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Sommaire

L�informatique quantique est un domaine jeune qui
 fondant le calcul sur des

propri�t�s quantiques de la mati�re
 tente d�apporter des solutions novatrices

� di��rents types de probl�mes informatiques� Dans cette th�se qui regroupe

cinq publications
 nous nous penchons sur deux facettes de ce domaine
 soit les

algorithmes et la complexit� de la communication quantiques�

Dans une premi�re partie
 regroupant les chapitres � � �
 nous nous int�res�

sons � la conception d�algorithmes pour l�ordinateur quantique� Dans le chapitre

�
 nous faisons l�historique de la th�orie des calculs r�versibles pour aboutir �

celle de l�ordinateur quantique � proprement parler� Dans le chapitre �
 nous

pr�sentons un mod�le simple
 mais su�samment �labor�
 qui servira de cadre

� la description d�algorithmes quantiques� Le chapitre � est une introduction

et un r�sum� des deux publications traitant d�algorithmes quantiques que nous

avons choisi d�inclure� La premi�re publication incluse dans cette th�se
 � Tight

Bounds on Quantum Searching � ���
 chapitre ��
 pr�sente une analyse de l�algo�

rithme de recherche combinatoire dit algorithme de Grover ����� Soit une fonction

F � X � f�� �g o� jXj � N pour laquelle le seul moyen d�en obtenir de l�infor�

mation est de l��valuer aux entr�es de notre choix et soit t � jfxjF �x� � �gj� En
����
 Lov K� Grover d�montra l�existence d�un algorithme quantique de recherche

capable de trouver x� tel que F �x�� � � avec bonne probabilit�� Ledit algorithme

n�cessite seulement O�
p
N� �valuations de F s�il est promis que t � �� Notez

que de fa�on classique
 N�� �valuations de F sont n�cessaires ne serait�ce que

pour obtenir une probabilit� de succ�s de ���� A l�aide d�une analyse �ne de sa
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technique
 il nous a �t� possible de sp�ci�er concr�tement cet algorithme
 mais

surtout de le g�n�raliser au cas o� t est quelconque et inconnu�

Dans la deuxi�me publication
 � Quantum Amplitude Ampli�cation and Esti�

mation GD ���
 chapitre ��
 une g�n�ralisation de l�algorithme de recherche en

termes d�ampli�cation d�amplitude est pr�sent�e� Il arrive parfois que la structure

du probl�me de recherche sugg�re une heuristique permettant un algorithme de

recherche beaucoup plus e�cace que la recherche exhaustive� Nous d�montrons

donc que
 pour une famille importante d�heuristiques
 l�algorithme de recherche

peut �tre adapt� de fa�on � obtenir le m�me gain quadratique obtenu pr�c�dem�

ment� Finalement
 nous pr�sentons une technique d��valuation d�amplitude qui

nous servira � obtenir plusieurs algorithmes permettant l��valuation de t avec

diverses pr�cisions� Grossi�rement
 nous montrons comment obtenir un estim� �t

de t tel que ��	 jt� �tj � p
t n�cessitant O�

p
N� �valuations de F 
 ��	 jt� �tj � �t

n�cessitant O�
q

N
t
�� �valuations de F ��	
 �t � t n�cessitant O�

p
tN� �valua�

tions de F � Inutile de dire que de telles performances ne sauraient �tre obtenues

classiquement lorsque la structure de F est inaccessible�

Dans la deuxi�me partie de cette th�se
 regroupant les chapitres � � �
 nous

�tudions les propri�t�s de l�intrication comme ressource en complexit� de com�

munication� Dans la premi�re section du chapitre �
 nous pr�sentons de fa�on

historique la d�couverte de cette ressource extraordinaire� On dira que deux

�ou plusieurs	 syst�mes sont intriqu�s si leur �tat ne peut �tre repr�sent� par un

produit de deux �ou plusieurs	 �tats disjoints� Une manifestation importante de

l�intrication est le fait qu�une mesure e�ectu�e sur l�un de deux syst�mes intriqu�s

semble a�ecter l�autre syst�me instantan�ment et ce
 sans �gard � la distance qui

les s�pare� On quanti�e l�intrication entre deux syst�mes en termes de bits d�in�

trication� La deuxi�me partie du chapitre � se penche sur un exemple concret

d�intrication qui viole toute th�orie locale de l�univers� Finalement
 la derni�re

partie du chapitre � pr�pare � la lecture des trois publications de cette seconde

�Dans ce sommaire ainsi que dans les chapitres d�introduction� nous avons choisis d�ignorer
le cas t � � dans le but de rendre plus lisibles les notations d�ordre�
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partie de la pr�sente th�se� La complexit� de communication d�une fonction

bool�enne G sur k variables est la quantit� minimale de communication n�ces�

saire
 dans le pire cas
 pour que chacun de k participants
 connaissant la valeur

d�une variable
 apprenne la valeur de G� Dans ����
 une variante de cette mesure

o� l�on permet aux participants de partager de l�intrication est pr�sent�e� Dans

la publication � Multiparty Quantum Communication Complexity � ���
 chapitre

 �
 nous pr�sentons le premier exemple de fonction pour laquelle le partage d�in�

trication permet une diminution non constante de communication
 � savoir un

facteur log�k�� Dans la publication � The Cost of Exactly Simulating Quantum

Entanglement with Classical Communication � ��!
 chapitre �� nous d�montrons

qu�une quantit� exponentielle de communication est n�cessaire pour parfaitement

simuler un nombre lin�aire de bits d�intrication� Nous d�montrons aussi que


dans le cas d�un seul bit d�intrication
 � bits de communication sont su�sants

pour obtenir une simulation parfaite de la corr�lation obtenue par des mesures

compl�tes� Finalement
 nous avons �tudi� les limites de l�intrication� Dans la

publication � Quantum Entanglement and the Communication Complexity of

the Inner Product Function � ��!
 chapitre �� nous montrons qu�il existe une

fonction pour laquelle l�intrication ne permet aucune r�duction de la complexit�

de communication�

Mots cl�s� ordinateur quantique
 algorithme de Grover
 communication
 com�

plexit�
 intrication�
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Chapter �

Histoire de l�ordinateur quantique

L�histoire des machines � calculer
 ou si vous pr�f�rez
 de l�ordinateur
 longe

depuis toujours la fronti�re des math�matiques et de la physique� Plusieurs des

plus grandes d�couvertes dans ce domaine ont �t� faites par des math�maticiens

se questionnant sur la vraie nature du calcul� Que l�on parle de Blaise Pascal


Alan Turing ou Johannes von Neumann
 c�est de la rencontre entre logique et

physique que l�ordinateur moderne est n��

Il est surprenant de constater que tous les ordinateurs existants sont construits

suivant le m�me paradigme� La seule variation appr�ciable de ce mod�le se trouve

dans le parall�lisme
 mais les op�rations �l�mentaires sont toujours des ET
 OU

et NON
 encadr�s par une architecture qui fondamentalement varie peu� Mais


pensez�vous
 comment pourrait�il en �tre autrement%

Dans les prochain chapitres
 nous pr�senterons une alternative
 un mod�le de

calcul o� les op�rations �l�mentaires sont fort di��rentes et qui pourtant est

reli� intimement � la r�alit� physique� Le mod�le en question est celui du calcul

quantique
 mod�le qui emprunte au calcul r�versible� Le reste de ce chapitre est

donc divis� en deux parties dans lesquelles nous discuterons de leurs historiques

respectifs�

�



CHAPTER �� HISTOIRE DE L�ORDINATEUR QUANTIQUE �

��� Calculs r�versibles

Nous d�buterons notre histoire du calcul r�versible en �� � par un passage de

Theory of Heat �crit par James C� Maxwell� ��!�

One of the best established facts in thermodynamics is that it is im�

possible in a system enclosed in an envelope which permits neither

change of volume nor passage of heat
 and in which both the temper�

ature and pressure are everywhere the same
 to produce any inequality

of temperature or pressure without the expenditure of work� This is

the second law of thermodynamics
 and it is undoubtedly true as long

as we can deal with bodies only in mass
 and have no power of per�

ceiving or handling the separate molecules of which they are made up�

But if we conceive a being whose faculties are so sharpened that he

can follow every molecule in its course
 such a being
 whose attributes

are still as essentially �nite as our own
 would be able to do what is

at present impossible to us� For we have seen that the molecules in

a vessel full of air at uniform temperature are moving with velocities

by no means uniform
 though the mean velocity of any great number

of them arbitrarily selected is almost exactly uniform� Now let us

suppose that such a vessel is divided into two portions
 A and B
 by

a division in which there is a small hole
 and that a being
 who can

see the individual molecules
 opens and closes this hole
 so as to allow

only the swifter molecules to pass from A to B
 and only the slower

ones to pass from B to A� He will thus
 without expenditure of work


raise the temperature of B and lower that of A
 in contradiction to

the second law of thermodynamics�

Il semblerait qu�un petit d�mon pourrait par sa per�die
 transgresser la deuxi�me

loi de la thermodynamique� Il existe plusieurs formulations de cette deuxi�me loi�

L�impossibilit� de cr�er un mouvement perp�tuel en est une �loquente� Ce para�
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doxe du d�mon de Maxwell a pr�ocup� les physiciens pendant pr�s d�un si�cle�

Maxwell lui�m�me n�o�ra pas de solution satisfaisante au probl�me
 se contentant

d�a�rmer qu�il nous est impossible de voir et manipuler les mol�cules individu�

ellement� En ����
 Marian v� Smoluchowski ��!�� d�montra que le d�mon ne

pouvait �tre incarn� par une machine simple
 comme une porte � ressort
 car son

propre bruit thermal l�emp�cherait
 � la longue
 de fonctionner convenablement�

En ����
 Leo Szilard croyait avoir solutionn� le probl�me ��!��� Il pr�tendait que

toute mesure ou acquisition d�informations au sujet des mol�cules par le d�mon

devait se traduire par une augmentation d�entropie proportionnelle � celle possi�

blement obtenue par l�utilisation future de cette information� Malheureusement


Szilard avait tort
 ce n�est pas l�acte de mesure qui doit augmenter l�entropie mais

bien les op�rations irr�versibles comme l�e�acement de la m�moire du d�mon pour

faire place � une nouvelle mesure� D�s les ann�es ���!
 on consid�rait le calcul

comme un processus m�canique et d�j� on se questionnait sur les liens entre in�

formations et entropie� Von Neumann a�rmait en ���� que chaque op�ration

�l�mentaire de calcul devait dissiper une �nergie �quivalente � kT log � o� k est

la constante de Boltzmann et T la temp�rature�

Il fallut attendre ���� pour que R� Landauer ���� montre clairement que toute

op�ration irr�versible doit �tre accompagn�e d�une augmentation d�entropie dans

l�environnement� Il en conclut lui aussi
 de fa�on erron�e
 que tout calcul dissipe

de l��nergie
 puisque n�cessairement constitu� d�op�rations irr�versibles�

C�est Charles H� Bennett qui en ���� �t le lien avec le paradoxe de Maxwell et

le co
t associ� aux calculs irr�versibles� Il donna donc la premi�re solution satis�

faisante au paradoxe de Maxwell� C�est���dire que le d�mon doit oublier
 e�acer

sa m�moire r�guli�rement
 pour pouvoir continuellement prendre des nouvelles

mesures et ainsi s�parer les mol�cules lentes des rapides� Bien entendu
 tous ces

oublis
 op�rations fondamentalement irr�versibles
 s�accompagneront d�une aug�

mentation d�entropie sup�rieure � la diminution cr��e par le jeu du d�mon� Les

r�sultats de Bennett furent le r�el coup d�envoi du calcul r�versible� En e�et
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il d�montra ���� que tout calcul peut �tre e�ectu� en utilisant uniquement des

op�rations �l�mentaires r�versibles
 ce qu�il �t en introduisant la machine de Tur�

ing r�versible et en montrant son universalit�� La principale cons�quence de ce

r�sultat est que tout calcul peut �tre e�ectu� en dissipant une quantit� arbi�

trairement faible d��nergie� Malheureusement
 pour e�ectuer des calculs de fa�on

r�versible
 il y a un co
t� Dans la premi�re construction de Bennett ����
 le co
t �

payer est en terme d�espace m�moire� Il publia �nalement en ���� un article ����

o� il �non�ait un des algorithmes les plus importants du domaine� Il d�montra

comment on pouvait faire un compromis temps&espace pour obtenir une solution

pr�servant par exemple le temps polynomial et n�ajoutant qu�un facteur logarith�

mique � l�espace� Nous reviendrons � ces r�sultats de fa�on plus pr�cise dans le

deuxi�me chapitre�

Les physiciens ayant solutionn� ce probl�mes
 ils se pench�rent sur d�autres� En

fait
 ce n�est plus la thermodynamique qui les pr�occupe mais la m�canique quan�

tique' laissons cela de c(t� jusqu�� la prochaine section� Du c(t� de la r�versibilit�


deux cat�gories de chercheurs se sont empar�s du domaine� Premi�rement
 les

ing�nieurs qui travaillent � la construction de machines r�versibles� N�oublions

pas que la dissipation d��nergie se manifeste par un �chau�ement des circuits
 ce

qui peut �ventuellement imposer une limite � leur taille et leurs performances�

Nous nous trouvons plut(t dans la deuxi�me cat�gorie
 celle des th�oriciens qui

s�int�ressent � ce mod�le de facon abstraite� Depuis les publications de Bennett


peu de r�sultats th�oriques importants ont �t� obtenus et ils concernent en g�n�ral

le compromis temps&espace dont j�ai parl� plus t(t ����� En particulier
 il a �t�

d�montr� par K� Lange
 P� McKenzie et A� Tapp qu�il est possible de simuler une

machine de Turing par une machine de Turing r�versible sans aucune perte au

niveau de l�espace si l�on est pr�t � payer le prix en termes de temps ���
 ����

Pour un suppl�ment d�informations
 nous sugg�rons fortement la lecture de l�ar�

ticle Notes on the history of reversible computation ���� ou de celui paru dans

le Scienti�c American ����
 tous deux �crits par Bennett� Notons aussi le livre
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Maxwell�s demon � entropy� information� computing ���� qui place sous une m�me

couverture tous les articles importants concernant le d�mon de Maxwell ainsi

qu�une introduction instructive et une bibliographie imposante�

��� Informatique quantique

Where a calculator on the Eniac is equipped with ��			 vacuum tubes

and weighs 
	 tons� computers in the future may have only �			 tubes

and weigh only � ��� tons

Extrait de l��dition de mars ���� du magazine Popular Mechanics

En ��!! Max Planck solutionne le probl�me de la radiation des corps noirs
 en

��!� Albert Einstein explique l�e�et photo�lectrique et en ���� Niels Bohr �nonce

le premier mod�le de l�atome d�hydrog�ne expliquant ses raies spectrales carac�

t�ristiques� Ces trois d�couvertes majeures ont en commun l�introduction de

valeurs discr�tes
 appell�s aujourd�hui quanta
 l� o� on aurait normalement util�

is� des valeurs continues� C��tait la naissance de la m�canique quantique
 science

qui est rapidement devenue la th�orie fondamentale de l��tude des ph�nom�nes

atomiques et sub�atomiques�

L�histoire de l�informatique quantique est plus r�cente que celle du calcul

r�versible� Pouvons�nous vraiment s�parer ces deux domaine% En m�canique

quantique
 on d�crit les objets par leur fonction d�onde
 leur �volution dans le

temps par un hamiltonien et les mesures pouvant �tre e�ectu�es
 par un op�ra�

teur hermitien� Il est int�ressant de remarquer que l��volution dans le temps

d�crite par un hamiltonien est intrins�quement r�versible �unitaire	 d�o� le lien

�troit entre la dynamique des processus r�versibles et celle des processus quan�

tiques� Ce lien sera d�ailleurs plus apparent dans le prochain chapitre lorsque les

circuits r�versibles et quantiques seront pr�sent�s�

Notre monde est fondamentalement quantique' si l�on d�sire un jour e�ectuer

des calculs � une �chelle atomique
 il faudra tenir compte de ces r�gles
 il faudra
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tenir compte des e�ets quantiques� Notez que ces e�ets quantiques sont pour le

moins contre nature
 pensons au paradoxe du chat de Schr)dinger� Pourquoi ne

pas utiliser cette bizarrerie pour faire mieux
 calculer plus vite% Pourquoi ne pas

utiliser des op�rations �l�mentaires quantiques dans le cadre d�un processus qui

aura pour but la solution de probl�mes calculatoires%

En ���� parut un article de Richard Feynman qui s�interrogeait sur la simulation

de syst�mes quantiques par d�autres syst�mes quantiques ����� Il faut dire que

la m�canique quantique est ainsi faite qu�il est di�cile pour un ordinateur clas�

sique de la simuler� C�est en ���� que l�informatique quantique est r�ellement n�e

avec un article de David Deutsch ���� qui contenait la description d�un ordinateur

quantique universel� * ce moment
 le seul int�r�t connu de cet ordinateur r�sidait

dans sa capacit� de simuler des syst�mes quantiques e�cacement
 exponentielle�

ment plus e�cacement que les meilleurs algorithmes roulant sur un ordinateur

classique� Il faut attendre en ���� pour voir le premier r�sultat laissant croire que

l�ordinateur quantique puisse �tre utilis� pour acc�l�rer des calculs utiles� C�est

David Deutsch et Richard Jozsa ���� qui �nonceront ce premier algorithme quan�

tique� Malheureusement
 le probl�me �tudi� n�est pas naturel et de plus il peut

�tre solutionn� e�cacement par un ordinateur classique de fa�on probabiliste�

L�ann�e ���� est s
rement la plus marquante dans ce domaine +orissant car deux

articles fondamentaux furent publi�s
 deux articles qui catapulteront la discipline

� l�avant�plan de la recherche en physique et en informatique th�orique� Le pre�

mier article est de Daniel Simon ��!��� Il montre comment trouver des collisions

dans une classe bien sp�ci�que de fonctions� L�algorithme fonctionne en temps

esp�r� polynomial sur un ordinateur quantique et on peut montrer que
 formul�

de cette fa�on
 aucun ordinateur classique ne pourrait le r�soudre e�cacement


m�me de fa�on probabiliste� Bien que beaucoup plus int�ressant et naturel que

le probl�me de Deutsch
 il n�en demeure pas moins d�nu� d�int�r�t pratique� Le

deuxi�me article
 publi� � la m�me conf�rence et fortement inspir� des r�sultats

de Simon
 nous vient de Peter Shor ���
 �!!�� Ce dernier montre comment fac�
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toriser de grands entiers et extraire le logarithme discret� Inutile de rappeler que

la factorisation de grands nombres est consid�r�e comme un probl�me di�cile'

cette croyance est su�sament �tablie pour que la technique d�encryption la plus

utilis�e sur l�internet repose sur cette hypoth�se� Les informaticiens quantiques

jubilent, Les applications pratiques de ce r�sultat sont ind�niables puisque si un

ordinateur quantique existait
 cela remettrait en question toute la cryptographie

telle que nous la connaissons ����� Ce fut aussi le moment d�un radical change�

ment d�attitude' le scepticisme quant � l�int�r�t de ces machines se transforma

en scepticisme quant � leur faisabilit��

* partir de ce moment
 les publications touchant l�ordinateur quantique se mul�

tiplient
 mais apr�s les r�sultats de Simon et de Shor
 un seul autre algorithme

important fut propos�� Cet algorithme ne permet pas comme les deux autres de

r�soudre en temps polynomial un probl�me qui jusqu�alors n�cessitait un temps

exponentiel mais son domaine d�application est extr�mement vaste� En e�et
 en

����
 Lov K� Grover publia un article fort important intitul� � A fast quan�

tum mechanical algorithm for database search � ����� Dans cet article il donne

l�esquisse d�un algorithme permettant de r�soudre des probl�mes de recherche

combinatoire
 c�est � dire
 trouver dans un tr�s large espace de recherche une

solution � des contraintes sp�ci�ques� Ce sont bien entendu les probl�mes dans

la classe de complexit� NP qui sont touch�s par cet algorithme� Bien des choses

encore peuvent �tre �crites au sujet de l�article de Grover et une bonne partie de

cette th�se y est consacr�e�

Parall�lement � ce que nous appellerons l�algorithmique quantique s�est d�velop�

p�e une science de l�information quantique� La t�l�portation �� 
 ��
 � � et la

cryptographie ���� peuvent �tre class�es dans cette cat�gorie� On �tudie entre

autres la relation entre l�information accessible au sujet d�un syst�me quantique

et la perturbation qu�on lui fait subir� Les �tudes concernant la communica�

tion � travers un canal quantique auront �norm�ment d�impact� En e�et
 il

est possible d�encoder de l�information quantique de fa�on � pouvoir corriger
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d��ventuelles erreurs ���
 �!�
 � �
 ce qui est surprenant �tant donn� la nature

continue des erreurs et la nature discr�te de leurs corrections� Les r�sultats con�

cernant la correction d�erreur combin�s avec ceux concernant les portes logiques

quantiques ��
 ��
 �
 ��
 �!�� sont parmi les r�sultats th�oriques les plus impor�

tants concernant la r�alisation �ventuelle d�un ordinateur quantique�

Qu�en est�il de la construction d�un prototype d�ordinateur quantique% La

recherche pratique en est � ses balbutiements mais plusieurs laboratoires dans

le monde y travaillent� Citons par example le California Institute of Technology

�
 le National Institute of Standards and Technology �
 l�universit� d�Oxford �
 et

le laboratoire de recherche de Los Alamos �� Soyons humbles
 ces laboratoires font

des exp�riences pour r�aliser les op�rations �l�mentaires servant � la construction

d�un ordinateur� C�est un peu comme si l�on avait le plan complet d�une pi�ce �ne

d�horlogerie qui vraisemblablement d�crit une montre tr�s pr�cise mais que
 pour

le moment
 le premier obstacle technologique soit la construction d�un engrenage

ayant bien la taille et la �nesse requises par le plan� Une fois la technique des

engrenages ma$tris�e
 encore faut�il construire la petite montre, Voil� ce � quoi

ressemble la recherche pratique en informatique quantique� La m�canique quan�

tique
 si stable et tant de fois porteuse de succ�s
 ne nous permet pas de conclure

� l�impossibilit� de la construction de ces machines mais elle ne nous promet pas

non plus la r�ussite du projet� Les avis quant � la faisabilit� de cet ordinateur

sont partag�s� Plusieurs chercheurs pensent que la r�alisation d�une telle machine

est impossible� Il est vrai que des di�cult�s majeures attendent ceux qui tentent

sa construction� Les arguments contre sa faisabilit� sont si semblables � ceux

entendus lors des tentatives de r�alisation des premiers ordinateurs �lectroniques

qu�on ne peut que sourire� De toute fa�on
 si des lois physiques inconnues em�

p�chent la construction de cette machine merveilleuse
 rendant probablement du

m�me coup la m�canique quantique obsol�te
 leur d�couverte sera d�une telle im�

�http���www�cco�caltech�edu��qoptics�
�http���www�bldrdoc�gov�timefreq�ion�index�htm
�http���www�qubit�org�
�http���qso�lanl�gov�qc�
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portance pour notre compr�hension du monde qu�elles justi�eront plusieurs fois

toute la recherche qui est faite dans ce domaine�



Chapter �

Circuits et algorithmes quantiques

Dans le chapitre pr�c�dent
 nous avons esquiss� l�histoire du calcul quantique en

passant par celle du calcul r�versible� De la m�me fa�on
 l��tude des circuits quan�

tiques ne peut se faire sans d�abord passer par celle des circuits r�versibles� Le

chapitre sera donc divis� en trois parties
 les circuits r�versibles
 les circuits quan�

tiques et �nalement nous consacrerons une section aux principaux algorithmes

quantiques�

��� Circuits r�versibles

Dans tous les mod�les de calcul
 il existe une notion de graphe de con�guration


en g�n�ral les noeuds repr�sentent l��tat global de la machine et un arc relie deux

con�gurations si une op�ration �l�mentaire permet de passer de la premi�re � la

deuxi�me� L��tat global ainsi qu�une �tape �l�mentaire doivent �tre pr�cis�ment

d��nis pour chaque mod�le mais l�id�e intuitive que nous nous en faisons est su��

isante ici� Voici trois graphes de con�gurations �Figure ���	 qui nous permettront

d�imager la notion de calcul r�versible�

Le graphe d�une machine non�d�terministe est pratiquement sans restrictions
 les

degr�s entrant et sortant des con�gurations sont quelconques� Dans celui de la

machine d�terministe tous les noeuds de son graphe de con�guration ont un degr�

�!
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Non d�terministe D�terministe R�versible

Figure ���� Graphes de con�gurations

ext�rieur au plus un
 ce qui signi�e que le successeur de chaque con�guration
 s�il

existe
 est uniquement d��ni� Une con�guration peut par contre avoir plusieurs

pr�d�cesseurs� Finalement
 on dit d�une machine qu�elle est r�versible si les degr�s

entrants et sortants sont au plus un
 dans ce cas la machine est d�terministe peu

importe la direction de la +�che du temps� Le successeur et le pr�d�cesseur de

chaque con�guration est
 s�il existe
 uniquement d��ni�

Il existe plusieurs mod�les de calcul r�versible
 par exemple le mod�le des balles

de billard ���� o� les op�rations �l�mentaires sont des collisions parfaites entre des

balles �lastiques� Ces collisions sont r�versibles et il n�est pas trop ardu de simuler

des portes logiques par l�ajout d�obstacles �xes� Comme mod�le th�orique
 nous

avons
 � l�image de la machine de Turing conventionnelle
 la machine de Turing

r�versible ����� Cette machine est tr�s semblable � son homologue d�terministe

� l�exception de sa table de transition qui doit respecter certaines conditions de

r�versibilit�� Un autre mod�le qui nous int�resse particuli�rement est celui du

circuit r�versible� C�est probablement le mod�le de r�versibilit� le plus pratique�

Nous allons maintenant d��nir un mod�le de circuit r�versible et allons �noncer les

principaux r�sultats connus � leur sujet� La majorit� des faits pr�sent�s dans ce

chapitre sont des cons�quences simples de th�or�mes d�j� connus pour la machine

de Turing r�versible mais leur traduction dans le mod�le des circuits r�versibles

est faite ici pour la premi�re fois � notre connaissance�

Par souci de simplicit�
 nous nous concentrerons sur les circuits � valeur bi�

naire m�me si tous les r�sultats qui suivent peuvent s�exprimer de fa�on plus
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g�n�rale dans un contexte o� les �ls transportent un symbole d�un alphabet plus

large� Une porte r�versible �r�porte	 g d�ordre k calcule une fonction bijective

g � f�� �gk � f�� �gk� Un circuit r�versible �r�circuit	 est un graphe acyclique

orient� o� les noeuds internes sont des r�portes avec degr� entrant et degr� sor�

tant �gal � leur ordre� De plus
 le graphe contient w noeuds initiaux et w noeuds

�naux� Les w noeuds initiaux ont degr� sortant � et degr� entrant ! �l�inverse

pour les noeuds �naux	� Dans l��valuation d�un r�circuit
 n noeuds de d�part

sp�ciaux sont initialis�s avec la valeur de l�input tandis que les autres le sont �

une valeur constante ne d�pendant pas de l�input� De la m�me fa�on m noeuds

�naux vont contenir la valeur de F �x� de fa�on � ce que le circuit calcule la fonc�

tion F � f�� �gn � f�� �gm� D��nissons un autre ensemble de noeuds de sortie


soit tous les noeuds qui ne font pas partie de la valeur de F �X� et qui ne sont pas

constants par rapport � l�input' nous appellerons ces bits des valeurs r�siduelles�

L�ensemble des bits r�siduels peut lui aussi �tre consid�r� comme une fonction

calcul�e par le circuit' nous appellerons cette fonction calcul�e de fa�on fortuite la

fonction parasite et la noterons G � f�� �gn � f�� �gg� Dans le mod�le r�versible


la m�moire utilis�e que l�on laisse dans une valeur inconnue �ici les valeurs r�sidu�

elles	 est un probl�me puisqu�abandonner des valeurs inconnues est parfaitement

�quivalent � e�acer ces valeurs� Sch�matiquement
 nous avons

�x� c�� �� �G�x�� F �x�� c��

avec jxj � n
 jF �x�j � m
 jG�x�j � g et jxj	 jc�j � jG�x�j	 jF �x�j	 jc�j o� c� et

c� sont des constantes ind�pendantes de x� L�ordre d�un r�circuit est le maximum

de l�ordre de ses portes
 sa taille est le nombre de portes qui le constituent
 sa

profondeur est d��nie par la longueur du chemin le plus long entre un noeud

entrant et un noeud sortant et �nalement sa largeur est d��nie de fa�on �vidente

par le nombre de �ls�
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c�

c�

x G�x�

F �x�

Figure ���� Circuit R�versible

Pour les circuits classiques nous savons que le NAND ��x� y� �� �� 	 �xy� 	� est

universelle si l�on consid�re que le FAN�OUT et l�initialisation de constante sont

gratuits� En calculs r�versibles
 ce r(le est jou� par la porte de To�oli ��!�� qui

est universelle si l�initialisation de constantes est permise� Cette r�porte d�ordre

� e�ectue la transformation suivante�

�b�� b�� b�� �� �b�� b�� b� 	 �b�b����

La porte de To�oli peut �tre utilis�e pour simuler le NOT
 XOR
 AND et le

FAN-OUT en choisissant les bonnes constantes� En particulier
 nous avons

NOT � �b�� �� �� �� �b�� �� b� 	 ��

XOR � �b�� �� b�� �� �b�� �� b� 	 b��

AND � �b�� b�� �� �� �b�� b�� b�b��

FAN� OUT � �b�� �� �� �� �b�� �� b��

Dans le reste de cette section
 nous ne consid�rerons que les circuits classiques

constitu�s uniquement de AND
 NOT et de FAN�OUT de sortance �� Notons

qu�un FAN�OUT arbitraire peut �tre simul� par une cascade de FAN�OUT de

sortance � et que m�me si cette restriction ne diminue pas en g�n�ral le pou�

voir d�expressivit� des circuits
 elle peut doubler leur taille et augmenter leur

profondeur d�un facteur logarithmique par rapport � la largeur�

�On supposera par d�faut que les op�rations sur les bits sont e	ectu�es modulo 
�
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Th�or�me ����� �Bennett 
	 ��	�� Toute fonction F � f�� �gn � f�� �gm cal


culable par un circuit de taille s� profondeur d et largeur w peut �tre calcul�e par

un r
circuit d�ordre 
� de taille s� � �s	m� largeur w� � �s	 �m et profondeur

�d	 � de telle sorte que G�x� � x�

Id�e de preuve� Il est facile de simuler un circuit classique en remplacant chaque

porte logique par une porte de To�oli branch�e aux bonnes constantes� Mal�

heureusement
 cela produit en g�n�ral une grande quantit� de bits r�siduels� La

strat�gie utilis�e pour r�duire leur nombre est simple
 il su�t d�adapter la tech�

nique de Bennett ���� fond�e sur l�utilisation d�un ruban qui conserve l�histoire

des op�rations e�ectu�es par la machine� On calcule la fonction sans se soucier

des bits r�siduels
 on copie la r�ponse en utilisant des portes de To�oli comme

FAN�OUT
 �nalement il su�t de d�calculer la fonction
 c�est � dire d�faire toutes

les op�rations sauf la copie de la solution�

Nous venons de voir que la r�versibilit� ne limite pas la puissance d�expressivit�

des circuits et qu�elle n�entra$ne une augmentation de profondeur que d�un fac�

teur deux� Le r�circuit ainsi obtenu est d�ordre �
 ce qui est optimal car on peut

d�montrer qu�avec un circuit d�ordre �
 seules des fonction lin�aires peuvent �tre

calcul�es� Il est int�resssant de constater que cela est obtenu en produisant un

nombre limit� de bits r�siduels avec la forme simple �x� �m� c�� �� �x� F �x�� c���

L�augmentation de la largeur du r�circuit proportionnellement � sa taille est l�in�

conv�nient majeur de cette technique simple� Heureusement la solution envis�

ag�e par Bennett pour r�gler le probl�me �quivalent pour les machines de Turing

r�versibles s�applique encore une fois ici�

Th�or�me ����� �Bennett �� ��
�� Levine � Sherman �� ��
�� Toute

fonction calculable par un circuit de taille s� largeur w et profondeur d peut

�tre calcul�e par un r
circuit d�ordre 
� de taille s� � O�s����w��� de largeur

w� � O�w�� 	 log�s�w�� et de profondeur d� � O�d����w�� de telle sorte que

G�x� � x pour tout � � ��
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Id�e de preuve� La strat�gie consiste � diviser le circuit en blocs de taille s et

d�appliquer r�cursivement la technique du th�or�me ����� tel que d�crit dans �����

