator of D.
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In case of...

Green functions

Let the differential equation on #:
f=Dg,

where g is unknown. In order to solve it we can look for g of the form:
900~ | Kxpt)ay

for some function k : X2 — R. k must then satisfy, for all x € X,

f(x) = Dg(x) = (Dke. fliz(ay -

k is called the Green function of the operator D.
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Let # be a Hilbert space endowed with the inner product:

<f7 g>X = <Dfa Dg>L2(X) )

and K be the Green function of the operator D*D. For all x € X,
Ky € H because:

<DK)(, DKX)LZ(X) = <D*Dl'()(7 KX>L2(X) = KX (X) < 0.
Moreover, for all f € H and x € X, we have:

f(x) = (D" DK, D i2(xy = (DKx; Df) 12y = (Kx; gy

which shows that H is a RKHS with K asr.k. O
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition

@ Kernel examples

@ Fourier analysis and semigroup kernels
e Kernels for biological sequences

@ Kernels for graphs
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@ Let us suppose that X' is not compact, for example X = RY.
@ In that case, the eigenvalues of:

/ K (%) ¢ (1) = X (1)
X

are not necessarily countable, Mercer theorem does not hold.

@ Fourier transforms provide a convenient extension for translation
invariant kernels, i.e., kernels of the form K(x,y) = k(x — y).

@ Harmonic analysis also bring kernels well beyond vector spaces

(e.g., groups and semigroups), a topic that we will barely touch
upon in this course.
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In case of...

Definition

Let f € L' (RY). The Fourier transform of f, denoted 7 or F [f], the
function defined for all w € RY by:

flw)= /Rd e X“f(x) dx.
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In case of...

° ?iAs complex-valued, continuous, tends to 0 at infinity and
[ Flleee < (I F I
o lffel (Rd), then the inverse Fourier formula holds:

(271r)d /]Rd e*“f (w) dw.

e If f € L' (RY) is square integrable, then Parseval’s formula holds:

/| |dx_(1)d/Rd

Vx eRY,  f(x)=

dw.

5 ‘2

f(w)
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Translation invariant kernels

A kernel K : R x R? — R is called translation invariant (t.i.) if it only
depends on the difference between its argument, i.e.:

V(x,y)eR? K((xy)=r(x—y).

If Kis t.i. and x € L' (R?), then

(21 )d/ ex—Nwg (w) dw
T Rd

_ / i(ngefw(x)efw(—y)dw.
Rd (27)

K(x—y)=

v

Jean-Philippe Vert (Mines ParisTech) 178/ 402



RKHS of translation invariant kernels

Theorem

Let K be a translation invariant p.d. kernel, such that « is integrable on
RY as well as its Fourier transform &. The subset H of L, (RY) that
consists of integrable and continuous functions f such that:

o 2
f(w)(

2 = ! W (0.¢]
1 = (zﬂ)d/Rd e <+,

endowed with the inner product:

(fg) = — / Hw)g (@)

is a RKHS with K as r.k.
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For x € RY, Ky(y) = K(x,y) = r(x — y) therefore:
R (w) = / e Ue(u — X)du = & X fi(w)

This leads to K, € H, because:

S 2
[Rd%g/]gd|’%(w)|<oo,

Moreover, if f € # and x € RY, we have:
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Application: characterization of p.d. t.i. kernels

Theorem (Bochner)

A real-valued function x(x — y) on RY is positive definite if and only if it
is the Fourier transform of a symmetric, positive, and finite Borel
measure.
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Example

Gaussian kernel

corresponds to:

and

o 2 2.2
’H:{f:/‘f(w)‘ e"z‘”dw<oo}.

In particular, all functions in H are infinitely differentiable with all
derivatives in L2.
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Example

Laplace kernel

corresponds to:

/%(w):'yzlwz
and ) 2(72+w2)
H:{f:/)f(w)‘ wa<oo},

the set of functions L? differentiable with derivatives in L? (Sobolev
norm).
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Example

Low-frequency filter

corresponds to:

Rw)=Uw+9Q)-U(w-1Q)

7-[={f:/|w|>ﬂ‘?(w)‘2dw:0},

the set of functions whose spectrum is included in [—£, Q].
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Generalization to semigroups (cf Berg et al., 1983)

@ A semigroup (S, o) is a nonempty set S equipped with an
associative composition o and a neutral element e.
@ A semigroup with involution (S, o, %) is a semigroup (S, o) together
with a mapping = : S — S called involution satisfying:
@ (sot)"=t*os* fors,tc S
Q (s¥)" =sforseS.

| A\

Examples
@ Any group (G, o) is a semigroup with involution when we define
st =s"".
@ Any abelian semigroup (S, +) is a semigroup with involution when
we define s* = s, the identical involution.
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Positive definite functions on semigroups

Definition
Let (S, o, *) be a semigroup with involution. A function ¢ : S — R is
called positive definite if the function:

Vs, te S, K(s,t)=¢(s"otl)

is a p.d. kernel on S.

Example: translation invariant kernels

(Rd, +,—) is an abelian group with involution. A function ¢ : RY - Ris
p.d. if the function

K(x,y) =¢(x—y)
is p.d. on RY (translation invariant kernels).
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Semicharacters

A funtion p : S — C on an abelian semigroup with involution (S, +, *) is
called a semicharacter if

Q p(0) =1,

Q p(s+t)=p(s)p(t) for s, t e S,

Q o(s*)=p(s)forse S.
The set of semicharacters on S is denoted by S*.

Remarks

@ If x is the identity, a semicharacter is automatically real-valued.

@ If (S, +) is an abelian group and s* = —s, a semicharacter has its
values in the circle group {z € C| | z| = 1} and is a group
character. |
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Semicharacters are p.d.

Lemma

Every semicharacter is p.d., in the sense that:

@ K(s,t)=K(t,s),
o Yl agK(x,x) >0

v

Direct from definition, e.qg.,

n n
- adio (xi+x) =Y agip(x)p () 2 0.

ij=1 ij=1

N

@ ¢(t) = et on (R, +, Id).
@ ¢(t) = e“lon (R,+, ).
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Integral representation of p.d. functions

Theorem

Let (S, +, ) an abelian semigroup with involution. A function ¢ : S — R is p.d.
and exponentially bounded (resp. bounded) if and only if it has a
representation of the form:

o(s) = /3 p(s)dlu(p).

where 1. is a Radon measure with compact support on S* (resp. on S, the
set of bounded semicharacters).

v
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Integral representation of p.d. functions

Definition .|
@ An function a : S — R on a semigroup with involution is called an
absolute value if (i) a(e) = 1, (i)a(so t) < a(s)a(t), and (iii)
a(s*) = a(s).

@ A function f : S — R is called exponentially bounded if there exists an
absolute value « and a constant C > 0 s.t. | f(s)| < Ca(s) for s € S.

R

Let (S, +, ) an abelian semigroup with involution. A function ¢ : S — R is p.d.
and exponentially bounded (resp. bounded) if and only if it has a
representation of the form:

¢@:Lf@WW~

where 1. is a Radon measure with compact support on S* (resp. on S, the
set of bounded semicharacters).

<
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Proof

Sketch (details in Berg et al., 1983, Theorem 4.2.5)

@ For an absolute value o, the set P{* of a-bounded p.d. functions
that satisfy ¢(0) = 1 is a compact convex set whose extreme
points are precisely the a-bounded semicharacters.

@ If ¢ is p.d. and exponentially bounded then there exists an
absolute value o such that ¢(0)~'¢ € P§.

@ By the Krein-Milman theorem there exits a Radon probability
measure on P having ¢(0)~'¢ as barycentre.

@ The result is not true without the assumption of exponentially
bounded semicharacters.

@ In the case of abelian groups with s* = —s this reduces to
Bochner’s theorem for discrete abelian groups, cf. Rudin (1962).
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Example 1: (R, +, Id)

Semicharacters

@ S = (R4, +,/d) is an abelian semigroup.

@ Pd. functions are nonnegative, because ¢(x) = ¢ (\/?)2
@ The set of bounded semicharacters is exactly the set of functions:

SERy = pa(s) = €%,
for a € [0, +o0] (left as exercice).

@ Non-bounded semicharacters are more difficult to characterize; in
fact there exist nonmeasurable solutions of the equation
h(x +y) = h(x)h(y).
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Example 1: (R., +, Id) (cont.)

Pd. functions

@ By the integral representation theorem for bounded
semi-characters we obtain that a function ¢ : R, — R is p.d. and
bounded if and only if it has the form:

os) = [ e (@) + byl
where € M? (Ry) and b > 0.

@ The first term is the Laplace transform of u. ¢ is p.d., bounded and
continuous iff it is the Laplace transform of a measure in M2 (R).

V.
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Example 2: Semigroup kernels for finite measures

(1/6)

Setting

@ We assume that data to be processed are “bags-of-points”, i.e.,
sets of points (with repeats) of a space U.

@ Example : a finite-length string as a set of k-mers.

@ How to define a p.d. kernel between any two bags that only
depends on the union of the bags?

@ See details and proofs in Cuturi et al. (2005).
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Example 2: Semigroup kernels for finite measures

(2/6)

Semigroup of bounded measures

@ We can represent any bag-of-point x as a finite measure on /:
X =Y apdy,
i

where a; is the number of occurrences on Xx; in the bag.

@ The measure that represents the union of two bags is the sum of
the measures that represent each individual bag.

@ This suggests to look at the semigroup (M2~ (/). +, Id) of
bounded Radon measures on U/ and to search for p.d. functions ¢
on this semigroup.
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Example 2: Semigroup kernels for finite measures
(3/6)

Semicharacters

@ For any Borel measurable function f : &/ — R the function
pf: M2 (U) — R defined by:

pi(p) = el

is a semicharacter on (M2 (1), +).

@ Conversely, p is continuous semicharacter (for the topology of
weak convergence) if and only if there exists a continuous function
f:U — R such that p = py.

