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1

Efficient design of communications networks requires the ability to determine the quality of
service provided by a particular network configuration. A common quality of service mea-
sure is the blocking probability which is the probability that a new call will not be admitted
to the network due to insufficient network resources. This paper will consider techniques for
determining the blocking probability in cellular telephony systems with frequency reuse, in-
cluding first generation systems such as the Advanced Mobile Phone System, AMPS (Lee,
1995), and second generation systems such as the Global System for Mobile communication,

Abstract

Blocking probabilities in FDMA/TDMA cellular mobile communication networks us-
ing dynamic channel assignment are hard to compute for realistic sized systems. This
computational difficulty is due to the structure of the state space, which imposes strong
coupling constraints amongst components of the occupancy vector. Tractable models for
dynamically reconfigurable networks have been proposed, and for those, the stationary
distribution of the occupancy vector is a product of truncated Poisson random variables.
Nonetheless, even in such cases realistic network sizes prevent computation of the closed
form within reasonable time and the only viable way to estimate blocking seems to be
through simulation.

Alas! Simulation as a means for estimating blocking probability suffers from the fact
that the relative error of the estimates can grow without bound for the same number of sam-
ples, as the blocking probability diminishes. Small blocking probabilities thus typically
require an enormous amount of CPU time for the estimates to be meaningful. Advanced
simulation approaches use importance sampling (IS) to overcome this problem. This is
known in the simulation literature as “rare event simulation”.

Two simulation approaches can be identified. The first one attempts to use simula-
tion as a means for generating the stationary distribution directly. We review the Accep-
tance/Rejection (A/R) method and a fast simulation approach applied to it. While it does
give a remarkable variance reduction, this method requires solving a complex optimisation
problem before IS can be applied. Next we describe a Markov Chain Monte Carlo method
that we have call the Filtered Gibbs Sampler (FGS), which dramatically outperforms A/R
and does not need any set-up to perform the simulations.

The second simulation method is to simulate the actual occupancy process and estimate
blocking from the measurements. This method can in principle be more robust than estima-
tion of the product form probabilities, because realistic channel assignments can be dealt
with, and not just models that satisfy the product form. In this paper we study two regimes
under which blocking is a rare event: low utilisation and high capacity. Our simulations
use the Standard Clock (SC) method that generates directly the birth and death process and
we propose a change of measure that we call static ISSGvhich has bounded relative error:
as the traffic intensity decreases, the relative efficiency of this method becomes infinitely
better than the FGS method. For high capacity, we use a change of measure that depends
on the current state of the network occupancy. This is the dynamic ISSG@nethod, for which
we can prove optimality in single clique models and we empirically show the advantages
of this method over naive simulation for networks of moderate size and traffic loads.

Introduction

GSM (Mouly and Pautet, 1992, Redl, Weber, and Oliphant, 1995).



In cellular networks, each mobile station communicates with a base station connected to the
wireline telephone network. The region in which mobiles connect to a given station is called
a cell. Each mobile station communicates with its base station using a specific frequency pair
or frequency/timeslot pair known as a “channel”. To avoid interference, this channel cannot
be used in nearby cells; however, it may be reused in cells sufficiently remote that interference
caused by the reused channel is below a specified threshold.

In static assignment schemes, each cell is allocated a fixed subset of the available channels,
and calls arriving in a cell are connected only when there are free channels available from
those channels. While simple to implement, this strategy may result in wasted resources: all
the channels for one cell may be in use, but adjacent cells may have free capacity that could
be used to connect incoming calls without causing interference. Network capacity can be
improved by dynamic channel assignmei@ox and Reudink, 1972, Cox and Reudink, 1973),
in which channels not

currently in use in the nearby cells may be used. It is these systems which are the focus of
this paper.

Many techniques have been developed for determining the performance of such networks.
For Markov models (Poisson arrivals and exponential holding times), when the system is re-
versible (Kelly, 1979), the stationary state distribution has a simple product form expression
on a state space S which is a small subset of a hypercube H. When there is no mobility of
users, this is the case under maximum packing (Everitt and Macfadyen, 1983 and see below),
in which calls in progress can be rearranged. There are also models of mobility which preserve
this property (see Pallant and Taylor (1995), Boucherie and Mandjes (1998)). Moreover, the
result remains valid even when call holding times have non-exponential distributions (Kelly,
1979).

The product form expression involves a normalising constant, from which the blocking
probability can be determined directly, without needing to determine specific state probabil-
ities. However, it is computationally prohibitive to calculate explicitly for “large” systems.
Product form systems have been studied extensively (see for example the survey of Nelson
(1993)). When the number of channels is large but the number of cells is small, it can be
solved exactly by recursive methods (Dziong and Roberts, 1987, Pinsky and Conway, 1992),
mean value analysis (Reiser and Lavenberg, 1980), generating function inversion

methods (Choudhury, Leung, and Whitt, 1995) or uniform asymptotic approximation (Mitra
and Morrison, 1994). However, these techniques all have exponential complexity in the number
of cells.

Systems with a large number of cells can be analysed by Monte Carlo techniques, either to
estimate the normalising constant (Ross and Wang, 1992 or to avoid the need to calculate it.
The simplest approach of the second type is acceptance/rejection (A/R) method, in which states
are generated in the full hypercube H: those lying outside the state space S are rejected, while
for those on the boundary of the feasible region, the proportion of blocked cells is recorded
(see for example Everitt and Macfadyen, 1983). As the number of cells grows, generation of
a sample point inside the state space S C H may become a rare event, and so importance
sampling has been applied to these methods (see Ross, Tsang, and Wang, 1994, Lassila and
Virtamo, 2000, Mandjes, 1997). An alternative approach is to use Markov chain Monte Carlo
(MCMC) techniques such as the Gibbs sampler used by Vazquez-Abad and Andrew (2000),
Lassila and Virtamo (1998a) and Lassila and Virtamo (1998b). These generate a Markov chain
whose state probabilities satisfy the target product form, and they may be simulated more
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efficiently.

Most dynamic channel assignment implementations do not have such a product form solu-
tion. It is common in such cases is to use closed form approximations, such as the ubiquitous
reduced load approximation Kelly, 1991, developed for circuit switched networks. This ap-
proximation works well if there is minimal correlation between blocking due to conflicts with
different reuse constraints, but poorly if there is significant correlation. Due to the spatial na-
ture of the reuse constraints in the cellular case, it can be expected that there will be significant
correlation. Other approximations are described in Harvey and Hills (1979) and Zahorjan,
Eager, and Sweillam (1988).

A very flexible, straightforward and hence common approach is simply to simulate the
direct arrival and departure process of calls. This allows any parameters of the system to
be measured, and allows arbitrary channel allocation schemes to be compared directly. For
these reasons, this is the approach most commonly taken by engineers investigating different
dynamic channel assignment systems. However, this approach can be very slow, especially
when blocking rates are low. Then the method is not suitable for the dimensioning of large real
world networks. In this paper, we present two importance sampling schemes for the efficient
direct simulation of systems with low blocking probabilities.

2 Blocking Probabilities

A cellular network is a surface in a two-dimensional space that is covered by a partition of K
subsets (called cells). Each cell has a base station that supports C' channels, each of which
allows one user to communicate with the base station. The principle behind cellular networks
is that the limited number of channels available can be reused across the network, provided that
the so-called “reuse constraints” are satisfied. These constraints ensure that the performance in
any given cell is not excessively degraded by the interference caused by other cells using the
same channel elsewhere. The reuse constraints hence depend on the precise

layout of the cells. For the examples in this paper, we shall assume that the cells form a
hexagonal grid and 3-cell reuse is employed. That is, the reuse constraints are that no channel
may be used more than once in any group of three mutually adjacent cells. In general, a set of
cells in which a channel may only be used once is called a “clique”. Figure 1 shows a simple
seven-cell network, with one clique highlighted.

Figure 1: Simple cellular network model



Calls can arrive at the cell in one of two ways. They may be new calls or they may be
existing calls being handed off from neighbouring cells due to user mobility. Using dynamic
channel assignment, calls arriving to a cell are assigned one of the available channels. If no
channel can be allocated without violating a reuse constraint, then the call is blocked Other-
wise it is accepted, and uses the selected channel. In practice, the call will generally use the
same channel until it leaves the cell. Thus in general the state of the system depends not only
on the number of calls in each cell, but also on which particular channels they use.