Des valeurs plus pr�cises sont obtenues pour l�ordre en utilisant l�analyse plus

�ne de Levine . Sherman �� ��

Le th�or�me ����� permet une r�duction substantielle de la largeur du r�circuit qui

calcule une fonction� Tous les r�sultats concernant les r�circuits pr�sent�s jusqu��

maintenant sont des corollaires de r�sultats �quivalents concernant les machines

de Turing r�versibles' ce ne sera pas le cas des th�or�mes qui suivent�

Th�or�me ����	 �Coppersmith � Grossman 

 �
	�� Toute fonction F �

f�� �gn � f�� �gm peut �tre calcul�e par un r
circuit d�ordre 
 et de largeur n	m

de telle sorte que G�x� � x�

Id�e de preuve� Le th�or�me original de Coppersmith et Grossman annonce que

Toute permutation paire H � f�� �gn � f�� �gn peut �tre calcul�e par un r
circuit

d�ordre 
 avec n �ls� Pour obtenir le th�or�me tel que formul� ici il su�t que

F � f�� �gn � f�� �gm soit transform�e dans une permutation paire de ��n�m�

�l�ments calculant pr�cis�ment �x� �� �� �x� f�x���

Le th�or�me pr�c�dent est particuli�rement int�ressant quand m � � car

autrement il est souvent possible de calculer la fonction avec moins de bits r�sidu�

els en �tendant la fonction en une permutation paire de moins de m 	 n bits�

Est�il possible de faire mieux% Peut�on
 en red��nissant la largeur de fa�on ap�

propri�e
 restreindre la largeur � une valeur moindre que la taille de l�input%

Avec les machines de Turing
 il su�t d�utiliser un ruban accessible en lecture

seulement
 en plus d�un ruban de travail
 pour pouvoir restreindre la m�moire �

une valeur sous�lin�aire� Avec les r�circuits on peut utiliser une astuce similaire�

Nous exigerons des r�portes qui sont connect�es aux �ls reli�s � l�entr�e qu�elles

ne modi�ent pas leur valeurs� Nous allons maintenant nous concentrer sur les

circuits qui reconnaissent des langages �m � �	�

Th�or�me ����� �Barrington �� �
�� Toute fonction peut �tre calcul�e par un

r
circuit d�ordre 
 et de largeur 
�
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Id�e de preuve� David A� Barrington a montr� que toute fonction peut �tre

calcul�e par un programme de branchement r�versible de largeur � �width

 Per


mutation Branching Program	 � �� Une permutation de � �l�ments peut �tre

repr�sent�e avec � bits� Il est facile de voir que des permutations conditionnelles

dans un ��PBP peuvent �tre simul�es par une r�porte d�ordre � o� chaque �l

connect� � une entr�e demeure inchang�� Le th�or�me s�ensuit directement�

Th�or�me ����
 �Cleve � Ben�Or ����� Barrington ��� 
� ��� Toute fonc


tion F � f�� �gn � f�� �gm dans NC� peut �tre calcul�e par un r
circuit d�ordre 
�

de taille polynomiale et de largeur 
�

Id�e de preuve� Michael Ben�Or et Richard Cleve ���� ont montr� que� Toute

fonction calculable par une formule alg�brique sur un corps quelconque peut �tre

calcul�e par un straight�line program de longueur polynomiale utilisant seulement


 registres� Le th�or�me d�coule du fait que toutes op�rations �l�mentaires d�un

straight
line program sont r�versibles et qu�ils ont une structure ad�quate perme�

ttant leur simulation par un r�circuit�

Remarquez que le r�sultat de Ben�Or et Cleve est une g�n�ralisation du r�sultat

de Barrington sur Z� qui a montr� que NC� est calculable par un ��PBP de taille

polynomiale� Notez que la construction que nous obtenons poss�de un int�r�t

particulier du fait que le r�circuit calcule en r�alit�

�x�� � � � � xn� c�� c�� c�� �� �x�� � � � � xn� c� 	 F �x�� c�� c��

quelles que soient les valeurs de c�� c� et c�� Nous sommes en droit de nous

demander si le m�me genre de r�sultat est possible pour les r�circuits de taille

polynomiale quelconque� La r�ponse est probablement non
 mais cela risque de

s�av�rer di�cile � d�montrer puisqu�un tel r�sultat permettrait de s�parer P de

NC��
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��� Circuits quantiques

L�ordinateur quantique ayant �t� �tudi� depuis quelques ann�es d�j�
 certaines

avenues de recherche ont �t� �limin�es pour faire place � d�autres� Pour le mo�

ment
 la voie la plus prometteuse passe par les circuits quantiques� La partie de la

m�canique quantique n�cessaire � la compr�hension de l�informatique quantique

peut �tre d�crite en termes d�op�rateur unitaire et de projection sur un espace de

Hilbert de dimension �nie� Nous n�avons nulle intention d�exposer ces principes

dans toute leur g�n�ralit�� Dans notre description du mod�le
 nous allons consid�

�rer que le lecteur n�est pas familier avec la m�canique quantique� Comme bien

peu des concepts de cette science seront n�cessaires pour la description du mod�

�le
 nous n�allons en d��nir qu�un petit sous�ensemble� Le lecteur qui s�int�resse �

la m�canique quantique
 soit de fa�on sp�ci�que
 soit pour comprendre la prove�

nance de ce mod�le de calcul
 est invit� � consulter ���
  ��� Pour des ouvrages

plus orient�s vers le calcul quantique nous conseillons ���
 � 
 ���� Notez tout de

m�me que le mod�le choisi est robuste puisque toutes les tentatives d�implanta�

tion d�un ordinateur quantique s�y int�grent parfaitement� En particulier dans

le cas des trappes � ions �  � ou de la r�sonance magn�tique nucl�aire � �
  ��
 il

semble que la traduction entre les circuits que nous d�crivons et l�implantation

se fasse de fa�on naturelle�

Les circuits quantiques seront une extension � valeur complexe des circuits

r�versibles� Nos circuits ne traiteront plus de valeurs binaires mais plut(t de

qubits et ils poss�deront un type de portes suppl�mentaires enti�rement quan�

tiques
 � savoir les portes unaires unitaires� Les circuits quantiques di��rent des

circuits r�versibles principalement au niveau de la s�mantique de leurs op�rations�

La di��rence entre la r�alit� et la �ction est que la r�alit� n�a pas besoin d�avoir de

sens� Si le mod�le quantique n�encapsulait pas une part de la r�alit�
 il faudrait

�tre pervers pour l�inventer�

Pour ceux qui sont � l�aise avec la m�canique quantique
 nous allons essentielle�

ment en exploiter deux principes fondamentaux soit la superposition et l�inter
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f�rence� Le terme superposition traduit le fait qu�un objet quantique �une par�

ticule ou un registre	 peut �tre � la fois dans plusieurs �tats et qu�� partir de ce

moment toute op�ration e�ectu�e sur lui s�e�ectue en parall�le sur chacun des

�tats superpos�s� Il sera possible d�une certaine fa�on d��valuer une fonction si�

multan�ment sur tous les points de son domaine� L�interf�rence est le fait que

si plusieurs chemins m�nent au m�me �tat alors les amplitudes de ces di��rents

chemins s�additionnent� Comme les amplitudes sont des nombre complexes elles

pourront donc s�accumuler �interf�rence constructive	 ou s�annihiler �interf�rence

destructive	� L�amplitude
 terme que nous n�avons pas encore d��ni
 peut �tre

consid�r�e comme une g�n�ralisation du concept de probabilit�� Toute la beaut�

du calcul quantique sera de savoir combiner superposition et interf�rence pour

favoriser les r�ponses correctes�

Tout au long de cette section
 nous utiliserons en parall�le la notation matricielle

et la notation dite de Dirac� Commen�ons par nous attarder � la notion de

bits quantiques ainsi qu�aux registres quantiques qui en seront la g�n�ralisation�

Contrairement aux bits classiques
 les bits quantiques
 appel�s qubit
 peuvent

avoir � la fois la valeur ! et �� La description des qubits et des registres quantiques

re+�te parfaitement le concept de superposition� Un qubit est caract�ris� par deux

nombres complexes � et � repr�sentant respectivement l�amplitude avec laquelle

il est dans l��tat ! et l�amplitude avec laquelle il est dans l��tat �� Une restriction

qui deviendra claire plus tard est que

j�j� 	 j�j� � ��

En notation de Dirac on repr�sente le qubit

�j�i	 �j�i

o� les dr(les d�accolades entourant z�ro et un sont appell�es kets et servent �

di��rencier les amplitudes � et � des �tats de base j�i et j�i� On peut aussi
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utiliser la repr�sentation matricielle

�
� �

�

�
A

De fa�on g�n�rale
 un registre quantique de k qubits est caract�ris� par un vecteur

de �n nombres complexes

�
BBB�

��
���

��n��

�
CCCA tel que

�n��X
i��

j�ij� � ��

On le note aussi

�k��X
i��

�ijii

et chaque nombre complexe �i repr�sente l�amplitude de l��tat de base jii�
Lorsque l�on combine deux registres quantiques
 on obtient un registre quantique

o� les amplitudes se combinent de la fa�on suivante�

�
BBB�

��
���

��n��

�
CCCA�

�
BBB�

��
���

��m��

�
CCCA �

�
BBBBBBBBBBBB�

����
���

����m��

����
���

��n����m��

�
CCCCCCCCCCCCA

et en notation de Dirac

�
�n��X
x��

�xjxi
��

�m��X
y��

�yjyi
�
�

�n����m��X
x���y��

�x�yjx � yi
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o� �� � signi�e la concat�nation de cha$nes de bits et � est le produit de Kro�

necker�� Notez que cette r�gle est valable uniquement pour la concat�nation de

registres et qu�elle ne saurait en g�n�ral s�appliquer en sens inverse pour s�parer

un registre en deux� Plus sp�ci�quement
 lorsque deux parties d�un registre ne

peuvent s��crire comme un produit on dira qu�elles sont intriqu�es� Nous revien�

drons � la notion d�intrication dans la deuxi�me partie de cette th�se�

Dans notre mod�le de circuits quantiques
 nous permettons deux types de portes


les op�rations unaires et le XOR quantique�

Les op�rations unaires s�e�ectuent
 comme leur nom l�indique
 sur un seul qubit

du registre� On peut caract�riser ces op�rations par une matrice unitaire �� �


c�est���dire une matrice

U �

�
� � �

	 


�
A telle que

�
� � �

	 


�
A
�
� � �

	 


�
Ay

�

�
� � �

� �

�
A

o� �� �� 	 et 
 sont des nombres complexes et y repr�sente l�op�ration de trans�

poser et conjuguer une matrice� Lorsqu�on applique l�op�ration repr�sent�e par

la matrice U � un qubit dans l��tat

�
� x�

x�

�
A
 le registre passe simplement dans

l��tat �
� � �

	 


�
A
�
� x�

x�

�
A �

�
� �x� 	 �x�

	x� 	 
x�

�
A

Soit � le produit de Kroneker qui op�re sur des matrices carr�es de la fa�on

suivante� �
BBB�

��� 	 	 	 ��m
���

� � �
���

�m� 	 	 	 �mm

�
CCCA�

�
BBB�

��� 	 	 	 ��n
���

� � �
���

�n� 	 	 	 �nn

�
CCCA �

�Commun�ment appel� produit tensoriel�
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�
BBBBBBBBBBBBBBB�

������ 	 	 	 �����n ��m��� 	 	 	 ��m��n
���

� � �
��� 	 	 	 ���

� � �
���

����n� 	 	 	 ����nn ��m�n� 	 	 	 ��m�nn
���

� � �
���

�m���� 	 	 	 �m���n �mm��� 	 	 	 �mm��n
���

� � �
��� 	 	 	 ���

� � �
���

�m��n� 	 	 	 �m��nn �mm�n� 	 	 	 �mm�nn

�
CCCCCCCCCCCCCCCA

L�application de U sur le i�i�me qubit d�un registre de n qubits repr�sent� par un

vecteur v est v� tel que

v� � �I�i�� � U � I�n�i�v

o� I�k est la matrice identit� dans l�espace � �k dimensions� En notation de Dirac


l�e�et sur des �tats de base est le suivant�

j�i �� �j�i	 	j�i
j�i �� �j�i	 
j�i�

Une caract�ristique importante des op�rations unaires est leur lin�arit�� les am�

plitudes s�additionnent� C�est ce que l�on appelle l�interf�rence� L�application

d�une op�ration unaire U sur le i�i�me bit d�un registre dans l��tat de base

jxi � jx�x� � � � xni

donnera

jx�x� � � � xi��i�U jxii�jxi�� � � � xni
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et donc son application sur le registre

�n��X
x��

�xjxi

donnera

�n��X
x��

�xjx�x� � � � xi��i�U jxii�jxi�� � � � xni

Par exemple l�application de

U �
�p
�

�
� � �

� ��

�
A

sur le deuxi�me qubit de l��tat

�p
�

�
BBBBBB�

�

�

�

�

�
CCCCCCA

donne

�
�
�
� � �

� �

�
A� �p

�

�
� � �

� ��

�
A
�
A �p

�

�
BBBBBB�

�

�

�

�

�
CCCCCCA �

�

�

�
BBBBBB�

� � � �

� �� � �

� � � �

� � � ��

�
CCCCCCA

�
BBBBBB�

�

�

�

�

�
CCCCCCA �

�
BBBBBB�

�

�

�

�

�
CCCCCCA
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Le m�me exemple en notation de Dirac est passablement plus lisible� L�op�ration

unaire devient la transformation

j�i �� �p
�
�j�i	 j�i�

j�i �� �p
�
�j�i � j�i�

L��tat du registre peut maintenant s��crire j�i � �p
�
�j��i 	 j��i�� L�application

de l�op�ration unaire sur le registre nous donne donc

�I� � U�j�i � �I� � U�

�
�p
�
�j��i	 j��i�

�
�

�p
�
�j�i�U j�i� 	 j�i�U j�i��

�
�p
�
�j�i �p

�
�j�i	 j�i� 	 j�i �p

�
�j�i � j�i��

�
�

�
�j��i	 j��i	 j��i � j��i�

� j��i

La deuxi�me op�ration �l�mentaire
 le XOR quantique
 agit de facon r�versible

sur deux qubits
 la source et la cible� Un XOR quantique ayant comme source le

qubit i et pour destination j e�ectue sur chaque �tat de base l�op�ration

�xi� xj� �� �xi� xi 	 xj�

ce qui a pour e�et de permuter les coe�cients des �tats de base d�un registre sans

changer leurs amplitudes� En notation matricielle
 on obtient

�
BBBBBB�

� � � �

� � � �

� � � �

� � � �

�
CCCCCCA
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et en notation de Dirac

j��i �� j��i
j��i �� j��i
j��i �� j��i
j��i �� j��i

Nous pouvons maintenant donner la s�mantique op�rationnelle d�un circuit quan�

tique ou q�circuit� L��valuation d�un q�circuit se fait en trois �tapes� Premi�re�

ment l�initialisation du registre � un vecteur binaire classique pouvant contenir

l�input ainsi que des constantes� Deuxi�mement l��valuation porte � porte du

circuit� La troisi�me op�ration est n�cessaire pour obtenir un r�sultat classique


on l�appelle mesure ou projection� En fait la sortie classique du circuit d�pend

de fa�on probabiliste de l��tat superpos� obtenu apr�s l��valuation de toutes les

portes� Si le registre est dans l��tat

�m��X
i��

�ijii

alors on obtiendra la valeur i avec probabilit� j�ij� d�o� la n�cessit� d�avoir

�n��X
i��

j�ij��

Comme pour les circuits r�versibles
 lors de l��valuation d�un circuit quantique

le nombre de �ls ne change pas� On choisira donc certains �ls pour contenir le

r�sultat du calcul� En g�n�ral
 on dira que sur entr�e x la sortie d�un circuit est

y si
 ayant initialis� le circuit avec la valeur �x� c�� ��
 �valu� le circuit et projet�

le registre
 on obtient �x� g� y� o� c� est une constante ind�pendante de x et g

est quelconque� On dit qu�une fonction F est dans QP s�il existe une famille de
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q�circuit Q de taille polynomiale telle


x� �Pr�Q�x� c� �� �� �x� c� y�� � ��� F �x� � y�

On dit qu�une fonction est dans BQP s�il existe une famille de circuits de taille

polynomiale telle que


x� �Pr�Q�x� c� �� �� �x� c� y�� � �



�� F �x� � y�

Pour plus d�information sur la complexit� quantique et ses liens avec la complexit�

classique
 le lecteur est invit� � lire �� 
 �!�
 ��
 ����

Attention
 la notion d�uniformit� pour les q�circuits n�est pas encore bien d��nie

mais pour les besoins de ce document
 nous consid�rerons les familles de circuits

e�cacement calculables classiquement� Il est clair qu�il y a place au travail de

recherche pour bien d��nir la notion d�uniformit� dans les q�circuits� Cette t"che

cache des di�cult�s dues au fait que la notion d�e�cacement calculable est elle�

m�me a�ect�e par les algorithmes quantiques� Nous adopterons l�attitude s
re qui

consiste � consid�rer uniquement les circuits qui sont e�cacement constructibles

par une machine de Turing�

����� Universalit�

La description de q�circuit faite pr�c�demment ne semble pas permettre d�ef�

fectuer des op�rations utiles� Bien au contraire
 les q�circuits sont universels � la

fois classiquement et de fa�on quantique�

Th�or�me ����� � Deutsch � DiVincenzo �
�� 
��� Tout circuit r�versible

de largeur l� profondeur d et taille m peut �tre simul� par un circuit quantique de

largeur l� profondeur �
d et taille ��m�

Pour simuler un circuit r�versible
 il su�t de pouvoir simuler la porte de To�oli

et l�entr�e de constantes� Il a �t� d�montr� dans ��� que les op�rations �l�men�
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taires que nous avons d��nies permettent la r�alisation de la porte de To�oli


c�est���dire qu�il existe un q�circuit qui
 lorsqu�ex�cut� sur des entr�es classiques

�non superpos�es	
 se comporte comme la porte de To�oli� Bien s
r
 rien n�em�

p�che d�appliquer ce circuit sur un registre en superposition' le r�sultat sera la

superposition de l�application du q�circuit sur chacune des valeurs de base�

Il est clair qu�en initialisant le registre avec l�input du circuit ainsi que des z�ros


puis en simulant le r�circuit porte par porte
 le registre contiendra �nalement

les valeurs que le circuit r�versible aurait calcul�es� Ce m�me circuit compos�

de portes quantiques et calculant une bijection classique peut �tre �valu� sur un

registre en superposition' la lin�arit� des op�rations d�crites plus t(t nous assure

que cette op�ration laissera le registre en superposition� Nous ferons grand usage

de ce fait dans les algorithmes qui suivent et nous pouvons donc simpli�er le

mod�le en remplacant le XOR dans notre d��nition par n�importe quel circuit

r�versible classique� Bien s
r
 la taille du q�circuit devra compter la taille des

r�circuits qu�il simule�

Il y a aussi une autre facette � l�universalit� des circuits quantiques� Nous avons

vu qu�ils permettent de simuler n�importe quel circuit classique par la simulation

de r�circuits mais existe�t�il des op�rations que la m�canique quantique permet

de r�aliser sur un registre et que notre mod�le ne permet pas%

Th�or�me ����� �Barenco et cie �
�� Toute op�ration unitaire peut �tre

simul�e par un circuit quantique�

Nous n�avons pas d��ni ce qu�est une op�ration unitaire' disons simplement que

dans l��tat de la connaissance des r�gles qui r�gissent les particules �l�mentaires


on consid�re qu�une op�ration peut �tre e�ectu�e sur un syst�me donn� si et

seulement si elle est unitaire� Le point important soulev� ici est que ce mod�le

est complet
 robuste et r�aliste� Il est complet pour la raison exprim�e plus t(t�

Sa robustesse tient du fait que d�autres ensembles de portes �l�mentaires complets

existent et qu�ils peuvent s�exprimer simplement avec celui que nous avons d�crit


et son r�alisme tient du fait que toutes les implantations concr�tes d�ordinateur
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quantique semblent plus ou moins utiliser les m�mes blocs de base �� �� Il est

important que les op�rations �l�mentaires ne soient pas trop puissantes car la

complexit� des probl�mes pourrait �tre sous��valu�e� Elle ne doit pas non plus

�tre trop simple
 rendant le mod�le inutilement lourd� L�ensemble de portes

�l�mentaires choisies semble donc appropri��

����� Bo�te � outils

Donnons�nous maintenant quelques outils ou proc�dures quantiques� Nous avons

choisi de pr�senter ici trois transformations quantiques qui � elles seules forment

le noyau de la presque totalit� des algorithmes existant dans la litt�rature�

Premi�rement
 concentrons�nous sur la transformation de Walsh�Hadamard

W j�i �� �p
�
�j�i	 j�i�

W j�i �� �p
�
�j�i � j�i�

On remarque d�abord que cette transformation est son propre inverse�

�p
�

�
� � �

� ��

�
A �p

�

�
� � �

� ��

�
A �

�
� � �

� �

�
A

On remarque ensuite que son application sur chaque qubit d�un registre dans un

�tat de base donne une �gale superposition de tous les �tats de base au signe pr�s

W�njxi � �p
�n

�n��X
y��

����x�yjyi

o� x 	 y �Pn
i�� xiyi mod � �on peut facilement v�ri�er cette �quation par induc�

tion	� En particulier
 pour obtenir une superposition de tous les �tats de base

avec une �gale amplitude il su�t d�appliquer W sur tous les qubits d�un registre
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initialis� � l��tat j�ni c�est���dire

W�nj�ni � �p
�n

�n��X
y��

jyi�

Une deuxi�me op�ration utilis�e dans plusieurs algorithmes est le changement de

phase conditionnel� Il s�agit
 pour une fonction F � f�� �gn � f�� �g donn�e


d�inverser la phase des �tats de base x pour lesquels F �x� � �� On d�sire donc

implanter la transformation

jxi �� ����F �x�jxi�

Pour ce faire
 il su�ra d�avoir un circuit �F qui calcule F de fa�on r�versible


�x� b� �� �x� b 
 F �x��
 �o� 
 repr�sente la somme bit � bit	 ainsi qu�un qubit

auxiliaire dans l��tat W j�i � �p
�
�j�i � j�i� puisque si F �x� � �

�F jxi
� j�i � j�ip

�

�
� jxi

� j�i � j�ip
�

�

mais si F �x� � � alors

�F jxi
� j�i � j�ip

�

�
� jxi

� j�i � j�ip
�

�
� �jxi

� j�i � j�ip
�

�

La troisi�me transformation qui nous sera utile est la transform�e de Fourier�

Cette transformation d��nie sur les �tats de base par

Fq � jki �� �p
q

q��X
l��

e��i
kl
q jli k � Zq

e�ectue simplement la transform�e de Fourier discr�te des coe�cients� Nous ne

donnerons pas ici le circuit qui la calcule�

Th�or�me ����	 ����� ���� 
�� ���� Il existe un circuit quantique de taille

O�n�� e�ectuant la transformation F�n�
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C�est dans ���� qu�on trouve le premier algorithme e�ectuant la transform�e de

Fourier quantique sur Zq� L�algorithme fonctionnait en temps polynomial pour

autant que q soit un produit de petits nombres premier� Si q est une puissance de

deux
 il existe un circuit simple calculant cette transformation ��!!
 ��
 ��� qui est

sans doute la plus importante transformation quantique que nous connaissions�

Nous reviendrons dans les chapitre � et � sur cette transformation et son inverse�

Contentons nous de dire que si on l�applique sur un registre dans un �tat

j�i �
�n��X
i��

�ijii

o� les �i sont p�riodiques de p�riode k alors

Fqj�i �
�n��X
i��

�ijii

o� une bonne partie de l�amplitude est concentr�e aux �tats proches de l��tat de

base �n�k� On peut donc utiliser cette transformation pour �valuer la p�riode

d�une fonction classique ou des amplitudes d�une superposition quantique�

��� Principaux algorithmes quantiques

Les principaux algorithmes sont Deutsch�Jozsa
 Bernstein�Vazirani
 Simon
 fac�

torisation et logarithme discret de Shor
 Grover et comptage� Dans cette section


nous discutons des principaux algorithmes quantiques� Les premiers seront d�crits

dans les sous�sections suivantes� Quant aux deux derniers
 l�algorithme de Grover

et de comptage
 nous leur consacrons les chapitres � et ��

Notez que les quatre probl�mes dans cette section sont pr�sent�s assez sommaire�

ment
 aucune preuve de leur fonctionnement ne sera donn�e et leurs algorithmes

y sont d�crits seulement de facon indicative� La litt�rature traitant de ces articles
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est d�ailleurs su�samment abondante pour qu�un lecteur curieux puisse combler

toute l�information manquante ���
 �!�
 �!!
  �
 ��
 �
 �!��

Certains des algorithmes quantiques connus r�solvent un probl�me consistant �

identi�er une propri�t� d�une fonction� Ces algorithmes ont tous la caract�ris�

tique qu�ils n�utilisent pas la structure de la fonction� Ils se contentent d��valuer

ladite fonction sur une superposition ad�quate� Dans ce cas on dira que la fonc�

tion est donn�e sous la forme d�une bo�te noire� On comparera la performance

d�un algorithme quantique utilisant une fonction comme une bo$te noire avec les

algorithmes classiques qui font de m�me en comptant le nombre d�appels � la

bo$te noire� Il nous faudra d�ailleurs distinguer entre la fonction et son implan�

tation en circuit� On notera donc �f le circuit qui calcule de fa�on r�versible la

fonction �x� b� �� �x� b
 f�x��

����� Deutsch�Jozsa

Le premier exemple sur lequel nous avons d�cid� de nous attarder est l�algorithme

de Deutsch et Jozsa ����� Malheureusement
 le probl�me r�solu n�est pas naturel

et de plus un algorithme probabiliste classique peut le r�soudre e�cacement si

l�on tol�re une probabilit� in�nit�simale d�erreur� Par contre
 son importance

historique et sa simplicit� nous emp�chent de l�ignorer�

On dit d�une fonction F qu�elle est constante si �y
x� F �x� � y� On dira qu�elle

est �quilibr�e si jfxjF �x� � �gj � jfxjF �x� � �gj�

Probl�me� Deutsch�Jozsa

Donn�e� F � f�� �gn � f�� �g une fonction


Promesse� F est �quilibr�e ou constante�

Sortie� �quilibr�e ou constante selon le cas�

Si la fonction est donn�e par une bo$te noire
 alors classiquement
 dans le pire

des cas
 on doit s�attendre � �valuer F plus de �n�� fois pour conna$tre la r�ponse
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avec certitude� L�algorithme de Deutsch�Jozsa r�sout ce probl�me exactement en

�valuant la fonction une seule fois� Il semble que nous ayons l� une acc�l�ration

fulgurante mais cela est trompeur car il existe un algorithme probabiliste pour

r�soudre ce probl�me
 � savoir �valuer F sur k points al�atoires et r�pondre

constante si et seulement si l��valuation de F sur ces points donne toujours la

m�me valeur� N�anmoins
 on trouve dans cet algorithme le germe de ce qui sera

utilis� dans des algorithmes plus utiles�

Deutsch�Jozsa�F�

�� j�i � j�n� �i

�� j�i � �I�n �W � j�i

�� j�i � �W�n � I�� j�i

�� j�i � �F j�i

�� j�i � �W�n � I�� j�i

�� Projeter j�i dans �x� b�

 � Si x � � retourner Constant
 sinon Balanc�

Th�or�me ��	�� �Deutsch � Jozsa �� �
��� L�algorithme Deutsch�Jozsa

r�sout le probl�me de Deutsch
Jozsa de fa�on exacte avec un seul appel � F �

����� Bernstein�Vazirani

Le deuxi�me algorithme que nous allons �tudier est celui de Ethan Bernstein et

Umesh Vazirani� Bien que r�solvant
 lui aussi
 un probl�me peu naturel
 son

importance historique nous emp�che de l��carter�

Probl�me� Fourier�Sampling

Donn�e� F � f�� �gn � f�� �g une fonction
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Promesse� Il existe a tel que pour tout x F �x� � a 	 x
Sortie� a�

Tout appel classique � F nous apprend un bit d�information au sujet de a� Il faut

donc n appels � F pour r�soudre le probl�me � l�aide d�un algorithme classique�

Il existe pourtant un algorithme quantique r�solvant le probl�me n�cessitant un

seul appel � F ��!��

Bernstein�Vazirani�F�

�� j�i � j�n� �i

�� j�i � �I�n �W � j�i

�� j�i � �W n � I�� j�i

�� j�i � �F j�i

�� j�i � �W n � I�� j�i

�� Projeter j�i dans �x� b�

 � Retourner x�

Th�or�me ��	�� �Bernstein�Vazirani ����� L�algorithme Bernstein
Vazirani

r�soud le probl�me Fourier
Sampling en un appel � F �

L�importance de cet algorithme tient du fait qu�en consid�rant une version r�cur�

sive du probl�me ��!�
 Bernstein et Vazirani ont d�montr� qu�il existe un oracle

A pour lequel BQPA �� BPPA�

����� Simon

Le deuxi�me algorithme que nous allons �tudier est celui de Simon� C�est le

premier algorithme quantique � r�soudre un probl�me concret plus rapidement

qu�un ordinateur classique
 m�me probabiliste�
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Probl�me� Collision

Donn�e� F � f�� �gn�� � f�� �gn une fonction

Promesse� �s� 
x� F �x� � F �y�� x � y 
 s

Sortie� s�

Comme l�algorithme que nous allons pr�senter est probabiliste
 nous aurons be�

soin du th�or�me suivant qui montre qu�en fait
 contrairement au probl�me de

Deutsch�Jozsa
 m�me un algorithme probabiliste ne peut r�soudre ce probl�me

e�cacement�

Th�or�me ��	�	 �Simon ������ Si F est donn� par une bo�te noire� aucun al


gorithme probabiliste qui �value f moins de �n�� ne peut r�soudre le probl�me de

Collision avec probabilit� sup�rieure � ��� 	 � 	 ��n���

Nous allons maintenant d�crire un algorithme quantique qui peut r�soudre ce

probl�me avec un nombre esp�r� d��valuations de F lin�aire�

Simon�F�

�� S � fg

�� j�i � j�n��� �ni

�� j�i � �W�n�� � I�n� j�i

�� j�i � �F j�i

�� j�i � �W�n�� � I�n� j�i

�� projeter j�i dans �x� z�

 � Si x est ind�pendant de S alors ajouter x � S

�� Si jSj � n	 � alors d�duire s de S et retourner s
 sinon recommencer � ��

Th�or�me ��	�� �Simon ������ L�algorithme Simon r�soud le probl�me de col


lision en un nombre esp�r� d�appels � F lin�aire�
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Id�e de preuve� L�algorithme Simon calculera � chaque tour de boucle une valeur

al�atoire x tel que x	s � � et accumulera ces valeurs dans un ensemble S� Lorsque

n valeurs lin�airement ind�pendantes auront �t� trouv�es il sera facile d�en d�duire

s� Malheureusement plus S est grand
 plus la probabilit� que x soit ind�pendant

de S est faible
 c�est pourquoi cet algorithme fonctionne en temps esp�r� lin�aire�

Il est � noter que r�cemment G� Brassard ���� et P� H#yer ont montr� que le

probl�me est dans QP en donnant un algorithme pour lequel le nombre d�appels

� F est born��

����	 Shor

Le troisi�me algorithme pr�sent� est sans aucun doute le plus important en al�

gorithmie quantique� En ����
 Peter Shor ���
 �!!� publia un article qui �t

beaucoup de bruit� Il pr�senta deux algorithmes fond�s sur une proc�dure quan�

tique de son invention
 la transform�e de Fourier quantique �Fq	� Le premier

permet de factoriser les grands nombres en temps esp�r� polynomial et le second

d�extraire le logarithme discret� Nous avons choisi ici de d�crire l�algorithme de

factorisation
 l�autre �tant apparent�� Nous avons d�j�
 dans le premier chapitre


mentionn� l�importance de ce probl�me� Rappelons simplement que bien qu�il

ne soit pas prouv� qu�aucun algorithme classique ne peut r�soudre ce probl�me

e�cacement�
 la con�ance dans sa di�cult� est su�samment grande pour qu�une

grande partie de la s�curit� des protocoles cryptographiques utilis�s en pratique

repose sur cette hypoth�se �����

Probl�me� Factorisation

Donn�e� N � f�� �gn

Retourne� y et z tel que N � yz

Contrainte� N est compos��

�m�me de facon probabiliste
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Le meilleur algorithme connu pour r�soudre factorisation est le crible alg�brique

et n�cessite un temps dans O�e���	��o����n
����log n����� o� n est la taille du nombre �

factoriser� Il est conjectur� qu�aucun algorithme ne peut r�soudre Factorisation

en temps polynomial� L�algorithme de Shor utilise le fait que Factorisation se

r�duit de fa�on probabiliste classique � Ordre�

Probl�me� Ordre

Donn�e� y et N

Retourne� le plus petit r tel que yr � N �

Classiquement
 on ne sait r�soudre ce probl�me e�cacement mais il existe un

algorithme quantique utilisant la Fq qui le r�sout� La technique est tr�s semblable

� celle utilis�e par Simon avec W remplac� par Fq et en choisissant F �x� ��

yx�mod N��

Pour plus de d�tails concernant l�algorithme de Shor
 le lecteur pourra re�

garder ���
 �!!
 ��
 ��
 ��
 ��
 ��
 ���� Notez qu�au m�me moment o� Shor

publiait son algorithme de factorisation
 il donnait aussi une solution aux prob�

l�mes du logarithme discret ���
 �!!�� Subs�quemment
 A� Yu Kitaev ��!� donna

un algorithme pour r�soudre le probl�me du stabilisateur ab�lien �abelian stabi


lizer problem	 et montra que la factorisation et le logarithme discret en �taient

des cas particuliers�

��� Conclusion

Les quatre exemples donn�s pr�c�demment couvrent les algorithmes quantiques

les plus importants � l�exception de celui d�crit dans le prochain chapitre� Il

est int�ressant de savoir qu�un lien existe entre ces algorithmes� Une analyse

math�matique permet de mettre en relief la relation alg�brique �troite entre ces

quatre probl�mes puisqu�on peut en discuter en termes de transform�e de Fourier

appliqu�e sur un groupe ab�lien � ���
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Les circuits quantiques peuvent servir � autre chose qu�� la r�solution de prob�

l�mes calculatoires� On peut les utiliser pour mod�liser des ph�nom�nes tr�s

di��rents� Gilles Brassard a d�crit le circuit de la t�l�portation quantique �����

On peut aussi les utiliser pour discuter de correction d�erreur quantique
 qui

repr�sente un domaine de recherche important ��
 ��
 �!�
 � ��

Les circuits peuvent aussi servir � d�crire le comportement de participants dans

un protocole quantique multi�parties
 ce qui touche bien s
r la cryptographie mais

aussi et surtout un domaine d�int�r�t nouveau appel� complexit� de communi�

cation quantique� Nous reviendrons � la complexit� de communication dans les

chapitres �
  
 � et ��



Chapter �

Algorithme de Grover� analyse et

extensions

L�objectif de ce chapitre est de pr�parer le lecteur aux articles � Tight Bounds

on Quantum Searching � et � Quantum Amplitude Ampli�cation and Estima�

tion � �chapitres � et �	
 mais aussi d�en faire ressortir les �l�ments signi�catifs�

Nous pr�senterons certains r�sultats di��remment des articles pour faire ressor�

tir l�intuition qui mena � leurs d�couvertes
 ce qui
 nous l�esp�rons
 facilitera du

m�me coup leur compr�hension�

��� Algorithme de Grover

En ����
 Lov K� Grover publia un article intitul� � A Fast Quantum Mechan�

ical Algorithm for Database Search � ����� Cet article eut un impact �norme

dans la communaut� puisqu�il pr�sentait une nouvelle proc�dure quantique tout

� fait originale et d�un int�r�t certain� Soit un tableau T de taille N 
 le probl�me

�tudi� par Grover consiste a trouver pour un y donn�
 un i tel que T �i� � y�

Si le tableau n�est pas tri�
 un algorithme classique devra en moyenne visiter

la moiti� des �l�ments du tableau �O�N�	 avant de tomber sur le bon s�il ex�

iste et est unique� Dans son article
 Grover montra l�existence d�un algorithme

� 
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quantique pour r�soudre ce probl�me avec O�
p
N� acc�s au tableau� Bien que

non exponentielle
 cette acc�l�ration n�en demeure pas moins appr�ciable� Mal�

heureusement
 la proc�dure d�crite par Grover n�est pas compl�te et c�est gr"ce

� notre analyse formul�e dans l�article � Tight Bounds on Quantum Searching

� ���
 chapitre �� qu�un algorithme complet existe pour r�soudre ce probl�me dans

toute sa g�n�ralit��

Commen�ons par reformuler le probl�me de recherche de fa�on plus ad�quate�

C�est cette formulation qui est utilis�e dans le chapitre � bien qu�aucun nom

explicite ne soit donn� au probl�me�

Probl�me� F�SAT

Donn�e� F � f�� � � � � N � �g � f�� �g une fonction bool�enne �bo$te noire	

Retourne� i tel que F �i� � � ou NIL si F����� � fg�
Param�tre� N � �n et t � jfi j F �i� � �gj�

Lorsque F est une bo$te noire
 le th�or�me suivant est imm�diat�

Theorem 	���� Tout algorithme classique r�solvant F�SAT avec probabilit�

sup�rieure � ��
 n�cessite ��N�t� �valuations de F � de plus� O�N�t� appels �

F sont su�sants�

Le r�sultat originel de Grover s��nonce comme suit�

Theorem 	���� �Grover �� ����� Il existe un algorithme r�solvant F�SAT n�


cessitant moins de
p
�N �valuations de F dans le cas sp�ci�que o� T � ��

Il y a deux raisons qui nous am�nent � choisir cette formulation en termes de

fonction plut(t que celle de tableau utilis� par Grover� La premi�re est que pour

appliquer l�algorithme de Grover dans le contexte d�une base de donn�es
 une

m�moire quantique sp�ciale
 � acc�s direct et adressable en superposition
 est

n�cessaire� Les q�circuits ne peuvent mod�liser ad�quatement ce genre de choses

et il n�est m�me pas clair que ce soit r�alisable en pratique� La deuxi�me raison

est que le probl�me F�SAT s�apparente au probl�me de la satisfaisabilit� de
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circuit bool�en qui est le probl�me NP-complet par excellence� Tout probl�me

dansNP peut donc se ramener � F�SAT et ce
 de fa�on naturelle ���
 ���� Inutile

de rappeler la quantit� ph�nom�nale de probl�mes d�importance pratique qui se

trouvent dans cette classe� Pour une d��nition formelle de la classe ainsi qu�un

survol des probl�mes qui s�y trouvent
 nous invitons le lecteur a consulter �����

Comme nous l�avons vu �th�or�me �����	
 dans le cas classique
 le concept de bo$te

noire rend l�analyse de probl�me F�SAT trivial� Il n�en est pas de m�me pour les

algorithmes quantiques puisque ceux�ci peuvent �valuer une fonction �q�circuit	

sur une superposition de valeurs� En fait
 dans le cas quantique
 une borne in�

f�rieure quant au nombre d�appel n�cessaire �tait connue bien avant la publication

par Grover de son fameux article� En ����
 C�H� Bennett
 E� Bernstein
 G� Bras�

sard
 U�V� Vazirani ���� ont d�montr� une borne inf�rieure de ��
p
N� appels �

la fonction� Dans le chapitre � �Th�or�me �����	
 une analyse plus approfondie

nous permet d�a�rmer qu�aucun algorithme quantique ne peut r�soudre F�SAT

avec probabilit� sup�rieure � ��� en moins de sin�����
p
N�t �valuations de F �

L�algorithme quantique propos� par Grover est simple� On initialise un registre

avec une superposition �gale de tous les �l�ments du domaine puis on applique

un certain nombre de fois quelques op�rations que nous regrouperons sous l�ap�

pellation d�it�ration de Grover qui sera not�e GF � Plus pr�cis�ment

GF � �WS�WSF �

o�W est la transformation de Walsh-Hadamard et S� et SF sont des changements

de phase conditionnels d��nis comme suit�

SF jii � ����F �i�jii
S�jii � �jii si i � � et jii sinon
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L�algorithme de Grover s��nonce comme suit�

Grover�F� j�

�� j�i � W�nj�ni

�� Faire j fois

� j�i � GF j�i

�� Projeter j�i dans k et retourner k�

Dans son analyse
 Grover avait d�montr� que pour t � � �F �i� � � pour un

i unique	 il existe j 

p
�N pour lequel Grover�F� j� permet d�obtenir i tel

que F �i� � � avec probabilit� sup�rieure � ���� Ce r�sultat est tr�s int�ressant


mais il ne d�crit pas r�ellement un algorithme' il en montre plut(t l�existence

puisque j n�est pas sp�ci��� Une analyse math�matique plus pouss�e de l�it�ration

�GF 	 nous a permis d�obtenir une description simple de l��tat du registre apr�s

l�application de l�algorithme Grover�F� j�� Soit � tel que sin���� � t
N
� Nous

obtenons

Gj
F �W j�ni� �

X
i�F�����

sin���j 	 ����p
t

jii	
X

i�F�����

cos���j 	 ����p
N � t

jii� ����	

La probabilit� d�observer i tel que F �i� � � si l�on mesure apr�s la j�i�me it�ration

est donc de sin����j 	 ����� Le graphique ��� met en relief l�importance de bien

sp�ci�er j� On y remarque entre autres que le nombre optimal d�it�rations quand

t � � est un tr�s mauvais choix quand t � �� Il su�t maintenant de remarquer que

sin����j 	 ���� est maximale quand j � b �
��
c a�n d�obtenir
 lorsque t est connu


un algorithme bien sp�ci�� faisant moins de �
�

q
N
t
appels � F et permettant de

r�soudre F�SAT avec probabilit� d�erreur inf�rieure � t
N
�

En g�n�ral
 la valeur de t nous est inconnue� Fort des r�sultats pr�c�dents
 nous

avons aussi montr� �Chapitre � section �	 qu�il est possible de r�soudre F�SAT
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Figure ���� Probabilit� de succ�s de l�algorithmeGrover en fonction de j quand
N � ���� pour t � �� � et � respectivement�

m�me si t est inconnu
 et ce avec un nombre esp�r� d��valuations de F dans

le m�me ordre que si t �tait connu� L�id�e intuitive exploit�e par l�algorithme

est la suivante� Premi�rement
 si l�on choisit un nombre d�it�rations j de fa�on

al�atoire entre z�ro et un multiple du choix optimal ���
p
N�t�	
 la probabilit�

d�obtenir une solution avec Grover�F� j� est sup�rieure � ���� On appellera

donc l�algorithme successivement avec un nombre d�it�rations choisi al�atoirement

entre z�ro et une borne de plus en plus grande� Certains param�tres doivent

toutefois �tre ajust�s avec soin pour obtenir la convergence du temps esp�r� de

calcul�

Notre analyse formelle de l�it�ration de Grover ainsi que notre solution au prob�

l�me F�SAT ont ouvert la voie � d�autres r�sultats� Citons par exemple le prob�

l�me de collision sans restriction ����
 le min et le max ��� ainsi que la m�diane �����

Dans l�article � Quantum Amplitude Ampli�cation and Estimation � ���
 chapitre

��
 l�it�ration de Grover est g�n�ralis�e � l�op�ration suivante�

Q�A� �� � �A S� A�� S��

o� A est une op�ration unitaire quelconque et � est une fonction bool�enne

quelconque� De fa�on sp�ci�que
 on a que

GF � Q�W�F ��
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Une partie de cet article sera donc consacr�e � l��tude de cette it�ration g�n�ralis�e

dans une perspective d�ampli�cation d�amplitude�

On peut voir A comme un algorithme probabiliste quantique qui
 lorsqu�appliqu�

sur une superposition �gale des �l�ments du domaine de �
 retourne x tel que

��x� � � avec probabilit� a� De fa�on classique
 il faudrait r�p�ter cette tech�

nique ��a fois pour obtenir avec bonne probabilit� une solution � �� En util�

isant ad�quatement Q�A� �� ainsi que des techniques similaires � celle utilis�e

pour obtenir un algorithme g�n�ral pour F�SAT
 il sera possible d�obtenir un

algorithme quantique qui r�sout F�SAT avec heuristique quantique A en temps

aproxitimativement ��
p
a�

La section � �Chapitre �	 traite d�une famille tr�s g�n�rale d�heuristiques clas�

siques et de leurs implantations en termes d�ampli�cation d�amplitude� Il sera

d�montr� �Th�or�me ����� chapitre �	 pour toute heuristique de cette famille que

si l�algorithme classique utilisant cette heuristique trouve une solution en temps

esp�r� T alors un algorithme quantique peut faire de m�me en temps esp�r� au

plus
p
T �

��� Comptage

Comme le montre l��quation ���
 l�amplitude des �tats solutions varie en fonction

du nombre d�it�rations j comme un sinus de p�riode �
�
� Comme sin���� � t

N



l��valuation de cette p�riode nous donne de fa�on indirecte de l�information sur t

�t � jfi j F �i� � �gj	
 de l� l�id�e d�utiliser l�it�ration de Grover pour construire

un algorithme permettant d�estimer t� Comme nous l�avons vu dans la section

pr�c�dente
 la transform�e de Fourier quantique est un outil extraordinaire� elle

permet � partir d�un �tat
PM��

i�� A�i�jii
 o� A est p�riodique de p�riode p
 de

concentrer l�amplitude sur les �tats jii o� i est proche de M
p

�et M 	 �� M
p
	� Il

ne reste plus qu�� construire
 � partir de l�it�ration de Grover
 une superposition

ad�quate�
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Consid�rons donc l�op�ration unitaire �M�U� d��nie par

jjijyi ��� jji�Ujjyi� �� � j 
 M�� ����	

Qu�arrive�t�il si l�on applique �M�GF � sur une paire de registres initialis�e dans

l��tat suivant �
�p
M

M��X
j��

jji
�
�W j�ni�

on obtiendra alors une superposition d��gale amplitude de z�ro
 une
 deux
 jusqu��

M�� applications de l�it�ration de Grover� On peut donc r��crire cet �tat comme

suit

M��X
j��

sin���j 	 ����p
tM

jji
�
� X

i�F�����

jii
�
A	

M��X
j��

cos���j 	 ����p
�N � t�M

jji
�
� X

i�F�����

jii
�
A �

����	

Cela signi�e donc que si l�on mesure le deuxi�me registre dans la base standard et

que l�on n�glige tout facteur constant de normalisation
 l��tat du premier registre

sera soit

M��X
j��

sin���j 	 ����jji

ou bien

M��X
j��

cos���j 	 ����jji�

Il est maintenant clair que l�application de la transform�e de Fourier quantique

sur ce registre nous donnera de l�information sur � qui est
 comme nous le savons


directement reli� � t� Appliquons donc la QFT sur le premier registre et mesurons�
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Soit k le r�sultat de la mesure� On sait que k est un bon estimateur de M�
�

�ou
M�����

�
	 et que t � N sin����� On obtient donc l�algorithme suivant�

Count�F�M�

�� Initialiser j�i �
	

�p
M

PM��
j�� jji



�W j�ni�

�� j�i � �M�GF �j�i

�� j�i � FM � I�n j�i

�� projeter �j�i� dans �k� x�

�� Retourne N sin�k��M��

La question di�cile est maintenant de d�terminer la qualit� de l�estimation de t en

fonction de M � Remarquez que nul n�est besoin de mesurer la seconde partie du

registre puisque le r�sultat de cette mesure ne change en rien la sortie de notre

algorithme� Cette mesure n�est qu�un arti�ce utile � l�analyse de l�algorithme�

Il s�est av�r� qu�une mesure dans une autre base facilite davantage l�analyse de

la qualit� de l�estimation� il s�agit de la base form�e par les vecteurs propres

de l�op�ration GF � En faisant l�analyse comme si le dernier registre �tait mesur�

dans cette base
 on obtient le r�sultat g�n�ral suivant �chapitre �
 th�or�me ���� 	�

L�algorithme Count�F�M� retourne un estim� �t de t tel que

���t� t
�� � ��

p
t�N � t�

M
	 ��

N

M�
	
�

�

avec probabilit� au moins ����� En choisissant M �
�p

N


� On obtient

directement le corollaire suivant �chapitre �
 corollaire �����	� L�algorithme

Count
�
F�
�p

N

 �

retourne un estim� �t tel que

���t� t
�� 
 ��

r
t�N � t�

N
	 �� ����	
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avec probabilit� ���� et n�cessite exactement
�p

N


�valuations de F �

Fort des r�sultats pr�c�dents
 il est possible d�obtenir
 en modi�ant l�algorithme

de fa�on appropri�e
 deux corollaires int�ressants� Premi�rement �chapitre �


corollaire �����	
 il est possible d�obtenir un estim� �t tel que
���t�t�� 
 �t avec bonne

probabilit� et en ne faisant que �
�
�
�

p
N�t

�
�valuations de F � Il est int�ressant

de savoir que Nayak et Wu ���� ont d�montr� que pour un � �x�
 cette borne

est optimale� Pour obtenir la m�me pr�cision
 un algorithme classique devrait

faire �� N
��t
� �valuations de F 
 ce qui nous donne encore une fois une acc�l�ration

quadratique�

Il est aussi int�ressant d�obtenir la valeur exacte de t �avec bonne probabil�

it�	� Dans ce cas
 un algorithme n�cessitant ��
p
t�N � t� � �valuations de F est

pr�sent� �chapitre �
 corollaire ������ 	� Contrairement � une utilisation r�p�t�e

de l�algorithme de recherche
 ce qui n�cessiterait un espace proportionnel � t


notre algorithme ne requiert qu�un espace lin�aire dans log�N�� L� aussi
 l�algo�

rithme pr�sent� est optimal en termes du nombre d��valuations de F � Bien s
r


tout algorithme classique e�ectuant cette t"che n�cessitera ��N� �valuations de

F �



Chapter �

Tight bounds on quantum searching

This chapter reproduces an article presented at the Fourth Workshop on Physics

of Computation ���� in Boston in November ����� This is the �nal version that

can be found in the journal Fortschritte der Physik ����� It has been written with

the collaboration of Gilles Brassard
 Michel Boyer and Peter H#yer�

��� Abstract

We provide a tight analysis of Grover�s algorithm for quantum

database searching� We give a simple closed�form formula for the

probability of success after any given number of iterations of the algo�

rithm� This allows us to determine the number of iterations necessary

to achieve almost certainty of �nding the answer� Furthermore
 we an�

alyze the behaviour of the algorithm when the element to be found

appears more than once in the table and we provide a new algorithm

to �nd such an element even when the number of solutions is not

known ahead of time� Finally
 we provide a lower bound on the e��

ciency of any possible quantum database searching algorithm and we

show that Grover�s algorithm comes within ����/ of being optimal�

��
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��� Introduction

LetXN � f�� �� � � � � N � �g for some integerN and consider an arbitrary function

F � XN � f�� �g� The goal is to �nd some i � XN such that F �i� � �
 provided

such an i exists� If F is given as a black box0the only knowledge you can

gain about F is in asking for its value on arbitrary points of its domain0and if

there is a unique solution
 no classical algorithm �deterministic or probabilistic	

can expect to achieve a probability of success better than �!/ without asking

for the value of F on roughly N�� points� Throughout this paper we assume for

simplicity that each evaluation of F takes unit time� Grover ���� has discovered an

algorithm for the quantum computer that can solve this problem in expected time

in O�
p
N �
 provided there is a unique solution� He also remarked that a result

in ���� implies that his algorithm is optimal
 up to an unspeci�ed multiplicative

constant
 among all possible quantum algorithms�

In this paper we provide a tight analysis of Grover�s algorithm� In particular

we give a simple closed�form formula for the probability of success after any

given number of iterations� This allows us to determine the number of iterations

necessary to achieve almost certainty of �nding the answer
 as well as an upper

bound on the probability of failure� More signi�cantly
 we analyze the behaviour

of the algorithm when there is an arbitrary number of solutions� An algorithm

follows immediately to solve the problem in a time in O�
p
N�t � when it is known

that there are exactly t solutions� Moreover we provide an algorithm capable of

solving the problem in a time in O�
p
N�t � even if the number t of solutions is

not known in advance� We also generalize Grover�s algorithm to the case N is

not a power of �� Finally
 we re�ne the argument of ���� to show that Grover�s

algorithm is within ����/ of being optimal�

To motivate this work
 here are three simple applications for Grover�s algorithm�

Assume you have a large table T �� � � N � �� in which you would like to �nd some

element y� More precisely
 you wish to �nd an integer i such that � � i 
 N

and T �i� � y
 provided such an i exists� This database searching problem can
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obviously be solved in a time in O�logN� if the table is sorted
 but no classical

algorithm can succeed in the general case with probability better than �!/
 say


without probing more than half the entries of T � Grover�s algorithm solves this

problem in a time in O�
p
N � on the quantum computer by using F �i� � � if and

only if T �i� � y� An exciting cryptographic application is that Grover�s algorithm

can be used to crack the widely used Data Encryption Standard �des	 ���� under

a known plaintext attack� Given a matching pair �m� c� of plaintext and cipher�

text
 consider function F � f�� �g
� � f�� �g de�ned by F �k� � � if and only if

desk�m� � c� Provided there is a unique solution
 the required key k can be

found after roughly ��� million expected calls to a quantum des device �����

Thus quantum computing makes single�key des totally insecure� For yet another

application
 consider a Boolean formula on n variables� You would like to deter�

mine if the formula is satis�able� There may exist an e�cient classical algorithm

for this problem but none are known� �This is equivalent to the famous P �
� NP

open question in theoretical computer science ����	� In this case Grover�s algo�

rithm solves the problem in a time in O��n���
 which is better than the time in

O��n� required by the obvious classical algorithm
 but not good enough to imply

that NP � BQP �����

��� Overview of Grover	s algorithm

Grover�s algorithm consists of an initialization followed by a number of identical

iterations
 a �nal measurement
 and a classical test� For every F � XN � f�� �g

let SF be the conditional phase shift transform de�ned by

SF jii �

��
� �jii if F �i� � �

jii otherwise�

Let S� denote SF�
 where F��i� � � if and only if i � ��
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Assume for the moment that N � �n is a power of � and consider any integer

j � XN as a bit string of length n� De�ne i 	 j as the number of � in the bitwise

and of i and j� Let W be the Walsh-Hadamard transform de�ned by

W jji �
�p
N

N��X
i��

����i�jjii�

This is e�ciently implemented ���� by applying the simple unitary transformation

�p
�

�
� � �

� ��

�
A

independently to each qubit of jji� Now we can de�ne one Grover iteration as

the unitary transformation

GF � �WS�WSF � ����	

Grover�s algorithm �rst creates a state j�i �W j�i� Then GF is applied to j�i
some number m of times� �One primary purpose of this paper is to determine

the optimal choice for m�	 Finally
 the state j�i is measured
 which yields some

classical value i� The algorithm succeeds if and only if F �i� � ��

Let us now assume we are given a quantum black box QF for computing F � This

will usually come as a unitary transformation that sends state ji� bi to ji� b
 F �i�i

where jbi is a single qubit and 
 denotes the exclusive-or� The obvious approach

to implementing SF as a unitary transformation requires two applications of QF �

if P is the conditional phase�shift de�ned by P ji� bi � ����bji� bi then �SF jii�j�i
can be computed as QFPQF ji� �i� However
 it follows from Lemma ��� in ���

that SF can be implemented using a single application of QF � For this
 it su�ces

to note that

�SF jii�j�i � QF �jiij�i�
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where j�i � �j�i � j�i��p��

The Walsh-Hadamard transform W is well�de�ned only if N is a power of ��

However
 this assumption on N can be removed by observing that GF is just one

of many transforms that can be used as iteration in Grover�s algorithm� Let W �

be any unitary transform satisfying

W �j�i �
�p
N

N��X
i��

jii� ����	

Then one may easily verify that the transform G�
F �W �S�W �ySF works just as

well� �The minus sign in eq� ����	 was clearly unnecessary although it makes

the analysis easier�	 Any transform W � satisfying eq� ����	 can thus be used in

Grover�s algorithm� When N is a power of �
 the Walsh-Hadamard transform

is indeed the simplest possible choice for W �� When N is not a power of �
 the

approximate Fourier transform given by Kitaev ��!� can be used�

��� Finding a unique solution

Assume for now that there is a unique i� such that F �i�� � �� For any real

numbers k and � such that k� 	 �N � ���� � �
 de�ne the state of a quantum

register

j��k� ��i � kji�i	
X
i��i�

�jii

where the sum is over all i �� i� such that � � i 
 N �

The heart of Grover�s algorithm is the iteration described in the previous section�

A simple calculation0see Grover�s original article ���� for details0shows that

each iteration e�ciently transforms j��k� ��i into

����	N��
N

k 	 ��N���
N

�� N��
N

�� �
N
k

E

�
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It follows that the j-th iteration produces state j�ji � j��kj� �j�i where

kj�� �
N��
N

kj 	
��N���

N
�j and �j�� �

N��
N

�j � �
N
kj ����	

with initial conditions k� � l� � ��
p
N �

In his paper
 Grover proves that there exists a number m less than
p
�N such

that k�m
 the probability of success after m iterations
 is at least �!/� This is

correct
 but one must be careful in using his algorithm because the probability

of success does not increase monotonically with the number of iterations� By the

time you have performed
p
�N iterations
 the probability of success has dropped

down to less than ���/ and it becomes vanishingly small after about ��/ more

iterations before it picks up again� This shows that it is not su�cient to know

the existence of m in order to apply the algorithm� its explicit value is needed�

The key to a tighter analysis of Grover�s algorithm is an explicit closed�form

formula for kj and �j� This can be obtained by standard techniques0and a little

sweat0from recurrence ����	� Let angle � be de�ned so that sin� � � ��N and

� 
 � � ���� It is straightforward to verify by mathematical induction that

kj � sin���j 	 ���� and �j �
�p
N�� cos���j 	 ����� ����	

It follows from eq� ����	 that km � � when ��m 	 ��� � ���
 which happens when

m � �� � ������� Of course
 we must perform an integer number of iterations

but it will be shown in the next section that the probability of failure is no more

than ��N if we iterate b����c times� This is essentially �
�

p
N iterations when

N is large because � � sin � � ��
p
N when � is small� It is su�cient to perform

half this number of iterations
 approximately �



p
N 
 if we are satis�ed with a �!/

probability of success
 as Grover considered in his original paper ����� We shall

prove in Section ��� that this is optimal within a few percent because any quantum

algorithm that solves the search problem with a �!/ probability of success must

evaluate F at least �sin �


�
p
N times and �



� ����� sin �



� One must know when to
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stop
 however� if we work twice as hard as we would need to succeed with almost

certainty
 that is we apply approximately �
�

p
N iterations of Grover�s algorithm


we fail with near certainty,

��
 The case of multiple solutions

Let us now consider the case when there are t di�erent values of i such that

F �i� � �� We are interested in �nding an arbitrary solution� Grover brie+y

considers this problem ����
 but he provides no details concerning the e�ciency

of his method�

We assume in this section that the number t of solutions is known and that it is

not zero� Let A � fi jF �i� � �g and B � fi jF �i� � �g� For any real numbers k

and � such that tk� 	 �N � t��� � �
 rede�ne

j��k� ��i �
X
i�A

kjii	
X
i�B

�jii�

A straightforward analysis of Grover�s algorithm shows that one iteration trans�

forms j��k� ��i into

����	N��t
N

k 	 ��N�t�
N

�� N��t
N

�� �t
N
k

E

�

This gives rise to a recurrence similar to ����	
 whose solution is that the state

j��kj� �j�i after j iterations is given by

kj �
�p
t
sin���j 	 ���� and �j �

�p
N�t cos���j 	 ���� ����	

where the angle � is so that sin� � � t�N and � 
 � � ����

The probability of obtaining a solution is maximized when �m is as close

to ! as possible� We would have � �m � � when �m � �� � ������ if that

were an integer� Let m � b����c� Note that jm� �mj � �
�
� It follows that
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j��m	 ��� � �� �m	 ���j � �� But �� �m	 ��� � ��� by de�nition of �m� There�

fore jcos���m	 ����j � jsin �j� We conclude that the probability of failure after

exactly m iterations is

�N � t���m � cos����m	 ���� � sin� � � t�N�

This is negligible when t� N �

Note that this algorithm runs in a time in O�
p
N�t � since � � sin � �

p
t�N and

therefore

m � �

��
� �

�

r
N

t
�

A slight improvement is possible in terms of the expected time if we stop

short of m iterations
 observe the register
 and start all over again in case of

failure� The expected number of iterations before success with this strategy

is E�j� � j�tk�j if we stop after j iterations since our probability of success

at that point is tk�j � Setting the derivative of E�j� to �
 we �nd that the

optimal number of iterations is given by the j so that ��j � tan���j 	 �����

The solution to this equation is very close to j � z��� when t� N 
 where

z � ��

��� is such that z � tan�z���� It follows that the optimal number

of iterations is close to ��
����
p
N�t when t� N and the probability of suc�

cess is close to sin��z��� � �����
�� Therefore
 the expected number of it�

erations before success if we restart the process in case of failure is roughly

�z��� sin��z�����
p
N�t � ������


p
N�t
 which is about ��/ of �

�

p
N�t
 the num�

ber of iterations after which success is almost certain� For a numerical example


consider N � ��� and t � �� In this case
 we achieve almost certainty of success

after �!� iterations� If
 instead
 we stop at ��� iterations
 the probability of suc�

cess is only !�����! but the expected number of iterations before success if we

restart the process in case of failure is 
��������� � ���
 which is indeed better

than ����
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��� The case t � N��

An interesting special case occurs when t � N��� Of course
 even a classical

probabilistic computer can solve this problem e�ciently
 with high probability


but not quite as e�ciently as a quantum computer� Here sin� � � t�N � ���

and therefore � � ���� It follows that �� � �p
N�t cos�
�� � �� In other words


a solution is found with certainty after a single iteration� In terms of the

number of times F has to be evaluated
 this is essentially four times more

e�cient than the expected performance of the best possible classical proba�

bilistic algorithm when N is large� Furthermore
 the quantum algorithm

becomes exponentially better than any possible classical algorithm if we com�

pare worst�case performances
 taking the worst possible coin +ips in the case of

a probabilistic algorithm� This is somewhat reminiscent of the Deutsch-Jozsa

algorithm �����

��� Unknown number of solutions

A more challenging situation occurs when the number of solutions is not known

ahead of time� If we decide to iterate �
�

p
N times
 which would give almost

certainty of �nding a solution if there were only one
 the probability of success

would be vanishingly small should the number of solutions be in fact � times a

small perfect square� For example we saw that we are almost certain to �nd a

unique solution among ��� possibilities if we iterate �!� times� The same number

of iterations would yield a solution with probability less than one in a million

should there be � solutions, To �nd a solution e�ciently when their number is

unknown
 we need the following lemmas
 the �rst of which is easily proved by

mathematical induction using straightforward algebra�
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Lemma ��
�� For any positive integer m and real number � such that sin� �� ��

m��X
j��

cos���j 	 ���� �
sin��m��

� sin�
�

Lemma ��
�� Let t be the �unknown� number of solutions and assume that

� 
 t 
 N � Let angle � be so that sin� � � t�N and � 
 � 
 ���� Let m be an

arbitrary positive integer� Let j be an integer chosen at random according to the

uniform distribution between 	 and m� �� If we observe the register after apply


ing j iterations of Grover�s algorithm starting from the initial state� the probability

Pm of obtaining a solution is given by

Pm �
�

�
� sin��m��

�m sin����
�

In particular Pm � ��� when m � �� sin�����

Proof� The probability of success if we perform j iterations of Grover�s algorithm

is tk�j � sin����j 	 ����� It follows that the average success probability when

� � j 
 m is chosen randomly is

Pm �
m��X
j��

�

m
sin����j 	 ����

�
�

�m

m��X
j��

�� cos���j 	 ����� �
�

�
� sin��m��

�m sin����
�

If m � �� sin���� then

sin��m��

�m sin����
� �

�m sin����
� �

�
�

The conclusion follows�

We are now ready to describe the algorithm for �nding a solution when the num�

ber t of solutions is unknown� For simplicity we assume at �rst that � � t � 
N���
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�� Initialize m � � and set � � ����

�Any value of � strictly between � and ��
 would do�	

�� Choose an integer j uniformly at random such that � � j 
 m�

�� Apply j iterations of Grover�s algorithm starting from initial state

j��i � W j�i �
�p
N

X
i

jii�

�� Observe the register and let i be the outcome�

�� If F �i� � �
 the problem is solved� exit�

�� Otherwise
 set m to min��m�
p
N � and go back to step �ii	�

Theorem ��
�	 This algorithm �nds a solution in expected time in O�
p
N�t ��

Proof� Let angle � be so that sin� � � t�N and � 
 � 
 ���


m� � �� sin���� �
N

�
p
�N � t�t

and s� � d log	m�e� Note that m� �
p
N�t because t � 
N���

We shall estimate the expected number of times that a Grover iteration is per�

formed before a solution is found� the total time needed is clearly in the order

of that number since we assumed that F can be evaluated in unit time� On the

s-th time round the main loop
 the value of m is min�
p
N� �s��� and the ex�

pected number of Grover iterations is less than half that value since j is chosen

randomly between � and m� �� Note that m 
 m� for the �rst s� times round

the main loop
 whereas m � m� afterwards� We say that the algorithm reaches

the critical stage when m � m� for the �rst time
 which may never happen of

course if success comes earlier�
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The expected total number of Grover iterations needed to reach the critical stage


if it is reached
 is at most

�
�

s�X
s��

�s�� 

�

�

�

�� �
m� � �m��

Thus
 if the algorithm succeeds before reaching the critical stage
 it does so in a

time in O�m��
 which is in O�
p
N�t � as required�

If the critical stage is reached then every time round the main loop from this

point on will succeed with probability at least ��� by virtue of Lemma �� �� since

m � �� sin����� Therefore
 �
�
�s� expected iterations will be performed at round

s � s� 	 �� This will succeed with probability at least ���� With complementary

probability at most 
��
 at least one more trip round the loop will be necessary


requiring �
�
�s��� additional expected iterations� Again
 this will succeed with

probability at least ���� With probability at most �
����
 at least one more trip

will be required
 costing another �
�
�s��� expected iterations
 and so on� Summing

up
 the expected number of Grover iterations needed to succeed once the critical

stage has been reached is less than

�
�

�X
u��

�
�
�

�u
�s��u 


��

�� 
�
m� � �m��

The total expected number of Grover iterations
 whether or not the critical stage

is reached
 is therefore less than �m� and thus the total expected time is in

O�
p
N�t � provided � 
 t � 
N��� Note that �m� � �

p
N�t when t� N 
 which

is less than six times the expected number of iterations that we would have needed

had we known the value of t ahead of time� The case t � 
N�� can be disposed of

in constant expected time by classical sampling� The case t � � is handled by an

appropriate time�out in the above algorithm
 which allows us to claim in a time

in O�
p
N � that there are no solutions when this is the case
 with an arbitrarily

small probability of failure when in fact there is a solution�
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��
 An improved lower bound