@ No such characterization for non-continuous characters, even
bounded.
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Example 2: Semigroup kernels for finite measures
(4/6)

Corollary

Let U/ be a Hausdorff space. For any Radon measure € MS (C (U))
with compact support on the Hausdorff space of continuous
real-valued functions on &/ endowed with the topology of pointwise
convergence, the following function K is a continuous p.d. kernel on
MP (1) (endowed with the topology of weak convergence):

) — /C N e+ gy (1)

v

The converse is not true: there exist continuous p.d. kernels that do not have
this integral representation (it might include non-continuous semicharacters)

<
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Example 2: Semigroup kernels for finite measures

(5/6)
Example : entropy kernel

@ Let X be the set of probability densities (w.r.t. some reference
measure) on U with finite entropy:

@ Then the following entropy kernel is a p.d. kernel on X for all
B> 0:
K (x,x') = e An(%*)

@ Remark: only valid for densities (e.g., for a kernel density
estimator from a bag-of-parts)

v
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Example 2: Semigroup kernels for finite measures

(6/6)

Examples : inverse generalized variance kernel

@ LetY/ = R4 and MY (U) be the set of finite measure x with
second order moment and non-singular variance

() = p o | = X p"
@ Then the following function is a p.d. kernel on MY (/), called the
inverse generalized variance kernel:

1

S detx (152)

@ Generalization possible with regularization and kernel trick.

<
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Application of semigroup kernel

see 0 * °
esoe af T wauxo0ee

211 =0.0552 =), =0.0441 /| =0.0497
35, =0.0013 %), =0.0237 7, =0.0139

Weighted linear PCA of two different measures, with the first PC
shown. Variances captured by the first and second PC are shown. The
generalized variance kernel is the inverse of the product of the two
values.

Jean-Philippe Vert (Mines ParisTech) 199 /402



Kernelization of the IGV kernel

Motivations
@ Gaussian distributions may be poor models.
@ The method fails in large dimension

@ Regularization:

1
det (= (454 + Ay)

K)\ (Ma M/) =

@ Kernel trick: the non-zero eigenvalues of UUT and U U are the
same — replace the covariance matrix by the centered Gram
matrix (technical details in Cuturi et al., 2005).
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[llustration of kernel IGV kernel

0.276 0.168 0.184
i3
L ]
:
0.169 0.142 0.122

= -

0.124 0.119 0.0934
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Semigroup kernel remarks

@ A very general formalism to exploit an algebric structure of the
data.

@ Kernel IVG kernel has given good results for character recognition
from a subsampled image.

@ The main motivation is more generally to develop kernels for
complex objects from which simple “patches” can be extracted.

@ The extension to nonabelian groups (e.g., permutation in the
symmetric group) might find natural applications.
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Kernel examples: Summary

@ Many notions of smoothness can be translated as RKHS norms
for particular kernels (eigenvalues convolution operator, Sobolev
norms and Green operators, Fourier transforms...).

@ There is no “uniformly best kernel”, but rather a large toolbox of

methods and tricks to encode prior knowledge and exploit the
nature or structure of the data.

@ In the following sections we focus on particular data and
applications to illustrate the process of kernel design.
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Kernels for Biological
Sequences
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition
@ Kernel examples

© Kernels for biological sequences
@ Motivations

Jean-Philippe Vert (Mines ParisTech) 205/ 402



Short history of genomics

1866 : Laws of heredity (Mendel)

1909 : Morgan and the drosophilists

1944 : DNA supports heredity (Avery)

19583 : Structure of DNA (Crick and Watson)
1966 : Genetic code (Nirenberg)

1960-70 : Genetic engineering

1977 : Method for sequencing (Sanger)
1982 : Creation of Genbank

1990 : Human genome project launched
2003 : Human genome project completed
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microtubules == chromatin
nuclear envelope
nuclear pore
nucleolus

nucleus

Golgi complex

. lysosome
vesicle

cytosol

"™\ smooth )
endoplasmic

endoplasmic :
reticulum

reticulum ribosomes
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Chromosomes

HUMAN CHROMOSOMES

b)

X8
TEA | ¥R AKRR R IKK X

1 12

xh g% X¥ &R XX AD

17 18

XX XA XX Xx B2
19 20

21 22 x23y

= c)
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Chromosomes and DNA
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Structure of DNA

“We wish to suggest a
structure for the salt of
desoxyribose nucleic acid
(D.N.A.). This structure have
novel features which are of
considerable biological
interest” (Watson and Crick,
1953)
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The double helix

Nucleotide
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Central dogma

DNA
10000000¢ DNA
mRANA Transcription

Hagres

Transport to cytopiasm for
protein synthesis (ira
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Amino group

2
H—?—
R
R group
Amino Acid
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DNA = 4 letters (ATCG)

tRNA
/
RNA =4 Jetters (AUCG)
u/cAanlicodon AUG l
5 ;}Gucodan..” UAC mRNA 3'
2nd base in codon . . .
ulclA[G] Protein = 20 letters (amino acids)
H u f'.': ::: an STOP g 2
3 Leu | Ser [ s10P| T | G g
o Lou [Pro | His | Ag | U °
S|Clim|pe [ |he|R |3
Pllmpain el : :
dHHEHER 1 amino acid
Val | Ala | Asp | Gly | U
G|V | as o | & | & —
val | Aa [ 6w |Gy | G —

3 nucleotides
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Human genome project

@ Goal : sequence the 3,000,000,000 bases of the human genome
@ Consortium with 20 labs, 6 countries
@ Cost : about 3,000,000,000 USD
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2003: End of genomics era

@ About 25,000 genes only (representing 1.2% of the genome)
@ Automatic gene finding with graphical models
@ 97% of the genome is considered “junk DNA”
@ Superposition of a variety of signals (many to be discovered)
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Protein sequence

Primary pretein strueture
s sequenca of a chain of amino acids

Amino Acid

A : Alanine V : Valine L : Leucine

F : Phenylalanine P : Proline M : Méthionine
E : Acide glutamique K: Lysine R : Arginine

T : Threonine C : Cysteine N : Asparagine
H : Histidine V : Thyrosine W : Tryptophane
| : Isoleucine S : Sérine Q : Glutamine

D : Acide aspartique G : Glycine

Jean-Philippe Vert (Mines
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Challenges with protein sequences

@ A protein sequences can be seen as a variable-length sequence
over the 20-letter alphabet of amino-acids, e.g., insuline:
FVNQHLCGSHLVEALYLVCGERGFFYTPKA

@ These sequences are produced at a fast rate (result of the
seguencing programs)

@ Need for algorithms to compare, classify, analyze these
sequences

@ Applications: classification into functional or structural classes,
prediction of cellular localization and interactions, ...
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Example: supervised sequence classification
Data (training)

@ Secreted proteins:
MASKATLLLAFTLLFATCIARHQQORQQQONQCQLONIEA. . .
MARSSLFTFLCLAVFINGCLSQIEQQSPWEFQGSEVW. . .
MALHTVLIMLSLLPMLEAQNPEHANITIGEPITNETLGWL. . .

@ Non-secreted proteins:
MAPPSVFAEVPQAQPVLVFKLIADFREDPDPRKVNLGVG. . .
MAHTLGLTQPNSTEPHKISFTAKEIDVIEWKGDILVVG. . .
MSISESYAKEIKTAFRQFTDFPIEGEQFEDFLPIIGNP. .

Goal

@ Build a classifier to predict whether new proteins are secreted or
not.

v
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Supervised classification with vector embedding

The idea
@ Map each string x € X to a vector ®(x) € F.

@ Train a classifier for vectors on the images ®(x1), ..., ®(x,) of the
training set (nearest neighbor, linear perceptron, logistic
regression, support vector machine...)
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Kernels for protein sequences

@ Kernel methods have been widely investigated since Jaakkola et
al’s seminal paper (1998).
@ What is a good kernel?
e it should be mathematically valid (symmetric, p.d. or c.p.d.)

e fast to compute
e adapted to the problem (give good performances)
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Kernel engineering for protein sequences

@ Define a (possibly high-dimensional) feature space of interest
e Physico-chemical kernels
e Spectrum, mismatch, substring kernels
e Pairwise, motif kernels
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Kernel engineering for protein sequences

@ Define a (possibly high-dimensional) feature space of interest
e Physico-chemical kernels
e Spectrum, mismatch, substring kernels
e Pairwise, motif kernels
@ Derive a kernel from a generative model
o Fisher kernel
e Mutual information kernel
e Marginalized kernel
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Kernel engineering for protein sequences

@ Define a (possibly high-dimensional) feature space of interest
e Physico-chemical kernels
e Spectrum, mismatch, substring kernels
e Pairwise, motif kernels
@ Derive a kernel from a generative model
o Fisher kernel
e Mutual information kernel
e Marginalized kernel
@ Derive a kernel from a similarity measure
e Local alignment kernel
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition
@ Kernel examples

© Kernels for biological sequences

@ Feature space approach
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Vector embedding for strings

The idea

Represent each sequence x by a fixed-length numerical vector
® (x) € R". How to perform this embedding?
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Vector embedding for strings

Represent each sequence x by a fixed-length numerical vector
® (x) € R". How to perform this embedding?

Physico-chemical kernel

Extract relevant features, such as:

@ length of the sequence
@ time series analysis of numerical physico-chemical properties of
amino-acids along the sequence (e.g., polarity, hydrophobicity),
using for example:
e Fourier transforms (Wang et al., 2004)
e Autocorrelation functions (Zhang et al., 2003)

1
I = i —j hihi+j

i=1
V.
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Substring indexation

The approach

Alternatively, index the feature space by fixed-length strings, i.e.,

& (%) = (Pu (X)) yeax

where ¢, (x) can be:
@ the number of occurrences of u in x (without gaps) : spectrum
kernel (Leslie et al., 2002)
@ the number of occurrences of u in x up to m mismatches (without
gaps) : mismatch kernel (Leslie et al., 2004)
@ the number of occurrences of u in x allowing gaps, with a weight

decaying exponentially with the number of gaps : substring kernel
(Lohdi et al., 2002)
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Example: spectrum kernel (1/2)

Kernel definition

@ The 3-spectrum of

X = CGGSLIAMMWEGV
is:
(CGG, GGS, GSL, SLI,LIA,IAM,AMM, MMW, MWF, WEG, FGV) .