Let K be the number of cells in the network, M be the number of cliques, and C' be the
number of channels. Let ¢; be the jth clique, j = 1,..., M. For the seven cell network of
Figure 1,{c; : j=1,... .M} ={(1,2,3),(1,3,4),(1,4,5),(1,5,6), (1,6,7),(1,2,7)}.

When the channel assignment cannot be changed while a call is in progress, very little can
be said about the occupancy of cell ¢ in the states when blocking occurs, except that it must of
course be less than C'. In particular, it is possible for calls to be blocked when there are no calls
at all in cell ¢, if all the channels are used elsewhere in the cliques to which ¢ belongs. However,
since some channels may be used in one clique and some in another, there is not even a useful
lower bound on the number of calls in any of the individual cliques containing . Define the
“cluster” associated with cell 7 to be the union of all cliques containing i:

It is then possible to say that the occupancy of the clusterC; must be at least C' when calls
arriving to cell 7 are blocked, since each channel must be blocked by at least one of the cliques
containing cell 7. This is the fundamental property of blocking states on which the methods
presented here rely.

Most of the techniques described in the introduction rely on having a known closed form for
the blocking probability. There is such a closed form for the maximum packing bound proposed
by Everitt and Macfadyen (1983), in which channels may be reassigned on the arrival of a new
call. However, the operation of reassigning calls is not feasible in practice, and so this closed
form does not apply to real channel assignment algorithms. The techniques presented later on
in Sections 6 and 7 are applicable to real channel assignment algorithms and are thus of more
general applicability than most of the techniques described in the introduction. However, it
will simplify the description to describe the algorithm initially for the maximum packing case.
This removes the dependence on which particular channels are occupied; the behaviour of the
system is determined entirely by the number of calls in each cell. Moreover, we will make the
clique packing approximation of Everitt and Macfadyen (1983), Raymond (1991), which only
considers constraints local to each clique.

Under clique packing, a state is feasible if eachof the cliques contains no more calls than
there are channels:

n <C Vji=1,...,M (1)

where n(4) is the number of calls in a set of cells, A, in a given network state, n.

In general, the state of the process is 7i(t) = (71,1(t), ..., uk,c(t)), where 7, j)(t) =1
if channel j is used in cell 7 at time ¢, and zero otherwise. Under maximum packing, this can
be simplified to n(t) = (ni(t),...,nk(t)), where n;(t) represents the number of channels in
use at cell 7 at time ¢, At each cell ¢ calls arrive following independent Poisson process with

6



corresponding intensities \;,7 = 1,..., K. Upon arrival of a call at cell 7 at time ¢, it is accepted
if there is still at least one channel available. Under maximum packing, the requirement is that
max(n%)) < C — 1.
[SEL
An accepted call on channel j causes n; j(t) = n; j(t7)+1 (n;(t) = n;(t~)+1 under maximum
packing), all other components of the state remaining unchanged. We say that at this time the
call is

connected. If an incoming call to cell 7 finds no channels available (under maximum pack-
ing, the current state satisfies (1) with equality for some ¢; > ¢) then all channels are used and
the call is blocked, with no change to the state.

Calls stay connected for a random length of time called the “holding” time, assumed to be
exponentially distributed and independent of the rest of the process history. All holding times
are identically distributed with mean 1/. When a call using a channel on cell i terminates, the
corresponding occupancy component is decreased by one unit. Although the holding times are
assumed to be exponential in this paper, the network performance is in fact independent of the
holding time distribution for many channel assignment schemes, including maximum packing
(Kelly, 1979). This model gives rise to a continuous-time Markov process.

Because the process consists of independent arrivals and departures, it may be expected
that it is a form of birth and death process. Indeed it can be expressed as a quasi birth and
death(QBD) process (Neuts, 1981). In QBD processes, states can be arranged in layers, such
that transitions from layer n can only be to states in layers n — 1, n or n + 1. If the nth layer
consists of states in which a cluster C; contains n calls, then the system is clearly a QBD, since
a call arrival within the cluster causes a transition from layer n to layer n + 1, a departure
within the cluster causes a transition from n to n — 1, and an arrival or departure outside the
cluster causes a transition entirely within level n. In this representation, all blocking states are
in layers C or higher.

Let S be the state space consisting of all integer vectors n = (ny, ..., nx) € N¥ satisfying
(1). The process can be seen as a truncated multidimensional birth and death process for each
component: a particular case of a QBD where the rates and barriers depend on all components
of the process. When the process is in state n € S, the birth rate of component 7 is A\j1{,¢5,},
where 14, is the indicator function of event A and the set B; is the set of blocking states for
cell 7, that is:

Bi={ncS:3¢;2i,n% =0}, i=1,... K (2)

The death rate at cell ¢ in state n € S is n;u.
The performance measure of interest is called the blocking probability and it is defined as
the long term probability that an incoming arrival is lost:

i=1 =1

where Y;(¢) is the total number of calls lost in cell 7 up to time ¢ and A(t) is the total number
of arrivals up to time ¢. The term B; is the long term proportion of calls arriving to cell 7 that
are blocked, and 7 (B;) is the stationary probability that the state is in the blocking set 15;.
Evaluating blocking probabilities using (3) is a difficult numerical problem. Everitt and
Macfadyen (1983) propose a methodology that identifies geometrical structures corresponding
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to the cliques within the network and characterizes the constraint sets in terms of the geometry
of the cells. This is used to calculate the normalization factor G(C'), where the sums have to
respect (1). This method for calculating blocking probabilities is computationally prohibitive
when the number of cells is large, which means that simulation is often superior.

The renewal theorem can be used to re-write (3) in terms of expectations within regenerative
cycles. However, as the system state has many components, regeneration cycles are frequently
too long to be a feasible basis for simulation. The concept of quasi-regeneratiowas introduced
to calculate stationary averages for such systems, as explained in Gaivoronski and Messina
(1996) and Chang, Heidelberger, and Shahabuddin (1995). Consider a random process, 7, and
assume it starts with the stationary distribution P[n(0) = n] = 7(n). Consider a set of points,
A, such that there is an a.s. finite stopping time 77 defined as the first entry time to the set
A from its complement A’ and such that the distribution of the process {n(t + T1);t > 0}
is identical to that of the process {n(t);¢ > 0} with n(0) € A drawn from the stationary
distribution of the process, conditioned on being on the boundary of the set A. The set A is
called a quasi-regenerative set. Because the channel occupancy process n(t) described above is
an irreducible Markovian process on a finite state space, all subsets of the state space are quasi-
regenerative sets and a unique stationary measure 7 exists. The times between consecutive
entries to the set A are termed “A-cycles”. Unlike true regenerative cycles, A-cycles may not
be independent, but they are still identically distributed.

It will be useful to consider different quasi-regeneration sets, A;, for different cells 7. Let
T be the time of the first reentry to set A;, and X;(T) be the amount of time within an
A;-cycle that the process spends in ;. Then (Breiman, 1992)

ELXG(TY)]

Bi - -
E(T®)

“4)

The sets A; will be chosen in such a way as to minimise the required simulation time.

3 Fast Simulation Methods

3.1 Relative Efficiency

To approximate the value of B, simulation can be used to produce a sample of random variables

Y, s =1,...,5 whose sample average is consistent for B, namely,
1S
EY ()] = 5 ; E[Y,] — B

as S — co. In some cases Y (S) is unbiased, that is, E[Y(S)] = B. When consecutive samples
come from independent replicas of a simulation, the variance of Y(S ) can easily be estimated.
Under some conditions on the boundedness of this variance, Alexopoulos and Seila (1998)
show that the Central Limit Theorem (CLT) holds:

M =£5 N(0,1)
Var[Y(5)]



where = represents convergence in distribution and A/ (0, 1) is the standard normal distribu-
tion. Confidence intervals (see Larson, 1973) can then be approximated using:

Sh—{{olo P {B Q Y(S) + Z(1—a/2) Var[f/(S)] } < «,
where 2;_,9 is the upper (1 — a/2) quantile of the normal distribution. In order to achieve a
prespecified precision within a

confidence level «v, S must be large enough for Var[Y'(.S)] to be within the specified limits.
Some estimators have less variance than others, yet they may require extremely long simulation
times. A commonly used measure which takes this into account (see for example Glynn and
Whitt, 1992) is that of the efficiencyof an estimator. When estimating probabilities, one often
requires estimating the probabilities within a given relative error, in terms of a percentage of
the (unknown) probability. In these cases, the sample size must grow in order for

Var[V (9)]
B

to remain at the required level.