Drawing on general results from ����
 Grover points out in ���� that any algorithm

for quantum database searching must take a time at least proportional to
p
N to

succeed with nonnegligible probability when there is a unique solution� In this

section we prove that if the function F having t solutions is used as a black

box in any quantum algorithm Q that makes less than �sin �


�
pbN�tc � � calls

to F then
 averaging over all such possible F 
 the probability that Q succeeds

cannot be better than �!/� Obviously
 it follows that
 for any t 
 N and any

quantum algorithm that makes less than �sin �


�
pbN�tc � � calls to F 
 there

exists an F that has t solutions
 yet the algorithm�s probability of success does

not exceed �!/� This proves that Grover�s algorithm comes within ����/ of

being optimal when the number of solutions is known in advance since it follows

from Section ��� that it needs to call F only about �



p
N�t times to succeed with

probability better than �!/�

After reading an early version of this paper
 Grover noticed that our lower bound

would not apply if we were interested in the expected �rather than worst�case	

number of calls to F necessary to succeed with probability at least �!/� A better

algorithm in terms of the expected number of calls to F consists in �rst tossing

a biased coin� With probability �!/
 do nothing0and fail for sure� With prob�

ability �!/
 apply ��
����
p
N�t iterations of Grover�s algorithm before looking

at the quantum state� this will succeed with probability roughly ������/
 as we

saw in Section ���� The total expected number of iterations0and thus of calls

to F0is ���� ��
����
p
N�t 
 ��



p
N�t
 which is less than �sin �



�
p
N�t
 yet

the expected success probability is ���� ����
��
 which is better than �!/�

Nevertheless this approach never yields success unless F is evaluated more than

�sin �


�
p
N�t times
 which is why our lower bound is not contradicted by this

example�
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To capture the notion that F is a black box
 we consider that it is given as an

oracle� All matrices and vectors in this section are �nite and complex�valued� The

norm of vector a is denoted kak� The norm of a complex number c is denoted jcj�

We restate a basic fact on complex�valued vectors�

Proposition ����� For all normalized vectors a and b� and all complex scalars

� and ��

k�a� �bk� � j�j� 	 j�j� � �j�jj�j�

The following proposition is a consequence of Chebyshev�s summation inequality�

Proposition ����� For all set of complex numbers� fxigr��i�� �

�
r��X
i��

jxij
��

� r
r��X
i��

jxij��

Lemma ����	 Let S be any set of N strings� and C be any con�guration space�

Let j��i be any superposition� and

j�ri � Ur � � � U�U�j��i

any sequence of r unitary transforms� Let ffigri�� be any set of partial functions

from C into S� For any y � S� let

j��ri � U �
r � � � U

�
�U

�
�j��i

be any sequence of r unitary transforms where for all i � �� � � � � r�

U �
i jci � Uijci if fi���jci� �� y�

Set j���i � j��i� and for all i � �� � � � � r� set j�ii � Uij�i��i and j��ii � U �
i j��i��i�

For all i � �� �� � � � � r� set j�ii � �i�yj�i�yi 	 �i�yj�i�yi� where j�i�yi �resp� j�i�yi�



CHAPTER �� TIGHT BOUNDS ON QUANTUM SEARCHING �!

is a normalized superposition of con�gurations where fi equals �resp� does not

equal� y� Denote j��ii similarly�

Then the following holds�

��� kj��ri � j�rik � �
Pr��

i�� j�i�yj for all y � S�

��� ���� j�r�yj � j��r�yj� � kj��ri � j�rik� for all y � S�

�
� N �pN �Py�S j��r�yj � �r� �

Proof� We divide the proof into three parts�

Proof of ��	� For all y � S and all i � �� � � � � r we have

U �
i j�i��i � U �

i ��i���yj�i���yi	 �i���yj�i���yi�
� U �

i ��i���yj�i���yi� 	 Ui ��i���yj�i���yi�
� U �

i ��i���yj�i���yi�� Ui ��i���yj�i���yi� 	 Uij�i��i
� j�ii	 �U �

i � Ui� ��i���yj�i���yi� �

Hence
 by mathematical induction on i


j��ii � U �
i � � � U

�
�j��i � j�ii	

iX
j��

�U �
i � � � U

�
j����U

�
j � Uj� ��j���yj�j���yi� �

so


kj��ii � j�iik � k
iX

j��

�U �
i � � � U

�
j����U

�
j � Uj� ��j���yj�j���yi� k

� �
iX

j��

j�j���yj�

and ��	 follows�
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Proof of ��	� The inequality follows from�

kj��ri � j�rik� � k���r�yj��r�yi	 ��r�yj��r�yi�� ��r�yj�r�yi	 �r�yj�r�yi�k�

� k���r�yj��r�yi � �r�yj�r�yi� 	 ���r�yj��r�yi � �r�yj�r�yi�k�

� k��r�yj��r�yi � �r�yj�r�yik� 	 k��r�yj��r�yi � �r�yj�r�yik�

� � j��r�yj� 	 j�r�yj� � �j��r�yjj�r�yj �
	 � j��r�yj� 	 j�r�yj� � �j��r�yjj�r�yj �

� ���� j��r�yjj�r�yj � j��r�yjj�r�yj�
� ���� j�r�yj � j��r�yj��

where the two inequalities follow from proposition ����� and the fact that the

norm of any scalar is at most ��

Proof of ��	� By ��	
 ��	
 and proposition �����


�� j�r�yj � j��r�yj �
�

�
kj��ri � j�rik� � �

�
r��X
i��

j�i�yj
��

� �r
r��X
i��

j�i�yj��

Thus


X
y�S

�
�� j�r�yj � j��r�yj

� �
X
y�S

�
�r

r��X
i��

j�i�yj�
�

� �r
r��X
i��

�X
y�S

j�i�yj�
�

� �r��

Since

X
y�S

�
�� j�r�yj � j��r�yj

�
� N �

X
y�S

j�r�yj �
X
y�S

j��r�yj

� N �
p
N

�X
y�S

j�r�yj�
����

�
X
y�S

j��r�yj

� N �
p
N �

X
y�S

j��r�yj�
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we have

N �
p
N �

X
y�S

j��r�yj �
X
y�S

��� j�r�yj � j��r�yj� � �r��

and ��	 follows�

Theorem ����� Let S be any set of N strings� and M be any oracle quantum

machine with bounded error probability� Let y � S be a randomly and uniformly

chosen element from S� Let F be the oracle such that F �x� � � if and only if

x � y� Then the average number of times M must query F in order to determine

y with probability at least �	� is at least
j
�sin �



�
p
N
k
� where the average is taken

over all possible y�

Proof� Let S be any set of N strings and C be any con�guration space� Let j��i
be any superposition of con�gurations
 andM any bounded�error oracle quantum

machine� Given any oracle F 

 assume that we run MF �
for s steps
 and assume

that M queries r times its oracle F 
 during the computation� Since we will only

runM using oracle F 
 with F 
�x� � � if x �� S
 without loss of generality
 assume

that M never queries F 
 on strings not in S�

First
 consider the case that we run M using the trivial oracle� let F be the oracle

such that F �x� � � for all x � S
 and let

j�si � As � � � A�j��i ����	

be the unitary transformation corresponding to the computation of M using

oracle F �

For all i � �� � � � � r
 let qi be the time stamp for M �s i-th query
 and set qr�� �

s	 �� Then eq� ����	 can also be written as

j�ri � Ur � � � U�j��i ��� 	
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where j��i � Aq��� � � � A�j��i
 and for all i � �� � � � � r� Ui � Aqi���� � � � Aqi and

j�ii � Uij�i��i� At the i-th query some con�gurations will query F 
 some will

not� For all i � �� � � � � r� �� set fi�jci� � x if jci queries F on x at the �i	 ��-st

query�

Now
 consider what happens if we +ip one of the oracle bits� Given any y � S
 let

F � be the oracle such that F ��x� � � if and only if x � y� Then the computation

of MF �

corresponds to the unitary transformation

j��ri � U �
r � � � U

�
�j��i

where U �
i jci � Uijci if fi���jci� �� y�

At the end of the computation ofMF �


 we measure the superposition j��ri in order

to determine the unknown y� For each con�guration jci � C
 set fr�jci� � x if


by measuring jci
 M answers that x is the unknown y�

Set j��ri � ��r�yj��r�yi	��r�yj��r�yi where j��r�yi �resp� j��r�yi	 is the normalized super�

position of con�gurations where fr equals �resp� does not equal	 y� Then j��r�yj�

is the probability that MF �

correctly determines y� Since
 by assumption
 this

probability is at least �!/


j��r�yj �
�p
�

for all y � S� ����	

Furthermore
 by Lemma �����


N �
p
N �

X
y�S

j��r�yj � �r��

Hence
 by eq� ����	

�r� � N �
p
N � �p

�
N �

�
�� �p

�

�
N �

p
N�
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It follows by straightforward algebra that

r �
p
��p�
�

p
N � � � �sin �



�
p
N � � ����	

provided N � �
� But eq� ��� holds nevertheless for allN because the oracle must

be queried at least once to succeed with probability at least �!/ when N � �
 and

therefore r � � � �sin �


�
p
N � � holds as required for � 
 N 
 �
� In addition


the equation holds vacuously when N � � since r � � � �sin �


�
p
N � � in that

case� The theorem follows directly from the generality of eq� ����

Theorem ����� gives a lower bound for �nding a unique solution using a bounded�

error quantum machine� However
 in most applications we would expect that

there will be more than one solution� Furthermore
 we might even not know if

there is a solution at all� Let t be the number of solutions� For the case t � �


we have the following theorem�

Theorem ����
 Let S be any set of N strings� and M be any bounded
error

oracle quantum machine� Let A � S be a randomly and uniformly chosen subset

of S of size t� t � �� Let F be the oracle such that F �x� � � if and only if x � A�

Then the average number of times M must query F in order to determine some

member y � A with probability at least �	� is at least
j
�sin �



�
pbN�tc

k
� where

the average is taken over all possible A of size t�

The proof of this theorem is almost identical to the proof of Lemma ����� and

Theorem ������ In Lemma �����
 eqs� ��	 and ��	 now hold for all subsets of t

strings� Hence
 by choosing a largest number of such disjoint subsets from S
 say

R of cardinality Nt � bN�tc
 in the proof of ��	
 we obtain

Nt �
p
Nt �

X
Xi�R

j��
r�Xi

j � �r��

The remaining part of the proof is the same as the proof of Theorem �����
 only

with obvious and minor changes�
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��� Conclusions and future directions

We have provided a tight analysis of Grover�s quantum search algorithm and

proved that it comes to within a few percent of being optimal in terms of the

number of times the function must be evaluated when it is provided as a black box

�or an oracle	� Moreover
 we showed how to apply the algorithm even when

the number of solutions is unknown ahead of time� It would be interesting to

determine if in fact Grover�s algorithm is exactly optimal or whether it is possible

to improve it slightly� Also
 a lower bound on the expected number of function

evaluations required to �nd the solution by any quantum algorithm would be

useful� How would it compare with our upper bound ������

p
N%

Grover�s algorithm and the ideas presented in this paper can be extended in

several directions
 which we are currently investigating and will be the topic of a

subsequent paper� In particular
 Grover�s algorithm can be thought of in a more

general setting than quantum searching� Each iteration of the algorithm can be

used to amplify the amplitude of a desired state� From this perspective
 Grover�s

algorithm is really an amplitude ampli�cation process�

It would be silly to use Grover�s algorithm directly to solve most NP-complete

problems because there are classical heuristics that would go faster on almost all

instances� We are currently investigating the extent by which these heuristics can

be sped up on a quantum computer by way of amplitude ampli�cation� In many

cases
 we can combine the classical heuristics with amplitude ampli�cation to al�

low quadratic speed up compared to the best classical heuristics available
 but we

do not yet know how general this phenomenon is� Similarly
 more e�cient quan�

tum algorithms might exist for speci�c NP-complete problems if the structure

of the problem is exploited� Furthermore
 we are investigating how to use ideas

from Grover�s algorithm to solve problems higher than NP in the polynomial�

time hierarchy�

Assume F � XN � f�� �g is as in our paper but our goal is to determine the

number t of i � XN such that F �i� � � rather than �nding a speci�c one� In light
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of the theory of �P-completeness
 this is thought to be a harder problem for

classical computers� Combining Grover�s algorithm with some ideas from Shor�s

quantum factoring algorithm ��!!�
 we have preliminary results that indicate the

possibility of solving this quantum counting problem with high probability in a

time in O�t
p
N � without need for a large supply of auxiliary quantum memory�

If we are satis�ed with an approximate answer
 a time in O�
p
N � provides an

answer whose absolute error is bounded by
p
t with high probability
 and a time

in O�
p
N�t � su�ces to count with small expected relative error�

We presented in the Section ��� an application of Grover�s algorithm to the crypt�

analysis of secret�key cryptosystems such as the des� Can quantum computing

be used in more subtle ways for cryptanalytical purposes
 for instance when dou�

ble or triple�key encipherment is used% What is the best way to use quantum

searching for �nding collisions in a cryptographic hash function%
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Chapter �

Quantum amplitude ampli	cation

and estimation

This chapter reproduces the improved �nal version of the article Quantum Count


ing presented at the ��th Annual International Colloquium on Automata� Lan


guages and Programming ���� in Aalborg
 Denmark in ����� It has been written

in collaboration of Gilles Brassard
 Peter H#yer and Michele Mosca�


�� Abstract

Consider a Boolean function � � X � f�� �g that partitions set X be�

tween its good and bad elements
 where x is good if ��x� � � and

bad otherwise� Consider also a quantum algorithm A such that

Aj�i �Px�X �xjxi is a quantum superposition of the elements of X


and let a denote the probability that a good element is produced if

Aj�i is measured� If we repeat the process of running A
 measuring

the output
 and using � to check the validity of the result
 we shall

expect to repeat ��a times on the average before a solution is found�

Quantum ampli�cation is a process that allows to �nd a good x after

an expected number of applications of A and its inverse which is pro�

� 
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portional to ��
p
a
 assuming algorithm A makes no measurements�

This is a generalization of Grover�s searching algorithm in which A
was restricted to producing an equal superposition of all members

of X and we had a promise that a single x existed such that ��x� � ��

Our algorithm works whether or not the value of a is known ahead of

time� In case the value of a is known
 we can �nd a good x after a

number of applications of A and its inverse which is proportional to

��
p
a even in the worst case� We show that this quadratic speedup

can also be obtained for a large family of search problems for which

good classical heuristics exist� Finally
 as our main result
 we com�

bine ideas from Grover�s and Shor�s quantum algorithms to perform

amplitude estimation
 a process that allows to estimate the value of

a� We apply amplitude estimation to the problem of approximate

counting
 in which we wish to estimate the number of x � X such

that ��x� � �� We obtain optimal quantum algorithms in a variety of

settings�


�� Introduction

Quantum computing is a �eld at the junction of theoretical modern physics and

theoretical computer science� Practical experiments involving a few quantum bits

have been successfully performed
 and much progress has been achieved in quan�

tum information theory
 quantum error correction and fault tolerant quantum

computation� Although we are still far from having desktop quantum computers

in our o�ces
 the quantum computational paradigm could soon be more than

mere theoretical exercise�

The discovery by Peter Shor ��!!� of a polynomial�time quantum algorithm for

factoring and computing discrete logarithms was a major milestone in the history

of quantum computing� Another signi�cant result is Lov Grover�s quantum search
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algorithm ���
  !�� Grover�s algorithm does not solve NP-complete problems in

polynomial time
 but the wide range of its applications more than compensates

for this�

In this paper
 we generalize Grover�s algorithm in a variety of directions� Consider

a problem that is characterized by a Boolean function ��x� y� in the sense that y

is a good solution to instance x if and only if ��x� y� � �� �There could be more

than one good solution to a given instance�	 If we have a probabilistic algorithm

P that outputs a guess P�x� on input x
 we can call P and � repeatedly until

a solution to instance x is found� If ��x�P�x�� � � with probability px � �
 we

expect to repeat this process ��px times on the average� Consider now the case

when we have a quantum algorithm A instead of the probabilistic algorithm�

Assume A makes no measurements� instead of a classical answer
 it produces

quantum superposition j�xi when run on input x� Let ax denote the probability

that j�xi
 if measured
 would be a good solution� If we repeat the process of

running A on x
 measuring the output
 and using � to check the validity of the

result
 we shall expect to repeat ��ax times on the average before a solution is

found� This is no better than the classical probabilistic paradigm�

In Section ���
 we describe a more e�cient approach to this problem
 which

we call amplitude ampli�cation� Intuitively
 the probabilistic paradigm increases

the probability of success roughly by a constant on each iteration' by contrast


amplitude ampli�cation increases the amplitude of success roughly by a constant

on each iteration� Because amplitudes correspond to square roots of probabilities


it su�ces to repeat the amplitude ampli�cation process approximately
p
��ax

times to achieve success with overwhelming probability� For simplicity
 we assume

in the rest of this paper that there is a single instance for which we seek a good

solution
 which allows us to dispense from input x
 but the generalization to the

paradigm outlined above is straightforward� Grover�s original database searching

quantum algorithm is a special case of this process
 in which � is given by a

function f � f�� �� � � � � N��g � f�� �g for which we are promised that there exists
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a unique x� such that f�x�� � �� If we use the Fourier transform as quantum

algorithm A0or more simply the Walsh-Hadamard transform in case N is a

power of �0an equal superposition of all possible x�s is produced
 whose success

probability would be ��N if measured� Classical repetition would succeed after

an expected number N of evaluations of f � Amplitude ampli�cation corresponds

to Grover�s algorithm� it succeeds after approximately
p
N evaluations of the

function�

We generalize this result further to the case when the probability of success a of

algorithmA is not known ahead of time� it remains su�cient to evaluate A and �

an expected number of times that is proportional to
p
��a� Moreover
 in the case

a is known ahead of time
 we give two di�erent techniques that are guaranteed

to �nd a good solution after a number of iterations that is proportional to
p
��a

in the worst case�

It can be proven that Grover�s algorithm goes quadratically faster than any pos�

sible classical algorithm when function f is given as a black�box� However
 it is

usually the case in practice that information is known about f that allows us

to solve the problem much more e�ciently than by exhaustive search� The use

of classical heuristics
 in particular
 will often yield a solution signi�cantly more

e�ciently than straight quantum amplitude ampli�cation would� In Section ���


we consider a broad class of classical heuristics and show how to apply amplitude

ampli�cation to obtain quadratic speedup compared to any such heuristic�

Finally
 Section ��� addresses the question of estimating the success probability

a of quantum algorithm A� We call this process amplitude estimation� As a

special case of our main result �Theorem �����	
 an estimate for a is obtained

after any number M of iterations which is within ��
p
a��� a��M 	 ���M� of

the correct value with probability at least ����
 where one iteration consists

of running algorithm A once forwards and once backwards
 and of computing

function � once� As application of this technique
 we show how to approximately

count the number of x such that f�x� � � given a function f � f�� �� � � � � N��g �
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f�� �g� If the correct answer is t � �
 it su�ces to compute the function
p
N

times to obtain an estimate roughly within
p
t of the correct answer� A number

of evaluations of f proportional to �
�

p
N�t yields a result that is likely to be

within �t of the correct answer� �We can do slightly better in case � is not

�xed�	 If it is known ahead of time that the correct answer is either t � � or

t � t� for some �xed t�
 we can determine which is the case with certainty using a

number of evaluations of f proportional to
p
N�t�� If we have no prior knowledge

about t
 the exact count can be obtained with high probability after a number

of evaluations of f that is proportional to
p
t�N � t� when � 
 t 
 N and

p
N

otherwise� Most of these results are optimal�

We assume in this paper that the reader is familiar with basic notions of quantum

computing�


�� Quantum amplitude ampli�cation

Suppose we have a classical randomized algorithm that succeeds with some prob�

ability a� If we repeat the algorithm
 say
 j times
 then our probability of success

increases to roughly ja �assuming ja � �	� Intuitively
 we can think of this

strategy as each additional run of the given algorithm boosting the probability

of success by an additive amount of roughly a�

A quantum analogue of boosting the probability of success would be to boost

the amplitude of being in a certain subspace of a Hilbert space� The general

concept of amplifying the amplitude of a subspace was discovered by Brassard

and H#yer ���� as a generalization of the boosting technique applied by Grover

in his original quantum searching paper ����� Following ���� and ����
 we refer to

their idea as amplitude ampli�cation and detail the ingredients below�

Let H denote the Hilbert space representing the state space of a quantum system�

Every Boolean function � � Z� f�� �g induces a partition of H into a direct sum

of two subspaces
 a good subspace and a bad subspace� The good subspace is the
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subspace spanned by the set of basis states jxi � H for which ��x� � �
 and the

bad subspace is its orthogonal complement in H� We say that the elements of the

good subspace are good
 and that the elements of the bad subspace are bad�

Every pure state j�i in H has a unique decomposition as j�i � j��i 	 j��i

where j��i denotes the projection onto the good subspace
 and j��i denotes the
projection onto the bad subspace� Let a� � h��j��i denote the probability that

measuring j�i produces a good state
 and similarly
 let b� � h��j��i� Since j��i
and j��i are orthogonal
 we have a� 	 b� � ��

Let A be any quantum algorithm that acts on H and uses no measurements�

Let j�i � Aj�i denote the state obtained by applying A to the initial zero state�

The ampli�cation process is realized by repeatedly applying the following unitary

operator ���� on the state j�i


Q � Q�A� �� � �AS�A��S�� ����	

Here
 the operator S� conditionally changes the sign of the amplitudes of the

good states


jxi ���

���
��
�jxi if ��x� � �

jxi if ��x� � �


while the operator S� changes the sign of the amplitude if and only if the state

is the zero state j�i� The operator Q is well�de�ned since we assume that A uses

no measurements and
 therefore
 A has an inverse�

The usefulness of operator Q stems from its simple action on the subspace H�

spanned by the vectors j��i and j��i�
Lemma 
�	�� We have that

Qj��i � ��� �a�j��i � �aj��i
Qj��i � ���� a�j��i	 ��� �a�j��i�
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where a � h��j��i�

It follows that the subspace H� is stable under the action of Q
 a property that

was �rst observed by Brassard and H#yer ���� and rediscovered by Grover � ���

Suppose � 
 a 
 �� Then H� is a subspace of dimension �
 and otherwise H�

has dimension �� The action of Q on H� is also realized by the operator

U�U��
� ����	

which is composed of � re+ections� The �rst operator
 U��
� I � �

��a j��ih��j

implements a re+ection through the ray spanned by the vector j��i
 while the sec�
ond operator U� � I� �j�ih�j implements a re+ection through the ray spanned

by the vector j�i�

Consider the orthogonal complementH�
� ofH� inH� Since the operatorAS�A��

acts as the identity on H�
�
 operator Q acts as �S� on H�

�� Thus
 Q� acts as

the identity on H�
�
 and every eigenvector of Q in H�

� has eigenvalue 	� or ���
It follows that to understand the action of Q on an arbitrary initial vector j�i in
H
 it su�ces to consider the action of Q on the projection of j�i onto H��

Since operatorQ is unitary
 the subspace H� has an orthonormal basis consisting

of two eigenvectors of Q


j�	i � �p
�

�
�p
a
j��i � �p

�� a
j��i

�
� ����	

where � �
p�� denotes the principal square root of ��� The corresponding

eigenvalues are

�	 � e	���a � ����	

where the angle �a is de�ned so that

sin���a� � a � h��j��i ����	
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and � � �a � ����

We use operatorQ to boost the success probability a of the quantum algorithmA�

First
 express j�i � Aj�i in the eigenvector basis


Aj�i � j�i � ��p
�

�
e��a j��i � e���aj��i

�
� ����	

It is now immediate that after j applications of operator Q
 the state is

Qjj�i � ��p
�

�
e��j�����a j��i � e���j�����a j��i

�
��� 	

�
�p
a
sin���j 	 ���a� j��i	 �p

�� a
cos���j 	 ���a� j��i� ����	

It follows that if � 
 a 
 � and if we compute Qmj�i for some integer m � �


then a �nal measurement will produce a good state with probability equal to

sin����m	 ���a��

If the initial success probability a is either ! or �
 then the subspace H� spanned

by j��i and j��i has dimension � only
 but the conclusion remains the same�

If we measure the system after m rounds of amplitude ampli�cation
 then the

outcome is good with probability sin����m	 ���a�
 where the angle �a is de�ned

so that Equation ��� is satis�ed and so that � � �a � ����

Therefore
 assuming a � �
 to obtain a high probability of success
 we want to

choose integerm such that sin����m	���a� is close to �� Unfortunately
 our ability

to choose m wisely depends on our knowledge about �a
 which itself depends on a�

The two extreme cases are when we know the exact value of a
 and when we have

no prior knowledge about a whatsoever�

Suppose the value of a is known� If a � �
 then by letting m � b����ac
 we have

that sin����m	 ���a� � �� a
 as shown in ����� The next theorem is immediate�

Theorem 
�	�� �Quadratic speedup� Let A be any quantum algorithm that

uses no measurements� and let � � Z � f�� �g be any Boolean function� Let a

be the initial success probability of A� Suppose a � �� and set m � b����ac�
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where �a is de�ned so that sin���a� � a and � 
 �a � ���� Then� if we compute

QmA j�i and measure the system� the outcome is good with probability at least

max��� a� a��

Note that any implementation of algorithm QmAj�i requires that the value of a

is known so that the value of m can be computed� We refer to Theorem ����� as

a quadratic speedup
 or the square�root running�time result� The reason for this

is that if an algorithm A has success probability a � �
 then after an expected

number of ��a applications of A
 we will �nd a good solution� Applying the above

theorem reduces this to an expected number of at most ��m	���max���a� a� �
�� �p

a
� applications of A and A���

As an application of Theorem �����
 consider the search problem � !� in which we

are given a Boolean function f � f�� �� � � � � N��g � f�� �g satisfying the promise

that there exists a unique x� � f�� �� � � � � N � �g on which f takes value �
 and

we are asked to �nd x�� If f is given as a black box
 then on a classical computer


we need to evaluate f on an expected number of roughly half the elements of the

domain in order to determine x��

By contrast
 Grover � !� discovered a quantum algorithm that only requires an

expected number of evaluations of f in the order of
p
N � In terms of amplitude

ampli�cation
 Grover�s algorithm reads as follows� Let � � f 
 and let A � W

be the Walsh�Hadamard transform on n qubits that maps the initial zero state

j�i to �p
N

PN��
x�� jxi
 an equally�weighted superposition of all N � �n elements

in the domain of f � Then the operator Q � �AS�A��S� is equal to the iterate

�WS�WSf applied by Grover in his searching paper � !�� The initial success

probability a of A is exactly ��N 
 and if we measure after m � b����ac iterations
of Q
 the probability of measuring x� is lower bounded by �� ��N �����

Now
 suppose that the value of a is not known� In Section ���
 we discuss tech�

niques for �nding an estimate of a
 whereafter one then can apply a weakened

version of Theorem ����� in which the exact value of a is replaced by an estimate

of it� Another idea is to try to �nd a good solution without prior computation
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of an estimate of a� Within that approach
 by adapting the ideas in Section �

in ���� we can still obtain a quadratic speedup�

Theorem 
�	�	 �Quadratic speedup without knowing a� There exists a

quantum algorithm QSearch with the following property� Let A be any quan


tum algorithm that uses no measurements� and let � � Z� f�� �g be any Boolean
function� Let a denote the initial success probability of A� Algorithm QSearch

�nds a good solution using an expected number of applications of A and A��

which are in �� �p
a
� if a � �� and otherwise runs forever�

The algorithm in the above theorem utilizes the given quantum algorithm A as

a subroutine and the operator Q� The complete algorithm is as follows�

Algorithm� QSearch�A� �� �

�� Set l � � and let c be any constant such that � 
 c 
 ��

�� Increase l by � and set M � dcle�

�� Apply A on the initial state j�i
 and measure the system� If the outcome

jzi is good
 that is
 if ��z� � �
 then output z and stop�

�� Initialize a register of appropriate size to the state Aj�i�

�� Pick an integer j between � and M uniformly at random�

�� Apply Qj to the register
 where Q � Q�A� ���

 � Measure the register� If the outcome jzi is good
 then output z and stop�

Otherwise
 go to step ��

The intuition behind this algorithm is as follows� In a ��dimensional real vector

space
 if we pick a unit vector �x� y� � �cos�	�� sin�	�� uniformly at random then

the expected value of y� is ���� Consider Equation ���� If we pick j at random

between � and M for some integer M such that M�a is larger than
 say
 ����




CHAPTER 	� AMPLITUDE AMPLIFICATION AND ESTIMATION   

then we have a good approximation to a random unit vector
 and we will succeed

with probability close to ����

To turn this intuition into an algorithm
 the only obstacle left is that we do

not know the value of �a
 and hence do not know an appropriate value for M �

However
 we can overcome this by using exponentially increasing values of M 


an idea similar to the one used in 1exponential searching2 �which is a term that

does not refer to the running time of the method
 but rather to an exponentially

increasing growth of the size of the search space	�

The correctness of algorithm QSearch is immediate and thus to prove the theo�

rem
 it su�ces to show that the expected number of applications of A and A��

is in the order of ��
p
a� This can be proven by essentially the same techniques

applied in the proof of Theorem � in ���� and we therefore only give a very brief

sketch of the proof�

On the one hand
 if the initial success probability a is at least 
��
 then step �

ensures that we soon will measure a good solution� On the other hand
 if � 
 a 



�� then
 for any given value of M 
 the probability of measuring a good solution

in step  is lower bounded by

�

�

�
�� �

�M
p
a

�
� ����	

and thus
 as soon as M becomes larger than ��
p
a
 each measurement yields a

good solution with probability approaching ��� as M grows� In particular
 if

M � ����c�
p
a � where c� � � is such that c � ���� c��
 then the measurement in

step  fails to yield a good solution with probability at most p � �
�
��	c��� Such a

failure costs another factor of c � ����c��
 but since pc 
 �
 the expected number

of applications of A is still in O�����c�
p
a ��
 giving the upper bound of O

�
�p
a

�
�

For the lower bound
 if M is in o
�

�p
a

�

 then the probability that we measure a

good solution in step  is vanishing small� This completes our brief sketch of the

proof of Theorem ������
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���� Quantum de�randomization when the success

probability is known

We now consider the situation where the success probability a of the quantum

algorithm A is known� If a � � or a � �
 then amplitude ampli�cation will

not change the success probability
 so in the rest of this section
 we assume that

� 
 a 
 �� Theorem ����� allows us to boost the probability of success to at least

max���a� a�� A natural question to ask is whether it is possible to improve this to

certainty
 still given the value of a� It turns out that the answer is positive� This

is unlike classical computers
 where no such general de�randomization technique

is known� We now describe � optimal methods for obtaining this
 but other

approaches are possible�

The �rst method is by applying amplitude ampli�cation
 not on the original

algorithm A
 but on a slightly modi�ed version of it� By Equation ���
 if we

measure the state QmAj�i
 then the outcome is good with probability sin����m	

���a�� In particular
 if �m � ����a� ��� happens to be an integer
 then we would

succeed with certainty after �m applications of Q� In general
 m � d �me iterations
is a fraction of � iteration too many
 but we can compensate for that by choosing

�a � ����m	��
 an angle slightly smaller than �a� Any quantum algorithm that

succeeds with probability a such that sin���a� � a
 will succeed with certainty

after m iterations of amplitude ampli�cation� Given A and its initial success

probability a
 it is easy to construct a new quantum algorithm that succeeds with

probability a � a� Let B denote the quantum algorithm that takes a single qubit

in the initial state j�i and rotates it to the superposition
p
�� a�a j�i	pa�a j�i�

Apply both A and B
 and de�ne a good solution as one in which A produces a

good solution
 and the outcome of B is the state j�i� Theorem ����� follows�

Theorem 
�	�� �Quadratic speedup with known a� Let A be any quan


tum algorithm that uses no measurements� and let � � Z� f�� �g be any Boolean
function� There exists a quantum algorithm that given the initial success probabil
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ity a � � of A� �nds a good solution with certainty using a number of applications

of A and A�� which is in �� �p
a
��

The second method to obtain success probability � requires a generalization of

operator Q� Given angles � � �� � 
 ��
 rede�ne Q as follows


Q � Q�A� �� �� �� � �AS����A��S����� ����!	