@ Let ¢, (x) denote the number of occurrences of uin x. The
k-spectrum kernel is:

K(xX) =) o, (x)d,(X) .

uc Ak
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Example: spectrum kernel (2/2)

Implementation

@ The computation of the kernel is formally a sum over | A|¥ terms,
but at most | x| — k + 1 terms are non-zero in ¢ (X) —
Computation in O(| x| + | x"|) with pre-indexation of the strings.

@ Fast classification of a sequence x in O (| x|):

| x| —k+1

FO)=W-DX) =D wdy(X) = > W s,
u i=1

@ Work with any string (natural language, time series...)
@ Fast and scalable, a good default method for string classification.
@ Variants allow matching of k-mers up to m mismatches.
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Example 2: Substring kernel (1/11)

@ For1 < k < ne N, we denote by Z(k, n) the set of sequences of
indices i = (i1, ...,ik),wWith1 <y <hb < ... <l <n.

@ For astring X = xy ... x, € X of length n, for a sequence of indices
i € Z(k, n), we define a substring as:

X(I) = Xj Xy - - - X -

@ The length of the substring is:

1) = i — iy + 1.
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Example 2: Substring kernel (2/11)

ABRACADABRA

®i=(3,4,7,8,10)
@ X (i) =RADAR
@ /(i)=10-3+1=28
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Example 2: Substring kernel (3/11)

The kernel

@ Let k e Nand )\ € R fixed. Forallu € A*, let &, : ¥ — R be
defined by:

Vxe X, oy(x)= > A
i€Z(k,|x|): x(i)=u

@ The substring kernel is the p.d. kernel defined by:

V(x,X) € X% Kix(x,X) =D oy(x)
uc Ak
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Example 2: Substring kernel (4/11)

u lca ct at ba bt cr ar br

dyfcat) [X> X¥ X2 0 0 0O 0 O
dy(car) [A2 0 0 0 0 X XN o0
dy(bat) [0 0 X2 X X 0 0 O
dybar) [ 0 0 0 X2 0 0 X 8

K (cat,cat) = K (car,car) = 2)\* + \®
K (cat,car) = \*
K (cat,bar) =0
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Example 2: Substring kernel (5/11)

Kernel computation

@ We need to compute, for any pair x,x’ € X, the kernel:

X) =" &y (X) by (X)

uc Ak

=2 2. 2, AL

uc Ak ix(i)=ui’:x'(i")=u

@ Enumerating the substrings is too slow (of order | x |k).
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Example 2: Substring kernel (6/11)

Kernel computation (cont.)

@ For u ¢ A¥ remember that:

by (X) =

@ Let now:
Yy (x) =

Z )\/n /1+1

i:x(i)=u

3 AlxI-hH

ixx(i)=u

Jean-Philippe Vert (Mines ParisTech)
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Example 2: Substring kernel (7/11)

Kernel computation (cont.)

Let us note x (1,/) = Xy ... X;. A simple rewriting shows that, if we note
a € Athe last letter of u (u = va):

Pya (X) = Z Wy (x(1,/—1))A,
JEM|x|l:x=a

and
Upa(X) = Y Wy (x(1,j— 1) AT+

Jelt | x[]:x=a
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Example 2: Substring kernel (8/11)

Kernel computation (cont.)

Moreover we observe that if the string is of the form xa (i.e., the last
letter is a € A), then:

@ If the last letter of u is not a:

oy (xa) = oy (x),
Yy (xa) =AWy (x).

@ If the last letter of u is a (i.e., u = vawith v ¢ A" 7):

bya(xa) = Dya(X) + AWy (X)
Vya(xa) = AWya(X)+ AWy (X) .
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Example 2: Substring kernel (9/11)

Kernel computation (cont.)
Let us now show how the function:

Bn (x,X') Z Wy (X) Wy (X
ucAn

= dy(x)0

ucAn
can be computed recursively. We note that:

and the kernel:

By (x,X') = Ky (x,x') =0 forall x,x’
B (x,X') = K (x,X') =0 if min(]x|,|x|) <k
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Example 2: Substring kernel (10/11)

Recursive computation of B,

B (xa,x’)
= > Wy (xa) Wy (X)

ucA”
=AY WL (X) A DT Wy (X) Wy (X)
ucAn vEAN-
=By (x,X) +

A Wy (x) S wy (X (1, - 1)) X

veAn-1 Je,| x! |]:x].’:a

=ABo(x,X) + D Bug (XX (1,) 1)) AX¥ |2

Jell,| X [l:x/=a

V.
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Example 2: Substring kernel (10/11)

Recursive computation of K,
Kn (xa,x’)

= by (xa) dy (X)

ueAn

= dy(x) DX D Wy (X) Pya (X))

ucA” veAn—1
= Kn (x,X') +

A Wy (x) S (X, j-1))A
veAn—1 JE1,| x! |]:xj.’:a

= \K, (X,X/) + )\2 Z Bn—1 (X7X/ (1 7j - 1))

je[t,| x \]:x/.’:a

V.
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Summary: Substring indexation

@ Implementation in O(|x| + [x’|) in memory and time for the
spectrum and mismatch kernels (with suffix trees)

@ Implementation in O(|x| x [x’[) in memory and time for the
substring kernels

@ The feature space has high dimension (|.4|¥), so learning requires
regularized methods (such as SVM)
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Dictionary-based indexation

The approach
@ Chose a dictionary of sequences D = (X1, X2, ..., Xp)
@ Chose a measure of similarity s(x,x’)
@ Define the mapping ®p (X) = (S (X, X;))y.cp

Jean-Philippe Vert (Mines ParisTech)
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Dictionary-based indexation

The approach
@ Chose a dictionary of sequences D = (X1, X2, ..., Xp)
@ Chose a measure of similarity s (x,x’)
@ Define the mapping ®p (X) = (S (X, X;))y.cp

Examples
This includes:
@ Motif kernels (Logan et al., 2001): the dictionary is a library of
motifs, the similarity function is a matching function
@ Pairwise kernel (Liao & Noble, 2003): the dictionary is the training
set, the similarity is a classical measure of similarity between
sequences.
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition
@ Kernel examples

© Kernels for biological sequences

@ Using generative models
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Probabilistic models for sequences

Probabilistic modeling of biological sequences is older than kernel

designs. Important models include HMM for protein sequences, SCFG
for RNA sequences.

Parametric model
A model is a family of distribution

{Py,0 € © CR™} C M7 (X)
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Fisher kernel

@ Fix a parameter ¢y € © (e.g., by maximum likelihood over a
training set of sequences)

@ For each sequence x, compute the Fisher score vector:

CD@O (X) = Vg Iog PQ(X)‘@ZQO 5
@ Form the kernel (Jaakkola et al., 1998):

K (x,X') = ®g,(x) " 1(60) " @y (x') ,

where /(6p) = Eg, [®g,(X)Pg,(X) "] is the Fisher information matrix.

v
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Fisher kernel properties

@ The Fisher score describes how each parameter contributes to
the process of generating a particular example

@ The Fisher kernel is invariant under change of parametrization of
the model

@ A kernel classifier employing the Fisher kernel derived from a
model that contains the label as a latent variable is, asymptotically,
at least as good a classifier as the MAP labelling based on the
model (Jaakkola and Haussler, 1998).

@ A variant of the Fisher kernel (called the Tangent of Posterior
kernel) can also improve over the direct posterior classification by
helping to correct the effect of estimation errors in the parameter
(Tsuda et al., 2002).
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Fisher kernel in practice

@ gy (x) can be computed explicitly for many models (e.g., HMMs)
@ /(o) is often replaced by the identity matrix

@ Several different models (i.e., different 6y) can be trained and
combined

@ Feature vectors are explicitly computed
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Mutual information kernels

@ Chose a prior w(df) on the measurable set ©
@ Form the kernel (Seeger, 2002):

K (x,x') = - Po(X) Py (X" Yw(db) .

@ No explicit computation of a finite-dimensional feature vector
° K (X7 X/) =<¢ (X) o (X/) >L2(W) with

¢ (%) = (Po (X))geo -
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Example: coin toss

@ Let Py(X =1)=0and Py(X =0) =1 — 6 a model for random
coin toss, with 6 € [0, 1].

@ Let df be the Lebesgue measure on [0, 1]
@ The mutual information kernel between x = 001 and x’ = 1010 is:

Py(x) =06(1-10)7,
Py(X') =62(1-0),

1 14
K(x7x’)_/0 03(1—0)4d9:%:2;f0.
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Context-tree model

A context-tree model is a variable-memory Markov chain:

n
Ppo(X) = Ppo(xi-..xp) [[ Poo(ilXip.. X1)
i=D+1

@ D is a suffix tree
e 9 € P is a set of conditional probabilities (multinomials)
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Context-tree model: example

P(AABACBACC) = P(AAB)0a5(A)04(C)0c(B)0acs(A)0a(C)oc(A) .
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The context-tree kernel

Theorem (Cuturi et al., 2004)

@ For particular choices of priors, the context-tree kernel:

K (x,x') = Z/o - Pp o(X)Pp o(X")w(d6|D)m(D)
D Joe

can be computed in O(|x| + |x'|) with a variant of the Context-Tree
Weighting algorithm.

@ This is a valid mutual information kernel.

@ The similarity is related to information-theoretical measure of
mutual information between strings.
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Marginalized kernels

@ For any observed data x € X, let a latent variable y € ) be
associated probabilistically through a conditional probability
Px (dy).