Definition 1 Therelative efficiency of a consistent estimatdr (S) is:

A~ B2
E(Y(9)) = cpulY (9)|Var[Y (S)]’

&)

~

wherecpu[Y (S)] denotes the average CPU time of the simulation that produces saenples.
Theasymptotic relative efficiency is defined asimg_., & (Y (5)), if this limit exists.

In particular, if the simulation has produced a sample of i.i.d. random variables, then the
relative efficiency is independent of S: CPU times tend to grow linearly with the sample size

A

and Var[Y'(S)] decreases as 1/S. When estimating efficiencies, we shall often use the esti-
mated values of B and of Var[Y'(S)] in the definition of &,. If the estimators are known not
to be consistent, i.e., limg_ E[V(S)] # B, then the actual definitions of efficiency use the
mean square errors instead of the variances. In this paper we deal with consistent or unbiased
estimation, so the problem of estimating the MSE is not present.

In this paper we will compare several simulation methods for estimating 3, in terms of

their efficiencies.

3.2 Rare Events

The occupancy process {n(t);t > 0}, as described in Section 2 is a continuous time Markov
process on (€2, P) referring to a truncated birth and death process with state-dependent reflect-
ing boundaries. The arrival rate of calls into cell 7 is \;, 2 = 1, ..., K, and the average holding
time per call is 1/p.

Fix any cell ¢ and consider expression (4) of the blocking probability B; using A-cycles.
Then T is the duration of an A-cycle, which is adapted to the natural filtration of the process
{n(t);t > 0}; that is, knowledge of the process history up to time ¢ is sufficient to determine
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if the A-cycle terminates at this epoch, and note that 7 must necessarily coincide with an
arrival to one of the cliques where cell 7 belongs.

Define now 7; to be the stopping time when blocking states are reached and R; to be the
event that the occupancy process enters the blocking set B; before the cycle is over:

7 =min{k: S <TWandn(Sy) € B;}, and R;={S, <TW}. (6)

Equation (4) requires estimation of the proportion of time that the process spends in block-
ing states. For all w with 1z,)(w) = 0, X;(T"W)(w) = 0, thus the numerator in (4) can be
estimated with:

E[X(TY)] = E (E[X(TY)[Ri] Lz,y) -

Definition 2 Let{n(t¢)} be a process defined on a probability spa@e{s:, £ > 0},P) and let
¢ > 0 be a parameter of the distribution of the procésst)}. Denote byP¢ the corresponding
distribution. The everiR C 2 is called arare event if lim. .o P(R) = 0.

EXAMPLE: In the cellular network problem, R; is a rare event under several different param-
eterizations. In particular, if \;(¢) — 0 as e — 0, then the blocking probability tends to zero.
We will study this “light traffic” regime. As well, it is of importance to study the case when
C' — oo, where C is the maximum number of available channels in the cellular network. An-
other “high capacity” regime, GI/G/s queues with buffer size C' has been thoroughly studied
(see for example Sadowsky, 1991), but the methods for that system are not applicable to our
case.

If p(e) = P*(R;) is estimated via simulation using 1z, for S consecutive A-cycles, then
the variance of the estimator is at least p(¢)(1—p(e)) /S because consecutive A-cycles introduce
positive correlation on the Bernoulli sequence. The relative error in the estimation is bounded
below by:

Ve —pe)/S _ [A=p(e)

p(e) Sple)
as ¢ — (. Larger and larger sample sizes .S must be used to obtain the same accuracy in the
estimation for different parameter values. The efficiency in the estimation of rare events can be
improved using a change of measure approach via importance sampling (see Bratley, Fox, and
Schrage, 1987, Asmussen and Nielsen, 1995, and Devetsikiotis and Townsend, 1993 among
others).

3.3 Importance Sampling and BRE

Assume an underlying Markovian process {Uy} with natural filtration §, = o(Uy,...,Uy),
such that the occupancy process {n(t)} can be embedded into a discrete event process

adapted to the filtration {Fx, k = 1,2,...}. Use the notation {n(k),k = 1,2,...} for the
embedded process (with the obvious abuse in notation).

EXAMPLE:
Discrete event simulation is commonly performed by generating, for each cell, the inter-
arrival times Ag(i),k = 1,2,... according to a Poisson process with rate \;, and the holding
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times Hy (i), k = 1,2,... as independent exponential variables with mean 1/u. At the arrival
epochs to cell ¢, given by the expression:

= Auli),

the occupancy process n; increases by one, provided n ¢ B;. At the call termination epochs
Sy (1)+ Hy (i) the corresponding component decreases by one. Identify Uy (i) = (Ag(7), Hk( ).
Then the embedded process is adapted to the filtration ;. = o (U1 (7), ..., Urpy(i);i = 1,..., K),
where k(1) is the number of arrivals occurring at cell 7 amongst the ﬁrst k total arrlvals.

The general structure of the evolution of the Markovian process {Uy} is assumed to satisfy:
PlUks1 € Al§k] = P[Uk+1 € A|n(k)]. In the example above, Uy is actually independent of
the state n(k); the more general formulation will prove useful for the standard clock technique
in Section 5.3. Let f,,(u) be the conditional density of Uy given the state n(k) = n (the case
where U}, has discrete components can be treated in a similar way). Then for any real valued
functional of the process W (U7, Uy, .. .) with finite expectation, and any finite integer 7',

EV(Uy,...,Ur)] = /\IJ U, .oy U [H Joe) (kg1 ] duy,...dur, ng: initial state.

Let now f(-) be anotherconditional density. Multiplying and dividing each term in the prod-
uct above by the new densities, we obtain:

E[U(Uy,...,Up)] = /\Iful (H )[Hf ukH] duy, . .. duy

- E*[\I/(Ul,...,U )L(Uh---aUT)L

y (U,
L(U,,...,Ur) = H Uii =Lr (7)

where E* denotes the expectation w.r.t. a different probability: here the process {Uj}
evolves according to the transition densities f*. When Ly is interpreted as a statistics depend-
ing on the observations, it is called the “likelihood ratio”. The above expression is valid for
general functionals only when the support of the old distributions is contained within that of the
new distributions, i.e., if for every v > 0, f,,(u) > 0 implies f(u) > 0 for the corresponding
densities. In such cases one says that the original measure P is absolutely continuous.r.t. P*,
denoted by P << P*. In the case of rare event estimation for the cell blocking probability,
we will identify 7" = 7; and ¥ = 1;%,;. The change of measure approach can be specialized
to the “important” region and (7) can be used for densities such that P*(R;) is as close to 1
as desired, even if P is not absolutely continuous w.r.t. P*, as long as P|x, is, where P|x,
the restriction of P to the “important set” R; (see Vazquez-Abad and LeQuoc, 2001). In this
case the Radon-Nikodym derivative is no longer called a likelihood ratig, but it still satisfies

Remark:  The random process {Ly, k = 1,2...} is what is known as a (multiplicative)
P*-martingale adapted to the filtration, because it satisfies E*[Ly11|Fx] = Lx. This martingale
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defines the appropriate Radon-Nikodym derivative for functionals of the process {Uj}, and
the change of measure (7) is valid also when 7' is a stopping time, which is a consequence of
Wald’s identity, as explained in detail in Asmussen and Nielsen (1995), Sadowsky (1991).

Definition 3 An unbiased IS estimator for the rare event probai{t®,;) = p(e), E*[L,, 1{z,]
has asymptotibounded relative error (BRE) if there are constants < oo, ¢ > 0 such that:

Var*[LT.l{R.}]
sup ~— ——= <b. (8)
<y E [LTi]'{Ri}]

It is usually desirable to find a new probability P* such that

P*(R;) — lase — 0, with L, 1,3 < 1 w.p.l. for all e. It is in this sense that the
estimation can be performed faster and with variance reduction. Indeed, the variance of the
estimator without IS is Var(1,;) = p(e)[1 — p(e)], but under the new measure,

Var (L, 1(r,y) = E*[L2 11z ,3] — p*(€) = E[L~, L= y] — p*(€) < ple) — p*(e),

because (7) can be applied to ¥ = L, and we have assumed that L, 1z, < 1 w.p.1. The
following lemma is a direct consequence of Definition 3.