Here
 the operator S���� is the natural generalization of the S� operator


jxi ���

���
��
e��jxi if ��x� � �

jxi if ��x� � ��

Similarly
 the operator S���� multiplies the amplitude by a factor of e�
 if and

only if the state is the zero state j�i� The action of operator Q�A� �� �� �� is also
realized by applying an operator that is composed of two pseudo�re+ections� the

operator AS����A�� and the operator �S�����
The next lemma shows that the subspace H� spanned by j��i and j��i is stable
under the action of Q
 just as in the special case Q�A� �� �� �� studied above�

Lemma 
�	�
 Let Q � Q�A� �� �� ��� Then

Qj��i � e������ e�
�a� ��j��i	 e����� e�
�aj��i
Qj��i � ��� e�
���� a�j��i � ���� e�
�a	 e�
�j��i�

where a � h��j��i�

Let �m � ����a����
 and suppose that �m is not an integer� In the second method

to obtain a good solution with certainty
 we also apply d �me iterations of amplitude

ampli�cation
 but now we slow down the speed of the very last iteration only
 as

opposed to of all iterations as in the �rst method� For the case �m 
 �
 this second

method has also been suggested by Chi and Kim ����� We start by applying the

operator Q�A� �� �� �� with � � � � � a number of b �mc times to the initial state
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j�i � Aj�i� By Equation ���
 this produces the superposition

�p
a
sin
�
��b �mc	 ���a

� j��i	 �p
�� a

cos
�
��b �mc	 ���a

� j��i�

Then
 we apply operator Q one more time
 but now using angles � and �
 both

between � and ��
 satisfying

e����� e�
�
p
a sin

�
��b �mc 	 ���a

�
� ���� e�
�a	 e�
�

�p
�� a

cos
�
��b �mc	 ���a

�
� �����	

By Lemma �����
 this ensures that the resulting superposition has inner product

zero with j��i
 and thus a subsequent measurement will yield a good solution

with certainty�

The problem of choosing �� � � R such that Equation ���� holds is equivalent to

requiring that

cot
�
��b �mc	 ���a

�
� e�� sin���a�

�� cos���a� 	 � cot�����
���

� �����	

By appropriate choices of � and �
 the right hand side of Equation ���� can be

made equal to any nonzero complex number of norm at most tan���a�� Thus


since the left hand side of this equation is equal to some real number smaller

than tan���a�
 there exist �� � � R such that Equation ���� is satis�ed
 and

hence also such that the expression in Equation ���� vanishes� In conclusion


applying Q�A� �� �� �� with such �� � � R at the very last iteration allows us to

measure a good solution with certainty�


�� Heuristics

As explained in the previous section
 using the amplitude ampli�cation technique

to search for a solution to a search problem
 one obtains a quadratic speedup
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compared to a brute force search� For many problems
 however
 good heuristics

are known for which the expected running time
 when applied to a 1real�life2

problem
 is even smaller than any function in O�
p
N�
 where N is the size of

the search space� This fact would make amplitude ampli�cation much less useful

unless a quantum computer is somehow able to take advantage of these classical

heuristics� In this section we concentrate on a large family of classical heuristics

that can be applied to search problems� We show how these heuristics can be

incorporated into the general amplitude ampli�cation process�

By a heuristic
 we mean a probabilistic algorithm
 running in polynomial time


that outputs what one is searching for with some non�negligible probability�

Suppose we have a family F of functions such that each f � F is of the form

f � X � f�� �g� For a given function f we seek an input x � X such that

f�x� � �� A heuristic is a function G � F � R � X
 for an appropriate �nite

set R� The heuristic G uses a random seed r � R to generate a guess for an x

such that f�x� � �� For every function f � F 
 let tf � jfx � X j f�x� � �gj
 the
number of good inputs x
 and let hf � jfr � R j f�G�f� r�� � �gj
 the number of

good seeds� We say that the heuristic is e�cient for a given f if hf�jRj � tf�jXj

that is
 if using G and a random seed to generate inputs to f succeeds with a

higher probability than directly guessing inputs to f uniformly at random� The

heuristic is good in general if

EF

�
hf
jRj
�

� EF

�
tf
jXj

�
�

Here EF denotes the expectation over all f according to some �xed distribution�

Note that for some f 
 hf might be small but repeated uses of the heuristic
 with

seeds uniformly chosen in R
 will increase the probability of �nding a solution�

Theorem 
���� Let F � ff j f � X � f�� �gg be a family of Boolean functions

and D be a probability distribution over F � If on a classical computer� using

heuristic G � F � R � X� one �nds x� � X such that f�x�� � � for random f
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taken from distribution D in expected time T then using a quantum computer� a

solution can be found in expected time in O�
p
T ��

Proof� A simple solution to this problem is to embed the classical heuristic

G into the function used in the algorithm QSearch� Let ��r� � f�G�f� r��

and x � G�f�QSearch�W� ���
 so that f�x� � �� By Theorem �����
 for each

function f � F 
 we have an expected running time in��
pjRj�hf �� Let Pf denote

the probability that f occurs� Then
P

f�F Pf � �
 and we have that the expected

running time is in the order of
P

f�F
pjRj�hf Pf 
 which can be rewritten as

X
f�F

s
jRj
hf

Pf

p
Pf �

�X
f�F

jRj
hf

Pf

�����X
f�F

Pf

����

�

�X
f�F

jRj
hf

Pf

����

by Cauchy-Schwarz�s inequality�

An alternative way to prove Theorem ����� is to incorporate the heuristic into

the operator A and do a minor modi�cation to f � Let A be the quantum im�

plementation of G� It is required that the operator A be unitary
 but clearly in

general the classical heuristic does not need to be reversible� As usual in quantum

algorithms one will need �rst to modify the heuristic G � F � R� X to make

it reversible
 which can be done e�ciently using standard techniques ����� We

obtain a reversible function G�
f � R � � � R � X� Let A be the natural uni�

tary operation implementing G�
f and let us modify � �the good set membership

function	 to consider only the second part of the register
 that is ���r� x�� � �

if and only if f�x� � �� We then have that a � hf�jRj and by Theorem �����


for each function f � F 
 we have an expected running time in ��
pjRj�hf ��

The rest of the reasoning is similar� This alternative technique shows
 using a

simple example
 the usefulness of the general scheme of amplitude ampli�cation

described in the preceding section
 although it is clear that from a computational

point of view this is strictly equivalent to the technique given in the earlier proof

of the theorem�



CHAPTER 	� AMPLITUDE AMPLIFICATION AND ESTIMATION ��


�
 Quantum amplitude estimation

Section ��� dealt in a very general way with combinatorial search problems


namely
 given a Boolean function f � X � f�� �g �nd an x � X such that

f�x� � �� In this section
 we deal with the related problem of estimating

t � jfx � X j f�x� � �gj
 the number of inputs on which f takes the value ��

We can describe this counting problem in terms of amplitude estimation� Using

the notation of Section ���
 given a unitary transformation A and a Boolean

function �
 let j�i � Aj�i� Write j�i � j��i 	 j��i as a superposition of the

good and bad components of j�i� Then amplitude estimation is the problem of

estimating a � h��j��i
 the probability that a measurement of j�i yields a good

state�

The problem of estimating t � jfx � X j f�x� � �gj can be formulated in these

terms as follows� For simplicity
 we take X � f�� �� � � � � N � �g� If N is a power

of �
 then we set � � f and A � W� If N is not a power of �
 we set � � f

and A � FN 
 the quantum Fourier transform which
 for every integer M � �
 is

de�ned by

FM � jxi ��� �p
M

M��X
y��

e���xy�M jyi �� � x 
 M�� �����	

Then in both cases we have a � t�N 
 and thus an estimate for a directly translates

into an estimate for t�

To estimate a
 we make good use of the properties of operatorQ � �AS�A��Sf �

By Equation ��� in Section ���
 we have that the amplitudes of j��i and j��i as
functions of the number of applications of Q
 are sinusoidal functions
 both of

period �
�a
� Recall that � � �a � ��� and a � sin���a�
 and thus an estimate for

�a also gives an estimate for a�

To estimate this period
 it is a natural approach to apply Fourier analysis like

Shor ��!!� does for a classical function in his factoring algorithm� This approach
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can be viewed as an eigenvalue estimation ��!
 ��� and is best analysed in the

basis of eigenvectors of the operator at hand� By Equation ���
 the eigenvalues

of Q on the subspace spanned by j��i and j��i are �� � e���a and �� � e����a �

Thus we can estimate a simply by estimating one of these two eigenvalues� Errors

in our estimate ��a for �a translate into errors in our estimate �a � sin����a� for a


as described in the next lemma�

Lemma 
�
�� Let a � sin���a� and �a � sin����a� with � � �a� ��a � �� then

����a � �a
�� � � � j�a� aj � ��

p
a��� a� 	 �� �

Proof� For � � �
 using standard trigonometric identities
 we obtain

sin���a 	 ��� sin���a� �
p
a��� a� sin���� 	 ��� �a� sin���� and

sin���a�� sin���a � �� �
p
a��� a� sin���� 	 ��a� �� sin�����

The inequality follows directly�

We want to estimate one of the eigenvalues of Q� For this purpose
 we utilize the

following operator �� For any positive integer M and any unitary operator U


the operator �M�U� is de�ned by

jjijyi ��� jji�Ujjyi� �� � j 
 M�� �����	

Note that if j�i is an eigenvector of U with eigenvalue e����
 then �M�U� maps

jjij�i to e����jjjij�i�

De�nition� 
�
�� For any integer M � � and real number � � � 
 �� let

jSM���i � �p
M

M��X
y��

e����y jyi�
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We then have� for all � � x �M � �

FM jxi � jSM�x�M�i�

The state jSM���i encodes the angle ��� �� � � 
 �	 in the phases of an

equally weighted superposition of all basis states� Di�erent angles have di�erent

encodings
 and the overlap between jSM����i and jSM����i is a measure for the

distance between the two angles �� and ���

De�nition� 
�
�	 For any two real numbers ��� �� � R� let

d���� ��� � min
z�Z

fjz 	 �� � ��jg�

Thus ��d���� ��� is the length of the shortest arc on the unit circle going from

e����� to e����� �

Lemma 
�
�� For � � �� 
 � and � � �� 
 � let � � d���� ���� If � � � we

have jhSM����jSM����ij� � �� Otherwise

jhSM����jSM����ij� � sin��M���

M� sin�����
�

Proof�

jhSM����jSM����ij� �

�����
�

�p
M

M��X
y��

e������y hyj
��

�p
M

M��X
y��

e�����yjyi
������

�

�
�

M�

�����
M��X
y��

e����y

�����
�

�
sin��M���

M� sin�����
�

Consider the problem of estimating � where � � � 
 �
 given the state jSM���i�
If � � x�M for some integer � � x 
 M 
 then F��M jSM�x�M�i � jxi by de�nition


and thus we have a perfect phase estimator� If M� is not an integer
 then
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observing F��M jSM���i still provides a good estimation of �
 as shown in the

following theorem�

Theorem 
�
�
 Let X be the discrete random variable corresponding to the clas


sical result of measuring F��M jSM���i in the computational basis� If M� is an

integer then Prob�X �M�� � �� Otherwise� letting � � d��� x�M��

Prob�X � x� �
sin��M���

M� sin�����
� �

��M���
�

For any k � � we also have

Prob �d�X�M��� � k�M� � �� �

��k � ��

and� in the case k � � and M � ��

Prob �d�X�M��� � ��M� � �

��
�

Proof� Clearly

Prob�X � x� �
��hxjF��jSM���i���

�
���Fjxi�yjSM���i���

� jhSM�x�M�jSM ���ij�

thus using Lemma ����� we directly obtain the �rst part of the theorem� We use

this fact to prove the next part of the theorem�

Prob �d�X�M��� � k�M� � �� Prob�d�X�M��� � k�M�

� �� �
�X
j�k

�

�M�� j
M
��

� �� �

��k � ��
�
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For the last part
 we use the fact that for M � �
 the given expression attains its

minimum at � � ����M� in the range � � � � ��M �

Prob �d�X�M��� � ��M� � Prob�X � bM�c� 	 Prob�X � dM�e�

�
sin��M���

M� sin�����
	

sin��M� �
M
�����

M� sin��� �
M
�����

� �

��
�

The following algorithm computes an estimate for a
 via an estimate for �a�

Algorithm� Est�Amp�A� ��M� �

�� Initialize two registers of appropriate sizes to the state j�iAj�i�

�� Apply FM to the �rst register�

�� Apply �M�Q� where Q � �AS�A��S��

�� Apply F��M to the �rst register�

�� Measure the �rst register and denote the outcome jyi�

�� Output �a � sin��� y
M
��

Steps � to � are illustrated on Figure ���� This algorithm can also be summarized


following the approach in � ��
 as the unitary transformation

	
�F��M � I� �M�Q� �FM � I�




applied on state j�iAj�i
 followed by a measurement of the �rst register and

classical post�processing of the outcome�
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Qj

FM F��M

j�i
j�i
j�i
j�i

Aj�i

jyi

s

s

Figure ���� Quantum circuit for amplitude estimation�

Theorem 
�
�� �Amplitude Estimation� For any positive integer k� the al


gorithm Est�Amp�A� ��M� outputs �a �� � �a � �� such that

j�a� aj � ��k

p
a��� a�

M
	 k�

��

M�

with probability at least 

��

when k � � and with probability greater than �� �
��k���

for k � �� It uses exactly M evaluations of f � If a � � then �a � � with certainty�

and if a � � and M is even� then �a � � with certainty�

Proof� After step �
 by Equation ���
 we have state

j�iAj�i �
�p
�
j�i �e��aj��i � e���aj��i

�
�

After step �
 we have

�p
�M

M��X
j��

jji �e��aj��i � e���aj��i
�
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and after applying �M�Q� we have

�p
�M

M��X
j��

jji �e��ae��j�aj��i � e���ae���j�aj��i
�

�
e��ap
�M

M��X
j��

e��j�ajjij��i � e���ap
�M

M��X
j��

e���j�ajjij��i

�
e��ap
�
jSM� �a

�
�ij��i � e���ap

�
jSM��� �a

�
�ij��i�

We then apply F��M to the �rst register and observe it in the computational basis�

The rest of the proof follows from Theorem ������ Tracing out the second register

in the eigenvector basis
 we see that the �rst register is in an equally weighted mix�

ture of F��M jSM� �a
�
�i and F��M jSM��� �a

�
�i� Thus the measured value jyi is the re�

sult of measuring either the state F��M jSM� �a
�
�i or the state F��M jSM��� �a

�
�i� The

probability of measuring jyi given the state F��M jSM��� �a
�
�i is equal to the prob�

ability of measuring jM � yi given the state F��M jSM� �a
�
�i� Since sin� �� �M�y�

M

�
�

sin�
�
� y
M

�

 we can assume we measured jyi given the state F��M jSM� �a

�
�i and

��a � � y
M

estimates �a as described in Theorem ������ Thus we obtain bounds

on d���a� �a� that translate
 using Lemma �����
 into the appropriate bounds on

j�a� aj�
A straightforward application of this algorithm is to approximately count the

number of solutions t to f�x� � �� To do this we simply set A � W if N is a

power of �
 or in general A � FN or any other transformation that maps j�i to
�p
N

PN��
j�� jji� Setting � � f 
 we then have a � h��j��i � t�N � The following

algorithm comes to mind�

Algorithm� Count�f�M� �

�� Set �t� � N � Est�Amp�FN � f�M��

�� Output �t �
�
�t� 	 �

�

�

 a closest integer to �t��

By Theorem �����
 we obtain the following�
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Theorem 
�
�
 �Counting� For any integer M � � and any Boolean function

f � f�� �� � � � � N � �g � f�� �g� the algorithm Count�f�M� outputs an estimate

�t to t � jf�����j such that

���t� t
�� � ��k

p
t�N � t�

M
	 ��k�

N

M�
	
�

�

with probability at least ���� when k � �� and with probability greater than � �
�

��k��� for k � �� If t � � then �t � � with certainty� and if t � N and M is even�

then �t � N with certainty�

If we want to estimate t within a few standard deviations
 we can apply algorithm

Count with M �
�p

N


�

Corollary 
�
�� Given a Boolean function f � f�� �� � � � � N � �g � f�� �g with t
de�ned as above� Count

�
f�
�p

N

 �

outputs an estimate �t such that

���t� t
�� 
 ��

r
t�N � t�

N
	 �� �����	

with probability at least ���� and requires exactly
�p

N


evaluations of f �

We now look at the case of estimating t with some relative error
 also referred

to as approximately counting t with accuracy �� For this we require the following

crucial observation about the output �t of algorithm Count�f� L�� Namely that �t

is likely to be equal to zero if and only if L � o�
p
N�t�� Thus
 we can �nd a rough

estimate of
p
N�t simply by running algorithm Count�f� L� with exponentially

increasing values of L until we obtain a non�zero output� Having such a rough

estimate L of
p
N�t we can then apply Theorem ���� with M in the order of �

�
L

to �nd an estimate �t of t with the required accuracy� The precise algorithm is as

follows�

Algorithm� Basic�Approx�Count�f� �� �

�� Start with l � ��

�� Increase l by ��
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�� Set t� � Count�f� �l��

�� If t� � � and �l 
 �
p
N then go to step ��

�� Set M �
�
����

�
�l


�

�� Output Count�f�M��

Theorem 
�
�� Given a Boolean function f with N and t de�ned as above� and

any � 
 � � �� Basic�Approx�Count�f� �� outputs an estimate �t such that

���t� t
�� � �t

with probability at least �
�
� using an expected number of evaluations of f which

is in �
�
�
�

p
N�t

�
� If t � �� the algorithm outputs �t � t with certainty and f is

evaluated a number of times in �
�p

N
�
�

Proof� When t � �
 the analysis is straightforward� For t � �
 let � denote

�t�N and m �
�
log��

�

�
�
�
� From Theorem ����� we have that the probability that

step � outputs Count�f� �l� � � for l � �� �� � � � � m is

mY
l��

sin���l��

��l sin����
�

mY
l��

cos���l�� �
sin���m����

��m sin�����
� cos�

��



�
�

The previous inequalities are obtained by using the fact that sin�M�� �
M sin��� cos�M�� for any M � � and � �M� 
 �

�

 which can be readily seen by

considering the Taylor expansion of tan�x� at x �M��

Now assuming step � has outputted � at least m times �note that �m � �

�
�

�



q
N
t

 �

p
N	
 after step � we have M � ����

�
�m�� � ���

��
and by Theorem ���� 

the probability that Count�f�M� outputs an integer to �t satisfying j�t � tj �
�
�
t 	 ��

��
t 	 �

�
is at least ����� Let us suppose this is the case� If �t 
 �
 then

j�t � tj 
 � and
 since �t and t are both integers
 we must have t � �t� If �t � �


then j�t� tj � �
�
t 	 ��

��
t 	 �

�
t 
 �t� Therefore the overall probability of outputting

an estimate with error at most �t is at least cos�
�
�



�� ������ � �
�
�
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To upper bound the number of applications of f 
 note that by Theorem ���� 


for any integer L � ���
p
N�t
 the probability that Count�f� L� outputs ! is less

than ���� Thus the expected value of M at step � is in ���
�

p
N�t��

We remark that in algorithmBasic�Approx�Count
 we could alternatively to

steps � to � use algorithm QSearch of Section ���
 provided we have QSearch

also output its �nal value of M � In this case
 we would use �a multiple of	 that

value as our rough estimate of
p
N�t
 instead of using the �nal value of �l found

in step � of Basic�Approx�Count�

AlgorithmBasic�Approx�Count is optimal for any �xed �
 but not in general�

We give an optimal algorithm below
 but �rst we present two simple optimal

algorithms for counting the number of solutions exactly� That is
 we now consider

the problem of determining the exact value of t � jf������j� In the special

case that we are given a nonzero integer t� and promised that either t � � or

t � t�
 then we can determine which is the case with certainty using a number

of evaluations of f in O�
p
N�t��� This is an easy corollary of Theorem ����� and

we state it without proof�

Theorem 
�
��� Let f � f�� �� � � � � N � �g � f�� �g be a given Boolean function

such that the cardinality of the preimage of � is either 	 or t�� Then there exists

a quantum algorithm that determines with certainty which is the case using a

number of evaluations of f which is in �
�p

N�t�
�
� and in the latter case� also

outputs a random element of f������

For the general case in which we do not have any prior knowledge about t
 we

propose the following algorithm�

Algorithm� Exact�Count�f� �

�� Set �t� � Count
�
f�
�
���

p
N

�

and �t� � Count
�
f�
�
���

p
N

�
�

�� Let Mi �
�
��
p
��ti 	 ���N � �ti 	 ��



for i � �� ��

�� Set M � minfM��M�g�
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�� Output �t � Count�f�M��

The main idea of this algorithm is the same as that of algorithm

Basic�Approx�Count� First we �nd a rough estimate �tr of t
 and then we run

algorithmCount�f�M� with a value ofM that depends on �tr� By Theorem ���� 


if we set M to be in the order of
p
�tr�N � �tr�
 then the output �t � Count�f�M�

is likely to satisfy that j�t� tj 
 �
 in which case �t � t�

Theorem 
�
��� Given a Boolean function f with N and t de�ned as above�

algorithm Exact�Count requires an expected number of evaluations of f which

is in ��
p
�t	 ���N � t 	 �� � and outputs an estimate �t which equals t with prob


ability at least �
�
using space only linear in log�N��

Proof� Apply Theorem ���� with k � �� For each i � �� �
 with probability

greater than ����
 outcome �ti satis�es that
���ti� t

�� 
q t�N�t�
N

	
��
 in which case

we also have that
p
t�N � t� �

p
�

��
Mi� Thus
 with probability greater than �����


we have

p
t�N � t�

M
�

p
�

��
�

Suppose this is the case� Then by Theorem ���� 
 with probability at least ����


j�t� tj � ��
p
�

��
	
���

���
	
�

�

 ��

Hence
 with probability at least ����� � ���� � ����
 we have �t � t�

The number of applications of f is �
�
���

p
N


	M � Consider the expected value

of Mi for i � �� �� Since

p
��ti 	 ���N � �ti 	 �� �

p
�t 	 ���N � t	 �� 	

p
N j�ti � tj
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for any � � �ti� t � N 
 we just need to upper bound the expected value

of
p
N j�ti � tj� By Theorem ���� 
 for any k � �


j�ti � tj � k

r
t�N � t�

N
	
k�

�
	
�

�

with probability at most �
k
� Hence Mi is greater than

�� 	 k�
	p

�t	 ���N � t 	 �� 	
p
N



�����	

with probability at most �
k
�

In particular
 the minimum of M� and M� is greater than the expression given by

Equation ���� with probability at most �
k�
� Since any positive random variable Z

satisfying Prob�Z � k� � �
k�

has expectation upper bounded by a constant
 the

expected value of M is in O
�p

�t	 ���N � t	 ��
�
�

It follows from Theorem ���! of Beals et al� ��!� that any quantum algo�

rithm capable of deciding with high probability whether or not a function

f � f�� �� � � � � N � �g � f�� �g is such that jf�����j � t
 given some � 
 t 
 N 


must query f a number of times which is at least in �
�p

�t 	 ���N � t 	 ��
�

times� Therefore
 our exact counting algorithm is optimal up to a constant fac�

tor�

Note also that successive applications of Grover�s algorithm in which we strike out

the solutions as they are found will also provide an algorithm to perform exact

counting� In order to obtain a constant probability of success
 if the algorithm

fails to return a new element
 one must do more than a constant number of

trials� In particular
 repeating until we get log�N� failures will provide an overall

constant probability of success� Unfortunately
 the number of applications of f

is then in O
�p

tN 	 log�N�
p
N�t

�
and the cost in terms of additional quantum

memory is prohibitive
 that is in ��t��

We now combine the ideas of algorithms Basic�Approx�Count and Ex�

act�Count to obtain an optimal algorithm for approximately counting� That
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this algorithm is optimal follows readily from Corollary ��� and Theorem ���� of

Nayak and Wu �����

Theorem 
�
��� Given a Boolean function f with N and t de�ned as above�

and any � such that �
�N


 � � �� algorithm Approx�Count�f� �� outputs an

estimate �t such that

���t� t
�� 
 �t 	

�

�

with probability at least �
�
� using an expected number of evaluations of f in the

order of

S �

s
N

b�tc 	 �
	

p
t�N � t�

b�tc 	 �
�

If t � � or t � N � the algorithm outputs �t � t with certainty�

We assume that �N � ��

 since otherwise approximately counting with accu�

racy � reduces to exact counting� Set

S � � min

�
�p
�

r
N

t

�
� 	

r
N � t

�N

�
�
p
�t	 ���N � t	 ��

�
���� 	

and note that S � � ��S� where S is de�ned as in Theorem ������� The al�

gorithm works by �nding approximate values for each of the di�erent terms in

Equation ��� � The general outline of the algorithm is as follows�

Algorithm� Approx�Count�f� �� �

�� Find integer L� approximating
p
N��t	 ���

�� Find integer L� approximating
p
�N � t����N��

�� Set M� �
�p
�
L��� 	 L���

�� If M� �
p
N then �nd integer M� approximating

p
�t	 ���N � t 	 ��� If

M� �
p
N then set M� ���
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�� Set M � minfM��M�g�

�� Output �t � Count�f� ��dMe��

Proof� To �nd L�
 we run steps � to � of algorithm Basic�Approx�Count

and then set L� � d�� � �le� A proof analogous to that of Theorem ����� gives

that

� L� �
p
N��t 	 �� with probability at least ���

 and

� the expected value of L� is in �
�p

N��t 	 ��
�
�

This requires a number of evaluations of f which is in ��L�� 
 and thus
 the

expected number of evaluations of f so far is in O�S ���

In step �
 for some constant c to be determined below
 we use �
�

cp
�



evaluations

of f to �nd integer L� satisfying

� L� �
p
�N � t����N� with probability at least ���

 and

� the expected value of L� is in O
�p

�N � t	 �����N�
�
�

Since N � t � jf�����j
 �nding such L� boils down to estimating
 with accuracy

in ��
p
� �
 the square root of the probability that f takes the value ! on a random

point in its domain� Or equivalently
 the probability that �f takes the value �


where �f � �� f � Suppose for some constant c
 we run Count��f� � cp
�



� twice

with outputs �r� and �r�� By Theorem ���� 
 each output �ri �i � �� �	 satis�es that

�����
r

�ri
�N

�
r
N � t

�N

����� �
r
��k

c
�
r
N � t

�N
	
�k

c
	

�p
��N

with probability at least � � �
��k��� for every k � �� It follows that �r �

min
�p

�r����N��
p
�r����N�

�
has expected value in O

�p
�N � t 	 �����N�

�
� Set�

ting k � ��
 c � ��k
 and L� � d��re	 �
 ensures that L� satis�es the two prop�

erties mentioned above� The number of evaluations of f in step � is in �� �p
�
�

which is in O�S ���
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In step �
 we set M� �
�p
�
L��� 	 L��� Note that

� M� �
�p
�

q
N
t��

	
� 	

q
N�t
�N



with probability at least ���
�
 and

� the expected value of M� is in the order of �p
�

q
N
t��

	
� 	

q
N�t��
�N



�

In step �
 analogously to algorithm Exact�Count
 a number of evaluation of f

in ��
p
N� su�ces to �nd an integer M� such that

� M� �
p
�t	 ����N � t 	 �� with probability at least ���

 and

� the expected value of M� is in �
�p

�t	 ����N � t 	 ��
�
�

Fortunately
 since
p
�t 	 ����N � t 	 �� � p

N 
 we shall only need M� if M� �p
N � We obtain that
 after step �


� M is greater than

min

�
�p
�

r
N

t 	 �

�
� 	

r
N � t

�N

�
�
p
�t	 ����N � t	 ��

�

with probability at least ���
� � ���

 and

� the expected value of M is in O�S ���

To derive this latter statement
 we use the fact that the expected value of the

minimum of two random variables is at most the minimum of their expectation�

Finally
 by Theorem ���� 
 applying algorithm Count�f� ��dMe� given such

an M 
 produces an estimate �t of t such that j�t � tj � �t 	 ��� with probability

at least ����� Hence our overall success probability is at least ���
� ���� � ��



and the expected number of evaluations of f is in O�S ���
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Chapter 


Complexit� de la communication

quantique

L�objectif de ce chapitre est de pr�parer le lecteur aux articles � Multiparty

quantum communication complexity �
 � The cost of exactly simulating quantum

entanglement with classical communication � et � Quantum entanglement and

the communication complexity of the inner product function � �chapitres  
 � et

�	 mais aussi d�en faire ressortir les �l�ments signi�catifs�

��� La �n des th�ories locales

Une caract�ristique fondamentale de la th�orie quantique est sa nature prob�

abiliste� Dans le cadre th�orique de la m�canique quantique
 les objets sont

caract�ris�s par leurs fonctions d�onde et les quantit�s que l�on peut mesurer

sont identi��es par des op�rateurs hermitiens� Il se trouve que dans certains cas


m�me si la fonction d�onde �syst�me � mesurer	 et l�op�rateur hermitien �mesure	

sont parfaitement connus
 la m�canique quantique ne permet pas de pr�voir le

r�sultat de l�exp�rience
 elle nous permet seulement d�obtenir une distribution de

probabilit�s sur les di��rents r�sultats possibles�

��
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Albert Einstein est un des fondateurs de la m�canique quantique� Au d�but du

si�cle d�j�
 il �tait parfaitement conscient du pouvoir explicatif de cette th�orie

qui colle merveilleusement avec toutes les exp�riences e�ectu�es par les physi�

ciens� Cependant
 il ne pouvait accepter l�id�e que cette th�orie fut compl�te�

Cette fonction d�onde qui permettait des pr�dictions statistiques devait �tre r�gie

par d�autres variables cach�es qui expliqueraient ce comportement al�atoire face

aux mesures� Un peu comme le mouvement brownien des grains de pollen qui

para$t al�atoire jusqu�� ce que l�on consid�re le mouvement individuel des atomes

d�air qui s�y cognent� � God doesn�t play dice � clama�t�il durant son long d��

bat � ce sujet avec le physicien Niels Bohr � la �n des ann�es ���!� * cela

Bohr r�pondit � Stop telling God what to do �� En e�et
 Bohr croyait que les

quantit�s physiques mesur�es prenaient existence lors de la mesure elle�m�me
 in�

terpr�tation connue sous le nom � Copenhague �� Pour sa part
 Einstein croyait

que la m�canique quantique �tait incompl�te et donc que les quantit�s physiques

existaient pr�alablement � l�observation�

Plus inqui�tante encore que sa facette probabiliste
 la m�canique quantique d�crit

l�existence de quantit�s qui sont dites compl�mentaires� Chacun conna$t le

principe d�incertitude d�Heisenberg qui grosso modo a�rme qu�il est impossi�

ble de conna$tre � la fois avec une pr�cision arbitraire la position et la quantit� de

mouvement d�une particule� Ce principe s��nonce en m�canique quantique par le

fait que ces deux quantit�s
 position et quantit� de mouvement
 sont compl�men�

taires �c����d� que leurs op�rateurs ne commutent pas	� Ce principe ne contredit

aucune exp�rience puisque toute tentative de conna$tre � la fois la position et la

quantit� de mouvement d�un �lectron
 par exemple
 se solde par un �chec� Plus

la connaissance de la position est pr�cise
 plus notre erreur au sujet de la quan�

tit� de mouvement sera grande� La m�canique quantique a�rme d�une certaine

fa�on que
 dans le cas de quantit�s compl�mentaires
 notre limitation n�est pas

due � nos appareils
 mais plut(t au fait que ces deux quantit�s n�aient pas de sens

simultan�ment�
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En ����
 Albert Einstein
 Boris Podolsky et Nathan Rosen ont propos� une ex�

p�rience de pens�e �comme l�exp�rience du d�mon de Maxwell	
 visant � d�mon�

trer l�incompl�tude de la m�canique quantique� Cette exp�rience parut dans un

article aujourd�hui c�l�bre sous le nom EPR ��!�� Imaginons deux particules

cr��es en un point central et voyagent en sens inverse� Elles ont la m�me quantit�

de mouvement et
 � tout moment
 sont � la m�me distance de leur origine� Bien

que le principe d�incertitude s�applique sur chaque particule individuellement
 on

peut apprendre la position de la premi�re particule en mesurant la position de la

deuxi�me et ce sans du tout perturber la quantit� de mouvement de la premi�re�

Il en va de m�me pour la quantit� de mouvement� La seule supposition faite

par Einstein
 qui somme toute semble raisonnable
 est qu�une mesure faite sur

la premi�re particule ne doit pas in+uencer la deuxi�me particule� Einstein croy�

ait avoir d�montr� ainsi que la position et la quantit� de mouvement
 bien que

ne pouvant pas �tre mesur�es simultan�ment
 ont n�anmoins une r�alit� propre

ind�pendante et locale�

L�argumentation des trois physiciens ne r�ussit pas � convaincre Bohr et cette

exp�rience de pens�e ne suscita pas un vif int�r�t dans la communaut� scienti�que�

La question restait ouverte�

L�importance fondamentale de l�exp�rience EPR deviendra claire en ����
 ann�e

o� John S� Bell ���� d�montra sa fameuse in�galit�� Le r�sultat de Bell �tait

bas� sur une version simpli��e de l�exp�rience EPR propos�e en ���� par David

Bohm ����� Dans cet article
 Bell d�montre que la corr�lation observ�e entre

di��rents r�sultats de mesure
 e�ectu�e sur des paires de particules ayant interagi

mais �tant maintenant physiquement s�par�es
 ne pouvait pas s�expliquer par une

th�orie o� les quantit�s physiques sont locales� C�est���dire qu�on peut imaginer

des exp�riences dans lesquelles le choix d�une mesure e�ectu�e sur un syst�me B

semble in+uencer le r�sultat de mesure e�ectu� sur un syst�me A� Il est important

de noter que cette interaction ne peut se faire par l�entremise de transmission

de signal puisqu�elle est th�oriquement perceptible instantan�ment sans aucun
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�gard � la distance� Bien qu�Einstein soit mort en ����
 plusieurs ann�es avant

la parution de l�article de Bell
 on lui doit le terme spukhafte Fernwirkungen

normalement traduit en anglais par � spooky action at a distance � ou si vous

pr�f�rez
 action surnaturelle � distance
 pour d�signer cette �trange interaction

entre des particules �loign�es� Aujourd�hui
 on quali�e d�intriqu�e �entangled	

une paire de syst�mes dont l��tat quantique n�est pas local �ne peut pas �tre

factoris�	�

Plusieurs exp�riences ont �t� e�ectu�es dans le but de v�ri�er le caract�re non�

local de la m�canique quantique� En ���� A� Aspect
 P� Grangier et G� Rogeret ���

furent les premiers � e�ectuer une exp�rience o� les deux syst�mes
 mesur�s

quasi simultan�ment
 se trouvaient � une distance su�samment grande pour qu�il

soit possible d�exclure l��change de signaux classique entre eux� Les corr�lations

pr�vues par la m�canique quantique et inaccessibles classiquement ont bien en�

tendu �t� observ�es�

Plut(t que d�expliquer l�exp�rience physique ainsi que le raisonnement utilis� par

Bell pour d�montrer que la m�canique quantique n�est pas une th�orie locale


nous avons choisi de pr�senter une version modi��e de la preuve de N� David

Mermin���� qui elle�m�me est une version simpli��e de l�argument utilis� par

Daniel Greenberger
 Michael Horne
 et Anton Zeilenger
 ����� Cette version non

probabiliste du th�or�me de Bell sera d�ailleurs la base d�une s�rie de r�sultats en

complexit� de la communication�

��� GHZ

Imaginez une foule de petits appareils semblables venant en triplets o� chaque ap�

pareil est identi�� par une lettre �A
B
C	 et un num�ro qui permet de distinguer

les triplets� Chaque appareil est coi�� d�une ampoule et poss�de un interrupteur

se trouvant dans une position centrale� Lorsque l�on prend un de ces petits ap�

pareils et que l�on pousse l�interrupteur vers la gauche en position G ou vers la
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droite en position D 
 il arrive que l�ampoule s�allume
 auquel cas elle le fait im


m�diatement� Une fois d�plac�
 l�interrupteur gardera d��nitivement sa position�

3tudions ces appareils� La premi�re constatation que l�on fait est statistique�

lorsque l�on place l�appareil en position G ou D 
 il semble y avoir une chance

sur deux pour que l�ampoule s�allume� Si l�on observe ces appareils de fa�on

plus attentive
 on remarque que les triplets ayant le m�me num�ro a�chent une

certaine corr�lation dans leurs r�actions�

� R�gle �� Si les trois interrupteurs sont plac�s en position G 
 alors un

nombre impair d�ampoules est allum�� C�est���dire que toutes les trois
 ou

une seule
 des ampoules sont allum�es�

� R�gle �� Si un seul interrupteur est positionn� enG et les deux autres sont

positionn�s en D 
 alors il y a n�cessairement un nombre pair d�ampoules

allum�es�

Clairement
 avec ces r�gles
 une fois que deux des appareils sont en position
 le

nombre d�ampoules allum�es nous permet souvent de pr�voir le comportement

du troisi�me appareil� Par exemple
 si l�appareil B est en position G avec son

ampoule �teinte et l�appareil C est en position D avec son ampoule allum�e

on sait
 par la r�gle �
 qu�en pla�ant l�appareil A en position D son ampoule

s�allumera�

Interrogeons�nous sur la technique utilis�e pour construire ces appareils� Une

premi�re approche consisterait � programmer les appareils lors de leur construc�

tion a�n qu�ils r�agissent de fa�on pr��tablie � chacune des deux positions de

l�interrupteur� Par exemple
 un triplet d�appareil peut �tre construit de la fa�on

suivante�

G D

A � �

B � !