@ Let Kz be a kernel for the complete data z = (x, y)

@ Then the following kernel is a valid kernel on X, called a
marginalized kernel (Kin et al., 2002):

Ky (X, X') := Ep,(dy)x P, (ay) Kz (2,2')

= [ [ Ko (xy). (02¥) Pr(a) P ()
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Marginalized kernels: proof of positive definiteness

@ Kz is p.d. on Z. Therefore there exists a Hilbert space # and
oz : Z — H such that:

Kz(ZZ)—<¢Z ¢Z( )>H
@ Marginalizing therefore gives:

Kx (x,X') = Ep,(ay)x P (ay)Kz (2,7
= EPx(dy)x (dy <(DZ ¢Z ( )>7‘[
= <EPx(dy (DZ( )7EPx(dy’)¢Z ( )>’H ’

therefore Ky isp.d. on . O
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Example: HMM for normal/biased coin toss

0.85

0.05
0.5
01 @ ° qumal (N) and biased (B)
0.1 coins (not observed)
F_} (BY—"005

@ Observed output are 0/1 with probabilities:

m(0|N) =1 —=(1|N) = 0.5,
©(0|B) =1 —-=(1|B) =0.8.
@ Example of realization (complete data):

NNNNNBBBBBBEBBBNNNNNNNNNNNBBEBBBB
1001011101111010010111001111011
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1-spectrum kernel on complete data

@ If both x € A* and y € S* were observed, we might rather use the
1-spectrum kernel on the complete data z = (x,y):

Kz (2,2) = Z Nas (Z) Nas (2)

(a,5)eAxS

where ny s (x,y) fora= 0,1 and s = N, B is the number of
occurrences of s in y which emit ain x.

@ Example:

Z2=1001011101111010010111001111011,
Z'=0011010110011111011010111101100101,

Kz (z,2)) =no(z)no (Z') + no (2) no (Z') + ny (2) ny (Z') + ny (2) ny (2
=7x1549%x124+13x6+4+2x1=293.
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1-spectrum marginalized kernel on observed data

@ The marginalized kernel for observed data is:

Ke (x,X) = Y Kz((x.y),(xy))P(yx)P(yIX)

y,y'eS*
= Z ¢a7s (X) ¢a7s (X/) 5
(a,s)eAXS
with
Dys (X Z P(y|x) nas(X,y)

yes*
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Computation of the 1-spectrum marginalized kernel

Pas (X ZP (YIx) nas (X, y)
yesS*

=" P(ylx) {25()(/,3)5(}//73)}
i=1

yeS*

= Zd(x,-,a) { Z P(VX)5(yi,S)}
i=1

yes*
n
= d(x,a)P(y=slx).
i=1

and P (y; = s|x) can be computed efficiently by forward-backward
algorithm!

Jean-Philippe Vert (Mines ParisTech) 256 / 402



HMM example (DNA)

Gene on
forward strand

Gene on
reverse strand
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HMM example (protein)

D

€

N times
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SCFG for RNA sequences

e S+ SS

@ S— aSa
@ S— as
e S—a

Marginalized kernel (Kin et al., 2002)

@ Feature: number of occurrences of each (base,state) combination
@ Marginalization using classical inside/outside algorithm
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Marginalized kernels in practice

@ Spectrum kernel on the hidden states of a HMM for protein
sequences (Tsuda et al., 2002)

@ Kernels for RNA sequences based on SCFG (Kin et al., 2002)

@ Kernels for graphs based on random walks on graphs (Kashima et
al., 2004)

@ Kernels for multiple alignments based on phylogenetic models
(Vert et al., 2005)
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Marginalized kernels: example

PC2
A set of 74 human tRNA
T sequences is analyzed using
jﬁ’l a kernel for sequences (the
o o O* + second-order marginalized
o o ° kernel based on SCFG). This
P o, .
set of tRNAs contains three
%o o PC1

oo classes, called Ala-AGC

© (white circles), Asn-GTT

° (black circles) and Cys-GCA
o 3 (plus symbols) (from Tsuda
o et al., 2003).
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ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition
@ Kernel examples

© Kernels for biological sequences

@ Derive from a similarity measure
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Sequence alignment

How to compare 2 sequences?

X1 = CGGSLIAMMWEGV
Xo = CLIVMMNRLMWE' GV

Find a good alignment:

CGGSLIAMM-———-WEGV

R P R R
C---LIVMMNRLMWEGV
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Alignment score

In order to quantify the relevance of an alignment =, define:
@ a substitution matrix S € RAxA
@ agap penalty functiong: N — R

Any alignment is then scored as follows

CGGSLIAMM-——-WEGV

I
C---LIVMMNRLMWEGV

ss4(m) = S(C, C) + S(L, L) + S(I, I) + S(A, V) + 25(M, M)
+ S(W, W) + S(F,F) + S(G,G) + S(V, V) — g(3) — g(4)

<
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Local alignment kernel

Smith-Waterman score

@ The widely-used Smith-Waterman local alignment score is defined
by:

SWs g(x,y) = ) Grg%gy) Ss,g().

@ It is symmetric, but not positive definite...
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Local alignment kernel

Smith-Waterman score

@ The widely-used Smith-Waterman local alignment score is defined
by:

SWs g(x,y) = ) Grg%}y) Ss,g().

@ It is symmetric, but not positive definite...

v

LA kernel
The local alignment kernel:

KD (xy)= Y exp(fssg(x.y.m),
wen(x,y)

is symmetric positive definite.

v
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LA kernel is p.d.: proof (1/11)

Lemma

o If Ky and K, are p.d. kernels, then:

Ki + Ko,
K1 Kg, and
cKq, forc > 0,

are also p.d. kernels

@ If (Ki);~¢ is a sequence of p.d. kernels that converges pointwisely
to a function K:

v (x,x') € X%, K(x,X) = Jlim K; (x,x'),

then K is also a p.d. kernel.
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LA kernel is p.d.: proof (2/11)

Proof of lemma
Let A and B be n x n positive semidefinite matrices. By diagonalization
of A:

n
Aij= Z fo(Nfo(f)
p=1
for some vectors fi, ..., f,. Then, for any a € R™:
n n n
> iojAiBii = aifs(i)aste(f)Bij = 0.
ij=1 p=11ij=1

The matrix C;; = A; ;B ; is therefore p.d. Other properties are obvious
from definition. [
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LA kernel is p.d.: proof (3/11)

Lemma (direct sum and product of kernels)

Let X = Xy x X». Let K; be a p.d. kernel on Xy, and K> be a p.d.
kernel on X>. Then the following functions are p.d. kernels on X:
@ the direct sum,

K ((x1,X2), (Y1,Y2)) = K1 (X1,¥1) + K2 (X2,¥2),

@ The direct product:

K ((X1,X%2), (Y1,Y2)) = Ki (X1, Y1) Ko (X2,¥2) -
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LA kernel is p.d.: proof (4/11)

Proof of lemma
If K7 is a p.d. kernel, let ¢4 : X3 — H be such that:

Ky (X1,¥1) = (@1 (X1), D1 (Y1) 3 -
Let ® : Xy x Xo> — H be defined by:
@ ((x1,%2)) = 1 (x1).
Then for x = (X1,X2) and 'y = (y1,Y2) € X, we get

(®((x1,%2)), P ((y1,¥2))) 5 = K1 (X1,X2),

which shows that K (x,y) := Kj (X4,Y1) is p.d. on X x X>. The lemma

follows from the properties of sums and products of p.d. kernels.

O

v
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LA kernel is p.d.: proof (5/11)

Lemma: kernel for sets

Let K be a p.d. kernel on X, and let P (X') be the set of finite subsets
of X. Then the function Kp on P (X) x P (X) defined by:

VABEP(X), Kp(AB):=> > K(xy)
xcAyeB

is a p.d. kernel on P (X).
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LA kernel is p.d.: proof (6/11)

Proof of lemma

Let & : X — H be such that
K(x,y) = (®(x), P (Y))y

Then, for A, B € P (X), we get:

Kp(A,B)=> ) (d(X),(y))y

xXceAyeB
- <z¢<x>,z¢<y>>
XeA yeB '

= (®p(A), ®p(B))y ;

with ®p(A) :=> ,ca®(x). O
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LA kernel is p.d.: proof (7/11)

Definition: Convolution kernel (Haussler, 1999)

Let K; and K> be two p.d. kernels for strings. The convolution of Kj
and Ko, denoted K x K>, is defined for any x, X’ € X by:

Kix Ka(X,y) = ) Ki(X1,¥1)Ka(X2, Y2).

X1Xo=X,y1Y2=Y

.

If Ky and K are p.d. then Ky x K> is p.d.. \
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LA kernel is p.d.: proof (8/11)

Proof of lemma

Let X be the set of finite-length strings. For x € X, let
R(X) ={(X1,X2) e ¥ x X : X =X1Xo} C X' X X.
We can then write

KixKo(x,y)= > > Ki(xq,¥1)Ka(X2, Y2)
(x1,X2)€R(X) (y1.y2)€R(Y)

which is a p.d. kernel by the previous lemmas. [
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LA kernel is p.d.: proof (9/11)

3 basic string kernels

@ The constant kernel:

Ko (x,y) :=1.

@ A kernel for letters:

. (o if |x|#1where |y|#1,
Ka (Xay) .—{ exp(b’S(xay)) otherwise .

@ A kernel for gaps:

K (x,y) = exp [8(g (Ix]) + g (| x]))] -

v
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LA kernel is p.d.: proof (10/11)

@ S: A% — Ris the similarity function between letters used in the
alignment score. Ka(,ﬁ) is only p.d. when the matrix:

(exp (Bs(a, b))) a,p)c 42

is positive semidefinite (this is true for all 5 when s is conditionally
p.d..

@ g is the gap penalty function used in alignment score. The gap
kernel is always p.d. (with no restriction on g) because it can be
written as:

D (x,y) = exp (B9 (| X)) x exp (Bg (| )) -
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LA kernel is p.d.: proof (11/11)

Lemma

The local alignment kernel is a (limit) of convolution kernel:

& (n-1)
KR =3 Kox (K« k)T k)« o
n=0

As such it is p.d..