Lemma 1 If there are constantd, d, and b such thatp(e) > die® and L 1y < d»€” a.s.,
then the IS estimatak 1, is BRE forp(e).

3.4 Large Deviations and Asymptotic Optimality

By construction, under any change of measure with bounded Radon-Nikodym derivative it
holds that p(¢) = P°(R) = E"[L 1(z;]. Often the new measure depends on ¢, and L will in
general also be a function of €, although we will not make this explicit in our notation. Because
variances are non negative, it must always be true that:

E*[L2 I{R}] > pQ(E). 9
Estimators that satisfy (9) with equality are optimal.

Definition 4 Suppose that there is a constarand a functiom.(v, €) such that(v,¢) — 0 as
e — 0, at a rate which increases with increasingand
lim b~ (p(e), €) = v,

whereh~1(p, -) is the inverse ofi (v, -) with respect to the first argument, so that' (i (v, €), €) =
v. An IS estimator of(¢) is is said to beasymptotically optimal (a.0) if it satisfies:

lim b (B[ Ly, ) = v (10)
In particular, if the rare event probability is exponentially decreasing, p(e) =~ e/, then
h(v,e) = e~/ and h™'(p,e) = —elog(p). If the rare event probability is geometrically
decreasing, p(e) ~ €?, then h(v,e) = ¢’ and h™*(p, €) = log(p)/ log(e).
It follows that a BRE estimator of rare event probability will be asymptotically optimal.
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Definition 5 For a distribution F'(-), theexponentially twisted distribution is defined by:

e—ax

dF@) () = M)

dF(z) = e > T gF (),

whereM (o) = E[e®X] is the moment generating function (MGF)andI (a) = log(M (—a))
is correspondingly called the log-MGF.

In the case that exponential twisting is used for a change of measure, the likelihood ratio
is given by L(X) = e*X*T(@)_ In many known problems, exponential twisting can yield BRE
and asymptotically optimal estimators.

EXAMPLE: The model is a GI/G/s/oo queueing system: s parallel servers with infinite
queueing capacity. Interarrival times { A;} are i.i.d. following a distribution F'4 with log-MGF
I'4(«) and all services are i.i.d. with distribution Fz with log-MGF I'g(«). Sadowsky (1991)
shows the large deviations result for the overflow probability:

lim 1 logp(n) = Ta(sa™),

n—oo 1
where p(n) is the probability that the queue size will reach n customers in waiting within each
A-cycle, and o* satisfies ' 4 (sa*)+1I'g(—a*) = 0. Sadowsky uses the following definition: the
start of an A-cycle is the arrival time of a customer that finds s — 1 servers busy. Let the initial
distribution of the s residual service times Héi),z' = 1,..., s be the stationary distribution at
the start of the A-cycle. For the Markovian model all residual service times are exponentially
distributed. Define 7" as the index of the next customer that finds again s — 1 servers busy. Next
define 7 as the index of the first customer that finds n customers in the queue. Necessarily, all
the s servers must be busy at this time and other n customers wait in queue. This implies that
on the set 7 < T, for each server 7:

N N+
o) <s, < Y HY, (11)
k=0 k=0

where H” .~ are the consecutive service times at server 7 and Ny () are the number of customers
that have departed from server ¢ by the time of the k-th arrival. Furthermore, because at time
S, there are still n customers waiting, then necessarily:

s Ni(m)+1 T—n
> > W= 0
=1 k=0 k=0

where H. & 18 the service time of the k-th customer (regardless of which server it goes to).

Theorem 1 (Sadowsky)The IS estimator obtained using the exponentially twisted measures
Fi(x) = F3* (2), Fy(y) = Fé‘a )(y) is the only asymptotically optimal IS estimator.

Consider the filtration of the process §; = o((Ax, Hx); k = 0,...,t), and notice that knowl-
edge of the interarrival and service requirements is sufficient to determine which server is

13



assigned to each customer (FCFS). Using independence between A;, H;, under the proposed
change of measure, the Radon-Nikodym derivative is the adapted process:

t
Lt _ H e—sa*Ak+FA(—sa*) ea*Hk—H"B(a*)

k=0

which, evaluated at time 7, can be re-written as:

s N;(1)+1 ' r
Lilpery = expa™> | S— Y H)|-a Y H
=1 k=0 k=7—n+1
= exp{—a* <XS:H£S)+ ZT: Hk>},
i=1 k=1—n+1

where Héi) is the residual service time at server 7 at the time of the 7 arrival S,. For the
exponential model, these are simply the exponentials. For Poisson arrivals, these would have
the stationary distribution at a full busy cycle. Call R(s,o*) = log[], E*[eo‘*Hél)] its log-
MGEF and assume that it is bounded (as would be in the case of exponential residual times).
By assumption, the service times of the customers in queue are independent of these residual
times (under the original as well as the “star” measure). We will use the fact that under the
new measure, overflow is asymptotically certain, that is, P*(R) — 1 as n — oo. The large
deviations rate can be calculated using:

p(n) = E'[Le 1)) = E"[Lo[Lgy P (R) — MO0 [E (¢ )] = el enlatoe)

where we have used that (Hy; k = 7 — n,...,n) are i.i.d. independent of 7. The last identity
is a consequence of the definition of the conjugate twisted exponentials:

E* [e—&*Hk-FFB(—a*)—FB(—&*)] — e I'l@") — la(sa”)

It is now straightforward to evaluate lim,, , % log p(n).
In the special case of an M /M /s/oo server, where F4(-) ~ exp(\), Fp(:) ~ exp(u) the
conjugate exponential twisting yields:

A
A—a’
. SH—A

af = : F\ ~ exp(sp), Fy ~exp(M\/s),
s

Ma(a) = E[e*A;] = F'® ~ exp(A — a), a>—A

and it is known as “rate swapping”: one again simulates an M /M /s/oco server, with the new

rates:
A =su, pt=2A/s. (12)

In Sections 6 and 7 we discuss the implementation of the IS that swaps arrival and service

rates for the cellular network problem.
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4 Estimation of Closed Form Probabilities

This section presents two methods for estimating blocking probabilities by means of (3), when
the channel assignment model satisfies the product form solution. In particular, for the maxi-
mum packing model, the stationary cell occupancy probability is a truncated multivariate Pois-
son distribution

(Boucherie and Mandjes, 1998, Everitt and Macfadyen, 1983)

IR s
n(n)_@}l(m!), nes (13)

where p; = \; /1 is the “offered traffic” to cell 4, and

is the normalizing constant. This section studies the estimation of the blocking probabilities in
(3) by generating a sample of random variables X; € S with distribution 7 (-) to calculate:

p-3(3) e

4.1 Acceptance/Rejection Method

The method of acceptance/rejection explained in Ross (1997) and Bratley, Fox, and Schrage
(1987) is used for generating random variables. In the case of truncated distributions, it is a
natural method of generating a random variable n with the stationary probability 7(n) of (13).
The method follows the recursion:

Algorithm 1: A/R
1. Repeat
(a) Generate My, ..., My independent variables with M; ~Poisson(p;).
Until N = (M,,...,Mg) €S
2. Xg=N
3. s<—s+1,gotol.

The resulting random variables { X} have distribution 7 in (13).
This method is used in Everitt and Macfadyen (1983) and Yates (1997) to calculate (3) as
follows. Random variables { X} are generated according to Algorithm 1. Next, compute:

K

A
Yo=Y (;) Lix.eB,) (14)
=1
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which identifies for which cells the state X is in a blocking state and weights the probability
accordingly. By definition, 3; N B; # () for i # j, and this overlapping means that some states
may block several adjacent cells. By construction, Y is an unbiased estimator of the blocking
probability: E[Y;] = B. Clearly the samples Y, s = 1,..., S are independent, and the CLT
can be used to build confidence intervals (35) for the estimation.

The acceptance probability G(C') can be very low for moderately large networks. To
see this, imagine the feasible region of the seven-cell network projected on (n;,n;11,n;-1)
as shown in Figure 2.