C � �
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Un � � la ligne B dans la colonne G signi�e que si l�on choisit pour l�appareil B la

position G 
 son ampoule s�allumera �un z�ro aurait signi�� que son ampoule ne

s�allumera pas	� Dans l�exemple ci�dessus
 il est clair que le triplet d�appareil ne

contredit pas la r�gle � puisque si les trois appareils sont en position G les trois

ampoules s�allumeront� Par contre
 dans le cas o� l�appareil A est en position

D 
 le B en position G et le C en position D 
 un nombre impair de lumi�res

s�allumera
 ce qui contredit la r�gle ��

Il existe ���� � �� con�gurations possibles de triplets d�appareils� Malheureuse�

ment
 aucune d�entre elles ne respecte les r�gles � et � simultan�ment pour chaque

positionnement possible des interrupteurs� De plus
 il est clair que de rendre

probabiliste la r�action des appareils ne r�glera rien� Pour obtenir de telles cor�

r�lations
 il semble que les appareils doivent communiquer entre eux' la r�action

du dernier appareil d�pend de la position de son interrupteur mais aussi du po�

sitionnement des deux autres appareils� Donc
 si l�on interdit aux appareils de

communiquer entre eux
 soit en les pla�ant dans une cage de Faraday ou sim�

plement en les �loignant su�samment
 le comportement des appareils devra �tre

d�viant�

Le fait est que de tels appareils
 respectant syst�matiquement les deux r�gles sans

�gard � la distance
 peuvent en principe �tre construits� Cela constitue en fait

l�exemple parfait de ce qu�Einstein appelait action surnaturelle � distance� Si

l�univers �tait classique
 cela serait impossible pour les raisons que nous avons

�voqu�es plus haut� L�univers est quantique et
 bien que m�me dans le cadre de

la m�canique quantique il soit toujours impossible de communiquer sans envoyer

de signal ou plus vite que la lumi�re
 la m�canique quantique permet un type

de corr�lation entre des syst�mes distants
 corr�lation surnaturelle qui permet


justement
 la construction desdits appareils�

Voici comment
 avec un syst�me de trois qubits
 il est possible de construire des

appareils quantiques qui auront exactement le comportement indiqu� plus haut�
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On construit premi�rement l��tat suivant�

jGHZ �i � �

�
�j���i	 j���i	 j���i � j���i� ����	

puis on place un qubit dans chaque appareil� Lorsque l�interrupteur est plac� �

gauche
 le qubit est mesur� dans la base de r�f�rence
 par contre
 si l�interrupteur

est plac� � droite
 l�appareil e�ectue W �la transformation de Walsh�Hadamard	

sur le qubit avant de le mesurer� Si le r�sultat est � alors l�ampoule de l�inter�

rupteur sera allum�e et sinon �!	 elle ne le sera pas� Clairement
 si tous les inter�

rupteurs sont en position G 
 un nombre impair d�ampoules s�allumera puisque

les trois qubits sont dans leurs �tats originaux� Par contre si deux des interrup�

teurs sont en position D et le troisi�me en position G 
 ce qui revient � dire

qu�on applique W sur deux des trois qubits
 alors avant la mesure
 le registre se

retrouve n�cessairement dans un �tat de superposition de toutes les combinaisons

de vecteurs de trois bits ayant n�cessairement un nombre pair de ��

�I �W �W �jGHZ �i �
�

�
�j���i	 j���i	 j���i � j���i�

�W � I �W �jGHZ �i �
�

�
�j���i	 j���i � j���i	 j���i�

�W �W � I�jGHZ �i �
�

�
�j���i � j���i	 j���i � j���i�

Clairement
 dans ce cas
 un nombre pair de lumi�res s�allumera�

L�impact de cette exp�rience de pens�e est immense� Le fait qu�il soit possible

en principe de construire de tels appareils montre qu�il est impossible d�expliquer

l�univers de fa�on locale
 la m�canique quantique n�est pas une th�orie locale�

De fa�on plus formelle
 des syst�mes quantiques ayant la capacit� de d�montrer

des corr�lations ne pouvant s�expliquer par une th�orie locale sont appel�s in�

triqu�s� On dira de deux ou plusieurs syst�mes quantiques qu�ils sont intriqu�s

s�ils ne peuvent s��crire comme un produit� Par exemple
 le premier qubit et le
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deuxi�me qubit de l��tat

�

�
�j��i � j��i � j��i	 j��i�

ne sont pas intriqu�s puisque cet �tat peut s��crire de la fa�on suivante

�p
�
�j�i	 j�i� �p

�
�j�i � j�i�

Un des �tats intriqu�s les plus connus est certainement l��tat

j��i �
�p
�
�j��i � j��i�

�tat introduit par Bohm dans sa version simpli��e de l�exp�rience EPR� C�est

aussi l��tat utilis� par Bell pour d�river la premi�re preuve que la m�canique

quantique n�est pas locale� L��tat j��i est aussi utilis� dans la t�l�portation

quantique �� � et dans le codage dense ����
 deux techniques permettant la trans�

mission d�information classique et quantique au sujet desquelles nous reviendrons�

Bien s
r
 l��tat jGHZ �i ��quation ���	 est intriqu�� En fait cet �tat ainsi que

l��tat j��i sont deux exemples
 � variation locale pr�s
 d�un �tat appel� cat state

ou si vous pr�f�rez l��tat de Schr)dinger�

�p
�
�j�� � � � �i � j�� � � � �i�� ����	

On voit facilement qu�en applicant localement sur chaque qubit une op�ration

unitaire appropri� on obtient le r�sultat d�sir��

�I � U��
�p
�
�j��i � j��i� � j��i

�U� � U� � U��
�p
�
�j���i � j���i� � jGHZ �i

o� U� �

�
� � �

� �

�
A et U� �

��p
�

�
� � �

� ��

�
A�
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Cette exp�rience de pens�e fut le coup d�envoi de la complexit� de communication

quantique�

��� Complexit� de communication

Il existe plusieurs mesures de complexit� caract�risant le calcul d�une fonction� On

peut s�int�resser au temps
 � l�espace n�cessaire ou � la profondeur d�un circuit la

calculant� En �� �
 Andy Yao ���!� introduisit une nouvelle mesure de complexit�

appel�e complexit� de communication� Soit un ensemble de k participants et une

fonction bool�enne F d��nie sur k variables repr�sent�es par des cha$nes de n

bits� Les participants communiquent entre eux � l�aide d�un canal de di�usion en

suivant un protocole o� le comportement de chacun ne d�pend que de son entr�e

et de ce que les autres participants on d�j� di�us�� On note C�F � le nombre

minimal de bits communiqu�s par les participants pour que chacun apprenne la

valeur de F et ce pour le pire k�tuple d�entr�es��

Ce mod�le a d�j� re�u beaucoup d�attention et il en existe une multitude de vari�

antes� Le lecteur est invit� � consulter ���� qui traite du sujet en profondeur�

Une des variantes int�ressantes consiste � mettre � la disposition des participants

une source commune de bits al�atoires� On exige alors qu�ils calculent la bonne

valeur seulement avec une certaine probabilit�� On notera C��F � le nombre mini�

mal de bits communiqu�s pour que tous les participants apprennent F �x�� � � � � xk�

avec probabilit� sup�rieure ou �gale � �
 la probabilit� �tant prise sur l�ensemble

des cha$nes al�atoires possibles� Notez que l�on exige que tous les participants

obtiennent la m�me valeur� Clairement


F�C��F � � C�F � et � � �� � C��F � � C���F ��

�Il n�y a pas consensus sur le fait sp�ci
que exigeant que tous les participants apprennent la
valeur de la fonction� Parfois on exigera seulement qu�un participant pr�d�sign� en apprenne la
valeur� Comme nous nous int�ressons uniquement � des fonctions bool�ennes� il est facile de se
convaincre que la di	�rence entre les deux mesures de complexit� est toujours exactement un
bit�
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En ����
 Andy Yao ����� introduisit l�informatique quantique dans le monde

de la complexit� de la communication� Il d�crivit un mod�le de complexit� de

communication � deux participants o� la communication classique est remplac�e

par l��change de qubits� Entre les rondes de communication
 les participants

peuvent e�ectuer n�importe quelle transformation unitaire sur leurs registres� On

notera Q�F � le nombre minimal de qubits que les participants doivent s��changer

pour que chacun apprenne la valeur de F avec probabilit� �� Clairement
 ce

mod�le est aussi puissant que le mod�le standard
 c�est���dire que

Q�F � � C�F �

mais au moment de la parution de l�article
 aucun exemple n�existait pour lequel

cette in�galit� �tait stricte� En fait
 le mod�le avait �t� introduit par A� Yao dans

un autre but�

Les premiers r�sultats int�ressants
 montrant que l�utilisation de ressources quan�

tiques peut diminuer la quantit� de communication n�cessaire � l��valuation d�une

fonction
 virent le jour dans un mod�le di��rent� Au lieu de permettre aux par�

ticipants de communiquer des bits quantiques
 on leur permettra de partager de

l�intrication� Ceci est particuli�rement paradoxal puisqu�il est connu que l�intri�

cation ne peut pas �tre utilis�e pour se substituer � la communication
 pas plus

qu�elle peut �tre utilis�e pour comprimer des messages�

Il semble donc que l�intrication ne sera d�aucune utilit� pour diminuer la quantit�

de communication n�cessaire � l��valuation d�une fonction� Cette corr�lation

quantique partag�e entre les participants s�apparente aux mod�les avec source

al�atoire� Rappelons que l�ajout d�une source al�atoire commune ne rend pas le

mod�le d�terministe plus puissant puisque


F�C��F � � C�F ��
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Ici le lecteur devrait avoir en t�te l�exp�rience d�crite dans la section pr�c�dente

qui nous avait permis de conclure que la m�canique quantique n�est pas une

th�orie locale� Bien que l�intrication ne permette pas la transmission d�infor�

mation
 elle permet quand m�me la r�alisation de t"ches qui classiquement en

n�cessitent� C�est cette capacit� de l�intrication qui permet � des syst�mes quan�

tiques de r�agir de fa�on corr�l�e � des mesures sp�ci�ques qui a �t� utilis�e par

Cleve et Buhrman���� puis par Buhrman
 Cleve et van Dam ����
 pour obtenir

les premiers r�sultats signi�catifs du domaine� On d��nira C
�F � le nombre

minimal de bits que les k participants doivent s��changer �canal de di�usion	

pour que tous les participants apprennent F dans un contexte ou l�on permet

aux participants une r�serve arbitraire d�intrication�� Notez que l�intrication doit

�videmment �tre ind�pendante des xi et donc doit avoir �t� �chang�e avant que les

participants re�oivent leurs entr�es� Cet �change d�information quantique n�est

pas comptabilis�
 pas plus que les bits de la source al�atoire ne le sont dans le

mod�le probabiliste�

Dans l�article ���� Cleve et Buhrman proposent la premi�re fonction F pour laque�

lle

C�F � � C
�F � 	 ��

Dans leur exemple k � 
 et le domaine de la fonction est restreint� Ici
 nous

devons faire une autre classi�cation des probl�mes de communication� Nous les

diviserons en deux classes� les fonctions qui sont d��nies sur tous les �l�ments

du domaine et les relations ou fonctions � domaine restreint� Dans plusieurs des

exemples o� il existe un gain entre le mod�le quantique et le mod�le classique


certains tuplets d�entr�es sont proscrits� Si cette restriction du domaine ne nous

pla$t pas
 on peut toujours transformer une fonction � domaine restreint en une

relation de la fa�on suivante� Soit F d��nie sur D
 alors la relation R est telle

que 
x � D� �x� F �x�� � R et 
x �� D� �x� �� et �x� �� � R� Le probl�me �

�La d�
nition que nous utilisons pour C� provient de ����
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r�soudre consistera dans ce cas � retourner en sortie une valeur telle que la paire

entr�e&sortie soit dans la relation�

Peu de temps apr�s
 Buhrman
 Cleve et van Dam���� proposent un autre exem�

ple avec les m�mes caract�ristiques� C�est dans cet article que l�on retrouve la

d��nition de C
� Il est int�ressant de noter que ces deux premiers r�sultats s�ap�

puient directement sur l�exp�rience de Mermin que nous avons pr�sent�e dans la

section pr�c�dente� Buhrman
 Cleve et van Dam ���� proposent aussi une fonc�

tion g pour laquelle C

��
�g� � � mais pour laquelle C��
�g� � 
� L�int�r�t de cet

exemple r�side dans le fait qu�aucune restriction sur le domaine de la fonction

n�est n�cessaire pour obtenir ce gain� La mesure C

��
 est l�extension probabiliste

naturelle de la mesure C
�

Bien que forts int�ressants
 ces gains d�un bit peuvent�t�ils �tre g�n�ralis�s% Est�il

possible d�obtenir une s�paration asymptotique% C�est par l�a�rmative que nous

avons r�pondu � cette question importante dans l�article � Multiparty quantum

communication complexity � ���
 chapitre  �� Cet article contient deux r�sultats�

Le premier donne une s�paration asymptotique dans un mod�le un peu di��rent

o� les communications sont r�duites � une ronde� Dans ce mod�le
 nous exibons

une fonction G sur trois variables �participants	 pour laquelle C
�G� � n	� mais

C�G� � �
�
n	�� Nous exhibons aussi une fonction F sur k variables �participants	

pour laquelle il est possible de d�montrer que C
�F � � k 	 � mais C�F � �
k log�k��� et ce sans faire de restriction sur le nombre de rondes�

Avant d�aller plus loin
 il sera utile de faire une remarque concernant le lien

entre Q et C
� Un des r�sultats les plus importants de l�informatique quantique

est certainement la t�l�portation quantique �� �� Il a en e�et �t� d�montr� par

Bennett
 Brassard
 Cr�peau
 Jozsa
 Peres et Wootters que si deux participants

ont en commun l��tat intriqu� j��i
 et la capacit� de transmettre de l�information

classique
 ils peuvent alors simuler un canal quantique� Chaque qubit transmis

co
tera exactement une paire j��i et deux bits de communication classique� *

partir de ce r�sultat
 on d�duit imm�diatement pour le cas � deux participants
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�k � �	�


F�C
�F � � �Q�F ��

En ���� Buhrman
 Cleve et Wigderson obtinrent des s�parations plus impor�

tantes� En joignant le mod�le de calcul quantique �bo$te noire	 � la complexit�

de communication de type qubits
 ils sont parvenus � obtenir la premi�re s��

paration exponentielle dans le mod�le d�terministe avec promesse ainsi qu�une

s�paration quadratique dans le mod�le probabiliste sans promesse� Ces r�sultats

leur ont aussi permis d�obtenir des bornes inf�rieures dans le mod�le bo�te noire

de l�algorithme quantique� Plus sp�ci�quement
 pour la fonction

DISJ�x� y� �
�

i�f����� �Ng
xiyi

ils ont d�montr� que

Q����DISJ� � O�
p
N logN�

mais il �tait d�j� connu que

C����DISJ� � ��N�

ce qui donne une s�paration quadratique et ce sans restriction au domaine de la

fonction� Soit D�x� y� la distance de Hamming entre x et y �i�e� le nombre de

positions o� les chaines x et y di��rent	� Pour la fonction

EQ��x� y� � � si �x � y� et � si D�x� y� � N���
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consid�r�e seulement sur le domaine o� la fonction est d��nie
 ils ont obtenu le

r�sultat suivant

Q�EQ�� � log�N��

Ils ont aussi d�montr� la borne inf�rieure suivante

C�EQ�� � ��N�

cette borne inf�rieure nous sera d�ailleurs fort utile dans le chapitre �� Mal�

heureusement cette s�paration exponentielle ne tien plus dans le cas probabiliste

puisque de fa�on �vidente

Q����EQ
�� et C����EQ

�� � �����

Ce n�est que tr�s r�cement qu�une s�paration exponentielle entre ces deux mesures

de complexit� fut obtenu par Ran Raz ���� dans le cas d�une fonction a domaine

restraint �relation	� Soit P��v� avec � 
 v 
 ��
p
� la relation � deux variable

suivante� Alice recoit en entr�e l�encodage �avec pr�cision �nni	 d�un vecteur dans

x � Rn ainsi que celui de deux espaces vectorielles orthogonaux M� et M�� Bob


lui
 recoit l�encodage d�une matrice orthogonale U � On aura que P��v� � i si la

distance euclidienne entre Ux etMi est inf�rieure � v� Clairement x
 fM��M�g et
U peuvent �tre interpr�t� comme un �tat
 une mesure et une op�ration unitaire�

On en d�duit que

Q����P��v�� � O�log�n��

avec n la taille des deux inputs �encod�	� On obtient une s�paration exponentielle

puisque Raz ���� a d�montr� en utilisant un argument sophistiqu� que

C����P��v�� � ��log�n���
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Dans les exemples que nous avons vus pr�c�demment
 l�intrication a �t� utilis�e

pour diminuer le besoin de communication dans la r�alisation de t"ches d��val�

uation de fonction sur donn�es distribu�es� Dans � The cost of exactly simulat�

ing quantum entanglement with classical communication � ��!
 chapitre ��
 nous

avons pouss� cette id�e � sa limite� Nous pr�sentons un probl�me
 une t"che


que deux participants partageant n bits d�intrications peuvent accomplir sans

communication, Contraste int�ressant
 dans un monde classique
 cette t"che n��

cessite ���n� bits de communication, Ce r�sultat est tr�s int�ressant au point de

vue de la th�orie de l�information quantique puisqu�il donne une borne � la quan�

tit� d�information classique dont la communication est n�cessaire pour simuler

un ensemble de n bits intriqu�s� C�est���dire que nous obtenons une borne � la

quantit� de communication qui doit �tre ajout�e au mod�le classique �local	 �

variables cach�es pour obtenir les m�mes r�sultats que la m�canique quantique

pr�voit lors d�exp�riences sur des syst�mes bipartites� En e�et
 si l�on d�sire

simuler parfaitement n paires intriqu�es
 il faudra au moins pouvoir accomplir la

t"che d�crite pr�c�demment sans erreur� Puisque cette t"che n�cessite ���n� bits

de communication
 on obtient d�embl�e une borne inf�rieure exponentielle�

Dans la m�me publication �chapitre �	
 nous nous sommes pos�s la question

inverse
 c�est���dire combien de bits de communication sont su�sants pour par�

faitement simuler le comportement de particules intriqu�es� Nous nous sommes

concentr�s sur le cas d�une paire maximalement intriqu�e

j��i � �p
�
�j��i	 j��i��

Chaque participant a en sa possession une des deux particules puis re�oit une

mesure compl�te� � e�ectuer� Il doit retourner le r�sultat de sa mesure qui con�

siste en un simple bit classique� La question qui nous int�resse ici est de savoir

combien de bits classique les participants doivent s��changer pour obtenir des

r�sultats corr�l�s exactement comme la m�canique quantique le prescrit s�ils ne

�de von Neumann
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poss�dent pas de particule intriqu�e� Dans le chapitre �
 cette mesure est d�crite

par l�op�rateur hermitien g�n�ral pour une mesure sur un qubit� Cette description

d�une mesure est strictement �quivalente � l�application d�une op�ration unitaire

arbitraire sur un seul qubit suivi d�une mesure dans la base standard� Pour toute

mesure M� d�un participant
 il existe une mesure� M� pour l�autre participant tel

que les deux participants obtiennent le m�me r�sultat avec probabilit� �� Par con�

tre
 si la mesure du deuxi�me participant est plut(tM �
�
 une mesure dans une base

tr�s pr�s de M�
 alors
 avec une probabilit� non nulle
 ils obtiendront des r�sultats

oppos�s� On est donc port� � croire qu�une quantit� de communication arbitraire


d�pendant de la pr�cision avec laquelle les mesures sont sp�ci��es
 est n�cessaire

si l�on n�est pas pr�t � accepter une d�viation
 m�me minime
 aux statistiques

pr�vues par la m�canique quantique� Cette intuition est trompeuse puisque nous

avons r�ussi � d�montrer que
 m�me si aucune restriction n�est suppos�e quant

� la pr�cision des mesures
 les corr�lations prescrites par la m�canique quantique

sont obtenues exactement
 sans que les participants n�aient d�intrication
 si on

leur permet d��changer � bits classiques�

Nous avons obtenu plusieurs r�sultats int�ressants montrant que l�intrication per�

met parfois de r�duire la communication� Est�il toujours possible de r�duire la

communication en utilisant de l�intrication% Existe�t�il une technique g�n�rale

s�appliquant � tous les probl�mes de communication nous assurant un gain syst��

matique% Nous pouvons tout de suite a�rmer que la r�ponse � cette question est

non� Dans l�article � Quantum entanglement and the communication complexity

of the inner Product function � ��!
 chapitre ��
 nous avons �tudi� une fonction

sp�ci�que et nous avons montr� que pour cette fonction
 aucun gain ne pouvait

�tre obtenu�

En particulier pour la fonction

IP �x� y� � x 	 y � x�y� 	 x�y� 	 	 	 	xnyn �mod ��

�On peut montrer qu�il en existe exactement deux�
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pour laquelle les r�sultats classiques suivants sont d�j� connus �

C�IP � � n 	 �

C����� � n�O�log������

et Kremer� ���� avait d�montr�

Q������IP � � ��n�

Nous avons obtenu les r�sultats suivants�

C
�IP � � n	 �

Q
�IP � � n�� 	 �

C

��������IP � � ���n

Q

��������IP � � ���n

Outre le fait que pour cette fonction l�intrication n�est d�aucune utilit� �sauf peut�

�tre dans le cas Q
 o� le codage dense peut �tre utilis�	
 la m�thodologie de la

preuve utilis� est une r�duction quantique qui n�as pas son �quivalent classique�

Nous avons en fait d�montr� qu�un protocole permettant le calcul de la fonc�

tion IP peut n�cessairement �tre utilis� pour transmettre n bits d�information�

Comme la transmission d�information au sens de Shannon est r�gie par des r�gles

strictes
 on obtient alors facilement les bornes inf�rieures cit�es plus haut�

Dans le m�me chapitre
 nous d�montrons aussi un curieux r�sultat dans le cas

n � � o� � bit peut �tre �pargn� puisque

C��
�IP �x�x�� y�y��� � 
 et

C

��
�IP �x�x�� y�y��� � ��

�Dans le chapitre �� toutes ces mesures sont inf�rieures d�un bit puisqu�on exige seulement
qu�un participant apprenne la valeur de la fonction�

�M�thodologie attribu�e � A� Yao



Chapter �

Multiparty quantum

communication complexity

This chapter reproduces an article to appear in the journal Physical Review A �����

It has been written with the collaboration of Harry Buhrman
 Wim van Dam and

Peter H#yer�

��� Abstact

Quantum entanglement cannot be used to achieve direct communi�

cation between remote parties
 but it can reduce the communication

needed for some problems� Let each of k parties hold some partial

input data to some �xed k�variable function f � The communication

complexity of f is the minimum number of classical bits required to

be broadcasted for every party to know the value of f on their inputs�

We construct a function G such that for the one�round communica�

tion model and three parties
 G can be computed with n 	 � bits of

communication when the parties share prior entanglement� We then

show that without entangled particles
 the one�round communication

complexity of G is �
���n 	 �� Next we generalize this function to

���
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a function F � We show that if the parties share prior quantum en�

tanglement
 then the communication complexity of F is exactly k�

We also show that if no entangled particles are provided
 then the

communication complexity of F is roughly k log� k�

These two results prove for the �rst time communication complexity

separations better than a constant number of bits�

��� Introduction

Suppose each of k parties holds some data that is unknown to the others
 and they

want to evaluate some �xed k�variable function on those data� If the function is

non�trivial
 then this cannot be done unless the parties communicate�

In ����
 Cleve and Buhrman raised the question whether or not less communi�

cation is needed if the parties possess entangled particles� They demonstrated

that
 for a speci�c problem
 prior quantum entanglement decreases the need for

communication by � bit from � to � bits� A ��bit saving was also obtained by

Buhrman
 Cleve
 and van Dam in ���� for another problem where each party

initially holds a ��bit input�string� In both of these problems
 there are � parties

�k � 
	� They left open the important question if a separation larger than � bit

is possible� In particular
 is a separation in an asymptotic setting possible% In

this article we show that this is indeed the case�

Let f be a k�variable Boolean function whose inputs are n�bit binary strings �that

is
 f � Xk � f�� �g where X � f�� �gn	� There are k parties
 denoted P�� � � � � Pk


where party Pi holds input data xi �i � �� � � � � k	� Initially
 party Pi only knows

xi
 so
 to evaluate f 
 the parties have to communicate among each other� The

communication is done by broadcasting classical bits
 where
 each time
 a party

broadcasts one bit to everybody
 on the total cost of one bit of communication�

We are interested in determining the minimum number of bits required to be

broadcasted in the worst�case for every party to know the value of f � This
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number is called the communication complexity of f and is denoted C�f� k� n��

We want to compare this number with Q�f� k� n�
 the communication complexity

of f with prior quantum entanglement� That is
 the situation where we allow the

parties to share a set of entangled particles before they learn their inputs ���
 ����

For example
 with this terminology
 the separation obtained in ���� reads� there

exists a ��variable �k � 
	 Boolean function g whose inputs are ��bit strings

�n � �	
 and for which C�g� 
� �� � 

 but Q�g� 
� �� � �� For some functions


no separation at all is possible� For example
 Cleve et al� ��!� showed that prior

quantum entanglement does not help in computing the so�called inner product

function�

References ���
 ��� left open the very interesting question if a separation in an

asymptotic setting is possible� This question can be phrased more formal as� Does

there exists a function f for which C�f� k� n� grows in k or n
 and for which the

ratio between C�f� k� n� and Q�f� k� n� is bounded from below by some constant

larger than �%

In this paper
 we �rst study the case where the number of parties is three �k � 
	�

In this setting we consider the one
round communication model where each party

is allowed to communicate at most once� We construct a Boolean function G for

which C�G� 
� n� � �
���n	� whereas Q�G� 
� n� � n	�� This gives a separation

by a factor of 
�� in terms of the number of bits hold by each of the three parties�

Next we relax the requirement that only one round of communication is allowed

and consider an arbitrary number of parties� To this end we generalize the com�

munication functionG to F � We demonstrate that the communication complexity

of F with prior quantum entanglement is exactly k �that is
 Q�F� k� n� � k�
 but

that
 if n � log� k
 then without quantum entanglement it is roughly k log� k

�that is
 C�F� k� n� � k log� k�� We prove this by giving upper and lower bounds

in both cases� This implies a separation by a logarithmic factor in k
 the number

of parties�
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This paper thus presents a function with a separation by a constant factor in

terms of the number of bits
 and a function with a separation by a logarithmic

factor in terms of the number of parties� Very recently
 much more impressive

separations have been obtained in terms of the number of bits� Buhrman
 Cleve


and Wigderson ��!�
 Ambainis et al� ���
 and Raz ���� have all found two�party

computational problems for which an exponential separation holds�

��� The modulo�� sum problem

In this section
 we �x the number of parties to three �k � 
	� As common
 we

name the parties Alice
 Bob
 and Carol�

In ����
 Buhrman
 Cleve
 and van Dam considered the Modulo
� Sum Problem

de�ned as follows� Alice
 Bob
 and Carol receive x
 y
 and z
 respectively
 where

x� y� z � U � f�� �� �� 
g
 and they are promised that

�x 	 y 	 z� mod � � �� � ��	

The common goal is for every party to learn the value of the function

f�x� y� z� �
�

�

h
�x 	 y 	 z� mod �

i
� � ��	

We say that �x� y� z� � U � U � U is a valid input if Eq�  �� holds� The function

f � U � U � U � f�� �g can be viewed as computing the second�least signi�cant

bit in the sum of x
 y
 and z� Note that for all inputs y� z � U to Bob and Carol


there exists a unique input x � U for Alice such that �x� y� z� is a valid input and

f�x� y� z� � ��

For every integer m � �
 we generalize f to Gm � Um � Um � Um � f�� �g by

setting

Gm�x�y� z� � � if and only if for all � � i � m we have f�xi� yi� zi� � ��
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where x � �x�� � � � � xm�
 y � �y�� � � � � ym�
 and z � �z�� � � � � zm�
 and with the

condition that


�xi 	 yi 	 zi� mod � � � �� � i � m	� � ��	

Thus
 we give Alice
 Bob
 and Carol m valid instances of f 
 all at the same time


and ask if they all evaluate to �� Again
 we say that �x�y� z� is a valid input if

Eq�  �� holds�

Buhrman et al� ���� showed that with prior entanglement
 function f can be

solved with one�round communication using � bits� In their protocol
 Bob and

Carol each broadcast one bit
 where after Alice is capable of computing the value

of f and then broadcasting the resulting bit� �See Section  ���� for a direct

generalization of their protocol�	 Their protocol therefore immediately yields a

�m	 � bits protocol for Gm�

Theorem 
�	�� With prior quantum entanglement Gm can be solved with one


round communication using �m	 � bits�

In Subsection  ���� below
 we prove the following lower bound for the case that

we do not allow quantum entanglement�

Theorem 
�	�� Without quantum entanglement� there is no one
round protocol

for Gm that uses less than 
m 	 � bits of communication�

For one�round protocols we thus archive a separation of �m	� bits against 
m	�

bits� We do not know the classical communication complexity of computing Gm

without any restriction on the number of rounds�

����� Classical upper bound

The lower bound in Theorem  ���� is tight as there is a straightforward one�round

protocol that computes Gm with 
m	 � bits of communication� It is instructive

for understanding the proof of our lower bound
 �rst to understand that protocol�
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Consider an input x � Um to Alice� We can think of x � �x�� � � � � xm� as

consisting of two parts
 the high bits and the low bits� That is
 we identify x with

the pair �xhigh�xlow�
 where the i�th coordinate in xhigh � f�� �gm is �xi div ��


and where the i�th coordinate in xlow � f�� �gm is �xi mod ��� We think of Bob�s

input y � �y�� � � � � ym� and Carol�s input z � �z�� � � � � zm� in a similar manner�

The 
m 	 � one�round protocol works as follows� First Bob broadcasts all �m

bits of his input �yhigh�ylow�� Then Carol broadcasts the m high bits zhigh of

her input� Now Alice is capable of computing the value of f on all m instances


that is
 she can compute f�xi� yi� zi� for all � � i � m� Due to the promise that