Proof (sketch)

@ By induction on n (simple but long to write).
@ See details in Vert et al. (2004).
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LA kernel computation

@ We assume an affine gap penalty:

g(0) =0,
gln) =d+e(n—1)sin>1,

@ The LA kernel can then be computed by dynamic programming
by:

KB (%, y) = 1+ Xa(|X], |y]) + Ya(Ix], [y]) + M(|x], ly]),

where M(i, ), X(i, ), Y(i,)), Xa(i,]), and Ya(i,j) for 0 < i < |x|,
and 0 < j < |y| are defined recursively.
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LA kernel is p.d.: proof (/)

Initialization
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LA kernel is p.d.: proof (/)

Recursion

Fori=1,....|xjandj=1,...,]y|:

M(i.j) = exp(BS(x yp) |1+ X(i =1, = 1)
+Y(i—1,j—1)+M(i—1,j—1)],

X(i,) = exp(BA)M(i —1.j) + exp(Be)X(i —1.)),

Y(ij) = exp(8d) IM(i,j— 1)+ X(i,j = 1)]
+exp(Be)Y(i,j — 1),

Xelir)) =M =1,j) + Xo(i — 1)),

Yoliof) = M(i,j = 1)+ Xp(i,j = 1) + Ya(i.j — 1).
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LA kernel in practice

@ Implementation by a finite-state transducer in O(|x| x |X'|)
0:0/1

@ In practice, values are too large (exponential scale) so taking its
logarithm is a safer choice (but not p.d. anymore!)

v

Jean-Philippe Vert (Mines ParisTech) 280/ 402



ﬂ Kernels and RKHS
@ Kernels Methods
e Pattern recognition
@ Kernel examples

© Kernels for biological sequences

@ Application: remote homology detection
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Remote homology

Sequence similarity

@ Homologs have common ancestors
@ Structures and functions are more conserved than sequences

@ Remote homologs can not be detected by direct sequence
comparison
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SCOP database

SCOP
/

Fold
Superfamily
Family |@@ Cg \Oé OC/D\ED é)

Renot e honol ogs Cl ose honol ogs
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A benchmark experiment

@ Goal: recognize directly the superfamily

@ Training: for a sequence of interest, positive examples come from
the same superfamily, but different families. Negative from other
superfamilies.

@ Test: predict the superfamily.
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Difference in performance

v T T T

T
SVM-LA —+—
SVM-pairwise ---x---
SVM-Mismatch ---
SVM-Fisher -

0 %

No. of families with given performance

ROC50

Performance on the SCOP superfamily recognition benchmark (from
Vert et al., 2004).
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String kernels: Summary

@ A variety of principles for string kernel design have been
proposed.

@ Good kernel design is important for each data and each task.
Performance is not the only criterion.

@ Still an art, although principled ways have started to emerge.
@ Fast implementation with string algorithms is often possible.
@ Their application goes well beyond computational biology.
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Kernels for graphs
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences

e Kernels for graphs
@ Motivation
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Virtual screening for drug discovery

active p
0
0.t ©\/\H
"o ; ; 0. .0
A I nactive rehec
o I
o
) : v

NCI AIDS screen results (from http://cactus.nci.nih.gov).
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Image retrieval and classification

From Harchaoui and Bach (2007).
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Our approach

Jean-Philippe Vert (Mines ParisTech) 291 /402



Our approach

@ Represent each graph x by a vector ®(x) € H, either explicitly or
implicitly through the kernel

K(x,x') = o(x)Td(x)).
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Our approach

@ Represent each graph x by a vector ®(x) € H, either explicitly or
implicitly through the kernel

K(x,x') = o(x)Td(x)).

@ Use a linear method for classification in .
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences

e Kernels for graphs

@ Explicit computation of features
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The approach
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The approach

@ Represent explicitly each graph x by a vector of fixed dimension
d(x) € RP.
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The approach

@ Represent explicitly each graph x by a vector of fixed dimension
d(x) € RP.
© Use an algorithm for regression or pattern recognition in RP.
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Example

2D structural keys in chemoinformatics

@ Index a molecule by a binary fingerprint defined by a limited set of
pre-defined stuctures

N=—N %N %

RETATT 7

IH\HHHHIHHH.:!

O/ /
e
|

@ Use a machine learning algorithms such as SVM, NN, PLS,
decision tree, ...

Jean-Philippe Vert (Mines ParisTech) 294 / 402



Challenge: which descriptors (patterns)?

AN

@ Expressiveness: they should retain as much information as
possible from the graph

@ Computation : they should be fast to compute

@ Large dimension of the vector representation: memory storage,
speed, statistical issues
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Indexing by substructures

I\HHHHHIHHHI:!

mﬁ/

@ Often we believe that the presence substructures are important
predictive patterns

@ Hence it makes sense to represent a graph by features that
indicate the presence (or the number of occurrences) of particular
substructures

@ However, detecting the presence of particular substructures may
be computationally challenging...
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Subgraphs

Definition

A subgraph of a graph (V, E) is a connected graph (V’, E’) with
V' 'c Vand E' C E.

<] 23392
Lo e lode Lo
S Soedlls
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Indexing by all subgraphs?
(o,...,0,1,0,...,0,1,0,...)

®
o
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Indexing by all subgraphs?
(O,...,O,l,O,...,O,l,O,...)

®
o

Computing all subgraph occurrences is NP-hard. l
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Indexing by all subgraphs?
(O,...,O,l,O,...,O,l,O,...)

®
o

Computing all subgraph occurrences is NP-hard. \

@ The linear graph of size nis a subgraph of a graph X with n
vertices iff X has an Hamiltonian path

@ The decision problem whether a graph has a Hamiltonian path is
NP-complete.

Ol

.
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Definition

@ A path of a graph (V, E) is sequence of distinct vertices
Vi,...,vp € V(i#j = Vv; # vj) such that (v;, viy1) € E for
i=1,....n—1.

@ Equivalently the paths are the linear subgraphs.
: | NONON
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Indexing by all paths?

B—®
(0,...,0,1,0,...,0,1,0,...)

@‘Q ® t t
(—®) (6—6e—06)
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Indexing by all paths?

B—®
(0,...,0,1,0,...,0,1,0,...)

@‘Q ® t t
(—®) (6—6e—06)

Computing all path occurrences is NP-hard. \
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Indexing by all paths?

Q‘Q ® (0.....0,1,0,...,0,1,0,...)
BF—®A ! !

Computing all path occurrences is NP-hard. \

Same as for subgraphs.

Jean-Philippe Vert (Mines ParisTech) 300/ 402



Indexing by what?

Substructure selection

We can imagine more limited sets of substuctures that lead to more
computationnally efficient indexing (non-exhaustive list)

@ substructures selected by domain knowledge (MDL fingerprint)
@ all path up to length k (Openeye fingerprint, Nicholls 2005)

@ all shortest paths (Borgwardt and Kriegel, 2005)
°

all subgraphs up to k vertices (graphlet kernel, Sherashidze et al.,
2009)

@ all frequent subgraphs in the database (Helma et al., 2004)
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Example : Indexing by all shortest paths
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Example : Indexing by all shortest paths

Properties (Borgwardt and Kriegel, 2005)

@ There are O(n?) shortest paths.

@ The vector of counts can be computed in O(n*) with the
Floyd-Warshall algorithm.
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Example : Indexing by all subgraphs up to k vertices

OlO 0,1,0

s

GO

Jean-Philippe Vert (Mines ParisTech) 303 /402



Example : Indexing by all subgraphs up to k vertices

(®(0,..., 0,1,0,..., 0,1,0 )
o ;
(@&®) D
0%

Properties (Shervashidze et al., 2009)

@ Naive enumeration scales as O(n%).

@ Enumeration of connected graphlets in O(nd*~1) for graphs with
degree < d and k < 5.

@ Randomly sample subgraphs if enumeration is infeasible.
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@ Explicit computation of substructure occurrences can be
computationnally prohibitive (subgraph, paths)

@ Several ideas to reduce the set of substructures considered

@ In practice, NP-hardness may not be so prohibitive (e.g., graphs
with small degrees), the strategy followed should depend on the
data considered. |
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences

e Kernels for graphs

@ Graph kernels: the challenges
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@ Represent implicitly each graph x by a vector ®(x) € #H through
the kernel
K(x,x") = &(x) T o(x').
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@ Represent implicitly each graph x by a vector ®(x) € #H through
the kernel
K(x,x") = &(x) T o(x').

@ Use a kernel method for classification in .
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Expressiveness vs Complexity

Definition: Complete graph kernels
A graph kernel is complete if it separates non-isomorphic graphs, i.e.:

VG1,GQ€X, dK(G1,GQ):O — 61262.

Equivalently, ®(Gy) # ®(Gy) if Gy and G, are not isomorphic.
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Expressiveness vs Complexity

Definition: Complete graph kernels
A graph kernel is complete if it separates non-isomorphic graphs, i.e.:

VG1,GQ€X, dK(G1,Gg):O:> 61262.

Equivalently, ®(Gy) # ®(Gy) if Gy and G, are not isomorphic.

4

Expressiveness vs Complexity trade-off

@ If a graph kernel is not complete, then there is no hope to learn all
possible functions over X’: the kernel is not expressive enough.

@ On the other hand, kernel computation must be tractable, i.e., no
more than polynomial (with small degree) for practical
applications.

@ Can we define tractable and expressive graph kernels?

V.

Jean-Philippe Vert (Mines ParisTech) 307 / 402



Complexity of complete kernels

Proposition (Gartner et al., 2003)

Computing any complete graph kernel is at least as hard as the graph
isomorphism problem.
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Complexity of complete kernels

Proposition (Gartner et al., 2003)

Computing any complete graph kernel is at least as hard as the graph
isomorphism problem.

v

@ For any kernel K the complexity of computing dk is the same as
the complexity of computing K, because:

dk(G1, G2)? = K(G1, Gi) + K(Gz, Go) — 2K(Gy, Go) -

@ If Kis a complete graph kernel, then computing dk solves the
graph isomorphism problem (dx(Gy, Go) = 0iff Gy ~ Gp). O
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Subgraph kernel

@ Let (\g)gcr @ set or nonnegative real-valued weights
@ For any graph G € X, let

VHe X, o&u(G)=|{G isasubgraphof G: G'~ H}|.