Hypercube of side length C

Tetrahedron of edges of length C- nj

Figure 2: Projection of the feasibility region S.

For each value of n; < (' a tetrahedron contained in the hypercube of side length C' sym-
bolizes the feasible region on the projected coordinates. Clearly other coordinates will be also
constrained by the values of n;_; and n;;,. Even if a pre-calculated table is used to generate
Poisson random variables truncated to the hypercube, that is, M; ~Poisson(p;)|c, M; < C
a.s., the volume of the feasible region can be considerably smaller than the whole space. This
suggests the use of IS as follows (refer to Section 6.2).

EXAMPLE: The canonical large deviations example deals with sample averages, as in Boucherie
and Mandjes (1998), Bucklew (1990). Suppose that S,, = Z?zl X; where X;,2 =1,2,... are
zero-mean i.i.d. random variables with well defined MGF M («). The rare event R = {S,,/n >
a}, for a > 0 is exponentially decreasing with increasing n, and it is well known that:

lim 1 logP[S,/n > a] = —a*a+T'(—a") = —v(a),

n—oo 1,

where o satisfies a* a — I'(a*) = sup,cp(aa — I'(a)). The rate of convergence is clearly
the same as the exponent of the likelihood ratio for the exponential twisting with parameter o*.
Using this change of measure for each X, by independence the Radon-Nikodym derivative is:

L(X].) e 7X’I'L) = H e—a*Xi“FF(_Oc*) — e—a*Sn+nF(—a*)

=1
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so that log L1izy < —a*(na) + nI'(—a*), where we have used 1%y = {S, > na}. Non-
negativity of the variance implies that

1
—log E* [L*1(z)] > —2v(a), asn — oo.
n

Identifying ¢ = 1/n, it then follows that this change of measure yields an asymptotically
optimal IS estimator.

Boucherie and Mandjes (1998) and Mandjes (1997) use a scaling large deviations result
from Kelly to establish the limit rate of the exponential decay of the blocking probability for
route ¢ when both the capacity and the load are scaled, namely nC' and np;, respectively. Both
the state space

S™ and the blocking sets Bg”) depend on n through the capacity nC'. It is shown in the
above references that

R

1 . x

lim —log P[M™ ¢ Bz(")] = — inf (JJT log (—T) — 2, + pT> ,
n—oo n veB .

which gives rise to the heuristic argument for the change of measure: use a multivariate Poisson

distribution with parameter nx*, where z* is the minimizer of the expression in the right hand

side. Indeed under this change of measure, the likelihood ratio is:

mi Nt

* R
(np; im;! m; x}
7 (2 — o _1,1 3 _ ; — * .
ml (nag)m expl ”Z(n % (p) g “)]

Notice that it is not necessarily true that m; < nx; onthe set {m € BZ@) }, which would parallel
the canonical arguments for a.0. when we dealt with a sample average. While Mandjes (1997)
does not show asymptotic optimality of this IS estimator, numerous simulation results seem to
exhibit BRE.

4.2 Markov Chain Monte Carlo Methods

The computational inefficiency of the acceptance/rejection method for generating X, is mainly
due to the fact that most of the generated variables lie outside the region S. Although the
IS estimator proposed by Mandjes (1997) seems to overcome this problem under the scaling
regime, the potential advantages of variance reduction may be outweighed by the amount of
time and programming effort to set up the simulation methods: the optimisation problem to
be solved may require a lot of computational effort. An algorithm based on the Metropolis
Hastings method (see Ross, 1997) is built here. It defines a Markov chain that evolves within
the state space S and whose stationary probabilities are the probabilities 7 given by (13). First
we present the metropolis-Hastings algorithm, next we build the so-called Filtered

Gibbs Sampler proposed in Vazquez-Abad and Andrew (2000)

For each state n € S define a neighborhoodV(n) C S. The requirement of the neighbor-
hoods is that for every mg, ms € S there exists a finite sequence of states mq, mo, ..., m, =

17



my such that my, € N(my_1). In addition, if n € N(m) then m € N(n). The name “neighbor-
hood” therefore does not necessarily mean that the elements within are adjacent to each other.
To generate the successive values of the process { X, } use:

Algorithm 2: Metropolis Hastings

1. Setn = X,

2. Choose m € N(n) uniformly,

3. Generate U ~ U|0, 1] and define the next state:

X :{m if U < a(n,m)
b n  otherwise

4. k—k+1,goto 1.

o (L TINEy
oln.m) = memem) € Nn)

and || N(n)|| is the number of elements in the neighborhood of 7.

Then the Markov chain { X,k > 1} has stationary probabilities = given by (13). To see
this, first notice that the chain is irreducible by the requirement on the neighborhoods: all
states communicate. Since it is a finite state chain, all the states are positive recurrent. Using
the reversibility theorem of Ross (1993), the process is reversible with stationary probabilities
7 if and only if

where:

7 (n) P = 7" (m) Ppp (15)

where P, ,, = P{X)+1 = m|X} = n} is the transition matrix. Proving (15) with 7* = 7 is not
hard. Let m € N(n) be any element of the neighborhood of n. Then by construction

1
aln,.m ifm #n
b L TNG o
e itm=n
TGy ) HN 23 m=n

If m # nin (15), assume w.l.0.g. that a(n, m) < 1 and notice that this implies that a(m,n) =

1. Then 1 (m)||N(n)||
T = TR~ F )N ()

and
1

) TR

so that (15) is satisfied and the claim that the stationary probabilities are indeed 7 (n) is verified.

w(m)Pyn =

Remark: Implementation of our Metropolis-Hastings algorithm still leaves the choice of the
neighborhoods N(n),n € &, which significantly influences the efficiency of the resulting
estimator.
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A sequential version of the Metropolis-Hastings algorithm that uses algorithm can be im-
plemented as explained in Gilks, Richardson, and Spiegelhalter (1996): when calculating X
from a value X}, the updates are performed one component at a time. Let

X7 = (X1 (1), Xoen (5 — 1), X (G + 1), ..., Xi(K))

be the current vector at the j-th stage of iteration k£, when component j = 1,..., K is to
be updated: all previous components ¢ < j have their new value while all components with
1 > j are yet to be updated. Then generate a new jth component from the conditional target
distribution, ' '
g;(m| X ") = m(m|X;7).

Once the K stages of the k-th iteration are finished, the resulting value X, is the next state
of the Markov chain. This is the Gibbs sampler, and it is a variant of the Metropolis Hastings
algorithm that uses a distribution ¢(-) to draw the next sample, instead of a uniform distribution.

Under this interpretation, the new generated sample is always accepted, as explained in Chapter
7, Brémaud (1999).

Algorithm 3: Sequential Gibbs Sampler
1. Foreachj =1,..., K do:

(a) Generate X,1(j) ~ 7(-| X, 7)
2. k—k+1,goto 1.

The ensuing process { X} also possesses stationary distribution 7. Irreducibility of the
finite state chain ensures the existence of a unique ergodic measure for this example. Suppose
now that X}, ~ 7(-) has the target distribution 7 given in (13). Then by construction

P[Xk1=m] = Zﬂ(n) P[Xks1 = m| Xk = n]

nes

= Y #n) H P[Xpi1(j) = my| X7 = (ma,...,my_1,njun, . . ., ng)]

nes j=1
= m(m)

which can be shown by proving that the sum above is proportional to p." /m;!.

As in the case of A/R, if Y; = is given by (14) then lim, ., E[Y;] = B. Once the chain
{X,} has been simulated for a “warm-up” stage, X ., ..., X_1, the distribution of the chain
is nearly stationary. Sample averages of {Y;, s > 0} can then be used to derive a confidence in-
terval for B (see the Appendix). To achieve variance reduction, a variant of the method, called
FGS, was studied in Vazquez-Abad and Andrew (2000) and Lassila and Virtamo (1998a). In-
stead of (14) it uses:

. R (A
Y(S) = S Z (Tk) P[Xki1 € By, | Xz, (16)
k=1

with o), = kmod(K), where mod(K) takes values 1, ..., K.
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Load per cell, p; | 7 cells | 19 cells | 37 cells

14 0.42 2.4 13
16 4.2 69 7000
18 17 16660 | 5.3e08

Table 1: Average number of candidate states /N rejected per accepted state.