�xi 	 yi 	 zi� mod � � �
 she does not need the low bits zlow of Carol�s input�

Finally Alice checks if f�xi� yi� zi� � � for all � � i � m� If so
 Gm�x�y� z� � �

and Alice therefore broadcasts �
 otherwise she broadcasts !�

Intuitively
 Alice has to have all of Bob�s m high bits
 all of Carol�s m high bits


but just m of the �m low bits� Hence
 intuitively
 if there exists a protocol for Gm

in which Bob broadcasts sB bits and Carol broadcasts sC bits
 then sB should be

at least m
 sC at least m
 and sB	sC at least 
m� It is the result of the following

subsection that this intuition is valid�

����� Classical lower bound

We now prove our lower bound stated in Theorem  ����� Since we only consider

one�round protocols
 we can without loss of generality assume that any protocol

computing Gm is made up of the following three parts�

�� Bob �knowing only his input y	 broadcasts the message �B � �B�y��

�� Carol �knowing her input z and Bob�s message �B	 broadcasts the message

�C � �C�z� �B��

�� Alice �knowing x
 �B
 and �C	 computes the answer �A�x� �B� �C� � f�� �g
which she then broadcasts to Bob and Carol� Since this protocol computes
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Gm
 we can without loss of generality assume that �A � Gm on all valid

inputs�

In agreement with our intuition described above
 the following key lemma ex�

plicitly speci�es ��m di�erent inputs on which Bob and&or Carol have to send

di�erent messages� Theorem � is immediate�

Lemma 
�	�	 Consider the above one
round protocol for computing Gm� Let

�B and �C denote Bob�s and Carol�s messages on inputs y � �yhigh�ylow� and

z � �zhigh�ylow�� respectively� Let �
�
B and ��C denote Bob�s and Carol�s messages

on inputs y� � �y�high�y
�
low� and z

� � �z�high�y
�
low�� respectively� Then the following

holds�

�i� If yhigh �� y�high and ylow � y�low� then �B �� ��B�

�ii� If zhigh �� z�high and ylow � y�low� then �C �� ��C �

�iii� If ylow �� y�low� then �B �� ��B or �C �� ��C�

Proof� We �rst prove �i	 by contradiction� Assume yhigh �� y�high
 ylow � y�low
 and

�B � ��B� Let x be the unique input to Alice such that Gm�x�y� z� � �� Then

�x�y�� z� � �x� �y�high�ylow�� z� is a valid input on which Gm takes the value !� But


since �B � ��B
 we also have �C�z� �B� � ��C�z� �
�
B�
 and hence Alice incorrectly

outputs the same answer �A�x� �B� �C� � �A�x� �
�
B� �

�
C� in both cases� Thus
 the

assumption is wrong and �i	 holds�

The proof of �ii	 is almost identical to the proof of �i	
 and we therefore omit it�

We also prove �iii	 by contradiction� Assume ylow �� y�low
 �B � ��B
 and �C � ��C �

Let x � �xhigh� �� be the unique input to Alice such that Gm�x�y� z� � �� Since

the protocol correctly computes Gm
 then Alice must answer � on the input

�x�y� z�� But then �x�y�� z�� is also a valid input on which Alice answers �� Fur�

ther
 let x� � �x�high�x
�
low� be the unique input to Alice such that Gm�x

��y�� z� � ��

Since the protocol correctly computes Gm
 then Alice must answer � on the input

�x��y�� z�� But then �x��y� z�� is also a valid input on which Alice answers ��
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Thus
 Alice answers � on all of these � valid inputs� �x�y� z�
 �x�y�� z��
 �x��y�� z�


and �x��y� z��� But
 since ylow �� y�low
 then �as we show in the next paragraph	

Gm takes the value ! on at least one of the valid inputs �x�y�� z�� and �x��y� z��


and thus the protocol incorrectly computes Gm� Hence
 the assumption is wrong

and �iii	 follows�

To see that Gm has to take the value ! on at least one of the valid inputs �x�y�� z��

and �x��y� z��
 assume otherwise� Let � � i � m be a coordinate where ylow and

y�low di�er� For ease of notation
 we let ylow denote the i�th coordinate �bit	 of

ylow � f�� �gm
 and we use similar notation for the i�th coordinate of the other

vectors� Since Gm�x�y� z� � �
 then

�xhigh 	 yhigh 	 zhigh 	 ylow� mod � � ��

Since Gm�x
��y�� z� � �
 then

�x�high 	 y�high 	 zhigh 	 �� mod � � ��

Since Gm�x�y
�� z�� � �
 then

�xhigh 	 y�high 	 z�high 	 y�low� mod � � ��

Since Gm�x
��y� z�� � �
 then

�x�high 	 yhigh 	 z�high 	 �� mod � � ��

But all of these � equations cannot hold at the same time
 and thus the assumption

that Gm takes the value � on �x�y�� z�� and �x��y� z�� is wrong� This completes

our proof of Lemma  ����
 from which Theorem  ���� immediately follows�

It is worthy noticing that
 by Lemma  ����
 for Alice to correctly output the value

of Gm
 she has to be able to correctly compute f on every one of the m instances
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of f � This is in general not so
 and it is a deep open question in communication

complexity to characterize the functions that possess this property�

��� Multirounds and multiparties

We now generalize f de�ned in Eq�  �� to a function F which we shall use to

prove a separation in terms of the number of parties� There are k parties
 where

party Pi obtains input data xi � V � f�� � � � � �n� �g �i � �� � � � � k	� We say that

an input x � �x�� � � � � xk� is valid if it satis�es that

�
kX
i��

xi

�
mod �n�� � �� � ��	

Let F � V k � f�� �g denote the Boolean function on the valid inputs de�ned by

F �x� �
�

�n��

��
kX
i��

xi

�
mod �n

�
� � ��	

We say that a valid input x is b
valid if F �x� � b �b � �� �	� The function F can

be viewed as computing the n�th least signi�cant bit of the sum of the xi�s�

We �rst show that with prior quantum entanglement
 k bits of communication

are necessary and su�cient for every party to evaluate F � That is
 for all k � �

and n � �


Q�F� k� n� � k� � ��	

Then
 we show how the parties can evaluate F with roughly k log� k bits of

communication without using any entangled particles� Speci�cally
 for all k � �

and n � �


C�F� k� n� � �k � ��fdlog��k � ��e	 �g	 �� � � 	
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Finally
 we prove that this is optimal up to low order terms by showing that
 for

all k � � and n � log� k


C�F� k� n� � k log��k�� k� � ��	

By comparing the bounds of Eqs�  �� and  ��
 we see that we have established a

separation by a factor of log��k����

��	�� With entanglement

We �rst show that if the parties share entangled particles
 then in a straight�

forward manner
 the k parties can evaluate F using only one bit of communication

each� This is obtained by a direct generalization of the idea used both in Sect� ���

of ���� �which itself is based on the work of Mermin ����	 and in �� �� The

prior quantum entanglement shared by the k parties is the cat state jq� � � � qki �
�j� � � � �i	 j� � � � �i��p�
 where party Pi holds qubit qi �i � �� � � � � k	�

Each party Pi uses the following procedure� First party Pi applies a phase�

change operator ��xi� de�ned by j�i �� j�i and j�i �� exp���xi
p����n�j�i on

her qubit qi� Thanks to the promise on the inputs
 these phase rotations add up

so that the resulting state is �j� � � � �i 	 ����F �x�j� � � � �i��p�� Then she applies

the Walsh�Hadamard transform that maps j�i to �j�i	 j�i��p�
 and j�i to �j�i�
j�i��p�� Finally
 she measures her qubit qi in the computational basis fj�i� j�ig
and broadcasts the outcoming bit�

Let bi be the outcome of party Pi�s measurement� Simple calculations show

that b� 
 	 	 	 
 bk equals F �x�� � � � � xk�
 where 
 denotes addition in modulo��

arithmetic� It follows that every party can compute the value of F from the k

communicated bits� On the other hand
 k bits of communication are necessary

since if one of the parties does not broadcast any bits
 then none of the others can

determine the value of F � To see this
 note that if we toggle the most signi�cant

bit of any one of the inputs
 then the value of F changes� Equation  �� follows�
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��	�� Without entanglement

The simplest way to evaluate the function F is for all but one of the parties to

broadcast their inputs� The last party then evaluates F �x�� � � � � xk� and com�

municates the resulting bit to the others� Hence
 the communication complexity

�without entanglement	 is at most �k � ��n	 ��

Now
 consider that all but one of the parties broadcast the d most signi�cant bits

of their inputs
 for some integer d � �� The last party
 say Pk
 then computes the

sum
�Pk

i�� xi
�� 
 where


 �
k��X
i��

�xi mod �n�d��

Suppose n � d where d � � 	 dlog��k � ��e� Then

� � 
 � �k � ����n�d � �� 
 �n���

so party Pk knows the value of the sum
Pk

i�� xi up to an additional non�negative

term strictly smaller than �n��� Since the sum is divisible by �n�� for all valid

inputs
 party Pk can determine it exactly and thus compute the value of F � It

follows that �k � ��d	 � bits of communication su�ce
 as stated as Eq�  � �

A good method to prove lower bounds for the communication complexity of func�

tions comes from a combinatorial view on the protocol for the communication�

Consider the space V k of all possible inputs
 where V � f�� � � � � �n � �g� A rect


angle in V k is a subset R � V k such that R � R� � 	 	 	 � Rk for some Ri � V

�i � �� � � � � k	� If a rectangle contains no !�valid inputs or no ��valid inputs
 then

it is said to be F �monochromatic�

We now use the observation that every deterministic and errorless communi�

cation protocol corresponds to a covering of all the valid inputs in V k by F �

monochromatic rectangles �see ����	� Without increasing the communication

complexity
 such a protocol can always be transformed into a protocol that uses
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a partitioning that covers all of V k
 and for which each monochromatic rect�

angle contains at least one valid input� By proving that every such partition

requires at least t rectangles
 we also prove that the communication complexity

of F is at least log� t ����� Hence
 upper bounds on the cardinality of the pos�

sible F �monochromatic rectangles imply a lower bound on the communication

complexity of F �

In the appendix
 we prove that if a rectangle R � V k is F �monochromatic and if

R contains a valid input
 then its cardinality is upper bounded by a value r
 for

which

r �

�
�n � �

k
	 �

�k

� � ��	

Since there are �nk input values to be covered
 this bound on the size of the

rectangles shows that we need at least t � �nk�r rectangles to partition V k in the

above described fashion�

If n � log� k and k � �
 then basic algebra gives that

log� t � log�

�
�nk

r

�
� k log��k�� k�

From this
 the lower bound on the communication complexity of Eq�  �� follows�

We are grateful to Lucien Hardy for pointing out an error in an earlier version

of this paper� We are grateful to Richard Cleve and Andrew Landahl for discus�

sions� H�B� thanks Ricard Gavald� for stimulating conversations� P�H� has been

supported in part by the esprit Long Term Research Programme of the EU

under project number �!��� �alcom�it	� A�T� has been supported in part by a

postgraduate fellowship from Canada�s nserc� Parts of this research were car�

ried out while P�H� was at the Laboratoire d�informatique th�orique et quantique

at Universit� de Montr�al
 and during the ��� Elsag�Bailey - I�S�I� Foundation

research meeting on quantum computation�
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��
 Appendix� Upper bound on the cardinality of

a monochromatic rectangle

Equip the set V � f�� � � � � �n � �g with the natural addition operation
 denoted


 and given by x 
 y � �x 	 y� mod �n� Then V � hV�
i is a cyclic group of

order �n�

Let R � V k be a �xed rectangle� By de�nition
 R � R� � 	 	 	 � Rk for some

subsets Ri � V 
 i � �� � � � � k� For any two subsets A�B � V 
 de�ne A 
 B �

fa
b j a � A� b � Bg� We now de�ne a family of subsets of V � Set S� � f�g � V

and Si � Si��
Ri for i � �� � � � � k� Then for each element �x�� � � � � xk� � R
 the

value
�Pk

i�� xi
�
mod �n is in Sk� We shall use Kneser�s theorem ���� to give an

upper bound on the cardinality of R�

Theorem 
�
�� Kneser Let G � hG�
i be an Abelian group with �nite subsets

A and B� Then there exists a subgroup H of G such that

A
B 
H � A
 B

and

jA
Bj � jA
Hj	 jB 
Hj � jHj�

Let Hi be the largest subgroup of V for which Si � Si
Hi
 �i � �� � � � � k	� Since


 is associative
 then Hi�� � Hi for all � � i � k�

Suppose R is a monochromatic rectangle that contains a valid input� Without loss

of generality
 assume that it is a !�valid input
 that is
 that � � Sk� Then Hi is the

trivial subgroup f�g for all i
 since otherwise we have that �n�� � Hi � Hk and

hence R would not be monochromatic� This shows that if we identify A � Si��

and B � Ri in Kneser�s theorem
 it follows that H is the trivial subgroup� We
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therefore have that jSij � jSi��j	 jRij � �
 so

jSkj �
kX
i��

jRij � �k � ���

Since �n�� �� Sk
 then jSkj � �n � �
 so

kX
i��

jRij � �n � � 	 k�

and therefore

jRj �
kY
i��

jRij �
�
�n � �

k
	 �

�k

�

It follows that the right hand side of Eq�  �� is an upper bound on the cardinality

of any F �monochromatic rectangle that contains a valid input�



Chapter 


The cost of exactly simulating

quantum entanglement with

classical communication

This chapter is an extended version ���� of an article to appear in the journal

Physical Review Letter ��!�� It has been written with the collaboration of Gilles

Brassard and Richard Cleve�


�� Abstract

We investigate the amount of communication that must augment clas�

sical local hidden variable models in order to simulate the behaviour

of entangled quantum systems� We consider the scenario where a bi�

partite measurement is given from a set of possibilities and the goal

is to obtain exactly the same correlations that arise when the actual

quantum system is measured� We show that
 in the case of a single

pair of qubits in a Bell state
 a constant number of bits of communi�

cation is always su�cient0regardless of the number of measurements

���
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under consideration� We also show that
 in the case of a system of n

Bell states
 a constant times �n bits of communication are necessary�


�� Introduction

Bell�s celebrated theorem ���� shows that certain scenarios involving bipartite

quantum measurements result in correlations that are impossible to simulate

with a classical system if the measurement events are space�like separated� If the

measurement events are time�like separated then classical simulation is possible


at the expense of some communication� Our goal is to quantify the required

amount of communication�

The issue that we are addressing is part of the broader question of how quantum

information a�ects various resources required to perform tasks in information

processing� A two�way classical communication channel between two separated

parties can be regarded as a resource
 and a natural goal is for two parties to

produce classical information satisfying a speci�c stochastic property� One ques�

tion is
 if the parties have an a priori supply of quantum entanglement
 can they

accomplish such goals with less classical communication than necessary in the

case where their a priori information consists of only classical probabilistic in�

formation% And
 if so
 by how much% Our question is
 to what extent does the

fundamental behaviour of an entangled quantum system itself provide savings
 in

terms of communication
 compared with classical systems%

Imagine a scenario involving two 1particles2 that may have been 1together2 �and

interacted	 at some previous point in time
 but are 1separated2 �in a sense which

implies that they can no longer interact	 at the present time� Suppose that a

measurement is then arbitrarily selected and performed on each particle �not

necessarily the same measurement on both particles	� If the underlying physics

governing the behaviour of the system is 1classical2 then the behaviour of such

a system could be based on correlated random variables �usually called 1local
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hidden variables2	
 re+ecting the possible results of a previous interaction� If no

communication can occur between the components at the time when the mea�

surements take place then this imposes restrictions on the possible behaviour of

such a system� In fact
 if the underlying physics governing the behaviour of the

system is 1quantum2 �in the sense that it can be based on entangled quantum

states
 rather than correlated random variables	 then behaviour can occur that is

impossible in the classical case� This is a natural way of interpreting Bell�s the�

orem ���
 ���� To formalize0and later generalize0this
 we shall de�ne quantum

measurement scenarios and �classical� local hidden variable schemes�


�� De�nitions and preliminary results

De�ne a quantum measurement scenario as a triple of the form �j�iAB�MA�MB�


where j�iAB is a bipartite quantum state
 MA is a set of measurements on the

�rst component
 and MB is a set of measurements on the second component�

It is convenient to parametrize the simplest von Neumann measurements on indi�

vidual qubits by points on the unit circle� �More general von Neumann measure�

ments
 which involve complex numbers
 are considered later in this paper�	 Let

the parameter x � ��� ��� denote a measurement with respect to the operator

R�x� �

�
�cos x sin x

sinx � cos x

�
A ����	

whose eigenvectors are cos�x
�
�j�i	 sin�x

�
�j�i and sin�x

�
�j�i � cos�x

�
�j�i�

Consider the case of a pair of qubits in the Bell state j��iAB � �p
�
j�ij�i	 �p

�
j�ij�i�

�Our results are written for such states
 but can be modi�ed to apply to any of the

other Bell states
 including the Einstein�Podolsky�Rosen singlet state j��iAB �

�p
�
j�ij�i� �p

�
j�ij�i�� Let x� y � ��� ��� be the respective measurement parameters

of the two components and let a� b � f�� �g be the respective outcomes� Then the

joint probability distribution of these outcomes is given as�
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Pr�b � �� Pr�b � ��

Pr�a � �� �
�
cos��x�y

�
� �

�
sin��x�y

�
�

Pr�a � �� �
�
sin��x�y

�
� �

�
cos��x�y

�
�

Two simple but noteworthy examples of bipartite quantum measurement scenar�

ios with the Bell state j��iAB are�

Example ��	��� �j��iAB�MA�MB�
 where MA �MB � f�� �
�
g�

Example ��	��� �j��iAB�MA�MB�
 where MA � f��


� ��


g and MB � �MA �

f�


����



g�

In both examples
 each individual outcome is a uniformly distributed bit regard�

less of the measurements� In Example �����
 if the two measurements are the

same then the outcomes are completely correlated' whereas
 if the two measure�

ments are di�erent
 the outcomes are completely independent� In Example �����


the two outcomes are equal with probability sin���


� if x � �y � 	��



' and with

probability cos���


� otherwise� These examples are interesting in the context of

local hidden variable schemes
 which are de�ned next�

Intuitively
 we are interested in classical devices that simulate bipartite quan�

tum measurement scenarios to varying degrees
 and such devices are naturally

explained as local hidden variable schemes� To de�ne a local hidden variable

scheme
 it is convenient to view it as a two�party procedure whose execution

occurs in two stages� a preparation stage and a measurement stage� For ease of

reference
 call the two parties Alice and Bob� During the preparation stage
 local

hidden variables u for Alice and v for Bob are determined by a classical random

process� During this stage
 arbitrary communication can occur between the two

parties
 so u and v may be arbitrarily correlated� During the measurement stage


measurements x and y are given to Alice and Bob �respectively	
 who produce

outcomes a � A�x� u� and b � B�y� v� �respectively	� During this stage
 no com�
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munication is permitted between the parties
 which is re+ected by the fact that

the value of A�x� u� is independent of the value of y �and vice versa	�

A local hidden variable scheme simulates a measurement scenario

�j�iAB�MA�MB� if
 for any x � MA and y � MB
 the outputs produced

by Alice and Bob
 �namely
 a and b respectively	
 have exactly the same bivariate

distribution as the outcomes of the quantum measurement scenario as dictated

by the laws of quantum physics�

The measurement scenario in Example ����� is easily simulatable by the following

local hidden variable scheme� Let u and v each consist of a copy of the same

uniformly distributed two�bit string� Then let Alice and Bob each output the �rst

bit of this string if their measurement is ! and the second bit if their measurement

is �
�
� On the other hand
 for the measurement scenario of Example �����
 it turns

out that there does not exist a local hidden variable scheme that simulates it �����

Now
 we consider a more powerful classical instrument for simulating measure�

ment scenarios� De�ne a local hidden variable scheme augmented by k bits of

communication
 as follows� Informally
 it is a local hidden variable scheme
 except

that the prohibition of communication between the parties during the measure�

ment stage is relaxed to a condition that allows up to k bits of communication�

More formally
 a local hidden variable scheme augmented by k bits of communi�

cation
 has a preparation stage where random variables u and v for Alice and Bob

are determined and during which arbitrary communication is permitted between

the two parties� Then there is a measurement stage which begins by measure�

ments x and y being given to Alice and Bob �respectively	� Then one party

computes a bit �as a function of his&her measurement and local hidden variables	

which is sent to the other party� This constitutes one round of communication�

Then again one party �the same one or a di�erent one	 computes a bit �as a

function of his&her measurement
 local hidden variables
 and any data communi�

cated from the other party at previous rounds	 and sends it to the other party�
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And this continues for k rounds
 after which Alice and Bob output bits a and b

�respectively	�

For example
 for the measurement scenario of Example �����
 a local hidden

variable scheme augmented with one single bit of communication can simulate it�

This is a consequence of the following more general result
 whose easy proof we

include for completeness�

Theorem ��	�� For any quantum measurement scenario �j�iAB�MA�MB��

there exists a local hidden variable scheme augmented with log��jMAj� bits of

communication �from Alice to Bob� that exactly simulates it�

Proof� First note that
 if we allow log��jMAj� bits of communication from Alice

to Bob and log��jMBj� bits of communication from Bob to Alice then it is trivial

to simulate the quantum measurement scenario� With this much communication


Alice can obtain y and Bob can obtain x
 which e�ectively defeats any 1nonlo�

cality2 in the scenario� More precisely
 during the preparation stage
 Alice and

Bob can construct jMAj 	 jMBj random variable pairs
 �a�x�y�� b�x�y��
 one for each

value of x �MA and y �MB� Each such random variable pair would specify the

values of the outcomes of Alice and Bob for the given values of x and y
 with

the appropriate correlation� During the measurement stage
 after the communi�

cation of x and y between them
 Alice and Bob can simply output a�x�y� and b�x�y�

�respectively	�

To obtain a protocol in which only log��jMAj� bits of communication from Alice

to Bob occurs
 note that the unconditional probability distribution of a�x�y� �the

output of Alice when the measurements are x and y	 is independent of the value

of y� This is because the distribution of a�x�y� is completely determined by x

and the reduced density matrix of j�iAB with the second component traced out

�TrB�j�iAB�	
 and this quantity is independent of y� Therefore
 the local hidden

variables can be set up as follows� For each x �MA
 a�x� is sampled according to

the appropriate probability distribution
 and then
 for each x �MA and y �MB


b�x�y� is sampled according the appropriate conditional probability distribution
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�conditioned on the value of a�x�	 in order to produce the correct bivariate distri�

bution for �a�x�� b�x�y��� Then
 during the measurement stage it su�ces for Alice

to send x to Bob
 and for Alice and Bob to output a�x� and b�x�y� �respectively	�

We shall see that in some cases the upper bound of Theorem ����� is asymptoti�

cally tight while in other cases it is not� In the sections that follow
 we focus on

the case of a single Bell state and the case of n Bell states
 and provide a new

upper or lower bound in each case�


�� The case of a single Bell state

Consider the case of a single Bell state j��iAB � �p
�
j�ij�i	 �p

�
j�ij�i
 but where the

sizes of MA and MB may be arbitrarily large� By Theorem �����
 we only obtain

an upper bound of log��jMAj� bits for the amount of communication necessary

for an augmented local hidden variable scheme to simulate it� In the case where

MA and MB are each the entire interval ��� ���
 this communication upper bound

would be in�nite� If only a �nite number
 k
 bits of communication are permitted

then one alternative that might seem reasonable is for Alice to send x�
 a k�bit

approximation of x
 to Bob� The protocol for Alice and Bob would be along the

lines of the one in Theorem �����
 but using x� in place of x� This would clearly

not produce an exact simulation for a general x � ��� ���
 but it would produce

an approximation that improves as k increases� Is this the best that can be done

with k bits of communication% The next theorem demonstrates that it is possible

to obtain an exact simulation for any x� y � ��� ��� with only a constant number

of bits of communication�

Theorem ����� For the quantum measurement scenario �j��iAB�MA�MB� with

j��iAB � �p
�
j�ij�i	 �p

�
j�ij�i and MA �MB � ��� ���� there exists a local hidden

variable scheme augmented with four bits of communication �from Alice to Bob�

that exactly simulates it�
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Proof� The local hidden variables are c � f�� �g and � � ��� ��


�
 and both are

uniformly distributed�

For j � f�� �� � � � � �g
 de�ne �j � j�


� It is useful to view ��� ��� � � � � �	 as ten

equally�spaced points on the unit circle� De�ne the jth �
slot as the interval

��j� ��j���mod���� Also
 de�ne �� � �� 	 �
 �� � �� 	 �
 and �� � �� 	 � and

	� � �
 	 �
 	� � �
 	 �
 and 	� � �� 	 � �where the addition is understood to

be modulo ��	� De�ne the jth �
slot as the interval ��j� ��j���mod��
 and the jth

	
slot as the interval �	j� 	�j���mod���

The protocol starts by Alice sending Bob information specifying the ��slot
 ��

slot
 and 	�slot in which x is located� Note that these slots partition the unit

circle into sixteen intervals
 so Alice can convey this information by sending four

bits to Bob� Then Alice outputs the bit c�

The full procedure for Bob is summarized below
 but
 in order to explain the idea

behind it
 it is helpful to �rst consider the special case where y is in the �nd ��slot

and the ��slot number of x is within two of that of y �in other words
 the ��slot

number of x is in f�� �� �� 
� �g	� Note that these conditions depend on the values

of x and y only �and not on the values of the local hidden variables	� Also
 these

conditions imply that jx � yj � ��


� In this case
 Bob does the following� If the

��slots of x and y are the same then Bob outputs c� If the ��slots of x and y are

di�erent then exactly one �k is between x and y� Let u � jy � �kj� Then Bob�s

procedure is to output c with probability �� ��
��
sin�u��

To analyse the stochastic behaviour of this procedure �still in the special case	


let r � jx� yj and note that the probability of x and y being in di�erent ��slots

is 
r
��
� Also
 conditional on x and y being in di�erent ��slots
 the probability

distribution of the position of the �k between x and y is uniform� Therefore


Pr�a � b� �
�
�� 
r

��

�
	
�

r
��

� �
�
r

� Z r

�

�
�� ��

��
sin�u�

�
du

� �
�
�� 	 cos�r��

� cos�� r
�
�� ����	
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which is exactly what is required�

The procedure for Bob in the above special case can be generalized to apply to

the other possible cases by considering various similarities and symmetries among

the cases� First note that the above procedure actually works in all cases where

the ��slot number of y is in f�� 
� �� 
� �g and the ��slot number of x is within

two of that of y� This is because
 in these cases
 the interval between x and y �of

length � ��


	 lies entirely within the interval ��� 	�



� and ��� ��� �� are uniformly

distributed points spaced ��



apart in this interval�

Now
 consider the cases where the ��slot number of y is in f�� �� �� �� �g and the

��slot number of x is still within two of that of y� In these cases
 the interval

containing x and y may not lie entirely within ��� 	�


�
 and so the distribution of

��� ��� �� may no longer satisfy the relevant properties� To avoid this problem


Bob applies the above procedure with 	�� 	�� 	� substituted in place of ��� ��� ���

This works because 	�� 	�� 	� are uniformly distributed points spaced ��



apart in

the interval ��� �


�� �taken clockwise	 and the interval containing x and y is within

this interval�

The above covers all cases where the ��slot number of x is within two of that

of y� To handle the remaining cases
 Bob works with y� � y 	 � �whose ��slot

number will then be within two of that of x	 instead of y� Let r� � jx�y�j� Then

since cos�� r

�

�
� � sin�� r

�
�
 Bob will obtain the required distribution if he applies

the above procedure but negates his output bit�

In summary
 Bob�s procedure after obtaining information specifying the ��slot


��slot
 and 	�slot of x from Alice is�

if the di�erence between the ��slot numbers of x and y is more than �

then

set y to y 	 �

set c to �c
if the ��slot number of y is in f�� �� �� �� �g then

set ��� ��� �� to 	�� 	�� 	�
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if x and y are in the same ��slot then

output c

else there exists a �k between x and y

set u to jy � �kj
output c with probability �� ��

��
sin�u�

Theorem ����� applies to all measurements with respect to operators of the form

given in Eq� ����	� The most general possible von Neumann measurement on an

individual qubit can be parametrized by �x� x�� � ��� ���� ��� ��� and taken with

respect to the operator

S�x� x�� �

�
� cos x e�ix

�

sinx

eix
�

sinx � cos x

�
A ����	

whose eigenvectors are cos�x
�
�j�i 	 eix

�

sin�x
�
�j�i and sin�x

�
�j�i � eix

�

cos�x
�
�j�i� If

Alice and Bob make such measurements with respective parameters �x� x�� and

�y� y�� and a and b are the respective outcomes then Pr�a � �� � Pr�b � �� � �
�

and

Pr�a � b� � cos��x
��y�

�
� cos��x�y

�
� 	 sin��x

��y�

�
� cos��x�y

�
�� ����	

Theorem ����� For the quantum measurement scenario �j��iAB�MA�MB� with

j��iAB � �p
�
j�ij�i 	 �p

�
j�ij�i and MA � MB � ��� ��� � ��� ���� there exists a

local hidden variable scheme augmented with eight bits of communication �from

Alice to Bob� that exactly simulates it�

Proof� The local hidden variable scheme consists of two executions of the four�bit

protocol of Theorem ������ In the �rst execution
 Alice and Bob use measurement

parameters x� and �y� to obtain output bits a� and b� �respectively	 such that

Pr�a� � b�� � cos��x
��y�

�
�� ����	
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In the second execution
 Alice and Bob use measurement parameters ����a�x and

����b�y to obtain their �nal output bits a and b �respectively	� Note that

Pr�a � b� �

���
��
cos��x�y

�
� if a� � b�

cos��x�y
�
� if a� �� b��

����	

which
 combined with Eq� ����	
 implies Eq� ����	 as required�

We do not know whether a similar result holds in the case of quantum mea�

surements that are more general than von Neumann measurements �e�g� positive

operator valued measures	�


�
 The case of n Bell states

Consider the case of n Bell states
 i�e� the tensor product of j��iAB with itself n

times� This state can be written as j��i�nAB � �p
�n

P
i�f���gn jiijii� Theorem �����

implies that any n independent von Neumann measurements performed on the n

Bell states can be simulated by a local hidden variable scheme augmented with

�n bits of communication� In the case of coherent measurements on such a state


the exact simulation cost can be much larger
 as shown by the following theorem�

Theorem ��
�� There exists a pair of sets of measurements� MA and MB �each

of size ��
n
� on n qubits� such that� for the quantum measurement scenario

�j��i�nAB�MA�MB� with j��i�nAB � �p
�n

P
i�f���gn jiijii� any local hidden variable

scheme must be augmented with a constant times �n bits of communication in

order to exactly simulate it�

Proof� The proof is based on connections between a measurement scenario and

a communication complexity problem examined in ��!�� We begin by de�ning

a set of ��
n
measurements
 which we call Deutsch
Jozsa measurements
 due to

their connection with the algorithm in ����� The measurements are parametrized

by the set f�� �g�n� For a parameter value z � f�� �g�n
 we index the bits of z
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by the set f�� �gn� That is
 for i � f�� �gn
 zi denotes the 1 ith 2 bit of z� The

measurement on n qubits corresponding to z � f�� �g�n is easily described as two

unitary transformations followed by a measurement in the computational basis�

The �rst unitary transformation is a phase shift that maps jii to ����zijii for

each i � f�� �gn� The second unitary transformation is the n�qubit Hadamard

transformation
 which maps jii to

�p
�n

X
j�f���gn

����i�jjji� ��� 	

where i 	 j is the inner product of the two n�bit strings i and j �that is
 i 	 j �
i�j�	 i�j�	 	 	 		 in��jn��	� These two unitary transformations are followed by a

measurement in the computational basis fjii � i � f�� �gng
 yielding an outcome

in f�� �gn�

Set MA � MB � f�� �g�n
 the set of Deutsch�Jozsa measurements� We will now

show that
 for x � MA and y � MB
 the joint probability distribution of the

outcomes a and b satis�es the following properties�

�� If x � y then Pr�a � b� � ��

�� If the Hamming distance between x and y is �n�� then Pr�a � b� � ��

To show this
 consider the quantum state after the phase +ips and Hadamard

transformations have been performed
 but before the measurement� First
 apply�

ing the phase +ips to j��i�nAB yields the state

�p
�n

X
i�f���gn

����xi�yijiijii� ����	

Next
 after applying the Hadamard transformations
 the state becomes

�p
��n

X
j�k�i�f���gn

����xi�yi�i��j�k�jjijki ����	
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�where j 
 k is the bit�wise exclusive�or of j and k	� To prove property �
 note

that if x � y then state ����	 becomes

�p
��n

X
j�k�i�f���gn

����i��j�k�jjijki � �p
�n

X
i�f���gn

jiijii�

so Pr�a � b� � � when the measurement is performed� To prove property �
 note

that if the Hamming distance between x and y is �n�� then xi 	 yi is even for

�n�� values of i and odd for �n�� values of i� Therefore
 the amplitude of any ket

of the form jjijji in state ����	 is

�p
��n

X
i�f���gn

����xi�yi � �� ����!	