@ The subgraph kernel between any two graphs G; and G, € X' is

defined by:
Ksubgraph(Git, G2) = Y An®r(Gr)op(Gz)
Hex
D
@J_(AJ\),E)(O ,0,1,0 L)
E20)
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Subgraph kernel complexity

Proposition (Géartner et al., 2003)
Computing the subgraph kernel is NP-hard.
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Subgraph kernel complexity

Proposition (Géartner et al., 2003)
Computing the subgraph kernel is NP-hard.

Proof (1/2)
@ Let P, be the path graph with n vertices.
@ Subgraphs of P, are path graphs:

®(Py) = nep, +(n—1)ep, +... + ep,.

@ The vectors ®(Pq),...,®(Py) are linearly independent, therefore:
n
epn = Z Oc,'q)(P,') ;
i=1

where the coefficients «; can be found in polynomial time (solving
a n x ntriangular system).

v
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Subgraph kernel complexity

Proposition (Gartner et al., 2003)
Computing the subgraph kernel is NP-hard.

Proof (2/2)

@ If Gis a graph with n vertices, then it has a path that visits each
node exactly once (Hamiltonian path) if and only if (G) e, > 0,
i.e.,

¢(G)T <Z a,'d)(P,-)) = ZaiKsubgraph(G, Pi) >0.
i=1

i=1

@ The decision problem whether a graph has a Hamiltonian path is
NP-complete. 0O
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Path kernel

Q‘@ ® (0.....0,1,0,...,0,1,0,...)
BF—®A ! !

The path kernel is the subgraph kernel restricted to paths, i.e.,

Koath(Gr1, G2) = > AqPH(G1)PH(Ga),
HeP

where P C X is the set of path graphs.
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Path kernel

e‘@ ® (0.....0,1,0,...,0,1,0,...)
BF—®A ! !

The path kernel is the subgraph kernel restricted to paths, i.e.,

Koath(Gr1, G2) = > AqPH(G1)PH(Ga),
HeP

where P C X is the set of path graphs.

Proposition (Géartner et al., 2003)
Computing the path kernel is NP-hard.
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Summary

Expressiveness vs Complexity trade-off

@ ltis intractable to compute complete graph kernels.
@ ltis intractable to compute the subgraph kernels.

@ Restricting subgraphs to be linear does not help: it is also
intractable to compute the path kernel.

@ One approach to define polynomial time computable graph kernels
is to have the feature space be made up of graphs homomaorphic
to subgraphs, e.g., to consider walks instead of paths.
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences

e Kernels for graphs

@ Walk-based kernels
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aks

Definition

@ A walk of a graph (V, E) is sequence of vy, ..., Vn € V such that
(Vi,vig1) e Efori=1,..., n—1.

@ We note W,,(G) the set of walks with n vertices of the graph G,
and W(G) the set of all walks.

! 2233
Lo o dode Lo

o e 60 fed’o s o
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Walks # paths
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Walk kernel

@ Let S, denote the set of all possible label sequences of walks of
length n (including vertices and edges labels), and S = U,>1Sp.

@ For any graph X let a weight Ag(w) be associated to each walk
w e W(G).

@ Let the feature vector ®(G) = (®s(G))4 5 be defined by:

= ) Aa(w)1(sis the label sequence of w) .
weW(G)

V.
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Walk kernel

@ Let S, denote the set of all possible label sequences of walks of
length n (including vertices and edges labels), and S = U,>1Sp.

@ For any graph X let a weight Ag(w) be associated to each walk
w e W(G).

@ Let the feature vector ®(G) = (®s(G))4 5 be defined by:

= ) Aa(w)1(sis the label sequence of w) .
weW(G)

@ A walk kernel is a graph kernel defined by:

Kuak(G1, Go) = ) _ 05(Gy)®

seS

V.
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Walk kernel examples

@ The nth-order walk kernel is the walk kernel with Ag(w) = 1 if the
length of w is n, 0 otherwise. It compares two graphs through their
common walks of length n.
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Walk kernel examples

@ The nth-order walk kernel is the walk kernel with A\g(w) = 1 if the
length of w is n, 0 otherwise. It compares two graphs through their
common walks of length n.

@ The random walk kernel is obtained with \g(w) = Pg(w), where
Pg is a Markov random walk on G. In that case we have:

K(Gy, Go) = P(label(W;) = label(Ws)),

where W; and W, are two independant random walks on G; and
Go, respectively (Kashima et al., 2003).
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Walk kernel examples

@ The nth-order walk kernel is the walk kernel with Ag(w) = 1 if the
length of w is n, 0 otherwise. It compares two graphs through their

common walks of length n.
@ The random walk kernel is obtained with \g(w) = Pg(w), where
Pg is a Markov random walk on G. In that case we have:

K(Gy, Go) = P(label(W;) = label(Ws)),

where W; and W, are two independant random walks on G; and
Go, respectively (Kashima et al., 2003).

@ The geometric walk kernel is obtained (when it converges) with
Ag(w) = pength(w) for 3 > 0. In that case the feature space is of

infinite dimension (Gartner et al., 2003).
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Computation of walk kernels

Proposition

These three kernels (nth-order, random and geometric walk kernels)
can be computed efficiently in polynomial time.

Jean-Philippe Vert (Mines ParisTech) 319/402



Product graph

Definition

Let Gy = (W4, E1) and G, = (V», E) be two graphs with labeled
vertices. The product graph G = Gy x Gy is the graph G = (V, E) with:

QV={(vi,w)eVixVW
Q E=

{((vi, ), (v{,v})) € Vx V : (vy,v]) € Ey and (v, V}) € Eb}.

. vy and v» have the same label} ,

1 a b 1b 2a 1d
o—O O
5 c 3c 3e
la 2b : 2d :
3 4 d e
4c 4e
Gl (€7 Gl x &
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Walk kernel and product graph

There is a bijection between:

@ The pairs of walks wy € Wp(Gy) and wa € Wy(Gz) with the same
label sequences,

@ The walks on the product graph w € Wy(Gy x Go).
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Walk kernel and product graph

There is a bijection between:

@ The pairs of walks wy € Wy(Gy) and we € Wy(Gz) with the same
label sequences,

@ The walks on the product graph w € Wy(Gy x Go).

Corollary

Kuak(Gr, Go) = Y _ ©5(Gy)®s(Gz)

SES

= > e, (W), (Wa)1(/(wy) = I(w2))

(w1, w2)EW(G1) xW(Gy)

= ) Agxaw).

WEW(G1 X Gz)

v
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Computation of the nth-order walk kernel

@ For the nth-order walk kernel we have A\g, g, (w) = 1 if the length
of wis n, 0 otherwise.

@ Therefore:

Knth—order (Gh GZ) = Z 1.
WEWn(G1 X Gg)

@ Let A be the adjacency matrix of Gy x G,. Then we get:
Knth—order (G1, G2) = Z [An],-yj =1"A"M.
i,

@ Computation in O(n|Gy||Gz|d;dz), where d; is the maximum
degree of G;.
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Computation of random and geometric walk kernels

@ In both cases \g(w) for awalk w = v; ... v, can be decomposed
as:

n
Aa(vi .. vi) = X(vy) [T M Vi1, ).
i=2

@ Let A; be the vector of \'(v) and A; be the matrix of A{(v, v/):

n

Kwaik(G1, Gz) Z > N [[Mvier,w)

n=1 weWn(Gi x Ga) i=2
o0

= NAFT
n=0

=N (I—N)"1

@ Computation in O(|G1[3|G2|?)

V.
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Extensions 1: label enrichment

Atom relabebling with the Morgan index

1 2 4
1 1 2 2 4 5
1 o1l 2 o1l 4 03
No Morgan Indices  O1 Order 1 indices o1 Order 2 indices 03

@ Compromise between fingerprints and structural keys features.
@ Other relabeling schemes are possible (graph coloring).

@ Faster computation with more labels (less matches implies a
smaller product graph).

Jean-Philippe Vert (Mines ParisTech) 324/ 402



Extension 2: Non-tottering walk kernel

Tottering walks
A tottering walk is a walk w = vy ... v, with v; = v;.» for some /.

@ (—@ VNon-tottering
OO0 @

@ (@ rTottering

@ Tottering walks seem irrelevant for many applications

@ Focusing on non-tottering walks is a way to get closer to the path
kernel (e.g., equivalent on trees).
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Computation of the non-tottering walk kernel (Mahé et

al., 2005)

@ Second-order Markov random walk to prevent tottering walks

@ Written as a first-order Markov random walk on an augmented
graph

@ Normal walk kernel on the augmented graph (which is always a
directed graph).

o) /@‘:_ ©\
H C — @\ /H/@

cl @)
haN
©
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Example: Tree-like fragments of molecules

Jean-Philippe Vert (Mines ParisTech)

N— N—C—C—C

328 /402



Computation of the subtree kernel

@ Like the walk kernel, amounts to compute the (weighted) number
of subtrees in the product graph.

@ Recursion: if 7(v, n) denotes the weighted number of subtrees of
depth n rooted at the vertex v, then:

T(v,n+1)= Y ] Mv.V)T(V,n),

RCN(v) v'eR

where N (v) is the set of neighbors of v.

@ Can be combined with the non-tottering graph transformation as
preprocessing to obtain the non-tottering subtree kernel.
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences

e Kernels for graphs
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Application in chemoinformatics (Mahé et al., 2004)

MUTAG dataset

@ aromatic/hetero-aromatic compounds

@ high mutagenic activity /no mutagenic activity, assayed in
Salmonella typhimurium.

@ 188 compouunds: 125 +/ 63 -

10-fold cross-validation accuracy

Method | Accuracy
Progol1 81.4%
2D kernel | 91.2%
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Image classification (Harchaoui and Bach, 2007)

COREL14 dataset
@ 1400 natural images in 14 classes

@ Compare kernel between histograms (H), walk kernel (W), subtree
kernel (TW), weighted subtree kernel (wTW), and a combination
(M).