The FGS algorithm becomes very simple to implement. Define:
P(-1)=0, P(i)=Y % forall i < A.
n=0

Algorithm 4: Filtered Gibbs Sampler
1. Foreachk =1,..., N do:
(a) Setj = oy
(b) Generate X;1(j) ~ 7(-| X, 7)
(c) Setc=A— o 3 > ke, Mk

(d) Yy, = (P(c) = Pe(c = 1))/ Pe(c)

S
1 A
2. Evaluate weighted E k)Y,
va uaewelg (&) average £ ( )\ ) k

Wl

4.3 Numerical Results

In order to evaluate the methods described above, numerical experiments were carried out to
determine the relative efficiency using S = 1000 samples, ST(XA/(S )). In all cases, a batch
size of 3 = 1000 was used, to facilitate comparison (see Appendix). These experiments were
conducted on a 266 MHz Pentium II processor using the gnu C++ compiler under the Linux
operating system. In the simulations that follow, the arrival rate was the same over all of the
cells, so that p; = p is constant. The clique limit was C' = 50, typical of Advanced Mobile
Phone System (AMPS) networks (Lee, 1995).

Acceptance/rejectionFor efficiency, after each component M; was generated, the sample
was immediately rejected if any clique constraints (1) were violated, without generating M,
Jj > .

Table 1 shows the super-exponential increase in the average number of candidate states /N
rejected by the acceptance/rejection method.

Gibbs Sampler:For this problem, the conditional distribution 7(-|X, ") is a one dimen-

sional truncated Poisson random variable on {0, ..., Cy(¢)}, with:
Ci(i) = C — maxn'®) 4 n, (17)
cjo

A look-up table, P, of the cumulative probabilities of the Poisson distribution from 0 to ¢
can be used to generate M ~ 7(-|X."). Let

m n C n -1
Pm(J)zzn—”!x<Zn—J!) , m=1,...,C. (18)

n=0 n=0
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The distribution of a Poisson random variable M truncated at ¢ < C satisfies P[M < m| =
P(7)/P.(4),m =0,...,c, by which M can easily be generated.
Step 1(a) of Algorithm 3 thus becomes

i) Setc=Cy(j)asin(17),
ii) Generate U ~ U[0,1] and set n; = min{m : P,,(j) > U P.(j)}, using (18),

111) Set Xk+1 (]) = n;.

The relative efficiency of the acceptance/rejection and Gibbs sampler methods on hexago-
nal grids of 7, 19 and 37 cells are shown in Figure 3 as a function of the load. As the blocking
probability or size of the grid increases, the relative efficiency of the acceptance/rejection al-
gorithm initially increases, but then degrades dramatically. The initial increase is due to the
difficulty in estimating small blocking probabilities, which is the focus of Sections 5 to 7.
As the load decreases, the reduction in the number of observed blocking events degrades ef-
ficiency. The degradation at high loads is because the CPU time required is approximately
inversely proportional to the probability that a state is feasible. For small blocking probability,
this is approximately unity even for small networks, but as the blocking probability or network
size increases, the probability decreases rapidly.

When the probability of a state being infeasible is negligible, the Gibbs sampler performs
similarly to the acceptance/rejection method, since the only overhead required is determining
the occupancy of the (six or fewer) cliques containing each newly generated cell. Consecu-
tive samples are approximately independent since the truncation of the Poisson distribution to
preclude infeasible states is negligible. As the blocking probability increases, the correlation
between successive samples increases, but this effect is dominated by the variance reduction
mentioned above.

Let P be the probability that the candidate state N is feasible under acceptance/rejection.
The dependence of P on load, capacity and network size is qualitatively captured by

P(feasible) ~ (1 — V)&,

where K is the number of cells in the network and V' is the probability that a given cell will
be “excessively” loaded, which depends on the load and the capacity. The impact of this can
be seen in Figure 4, which shows the relative efficiency of each estimator against the blocking
probability, 7-, 19- and 37-cell grids. In contrast, the computational time of the Gibbs sampler
grows linearly with network size.

5 Model for Fast Simulation

Estimation of blocking probabilities can be especially difficult in the case that blocking is stud-
ied as a rare event, where the MCMC techniques of the previous section will not be appropriate.
The following sections address fast simulation of blocking probabilities for two regimes under
which blocking is a rare event: low utilisation and high capacity. For both problems we use the
same simulation model, described shortly.
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Figure 3: Relative efficiency vs. load for three algorithms and different grid sizes.
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Figure 4: Relative efficiency vs. blocking probability for three grid sizes and different algo-
rithms.

As stated in Section 2, the blocking probability can be expressed in terms of the blocking
time within A-cycles, that is:
E[X(T)]
E(T®)
for each cell i, where 7' is the length of the A-cycle and X;(T is the total time spent in the

blocking set 13; within the cycle. As in (6), R; is the event that the blocking set
B; is reached before the next A-cycle starts, and therefore:

Bi:

E[Xi(TY)|Ri] P(R:)
E(T®)

B, = (19)
For each cell 7, a change of measure is performed to build the estimator for B;. Fix the
index ¢ throughout the remaining sections. An A-cycle is defined here by the set A;:

Definition 6 Let the quasi-regenerative sdt be set of all states in which the cluster occu-
pancy,n©), satisfies1(¢) > @, for some threshold < 6, < C.

The optimal choice of 6; will be considered in Section 7.2.2.

The following sections will derive changes of measure which are asymptotically optimal
for estimating P(R;), the probability that blocking occurs within an A-cycle associated with
an arbitrary cell ¢ of the cellular network model. Fast simulation via Importance Sampling
(IS) requires simulating the process with cluster acceleration only until blocking is arrived at
Once the state enters 3; one computes the time that the state remains blocked within the cur-
rent A-cycle, or E[X (T®)|R;]. To estimate the numerator of (19), the process is accelerated
until blocking occurs, that is, up to time 7;, while the standard measure will be used to resume
the simulation and to estimate the time spent in blocking states within the cycle. As well, the
original process is simulated without changing the measure in order to estimate the denomina-
tor. This technique is common in queueing network simulation, as has been implemented by
Chang, Heidelberger, and Shahabuddin (1995), L’Ecuyer and Champoux (1996).
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Let X () be the occupancy process of the clusterC; of all the cliques where i belongs. Use
the aggregate arrival process at this cluster of surrounding cells, which is Poisson with intensity
A=) jec; Aj- The original process is modeled now using this arrival process to generate the
inter-arrival times Ay (i) ~ exp(\). Under this relabeling, Sk () is the epoch of the k-th local
arrival at cluster C;. Next, at arrival epochs S (i), the cell to which the arrival to the cluster is
assigned is chosen to be cell j € C with probability A; /). Holding times Hj, (i) ~ exp(u) are
i.i.d. exponential, as before. These quantities correspond to the actual holding times of the k-th
call to be connected within the cluster, regardless of the particular cell j € C; where it happens
to belong. If the k-th arriving call to the cluster is blocked we set Hy.(i) = 0 by convention (the
call is not connected), rather than queueing the customer for future service. The process X (t)
can be seen as a queueing model with parallel servers, but it behaves very differently from the
GI/G/s/n model that was treated in Section3.4. The latter can be viewed as a truncation of a
GI/G/s/oo queue, while the former is a truncation of an infinite server queue.

In many queueing studies the discrete event model is used for simulation as well as for
IS estimation. The discrete event simulation model for the process considers the generation
of inter-arrival and holding times as needed, that is, Uy(i) = (Ax(7), Hk(i), Dx(i)) where
Dy (i) € C; is the cell where the arrival occurs within the cluster. Let Uy (j) = (Ax(j), Hx(5))
be the inter-arrival and holding times for cells j ¢ C;. The natural filtration is given by:

where exactly k(7) arrivals have occurred within the cluster C; and k() arrivals at cell j ¢ C; at
the epoch of the k-th global arrival. The embedded occupancy process {n(k)} can be evaluated
from the information in 2 and is therefore adapted to the filtration (20), as required.