so Pr�a � b� � ��

Now we reduce a communication complexity problem in ��!� to the problem of

designing an augmented local hidden scheme that satis�es properties � and ��

The communication complexity problem �called EQ � in ��!�	 is a restricted ver�

sion of the 1equality2 problem
 and is de�ned as follows� Alice and Bob get

inputs x� y � f�� �g�n �respectively	
 and one of them �say
 Bob	 must output �

if x � y and ! if the Hamming distance between x and y is �n��� The output

of Bob can be arbitrary in all other cases� In ��!�
 it is proven that any classical

protocol that exactly solves this restricted equality problem requires c�n bits of

communication for some constant c � � and all su�ciently large n� The proof is

based on a combinatorial result in ����� Suppose that there exists a local hidden

variable scheme augmented with f�n� bits of communication that simulates the

measurement scenario �j��i�nAB�MA�MB�� Then one can use this to construct a

protocol for restricted equality with f�n� 	 n bits of communication as follows�

Alice and Bob �rst execute the protocol for �j��i�nAB�MA�MB� and then Alice

sends her output a to Bob
 who outputs � if a � b and ! if a �� b� It follows

that f�n� 	 n � c�n
 so f�n� � c�n � n � c��n
 for some c� � � and su�ciently

large n� The theorem extends to all n � �
 possibly using a smaller constant
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c��
 because it follows from ���� that Example ����� cannot be simulated without

communication�

In conclusion
 we have shown how to exactly simulate the behaviour of a bipartite

entangled quantum system consisting of two qubits prepared in a Bell state� � bits

of classical communication su�ce to reproduce exactly the correlations that arise

when the qubits are independently subjected to arbitrary von Neumann mea�

surements� In contrast
 exact simulation of the behaviour of a bipartite quantum

system consisting of n Bell states requires an amount of communication that is

exponential in n�

Similar work was carried out independently by Michael Steiner ��!��� Using a

di�erent technique
 he showed how ���� classical bits of communication su�ce

on the average for the quantum measurement scenario �j��iAB�MA�MB� with

j��iAB � �p
�
j�ij�i	 �p

�
j�ij�i and MA �MB � ��� ��� that we consider in The�

orem ������ It follows from the techniques used in our proof of Theorem �����

that ���� bits of classical communication su�ce on the average to simulate the

behaviour of arbitrary von Neumann measurements carried out independently on

two qubits prepared in a Bell state� Although this is better than the � bits that

we need in this letter
 Steiner�s technique imposes no upper limit on the number

of bits that need be communicated in the worst case�

G�B� is supported by the Natural Sciences and Engineering Research Council of

Canada �NSERC	
 Canada Council and Qu�bec�s Fonds Concert� pour l�Avance�

ment de la Recherche� R�C� and A�T� are supported by NSERC�



Chapter �

Quantum entanglement and the

communication complexity of the

inner product function

This chapter reproduces an article to appear in the proceeding First NASA Inter


national Conference� QCQC��� ��!�� It has been written with the collaboration

of Richard Cleve
 Wim van Dam and Michael Nielsen�

��� Abstract

We consider the communication complexity of the binary inner prod�

uct function in a variation of the two�party scenario where the parties

have an a priori supply of particles in an entangled quantum state�

We prove linear lower bounds for both exact protocols
 as well as for

protocols that determine the answer with bounded�error probability�

Our proofs employ a novel kind of 1quantum2 reduction from a quan�

tum information theory problem to the problem of computing the

inner product� The communication required for the former problem

can then be bounded by an application of Holevo�s theorem� We also

���
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give a speci�c example of a probabilistic scenario where entanglement

reduces the communication complexity of the inner product function

by one bit�

��� Introduction and summary of results

The communication complexity of a function f � f�� �gn � f�� �gn � f�� �g is

de�ned as the minimum amount of communication necessary among two parties


conventionally referred to as Alice and Bob
 in order for
 say
 Bob to acquire the

value of f�x� y�
 where
 initially
 Alice is given x and Bob is given y� This scenario

was introduced by Yao ���!� and has been widely studied �see ���� for a survey	�

There are a number of technical choices in the model
 such as� whether the com�

munication cost is taken as the worst�case �x� y�
 or the average�case �x� y� with

respect to some probability distribution' whether the protocols are deterministic

or probabilistic �and
 for probabilistic protocols
 whether the parties have in�

dependent random sources or a shared random source	' and
 what correctness

probability is required�

The communication complexity of the inner product modulo two �IP� function

IP�x� y� � x� � y� 
 x� � y� 
 	 	 	 
 xn � yn mod � ����	

is fairly well understood in the above 1classical2 models� For worst�case inputs

and deterministic errorless protocols
 the communication complexity is n and
 for

randomized protocols �with either an independent or a shared random source	


uniformly distributed or worst�case inputs
 and with error probability �
�
� 
 re�

quired
 the communication complexity is n�O�log���
�� ���� �see also ����	�

In ����
 Yao ����� introduced a variation of the above classical communication

complexity scenarios
 where the parties communicate with qubits
 rather than

with bits� Protocols in this model are at least as powerful as probabilistic proto�

cols with independent random sources� Kremer ���� showed that
 in this model
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the communication complexity of IP is ��n�
 whenever the required correctness

probability is ��� for a constant � � � 
 �
�
�Kremer attributes the proof method�

ology to Yao	�

Cleve and Buhrman ���� �see also ����	 introduced another variation of the classi�

cal communication complexity scenario that also involves quantum information


but in a di�erent way� In this model
 Alice and Bob have an initial supply of

particles in an entangled quantum state
 such as Einstein�Podolsky�Rosen �EPR	

pairs
 but the communication is still in terms of classical bits� They showed that

the entanglement enables the communication for a speci�c problem to be reduced

by one bit� Any protocol in Yao�s qubit model can be simulated by a protocol in

this entanglement model with at most a factor two increase in communication�

each qubit can be 1teleported2 �� � by sending two classical bits in conjunction

with an EPR pair of entanglement� On the other hand
 we are aware of no sim�

ilar simulation of protocols in the entanglement model by protocols in the qubit

model
 and
 thus
 the entanglement model is potentially stronger�

In this paper
 we consider the communication complexity of IP in two scenarios�

with prior entanglement and qubit communication' and with prior entanglement

and classical bit communication� As far as we know
 the proof methodology of

the lower bound in the qubit communication model without prior entanglement

���� does not carry over to either of these two models� Nevertheless
 we show

��n� lower bounds in these models�

To state our lower bounds more precisely
 we introduce the following notation�

Let f � f�� �gn � f�� �gn � f�� �g be a communication problem
 and � � � 
 �
�
�

Let Q

��f� denote the communication complexity of f in terms of qubits
 where

quantum entanglement is available and the requirement is that Bob determines

the correct answer with probability at least �� � �the � superscript is intended

to highlight the fact that prior entanglement is available	� Also
 let C

� �f� de�

note the corresponding communication complexity of f in the scenario where the

communication is in terms of bits �again
 quantum entanglement is available and
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Bob is required to determine the correct answer with probability at least �� �	�

When � � �
 we refer to the protocols as exact
 and
 when � � �
 we refer to

them as bounded
error protocols� With this notation
 our results are�

Q

��IP� � dn��e ����	

Q

��IP� � �

�
��� ����n� �

�
����	

C

��IP� � n ����	

C

� �IP� � max��

�
��� ����� ��� �����n� �

�
����	

Note that all the lower bounds are ��n� whenever � is held constant� Also
 these

results subsume the lower bounds in ����
 since the qubit model de�ned by Yao

����� di�ers from the bounded�error qubit model de�ned above only in that it

does not permit a prior entanglement�

Our lower bound proofs employ a novel kind of 1quantum2 reduction between

protocols
 which reduces the problem of communicating
 say
 n bits of information

to the IP problem� It is noteworthy that
 in classical terms
 it can be shown

that there is no such reduction between the two problems� The appropriate cost

associated with communicating n bits is then lower�bounded by the following

nonstandard consequence of Holevo�s theorem�

Theorem ����� In order for Alice to convey n bits of information to Bob� where

quantum entanglement is available and qubit communication in either direction

is permitted� Alice must send Bob at least dn��e qubits� This holds regardless of
the prior entanglement and the qubit communication from Bob to Alice� More

generally� for Bob to obtain m bits of mutual information with respect to Alice�s

n bits� Alice must send at least dm��e qubits�

A slight generalization of Theorem ����� is described and proven in the Appendix�

It should be noted that
 since quantum information subsumes classical infor�

mation
 our results also represent new proofs of nontrivial lower bounds on the
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classical communication complexity of IP 
 and our methodology is fundamentally

di�erent from those previously used for classical lower bounds�

Finally
 with respect to the question of whether quantum entanglement can ever

be advantageous for protocols computing IP 
 we present a curious probabilistic

scenario with n � � where prior entanglement enables one bit of communication

to be saved�

��� Bounds for exact qubit protocols

In this section
 we consider exact qubit protocols computing IP 
 and prove

Eq� ����	� Note that the upper bound follows from so�called 1superdense cod�

ing2 ����� by sending dn��e qubits in conjunction with dn��e EPR pairs
 Alice

can transmit her n classical bits of input to Bob
 enabling him to evaluate IP �

For the lower bound
 we consider an arbitrary exact qubit protocol that computes

IP 
 and convert it �in two stages	 to a protocol for which Theorem����� applies�

For convenience
 we use the following notation� If an m�qubit protocol consists

of m� qubits from Alice to Bob and m� qubits from Bob to Alice then we refer

to the protocol as an �m�� m���qubit protocol�

����� Converting exact protocols into clean form

A clean protocol is a special kind of qubit protocol that follows the general spirit

of the reversible programming paradigm in a quantum setting� Namely
 one in

which all qubits incur no net change
 except for one
 which contains the answer�

In general
 the initial state of a qubit protocol is of the form

jy�� � � � � yni � j�� � � � � �i � j�� �z �
Bob�s qubits

BAi � jx�� � � � � xni � j�� � � � � �i� �z �
Alice�s qubits

� ����	
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where j�BAi is the state of the entangled qubits shared by Alice and Bob
 and the

j�� � � � � �i states can be regarded as 1ancillas2� At each turn
 a player performs

some transformation �which
 without loss of generality
 can be assumed to be

unitary	 on all the qubits in his&her possession and then sends a subset of these

qubits to the other player� Note that
 due to the communication
 the qubits

possessed by each player varies during the execution of the protocol�

We say that a protocol which exactly computes a function f�x� y� is clean if


when executed on the initial state

jzi � jy�� � � � � yni � j�� � � � � �i � j�BAi � jx�� � � � � xni � j�� � � � � �i� ��� 	

results in the �nal state

jz 
 f�x� y�i � jy�� � � � � yni � j�� � � � � �i � j�BAi � jx�� � � � � xni � j�� � � � � �i
����	

�where the addition is mod �	� The 1input2
 the ancilla
 and initial entangled

qubits will typically change states during the execution of the protocol
 but they

are reset to their initial values at the end of the protocol�

It is straightforward to transform an exact �m�� m���qubit protocol into a clean

�m� 	 m�� m� 	 m���qubit protocol that computes the same function� To reset

the bits of the input
 the ancilla
 and the initial entanglement after the protocol

is run once
 the answer is recorded and then the protocol is run in the backwards

direction to 1undo the e�ects of the computation2� The answer is recorded on a

new qubit of Bob �with initial state jzi	 which is control�negated �with the qubit

of Bob that is in the state jf�x� y�i as the control qubit	� Note that
 for each qubit

that Bob sends to Alice when the protocol is run forwards
 Alice sends the qubit

to Bob when run in the backwards direction� Running the protocol backwards

resets all the qubits0except Bob�s new one0to their original states� The result

is an �m� 	m�� m� 	m���qubit protocol that maps state ��� 	 to state ����	�
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����� Reduction from communication problems

We now show how to transform a clean �m� 	m�� m� 	m���qubit protocol that

exactly computes IP for inputs of size n
 to an �m�	m�� m�	m���qubit protocol

that transmits n bits of information from Alice to Bob� This is accomplished in

four stages�

�� Bob initializes his qubits indicated in Eq� ��� 	 with z � � and y� � 	 	 	 �
yn � ��

�� Bob performs a Hadamard transformation on each of his �rst n	 � qubits�

�� Alice and Bob execute the clean protocol for the inner product function�

�� Bob again performs a Hadamard transformation on each of his �rst n 	 �

qubits�

Let jBii denote the state of Bob�s �rst n	 � qubits after the ith stage� Then

jB�i � j�i � j�� � � � � �i ����	

jB�i � �p
�n��

X
a�b����� �bn�f���g

����ajai � jb�� � � � � bni ����!	

jB�i � �p
�n��

X
a�b����� �bn�f���g

����aja	 b�x� 	 	 	 		 bnxni � jb�� � � � � bni

� �p
�n��

X
c�b����� �bn�f���g

����c�b��x������bn�xnjci � jb�� � � � � bni �����	

jB�i � j�i � jx�� � � � � xni� �����	

where
 in Eq� �����	
 the substitution c � a 	 b�x� 	 	 	 	 	 bnxn has been made

�and arithmetic over bits is taken mod �	� The above transformation was inspired

by the reading of ��! � �see also ��!�	�

Since the above protocol conveys n bits of information �namely
 x�� � � � � xn	 from

Alice to Bob
 by Theorem �����
 we have m� 	 m� � n��� Since this protocol

can be constructed from an arbitrary exact �m�� m���qubit protocol for IP 
 this

establishes the lower bound of Eq� ����	�
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Note that
 classically
 no such reduction is possible� For example
 if a clean

protocol for IP is executed in any classical context
 it can never yield more than

one bit of information to Bob �whereas
 in this quantum context
 it yields n bits

of information to Bob	�

��� Lower bounds for bounded�error qubit proto�

cols

In this section we consider bounded�error qubit protocols for IP 
 and prove

Eq� ����	� Assume that some qubit protocol P computes IP correctly with prob�

ability �� �
 where � 
 � 
 �
�
� Since P is not exact
 the constructions from the

previous section do not work exactly� We analyze the extent by which they err�

First
 the construction of Section ��� will not produce a protocol in clean form'

however
 it will result in a protocol which approximates an exact clean protocol

�this type of construction was previously carried out in a di�erent context by

Bennett et al� ����	�

Denote the initial state as

jy�� � � � � yni � j�� � � � � �i � j�BAi � jx�� � � � � xni � j�� � � � � �i� �����	

Also
 assume that
 in protocol P 
 Bob never changes the state of his input qubits

jy�� � � � � yni �so the �rst n qubits never change	� This is always possible
 since he

can copy y�� � � � � yn into his ancilla qubits at the beginning� After executing P

until just before the measurement occurs
 the state of the qubits must be of the

form

�jy�� � � � � yni � jx 	 yi � jJi	 �jy�� � � � � yni � jx 	 yi � jKi� �����	
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where j�j� � ��� �� and j�j� � �� In the above
 the n 	 �st qubit is the answer

qubit
 x 	 y denotes the inner product of x and y
 and x 	 y denotes the negation

of this inner product� In general
 �
 �
 jJi
 and jKi may depend on x and y�

Now
 suppose that the procedure described in Section ��� for producing a clean

protocol in the exact case is carried out for P � Since
 in general
 the answer qubit

is not in the state jx 	 yi0or even in a pure basis state0this does not produce

the �nal state

jz 	 x 	 yi � jy�� � � � � yni � j�� � � � � �i � j�BAi � jx�� � � � � xni � j�� � � � � �i�
�����	

However
 let us consider the state that is produced instead� After introducing

the new qubit
 initialized in basis state jzi
 and applying P 
 the state is

jzi � ��jy�� � � � � yni � jx 	 yi � jJi	 �jy�� � � � � yni � jx 	 yi � jKi� � �����	

After applying the controlled�NOT gate
 the state is

�jz 	 x 	 yi � jy�� � � � � yni � jx 	 yi � jJi
	�jz 	 x 	 yi � jy�� � � � � yni � jx 	 yi � jKi ���� 	

� �jz 	 x 	 yi � jy�� � � � � yni � jx 	 yi � jJi �����	

	�jz 	 x 	 yi � jy�� � � � � yni � jx 	 yi � jKi
��jz 	 x 	 yi � jy�� � � � � yni � jx 	 yi � jKi �����	

	�jz 	 x 	 yi � jy�� � � � � yni � jx 	 yi � jKi
� jz 	 x 	 yi � ��jy�� � � � � yni � jx 	 yi � jJi	 �jy�� � � � � yni � jx 	 yi � jKi�

	
p
��
	

�p
�
jz 	 x 	 yi � �p

�
jz 	 x 	 yi



� jy�� � � � � yni � jx 	 yi � jKi� ����!	
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Finally
 after applying P in reverse to this state
 the �nal state is

jz 	 x 	 yi � jy�� � � � � yni � j�� � � � � �i � j�BAi � jx�� � � � � xni � j�� � � � � �i
	
p
��jMx�y�zi� �����	

where

jMx�y�zi �
	

�p
�
jz 	 x 	 yi � �p

�
jz 	 x 	 yi



� P yjy�� � � � � yni � jx 	 yi � jKi�

�����	

Note that the vector
p
��jMx�y�zi is the di�erence between what an exact pro�

tocol would produce �state �����		 and what is obtained by using the inexact

�probabilistic	 protocol P �state �����		� There are some useful properties of the

jMx�y�zi states� First
 as y � f�� �gn varies
 the states jMx�y�zi are orthonormal


since jy�� � � � � yni is a factor in each such state �this is where the fact that Bob

does not change his input qubits is used	� Also
 jMx�y��i � �jMx�y��i
 since only

the � �p
�
jz 	 x 	 yi � �p

�
jz 	 x 	 yi� factor in each such state depends on z�

Call the above protocol �P � Now
 apply the four stage reduction in Section ���


with �P in place of an exact clean protocol� The di�erence between the state

produced by using �P and using an exact clean protocol �rst occurs after the

third stage and is

�p
�n��

X
y����� �yn�z�f���g

����z
p
��yjMx�y�zi

� �p
�n��

X
y����� �yn�f���g

p
��y �jMx�y��i � jMx�y��i�

� �p
�n

X
y����� �yn�f���g

�yjMx�y��i� �����	

which has magnitude bounded above by �
p
�
 since
 for each y � f�� �gn
 j�yj� � �


and the jMx�y��i states are orthonormal� Also
 the magnitude of this di�erence

does not change when the Hadamard transform in the fourth stage is applied�
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Thus
 the �nal state is within Euclidean distance �
p
� from

j�i � jx�� � � � � xni � j�� � � � � �i � j�BAi � jx�� � � � � xni � j�� � � � � �i� �����	

Consider the angle � between this �nal state and �����	� It satis�es sin� � 	

�� � cos ��� � ��
 from which it follows that cos � � � � ��� Therefore
 if Bob

measures his �rst n	� qubits in the standard basis
 the probability of obtaining

j�� x�� � � � � xni is cos� � � ��� �����

Now
 suppose that x�� � � � � xn are uniformly distributed� Then Fano�s inequality

�see
 for example
 ����	 implies that Bob�s measurement causes his uncertainty

about x�� � � � � xn to drop from n bits to less than �����������n	h��������� bits

where h�x� � �x log x� ��� x� log��� x� is the binary entropy function� Thus


the mutual information between the result of Bob�s measurement and �x�� � � � � xn�

is at least �� � ����n � h��� � ����� � �� � ����n � � bits� By Theorem �����


the communication from Alice to Bob is at least �
�
�� � ����n � �

�
qubits
 which

establishes Eq� ����	�

��
 Lower bounds for bit protocols

In this section
 we consider exact and bounded�error bit protocols for IP 
 and

prove Eqs� ����	 and ����	�

Recall that any m�qubit protocol can be simulated by a �m�bit protocol using

teleportation �� � �employing EPR pairs of entanglement	� Also
 if the communi�

cation pattern in an m�bit protocol is such that an even number of bits is always

sent during each party�s turn then it can be simulated by an m���qubit proto�

col by superdense coding ���� �which also employs EPR pairs	� However
 this

latter simulation technique cannot
 in general
 be applied directly
 especially for

protocols where the parties take turns sending single bits�
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We can nevertheless obtain a slightly weaker simulation of bit protocols by qubit

protocols for IP that is su�cient for our purposes� The result is that
 given any

m�bit protocol for IPn �that is
 IP instances of size n	
 one can construct an m�

qubit protocol for IP�n� This is accomplished by interleaving two executions of

the bit protocol for IPn to compute two independent instances of inner products

of size n� We make two observations� First
 by taking the sum �mod �	 of the two

results
 one obtains an inner product of size �n� Second
 due to the interleaving


an even number of bits is sent at each turn
 so that the above superdense coding

technique can be applied
 yielding a ��m��� � m�qubit protocol for IP�n� Now


Eq� ����	 implies m � n
 which establishes the lower bound of Eq� ����	 �and the

upper bound is trivial	�

If the same technique is applied to any m�bit protocol computing IPn with proba�

bility ���
 one obtains an m�qubit protocol that computes IP�n with probability

��� ��� 	 �� � �� ����� ��� Applying Eq� ����	 here
 with �n replacing n and

���� � �� replacing �
 yields m � �� � ����n � �
�
� For � � ��p�

�
� ����� � � � 
 a

better bound is obtained by simply noting that C

� � Q


� �since qubits can always

be used in place of bits	
 and applying Eq� ����	� This establishes Eq� ����	�

��� An instance where prior entanglement is ben�

e�cial

Here we will show that in spite of the preceding results
 it is still possible that a

protocol which uses prior entanglement outperforms all possible classical proto�

cols� This improvement is done in the probabilistic sense where we look at the

number of communication bits required to reach a certain reliability threshold for

the IP function� This is done in the following setting�
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Both Alice and Bob have a � bit vector x�x� and y�y�
 for which they want to

calculate the inner product modulo ��

f�x� y� � x� � y� 
 x� � y� mod � �����	

with a correctness�probability of at least �


� It will be shown that with entangle�

ment Alice and Bob can reach this ratio with � bits of communication
 whereas

without entanglement � bits are necessary to obtain this success�ratio�

��
�� A two�bit protocol with prior entanglement

Initially Alice and Bob share a joint random coin and an EPR�like pair of qubits

QA and QB�

state�QAQB� � �p
�
�j��i	 j��i� �����	

With these attributes the protocol goes as follows�

First Alice and Bob determine by a joint random coin +ip� who is going to be the

4sender� and the 4receiver� in the protocol� �We continue the description of the

protocol by assuming that Alice is the sender and that Bob is the receiver�	 After

this
 Alice �the sender	 applies the rotation Ax�x� on her part of the entangled

pair and measures this qubit QA in the standard basis� The result mA of this

measurement is then sent to Bob �the receiver	 who continues the protocol�

If Bob has the input string 4!!�
 he knows with certainty that the outcome of the

function f�x� y� is zero and hence he concludes the protocol by sending the bit �

to Alice� Otherwise
 Bob performs the rotation By�y� on his part of the entangled

pair QB and measure it in the standard basis yielding the value mB� Now Bob

�nishes the protocol by sending to Alice the bit mA 
mB mod ��

�Because a joint random coin �ip can be simulated with an EPR�pair� we can also assume
that Alice and Bob start the protocol with two shared EPR�pairs and no random coins�
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Using the rotations shown below and bearing in mind the randomization process

in the beginning of the protocol with the joint coin +ip
 this will be a protocol

that uses only � bits of classical communication and that gives the correct value

of f�x� y� with a probability of at least �


for every possible combination of x�x�

and y�y��

The unitary transformations used by the sender in the protocol are�

A�� �

�
B�

q
�
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�
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���� 	

whereas the receiver uses one of the three rotations�

B�� �

�
B�

q
�



��
�
	 i
q

�
��

��
�
� i
q

�
��

�
q

�



�
CA B�� �

�
B�

q
�



�
�
	 i
q

�
��

��
�
	 i
q

�
��

q
�



�
CA

B�� �

�
� � �

� �

�
A �

�����	

The matrices were found by using an optimization program that suggested cer�

tain numerical values� A closer examination of these values revealed the above

analytical expressions�
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��
�� No two�bit classical probabilistic protocol exists

Take the probability distribution � on the input strings x and y
 de�ned by�

��x� y� �

��
� � i� x � �� or y � ��

�
	

i� x �� �� and y �� ��
�����	

It is easily veri�ed that for this distribution
 every deterministic protocol with

only two bits of communication will have a correctness ratio of at most �
	
� Using

Theorem ���! of ����
 this shows that every possible randomized protocol with

the same amount of communication will have a success ratio of at most �
	
� �It

can also be shown that this �
	
bound is tight but we will omit that proof here�	

This implies that in order to reach the requested ration of �



 at least three bits of

communication are required if we are not allowed to use any prior entanglement�

��
�� Two qubits su�ce without prior entanglement

A similar result also holds for qubit protocols without prior entanglement ������

This can be seen by the fact that after Alice applied the rotation Ax�x� and

measured her qubit QA with the result mA � �
 she knows the state of Bob�s

qubit QB exactly� It is therefore also possible to envision a protocol where the

parties assume the measurement outcome mA � � �this can be done without

loss of generality	
 and for which Alice simply sends this qubit QB to Bob
 after

which Bob �nishes the protocol in the same way as prescribed by the 4prior

entanglement��protocol� The protocol has thus become as follows�

First Alice and Bob decide by a random joint coin +ip who is going to be the

sender and the receiver in protocol� �Again we assume here that Alice is the

sender�	 Next
 Alice �the sender	 sends a qubit jQx�x�i �according to the input

string x�x� of Alice and the table ���!	 to the receiver Bob who continues the
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protocol�

jQ��i �
q

�


j�i � i

q
�


j�i jQ��i �

q
�


j�i	

	q
�
��
	 i
q

�

�



j�i

jQ��i �
q

�


j�i	

	
�
q

�
��
	 i
q

�

�



j�i jQ��i �

q
�


j�i � i

q
�


j�i

����!	

If Bob has the input string y�y� � ��
 he concludes the protocol by sending a zero

bit to Alice� In the other case
 Bob applies the rotationBy�y� to the received qubit


measures the qubit in the standard basis
 and sends this measurement outcome to

Alice as the answer of the protocol� By doing so
 the same correctness�probability

of �


is reached for the IP function with two qubits of communication
 whereas

the classical setting requires � bits of communication as shown above�
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��
 Appendix� capacity results for communica�

tion using qubits

In this appendix
 we present results about the quantum resources required to

transmit n classical bits between two parties when two�way communication is

available� These results are used in the main text in the proof of the lower bound

on the communication complexity of the inner product function
 and may also be

of independent interest�



CHAPTER �� COMPLEXITY OF THE INNER PRODUCT ���

Theorem ����� Suppose that Alice possesses n bits of information� and wants

to convey this information to Bob� Suppose that Alice and Bob possess no prior

entanglement but qubit communication in either direction is allowed� Let nAB be

the number of qubits Alice sends to Bob� and nBA the number of qubits Bob sends

to Alice �nAB and nBA are natural numbers�� Then� Bob can acquire the n bits

if and only if the following inequalities are satis�ed�

nAB � dn��e �����	

nAB 	 nBA � n� �����	

More generally� Bob can acquire m bits of mutual information with respect to

Alice�s n bits if and only if the above equations hold with m substituted for n�

Note that Theorem ����� follows from Theorem ����� because
 if the communica�

tion from Bob to Alice is not counted then this can be used to set up an arbitrary

entanglement at no cost�

Graphically
 the capacity region for the above communication problem is shown in

Fig� ���� Note the di�erence with the classical result for communication with bits


where the capacity region is given by the equation nAB � n' that is
 classically


communication from Bob to Alice does not help�

�

�

nAB

nBA

n

dn��e

bn��c

�
�
�
�� �

�

Capacity region

Figure ���� Capacity region to send n bits from Alice to Bob� nAB is the number
of qubits Alice sends to Bob
 and nBA is the number of qubits Bob sends to Alice�
The dashed line indicates the bottom of the classical capacity region�
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Proof of Theorem ������ The su�ciency of Eqns� �����	 and �����	 follows from

the superdense coding technique ����� The nontrivial case is where nAB 
 n� Bob

prepares n � nAB � nBA EPR pairs and sends one qubit of each pair to Alice


who can use them in conjunction with sending n� nAB � nAB qubits to Bob to

transmit ��n�nAB� bits to Bob� Alice uses her remaining allotment of �nAB�n

qubits to transmit the remaining �nAB � n bits in the obvious way�

The proof that Eqns� �����	 and �����	 are necessary follows from an application

of Holevo�s Theorem � ��
 which we now review� Suppose that a classical infor�

mation source produces a random variable X� Depending on the value
 x
 of X
 a

quantum state with density operator �x is prepared� Suppose that a measurement

is made on this quantum state in an e�ort to determine the value of X� This

measurement results in an outcome Y � Holevo�s theorem states that the mutual

information I�X � Y � between X and Y is bounded by the Holevo bound � ��

I�X � Y � � S����
X
x

pxS��x�� �����	

where px are the probabilities associated with the di�erent values of X
 � �P
x px�x
 and S is the von Neumann entropy function� The quantity on the right

hand side of the Holevo bound is known as the Holevo chi quantity
 ���
X
� �

S����Px pxS��x��

LetX be Alice�s n bits of information
 which is uniformly distributed over f�� �gn�
Without loss of generality
 it can be assumed that the protocol between Alice and

Bob is of the following form� For any value �x�� � � � � xn� of X
 Alice begins with

a set of qubits in state jx�� � � � � xnij�� � � � � �i and Bob begins with a set of qubits

in state j�� � � � � �i� The protocol �rst consists of a sequence of steps
 where at

each step one of the following processes takes place�

�� Alice performs a unitary operation on the qubits in her possession�

�� Bob performs a unitary operation on the qubits in his possession�

�� Alice sends a qubit to Bob�
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�� Bob sends a qubit to Alice�

After these steps
 Bob performs a measurement on the qubits in his possession


which has outcome Y � �Note that one might imagine that the initial states

could be mixed and that measurements could be performed in addition to unitary

operations' however
 these processes can be simulated using standard techniques

involving ancilla qubits�	

Let �Xi be the density operator of the set of qubits that are in Bob�s possession

after i steps have been executed� Due to Holevo�s Theorem
 it su�ces to upper

bound the �nal value of ���Xi �0which is also bounded above by S��i�� We

consider the evolution of ���Xi � and S��i�� Initially
 ���X� � � S���� � �
 since

Bob begins in a state independent of X� Now
 consider how ���Xi � and S��i�

change for each of the four processes above�

�� This does not a�ect �Xi and hence has no e�ect on ���Xi � or S��i��

�� It is easy to verify that � and S are invariant under unitary transformations


so this does not a�ect ���Xi � and S��i� either�

�� Let B denote Bob�s qubits after i steps and Q denote the qubit that Alice

sends to Bob at the i	�st step� By the subadditivity inequality and the fact

that
 for a single qubit Q
 S�Q� � �
 S�BQ� � S�B� 	 S�Q� � S�B� 	 ��

Also
 by the Araki�Lieb inequality ���
 S�BQ� � S�B�� S�Q� � S�B�� ��

It follows that S��i��� � S��i� 	 � and

���Xi��� � S��i����
X

x�f���gn
pxS��

x
i���

� �S��i� 	 ���
X

x�f���gn
px�S��x�� ��

� ���Xi � 	 �� �����	

�� In this case
 �Xi�� is �Xi with one qubit traced out� It is known that trac�

ing out a subsystem of any quantum system does not increase � ����
 so
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���Xi��� � ���Xi �� Note also that S��i��� � S��i� 	 � for this process
 by

the Araki�Lieb inequality ����

Now
 since ���Xi � can only increase when Alice sends a qubit to Bob and by at

most �
 Eq� �����	 follows� Also
 since S��i� can only increase when one party

sends a qubit to the other and by at most �
 Eq� �����	 follows� This completes

the proof of Theorem ������



Conclusion

En r�sum�
 dans cette th�se constitu�e de cinq articles
 nous avons obtenu les

r�sultats suivants� Premi�rement
 notre analyse de l�algorithme de Grover nous

a permis de le g�n�raliser au cas o� le nombre de solutions est di��rent de � et

m�me au cas o� le nombre de solutions est inconnu� Deuxi�mement
 nous avons

d�couvert un nouvel algorithme quantique qui permet de compter le nombre de

solutions � un probl�me� avec diverses pr�cisions�

Les progr�s en algorithmique quantique sont relativement lents' il existe peu d�al�

gorithmes quantiques� Plusieurs faits laissent croire que l�ordinateur quantique ne

pourra pas r�soudre des probl�mes NP�Dur en temps polynomial� Ce qui laisse

comme champ de manoeuvre les probl�mes di�ciles mais non NP�Dur� La sit�

uation est en r�alit� plus complexe puisque les classes NP et BQP sont pour

le moment incomparables� Il est donc toujours concevable de r�soudre � l�aide

de l�ordinateur quantique des probl�mes hors de NP, En r�alit�
 les espoirs se

trouvent dans la classe �NPnNP�Dur	nP des probl�mes r�put�s di�ciles mais

pas NP�Dur� Dans cette cat�gorie
 on retrouve en plus de factorisation le prob�

l�me d�isomorphisme de graphe
 le probl�me de treillis
 et certains probl�mes en

th�orie des codes� Les probl�mes avec promesse comme le probl�me de Simon

sont � notre avis un autre groupe de probl�mes prometteurs�

Troisi�mement
 dans le domaine naissant de la complexit� de communication

quantique
 nous avons d�montr� que l�intrication peut permettre une r�duction

��valuer jfxjF �X� � �g pour un F donn��

���
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non constante de communication� Quatri�mement
 nous avons d�montr� qu�il

existe une fonction pour laquelle l�intrication n�est d�aucune utilit��

Du c(t� de la complexit� de communication aussi
 plusieurs questions restent

sans r�ponse� Une des questions qui nous semblent importantes consiste � car�

act�riser parfaitement la relation entre les mesures C
 et Q� Clairement
 du fait

de l�existence de la t�l�portation quantique
 C
 � �Q� Pour le moment
 dans

tous les exemples utilisant de l�intrication
 il y a autant de paires intriqu�es que

d�information classique transmise� Ce qui revient � conjecturer �C
 � Q� Il serait

int�ressant de trouver un contre�exemple � cette relation ou sinon d�en d�montrer

la validit��

Finalement
 nous avons d�montr� qu�une parfaite simulation de n paires in�

triqu�es n�cessitait ���n� bits de communication classique et que dans le cas

d�une paire intriqu� � bits sont toujours su�sants� Il serait bien entendu int�res�

sant de savoir combien de bits de communication sont su�sants pour simuler n

paires intriqu�es�
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