Performance comparison on Corel14

- Toest eorror
k
T}
H_ T}

™™
Kernels
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Summary: graph kernels

@ Kernels do not allow to overcome the NP-hardness of subgraph
patterns

@ They allow to work with approximate subgraphs (walks, subtrees),
in infinite dimension, thanks to the kernel trick

@ However: using kernels makes it difficult to come back to patterns
after the learning stage
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Kernels on graphs
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences
e Kernels for graphs

@ Kernels on graphs
@ Motivation
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Many data come in the form of nodes in a graph for different reasons:
@ by definition (interaction network, internet...)
@ by discretization / sampling of a continuous domain
@ by convenience (e.g., if only a similarity function if available)
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Example: web
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Example: protein-protein interaction

P s
L
P

L bolis .

Jean-Philippe Vert (Mines ParisTech) 340/ 402



Kernel on a graph

e ©
Y
°
©) ()
o o
Y
o © o °
0) [ ]
Y
O e ®
o © i

@ We need a kernel K (x,x’) between nodes of the graph.

@ Example: predict gene protein functions from high-throughput
protein-protein interaction data.
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General remarks

Strategies to make a kernel on a graph

@ X being finite, any symmetric semi-definite matrix K defines a
valid p.d. kernel on X.
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General remarks

Strategies to make a kernel on a graph

@ X being finite, any symmetric semi-definite matrix K defines a
valid p.d. kernel on X.
@ How to “translate” the graph topology into the kernel?
e Direct geometric approach: K;; should be “large” when x; and x;
are “close” to each other on the graph?
e Functional approach: || f ||k should be “small” when f is “smooth” on
the graph?
e Link discrete/continuous: is there an equivalent to the continuous
Gaussien kernel on the graph (e.g., limit by fine discretization)?
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences
e Kernels for graphs

@ Kernels on graphs

@ Graph distance and p.d. kernels
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Conditionally p.d. kernels

Hilbert distance

@ Any p.d. kernels is an inner product in a Hilbert space

K (x,X') = (®(x),® (X)), -
@ It defines a Hilbert distance:
dk (x,x’)2 =K (x,x) + K (X',x") — 2K (x,x’)

° —d,z( is conditionally positive definite (c.p.d.), i.e.:

Vt>0, exp (—tdK (x,x’)z) is p.d.
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Example

A direct approach

@ For X = R", the inner product is p.d.:

K(x,x')=x"x".
@ The corresponding Hilbert distance is the Euclidean distance:
di (%,%)% = x"x+xTx - 2xTx = [|x — X|.

@ —d2 is conditionally positive definite (c.p.d.), i.e.:

Vt>0, exp (—t||x—x/||2) is p.d.
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Graph distance

Graph embedding in a Hilbert space

@ Given a graph G = (V, E), the graph distance dg(x, x') between
any two vertices is the length of the shortest path between x and
x'.

@ We say that the graph G = (V, E) can be embedded (exactly) in a
Hilbert space if —dg is c.p.d., which implies in particular that
exp(—tdg(x, x’)) is p.d. for all t > 0.
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Graph distance

Graph embedding in a Hilbert space

@ Given a graph G = (V, E), the graph distance dg(x, x') between
any two vertices is the length of the shortest path between x and

x'.

@ We say that the graph G = (V, E) can be embedded (exactly) in a
Hilbert space if —dg is c.p.d., which implies in particular that
exp(—tdg(x, x’)) is p.d. for all t > 0.

v

Lemma
@ In general graphs can not be embedded exactly in Hilbert spaces.

@ In some cases exact embeddings exists, e.g.:

e trees can be embedded exactly,
e closed chains can be embedded exactly.
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Example: non-c.p.d. graph distance

15

0111 2
102 2 1
ds=| 120 2 1
1220 1
21110

Armin ([ 67029 ) — ~0.028 < 0.
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Graph distance on trees are c.p.d.

@ LetG=(V,E)atree

@ Fixarootxg € V

@ Represent any vertex x € V by a vector ®(x) € RIEl, where
®(x); = 1 is the i-th edge is in the (unique) path between x and
Xp, 0 otherwise.

@ Then:

da(x, x') = || #(x) — &(x) |1?,

and therefore —dg is c.p.d., in particular exp(—tdg(x, x’)) is p.d.
forall t > 0.
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1 014 037 0.14 0.05
014 1 037 014 0.5
[e—de(’vf)}: 037 037 1 037 0.14
014 014 037 1 037
0.05 0.05 0.14 037 1
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Graph distance on closed chains are c.p.d.

Proof: case |V| =2p
@ Let G = (V, E) a cycle with an even number of vertices |V| = 2p
@ Fix aroot xo € V, number the 2p edges from xp to Xp.

@ Map the 2p edges inRP to (e1,...,€p,—€4,...,—€p)

@ Map a vertex v to the sum of the edges in the shortest path
between xy and v.
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences
e Kernels for graphs

@ Kernels on graphs
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Functional approach

@ How to make p.d. kernel on general graphs?
@ Making a kernel is equivalent to defining a RKHS.

@ There are intuitive notions of smoothness on a graph
@ Define a priori a smoothness functional on the functions
f: X —R.

@ Show that it defines a RKHS and identify the corresponding kernel
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@ X = (X4q,...,Xn) is finite.

@ For x,x’ € X, we note x ~ x’ to indicate the existence of an edge
between x and x’

@ We assume that there is no self-loop x ~ x, and that there is a
single connected component.

@ The adjacency matrix is A € R™M:

a1 i
710 otherwise.

@ D is the diagonal matrix where D; ; is the number of neighbors of
X; (Dji =Yl Aiy).
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Graph Laplacian
Definition
The Laplacian of the graph is the matrix L = D — A.

1
3 5
4
2
1. 0 -1 0 0
0 1 -1 0 0
L=D-A=| -1 -1 3 -1 0

o o -1 2 -1
o o0 o0 -1 1
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Properties of the Laplacian

Lemma

Let L = D — A be the Laplacian of a connected graph:
@ Foranyf: X — R,

Q) =Y (F(xi) — f (x}))* = fTLF

inof

@ L is a symmetric positive semi-definite matrix

@ 0 is an eigenvalue with multiplicity 1 associated to the constant
eigenvector1 = (1,...,1)

@ Theimage of L is

Im(L) = {feR’" Zf_ }
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Proof: link between Q(f) and L

Q(f) = ,Z (F(xi) — £ (x)))*
_ é (f(x,-)2 + 1 (%)% —2f (x;) f (Xf)>
— ZD,,f(x, ZZf
= fTDf — fTAf "
=fTLf
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Proof: eigenstructure of L

@ L is symmetric because A and D are symmetric.

@ Forany f € R™, fTLf = Q(f) > 0, therefore the (real-valued)
eigenvalues of L are > 0 : L is therefore positive semi-definite.

@ fis an eigenvector associated to eigenvalue 0
iff fTLf =0 )
iff > (f(x))—f(x;)) =0,
iff £ (x;) = f (X;) when i ~ j,
iff f is constant (because the graph is connected).

@ L being symmetric, Im(L) is the orthogonal supplement of Ker(L),
that is, the set of functions orthogonalto 1. [
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Our first graph kernel

The setH = {f e R™: 31" fi = 0} endowed with the norm:
Q(f) =" (F(x) — £ (x)))?
li~]

is a RKHS whose reproducing kernel is L*, the pseudo-inverse of the
graph Laplacian.
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In case of...

Pseudo-inverse of L

Remember the pseudo-inverse L* of L is the linear application that is
equal to:

@ O on Ker(L)
@ L="on Im(L), that is, if we write:

m
L= Z )\,'U,'U,-T
i=1
the eigendecomposition of L:

=" () u

Ai#0

@ In particular it holds that L*L = LL* = 14, the projection onto
Im(L) = H.
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Proof (1/2)

@ Resticted to #, the symmetric bilinear form:

(f,g)=f"Lg

is positive definite (because L is positive semi-definite, and
H = Im(L)). It is therefore a scalar product, making of % a Hilbert
space (in fact Euclidean).

@ The norm in this Hilbert space H is:

1|2 = (f,f) = FTLF = Q(f) .
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Proof (2/2)

To check that H is a RKHS with reproducing kernel K = L*, it suffices
to show that:

VX e X, Ky € H
V(x,f) e X xH, (f, Kx) = f(x) .

@ Ker(K) = Ker (L*) = Ker (L), implying K1 = 0. Therefore, each
row/column of K is in .

@ Forany f € H, if we note g; = (K(i,-), f) we get:
g=KLf=L*Lf =Ny(f)=f.

As a conclusion K = L* is the reproducing kernel of . O
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0.88 —-0.12 0.08 —-0.32 -0.52

-0.12 0.88 0.08 -0.32 -0.52

L= 0.08 0.08 028 -0.12 -0.32
-032 -0.32 -0.12 048 0.28

-052 -052 -032 028 1.08
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Interpretation of the Laplacian

£, "
l’ dx L
i-1

i i+1

Af(x) = f"(x)
F(x + dx/2) — F(x — dx/2)

ax
f(x + dx) — f(x) — f(x) + f(x — dx)
~ dx?
i+ fip = 2f(x)
dx?
__LH()
=2
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Interpretation of regularization

For f =[0,1] — R and x; = i/m, we have:

Q(f)=§<f<i;1> (7))
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences
e Kernels for graphs

@ Kernels on graphs
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@ Consider the normalized Gaussian kernel on R¢:

1 x—x |2

@ In order to transpose it to the graph, replacing the Euclidean
distant by the shortest-path distance does not work.

@ In this section we provide a characterization of the Gaussian
kernel as the solution of a partial differential equation involving the
Laplacian, which we can transpose to the graph: the diffusion
equation.