The usual problem for these systems is that the acceleration affects several holding times
even after blocking has been detected and may slow down termination of the cycles. Sadowsky
(1991) stops the change of measure for the service times from the arrival (7 —n) of the customer
that will be in service when customer 7

arrives finding n in waiting. Although this is mathematically convenient, it turns out to be
impossible to simulate using the above DES model because 7; is not measurable w.r.t. 7 k <
7;: at the time of arrivals of the customers presently in the queue when 7 finds blocking,
this fact is unknown. Devetsikiotis and Townsend (1993) propose to use another change of
measure from the moment that blocking occurs, in order to emptythe occupancy quickly for
fast termination of the A-cycle. L’Ecuyer and Champoux (1996) seek to find a smaller stopping
time in the hope of stopping the acceleration before blocking occurs. Instead we propose to do
it using a different simulation model which in addition is

much simpler to code than the Discrete Event model.

The simulation model is the Standard Clock technique of Vakili (1991), which corresponds
to the dynamical description of a multidimensional birth and death process. When the total
occupancy of the current state is n, an exponential random variable with intensity A,, is used
to determine the inter-event timeor the time for the next event. Here

AnZZ/\j+nM-
J
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Next, the event typeis determined as a discrete random variable with distribution:

s
a; : arrival at cell j W.p. A_j
D = n
s; : termination of call at cell j  w.p. CL{—M
where n; is the number of calls at cell 7, so that n = > ior
The appropriate filtration for this process is
Sk=0(T,....,Tx; D1,...,Dy), k=12... 21

where T}, are the successive inter-event times and D), the corresponding event types or “deci-
sions”. The embedded occupancy process is updated by setting

. _ nj(k') +1 if n(k’) € Bl and Dk+1 = aj,

néci) = an(k), total cluster occupancy

JeC;

Work has been done on applying importance sampling to other problems though uni-
formization (Heidelberger, Shahabuddin, and Nicola, 1994), which creates events a a maximal
rate A independent of the state, and then adjusts the probabilities by adding fictitious, or “null”
events. Use of the SC model for simulation may be more efficient because there is no need
for simulating null events. To emphasize that we apply Importance Sampling to the Standard
Clock simulation model, use the acronym ISSC.

Remark: Notice that, although the two models describe the same process (in distribution),
the partial histories SkDE and §; are not equivalent. Filtration (20) contains filtration (21) but
clearly, Hy, is not measurable w.r.t. (T}, ..., Ty; Dy,..., D). If a particular change of mea-
sure (such as rate-swapping) is BRE for the DES formulation, it does not necessarily mean that
it is also BRE for the SC formulation and vice versahowever for some models this may well
be the case.

6 Static ISSC Estimation for Light Traffic

6.1 Change of Measure

In the light traffic regime, assume that \; = k;e,i = 1,... K. Unlike the GI/G/s/oc case,
(11) need not hold for each channel on the trajectories where blocking occurs before the A-
cycle ends and swapping rates as in (12) will not be optimal. Instead, consider the change of
measure that swaps aggregate arrival rates per cluster and inverse holding times.

Proposition 1 Consider the ISSC simulation model with initial state as the start of-@ycle.
Arrivals at the clustelC; have rate\* = 1 and holding times for the calls in the cluster have
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rate * = A. Other inter-arrival and holding times (outside the cluster) have the original
exponential distribution. Call the underlying meas@&re Then:

T;—1 (c;) A k1—kz
P(BZ) — E* | e (=) Xpip (5 () =D T [ 2 1|,
1 {R:}

wherek, () is the total number of arrivals to cejl up to event number; (including blocked
calls), k1 = > ;cc, k1(j) and k» is the corresponding number of call completions (excluding
blocked calls).

Proof : Given the history of the process up to the k-th event (that is, given Ji) Thy1 ~
exp(A}, ;). for n(k) = ni(k) + ... + nk(k) the total occupancy of the process after event
k has occurred. The new event rate is a §,-measurable random variable:

Moy = 1+ D N+ A (k) + 1) ny(k),

JEC; JeC; JEC;
and the event types now follow:

¢ )\Z 1
ival at cell j € C; P ———
arrival at cell j wp. AT

s

arrival at cell j & C; W.p. A—i

Dk-‘rl - nn)\

termination of call atcell j € C;  w.p. /(*

termination of call atcell j & C; w.p. n/‘{f

Within an A-cycle, we perform this change of measure until the 7;-th event occurs, which
is the first time that the state is in /3;. Because the

distributions of 73, and Dy, are conditional on §j, the change of measure defines a
multiplicative martingale which is adapted to the filtration {Fy, & > 1}, and the corresponding
Radon-Nikodym derivative is given by:

Ti—1
L, = H <Af(k)>e(A:.(k)_An(k))Tk+l 22)
k

=1 n(k)
1
Ti A* )\
l l n(k) 2 : j K
: Pl (An(k)) ( (/LO\j/)\)> LD} ¥ <X) Lpunesy + thHgSiMi})

J€EC;

where A; = {a; : j € C;} is the set of event types which are arrivals to the cluster and similarly,
S; = {s; : j € C;} is the set of event types which are termination of calls within the cluster.
From their definitions, it follows that:

A=A = (=2 + (A=) D ny = —(u =N = 1)

JeC;

where n€) = 7 n; is the total occupancy of the cluster.

J€C;
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Simplifying the expression above,

k0)
L, = W IEELE@E-DR | TT (2 1 (H)'”
Ti /J/ )\

ieC;
T;—1 C. )\ kl_kz
L N S D ()= 1) T (_) 7 23)
"
which proves the claim. N
Lemma 2 When\ < p,
L:diry < (M) P —wp.L. (24)

In particular, L;,14z,; < 1,P* —w.p.1., guaranteeing variance reduction of the Importance
Sampling estimator with the Standard Clock (ISSC).

Proof : Clearly \; < A=) jec; \j» and there are at least C' on-going calls within the cluster at
the blocking time 7;. At the time the A-cycle begins, there are (by Definition 6) 6 calls within
the cluster. Thus acceleration begins when there are 6 + 1 calls in the cluster. Because the
stopping time within an A-cycle counts only the transitions from the start of the A-cycle up
until blocking, on the set {w : 7; < T®} we have n(¢) (k) > 6 + 1,k = 1,..., 7, whence

Ti—1
(r =)D (k) = 1)Ti1 > 0. (25)
k=1
Moreover, k; = Zjeci k1(j) > ko + C — 6, giving the result. <

Theorem 2 The ISSC estimation that swaps the rakeand . is BRE forP[R;] ase — 0,
when\; = ke, for all cellsi andd,; = 0.

Proof : The proof is an application of Lemma 1. The upper bound is obtained with the result

of Lemma 2:
A C
LTi S (_> - d2€C7 (26)
7

where dy = ) .. k;.

It remains to show p(e¢) > di“. In order for blocking of cell i arrivals to occur, the
occupancy of one of the cliques in the cluster must necessarily attain level C'. Let a “minimal
path” be a trajectory in which the first C' events in an A-cycle which involve the accelerated
cluster are arrivals to the same clique. All minimal paths will cause blocking, and thus their
probability is a lower bound for p(¢). The probability of such minimal paths is the probability
that each of the first C' events be an arrival, and so:

M\ L (ke
ple) > (A—> > < Cjﬂ) > dye©, (27)

where )\; is the smallest aggregate clique rate within cluster C; and d; = (k;/C' )¢, with k; the
smallest of }° .. ks over the cliques ¢; € ;.
It follows by Lemma 1 that in this case, ISSC is BRE. N

Note that the condition #; = 0 is not a major limitation, since the modal cluster occupancy
will be zero, and so #; = 0 gives the shortest A-cycles, which is desirable for simulations.
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Accelerated processing

Figure 5: “Backbone and ribs” simulation framework.

6.2 Numerical Results

An A-cycle must start with the state distribution being the equilibrium distribution conditional
on being on the boundary between A and A’. In the absence of importance sampling, this will
also be the distribution at

the end of the A-cycle. That means that multiple A-cycles can be simulated simply by
simulating the system for a long period, and marking off the A-cycles. However, importance
sampling disturbs the distribution, and the distribution of the state at the end of an A-cycle
cannot be used as the starting state for the next A-cycle. Instead of this, when the start of
an A-cycle is detected, the simulation will be suspended, and a second simulation will be
started from the current state n. This second simulation will be accelerated until blocking
occurs (or the current A-cycle ends) and the original measure is used to determine the time
spent in blocking states until the end of the current A-cycle. The original simulation is then
recommenced from state n, until the start of the next A-cycle. This gives rise to the “backbone
and ribs” arrangement, seen in Figure 5. A second advantage of this approach is that the length
of an A cycle, as required by (4), may be estimated more accurately (with lower variance) from
the unaccelerated A-cycles.