@ The solution of the discrete diffusion equation will be called the
diffusion kernel or heat kernel.
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The diffusion equation

Lemma

For any xo € RY, the function:

1 Ix —xo|[?
Kxo (X, 1) = Kt (X0,X) = ——— exp (—— .
X0 (47rt)% 4t
is solution of the diffusion equation:

%Kxo (X7 t) = AKXO (X, t) .

with initial condition Ky, (X,0) = dx,(X)

(proof = direct computation).
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Discrete diffusion equation

For finite-dimensional f; € R™, the diffusion equation becomes:

9
h=—Lf
ot t t

which admits the following solution:

iL

fi = foe™
with
i 2, £,
e :/—tL-I—zL _ﬁL 4L
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Diffusion kernel (Kondor and Lafferty, 2002)

This suggest to consider:
K=et
which is indeed symmetric positive semi-definite because if we write:

m
L= Z >\,'U,'U,'—r (A >0)
i=1

we obtain:
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Example: complete graph

14+(m—1)e"" P
w-{ef o

m
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Example: closed chain

1 m—1 ) ) P
Kij=— > exp [—Zt (1 — cos ::)] cos 7”/5717/)
v=0
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ﬂ Kernels and RKHS

@ Kernels Methods

e Pattern recognition

@ Kernel examples

e Kernels for biological sequences
e Kernels for graphs

@ Kernels on graphs
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@ In this section we show that the diffusion and Laplace kernels can
be interpreted in the frequency domain of functions

@ This shows that our strategy to design kernels on graphs was
based on (discrete) harmonic analysis on the graph

@ This follows the approach we developed for semigroup kernels!
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Spectrum of the diffusion kernel

@ Let0 =X < X2 < ... < \jpbe the eigenvalues of the Laplacian:
m
L= Z )\,'U,'U,-T (A >0)
i=1

@ The diffusion kernel K; is an invertible matrix because its
eigenvalues are strictly positive:
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Norm in the diffusion RKHS

@ Any function f € R™ can be written as f = K (K~'f), therefore its
norm in the diffusion RKHS is:

H (fTK*1) K (K*1f> — fTK'f.

@ Fori=1,...,m,let:

A~

fi=ulf
be the projection of f onto the eigenbasis of K.
@ We then have:

m
IF12, =Tk =3 e™P2.

i=1

L2
@ This looks similar to [ ‘ f(w)’ e’ duw ..
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Discrete Fourier transform

Definition

N " A NT
The vector f = <f1 e fm> is called the discrete Fourier transform of
feR”

@ The eigenvectors of the Laplacian are the discrete equivalent to
the sine/cosine Fourier basis on R”.

@ The eigenvalues ); are the equivalent to the frequencies w?

@ Successive eigenvectors “oscillate” increasingly as eigenvalues
get more and more negative.

Jean-Philippe Vert (Mines ParisTech) 377/ 402



Example: eigenvectors of the Laplacian
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Generalization

This observation suggests to define a whole family of kernels:
m
K= rv)uu)
i=1

associated with the following RKHS norms:
L g P

fl2 — i

|| ||Kr r(A,‘)

=1

where r : Rt — R} is a non-increasing function.
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Example : regularized Laplacian

1
A+e

1
N T ~1
_g/\iJreu,u, (L+el)

r(\) =

, e>0

[FI% =fFTKTE=>" (f(x) = f(x))) +er

i~of
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(L+n' =
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Applications 1: graph partitioning

@ A classical relaxation of graph partitioning is:

min f—f sty =1
feRXI.Nj Z

@ This can be rewritten

mfaxzi: st | flln<1

@ This is principal component analysis in the RKHS (“kernel PCA”)

v
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Applications 2: search on a graph

@ Let xq,...,xq asetof g nodes (the query). How to find “similar”
nodes (and rank them)?

@ One solution:

mfianHH st. f(xx)>1fori=1,....q.
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Application 3: Semi-supervised learning
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Application 3: Semi-supervised learning
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Application 4: Tumor classification from microarray
data

Data available
@ Gene expression measures for more than 10k genes

@ Measured on less than 100 samples of two (or more) different
classes (e.g., different tumors)
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Application 4: Tumor classification from microarray
data

Data available
@ Gene expression measures for more than 10k genes

@ Measured on less than 100 samples of two (or more) different
classes (e.g., different tumors)

@ Design a classifier to automatically assign a class to future
samples from their expression profile

@ Interpret biologically the differences between the classes
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Linear classifiers

The approach

@ Each sample is represented by a vector x = (xy, ..., Xp) where
p > 10° is the number of probes

@ Classification: given the set of labeled sample, learn a linear
decision function:

p
f(x)=>_ Bixi+Bo,
s

that is positive for one class, negative for the other

@ Interpretation: the weight 5; quantifies the influence of gene i for
the classification
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Linear classifiers

@ No robust estimation procedure exist for 100 samples in 10°
dimensions!

@ Itis necessary to reduce the complexity of the problem with prior
knowledge.
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Example : Norm Constraints

The approach

A common method in statistics to learn with few samples in high
dimension is to constrain the norm of 3, e.g.:

@ Euclidean norm (support vector machines, ridge regression):
1812 =37 57

@ Li-norm (lasso regression) : || 5 ||1 = f’:1 | Bi |

@ Good performance in

@ Limited interpretation
classification

(small weights)
@ No prior biological
knowledge
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Example 2: Feature Selection

The approach

Constrain most weights to be 0, i.e., select a few genes (< 20) whose
expression are enough for classification. Interpretation is then about
the selected genes.

Pros Cons

@ Good performance in @ The gene selection
classification process is usually not
@ Useful for biomarker robust
selection @ Wrong interpretation is
@ Apparently easy the rule (too much
interpretation correlation between
. genes)

v
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Pathway interpretation

@ Basic biological functions are usually expressed in terms of
pathways and not of single genes (metabolic, signaling,
regulatory)

@ Many pathways are already known

@ How to use this prior knowledge to constrain the weights to have
an interpretation at the level of pathways?

Solution (Rapaport et al., 2006)
@ Constrain the diffusion RKHS norm of 3

@ Relevant if the true decision function is indeed smooth w.r.t. the
biological network
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Pathway interpretation
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Bad example

@ The graph is the
complete known
metabolic network of the
budding yeast (from
KEGG database)

@ We project the classifier
weight learned by a
SVM

@ Good classification
accuracy, but no
possible interpretation!

v
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Pathway interpretation

Good example

@ The graph is the
complete known
metabolic network of the
budding yeast (from
KEGG database)

@ We project the classifier
weight learned by a
spectral SVM

@ Good classification
accuracy, and good
interpretation!
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Conclusion
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@ Basic definitions of p.d. kernels and RKHS
@ How to use RKHS in machine learning

@ The importance of the choice of kernels, and how to include “prior
knowledge” there.

@ Several approaches for kernel design (there are many!)
@ Review of kernels for strings and on graphs
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What we did not see

@ How to automatize the process of kernel design (kernel selection?
kernel optimization?)

@ How to deal with non p.d. kernels (tends to become the rule in
applications)

@ Applications beyond bioinformatics (there are many!).
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Further reading
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SIAM, Philadelphia, 1990.
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Further reading

Learning with kernels

[§ V.N. Vapnik.
Statistical Learning Theory.
Wiley, New-York, 1998.

[§ B. Schélkopf and A. J. Smola.
Learning with Kernels: Support Vector Machines, Regularization,
Optimization, and Beyond.
MIT Press, Cambridge, MA, 2002.
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Kernel Methods for Pattern Analysis.
Cambridge University Press, 2004.
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Kernel Methods in Computational Biology.
MIT Press, 2004.
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Further reading

String kernels (1/2)

[@ T. Jaakkola, M. Diekhans, and D. Haussler.
A Discriminative Framework for Detecting Remote Protein
Homologies.
J. Comput. Biol., 7(1,2):95-114, 2000.

[4 D.Haussler.
Convolution Kernels on Discrete Structures.
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The spectrum kernel: a string kernel for SVM protein classification.

In PSB 2002, pages 564-575. World Scientific, 2002.
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Further reading

String kernels (2/2)

[3 K. Tsuda, T. Kin, and K. Asai.
Marginalized Kernels for Biological Sequences.
Bioinformatics, 18:5S268-S275, 2002.

[§ J.-P. Vert, H. Saigo, and T. Akutsu.
Local alignment kernels for biological sequences.
In B. Schélkopf, K. Tsuda, and J.P. Vert, editors, Kernel Methods in
Computational Biology, pages 131-154. MIT Press, 2004.

[ M. Cuturi and J.-P. Vert.
The context-tree kernel for strings.
Neural Network., 18(4):1111-1123, 2005.
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Further reading

Kernels on graphs

[§ R.I. Kondor and J. Lafferty.
Diffusion Kernels on Graphs and Other Discrete Input.
In ICML 2002, 2002.

Semigroup kernels

[§ C.Berg, J. P. R. Christensen, and P. Ressel.
Harmonic analysis on semigroups.
Springer-Verlag, New-York, 1984.

[3 M. Cuturi, K. Fukumizu, and J.P. Vert.
Semigroup Kernels on Measures.
J. Mach. Learn. Res., 6:1169—-1198, 2005.

Jean-Philippe Vert (Mines ParisTech) 402 / 402



	Kernels and RKHS
	Kernels
	Reproducing Kernel Hilbert Spaces (RKHS)
	Smoothness functional

	Kernels Methods
	The kernel trick
	The representer theorem
	Kernel PCA
	Kernel ridge regression

	Pattern recognition
	Pattern recognition
	Fundamentals of constrained optimization
	Large-margin pattern recognition algorithms
	Support vector machines

	Kernel examples
	Mercer kernels
	RKHS and Green functions
	Fourier analysis and semigroup kernels

	Kernels for biological sequences
	Motivations
	Feature space approach
	Using generative models
	Derive from a similarity measure
	Application: remote homology detection

	Kernels for graphs
	Motivation
	Explicit computation of features
	Graph kernels: the challenges
	Walk-based kernels
	Applications

	Kernels on graphs
	Motivation
	Graph distance and p.d. kernels
	Construction by regularization
	The diffusion kernel
	Harmonic analysis on graphs
	Applications