Each A-cycle only estimates the blocking probability in a single cell. Thus in order to
estimate the blocking probability in each cell, it is necessary to run separate simulations for
each cell. Fortunately, it is not necessary to simulate the “backbone” separately. Instead,
separate “ribs” can be started each time the backbone starts an A;-cycle for anycell i. Note
that a single event may be the start of A;-cycles for more than one 7, and each of these must be
considered.

The ribs may be further simplified by noting that the set A’ contains no blocking states
for cell <. Thus, once an accelerated A;-cycle has left the set A;, the entire time spent in
blocking states will already have occurred. This means that the rest of the A;-cycle need not
be simulated, even though a considerable amount of time may be spent in the set A’ before the
A; cycle is truly over.

The ISSC with #; = 0 for p — 0 was tested on three sizes of network: 4, 7 and 37 cells.
Figure 6 compares these results with those of the filtered Gibbs sample of Section 4.2. The
results clearly show that the relative error of the estimated network blocking probability is

28



10000 0.1

T T
4 cells, IS —+—
7 g
g? = 37 cells, IS ---*---
© il £ 4 cells, FGS —&—
& 2 8
o 3 9B 37 cells, FGS ---o---
z 1000 | —_ i ERs)
— R 7
5 o'O Wﬂ# S
€ g g g
5 Fs - - KK sk ES 0.01 i
e 7 3
g e n e Tu
S 100 | m 1 2 * - -k XK
i 4 cells, IS —+—— <
| 7]
h 37 cells, IS ---%--- g
4 cells, FGS —=— B
[
37 cells, FGS -—--o---
10 1 1 jri] 1 1 0.001 1 1 1 1 1
0.0001 0.001 0.01 0.1 1 10 1e-06 le-05 0.0001 0.001 0.01 0.1
load (Erlangs / cell) blocking probability
(a) efficiency against load (b) error against blocking

Figure 6: Relative efficiency and relative error for importance sampling (IS) and filtered Gibbs
sampler (FGS) for light loads

bounded as p — 0.

7 Dynamic ISSC Estimation for High Capacity

7.1 Change of Measure

It is unlikely that future networks will be operated at extremely low utilisation, as was assumed
in the previous section. Engineers are more interested in the behaviour as the capacity in-
creases. This is particularly true of wavelength continuous WDM trunk networks, which are
mathematically analogous to the cellular networks described so far (see Andrew and Vazquez-
Abad, 2001). It is possible to overcome the restriction that A < g in the previous section by
allowing the arrival and service rates to be state dependent.

This section addresses the simulation of the important regimes of C' — oo with p constant,
and C' — oo with p/C constant, both of which cause blocking to become a rare event. Swap-
ping A and g as in the previous section will not yield BRE for high capacity regimes (even
when A\ < ) because as C' — oo the lower bound on P[R;] goes to zero, and blocking does
not become more likely under the star measure P*. A change of measure which is optimal in
the case of a C' parallel server system with no waiting will be presented, and applied to the
cellular case. It is suboptimal in this latter context, but it provides a dramatic improvement
over simulation using the original measure.

Consider again the Standard Clock simulation model and let the change of measure be such
that the total event rate is the same as for the original measure: A*(n) = A(n), when the state is
n. When an event occurs, it is a departure (or an arrival) to cell j ¢ C; with probability \;/A,,
(equivalently, n;u/A,,) just as for the original measure. Arrivals (departures) to the cluster will
now occur with probability A*(n)/A,, (or p*(n)/A,, respectively). The proportion of arrivals
to the cluster that go to cell j € C; remains fixed at A;/\. Under this change of measure, the
rates are no longer constant, but depend on the state, hence the name “dynamic ISSC”.
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It is straightforward to calculate now the Radon-Nikodym derivative:

Ti—1
K3 A M
b =TT (3 (imy) nemor + (i) oo tnsssons )

k=1 Jjeci;

independent of the inter-arrival times.
Specifically, if n = n(¢) (k) is the clusteroccupancy of the process at event k, let the rates
be defined by the recurrence relation:

p(n) = % (28a)
A(n) = Adn(p—p'(n)). (28b)

Notice that the rates under the star measure (28) only depend on the cluster occupancy,
rather than the whole state of the process n(k). This is related to swapping the arrival and
service rates of (12) in the following sense.

Lemma 3 Under the update rule (28), for any initill < p*(1) < p,

lim \*(n)/n = p (29a)
lim p*(n)n = A (29b)

Proof : We will first show that 1*(n) — 0 as n — oco. By induction, 0 < p*(n) < u for all
n > 1, and hence {x*(n)} has a convergent subsequence. To see that 4 is not an accumulation
point, note that this would imply p*(n) = u — ¢(n) for some ¢(n) = o(1), ¢(n) # 0. Then
by (28a), A*(n) — A ~ ¢(n), but by (28b), \*(n) — A ~ n¢(n), which is a contradiction. Thus
there is a strictly increasing sequence n(m) € N and a p* € [0, i) such that p*(n(m)) — p*
as m — oo. Thus there isa 6 = p — p* > 0 such that

A (n(m+1)) — X (n(m)) = (n(m+1) —n(m))(p —ux*) +o(l) > 6+ o(1).

Thus \*(n(m)) — oo, and by (28a), u*(n(m)) — p* = 0. Since the sequence m(i) was
arbitrary, 0 is the unique accumulation point, and p*(n) — 0 as n — oc.
By (28b) and the convergence of {u*(n)},

A(n+1) =X (n) =pu+o(l).

Thus A*(n) = A*(1) + >} _,(n+0(1)) = nu+o(n), and \*(n)/n — pasn — co. The result
then follows from (28a). <

This asymptotic form is analogous to the static change of measure for an M /M /n/oo
queue. An M /M /s /oo queue has a maximum of s servers active in the limit, and so the change
of measure is static in that case. The change of measure of (28) is dynamic, reflecting the fact
that the number of active servers increases continually as the size of the system increases.

Theorem 3 Consider a birth and death process with ratds ) = A, u(n) = nuon{6,...,C}.
Let 7 be the first hitting time of”, T" the first return to stat® andR = {7 < T'}. Then the
ISSC estimator foP(R) using the dynamic rates in (28) starting with(6 + 1) = 0 is asymp-
totically optimal in the limit ofC' — oco. Moreover, it is exactly optimal: the variance of the
estimate is zero even for finite.
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Proof : With p*(0 4+ 1) = 0, P*(R) = 1 since the A-cycle is not allowed to end until blocking
occurs. This violates the absolute continuity condition that for every z € S, P(z) > 0 =
P*(z) > 0. However, as mentioned in Section 6, P|z, << P*. This follows because on
the event R;, blocking occurs before the A-cycle is over, thus no trajectory on R; can have
a transition from 6 + 1 back to 6 (this would start a new A-cycle). Thus for every = € R,
P(z) > 0 = P*(z) > 0, and the change of measure is valid for the estimation of P(R;).

On any path leading to the blocking boundary C, any transition due to a call termination
from state n to n — 1 must necessarily be followed in some future stage by a matching transition
from n—1 to n: otherwise it is impossible to achieve full occupancy. The corresponding factors
contributing to L, are then:

(1) (220 - (272 () -

therefore all such loops cancel out their contributions. The only remaining contributions to L,
are the factors for the “minimal” blocking path +1 — 0 +2 — 0§ +3 — ... — C, which
yields:

Cc-1

A
L= ] — (30)
AL Xk (h)
which is a deterministic function of C, thus optimal. <

Note that for a fixed ;1*(6 + 1), the rates are independent of C. The optimal adaptivity to C
comes from the fact that the rates change as the actual current occupancy changes.

In the cellular network case, we identify the birth and death process as the cluster occu-
pancy process: while it remains true that to achieve blocking at a state n, € B; all backward
transitions from n to n — 1 will cancel out from forward transitions from n — 1 to n, now the
ISSC estimator is:

and the final cluster occupancy n(Tci) satisfies C' < n(Tci) < m(C', where m is the number

of cliques in the given cluster, which depends on the interconnectivity of the network. The
variance of L., is thus dependent on the variation of the distribution of the cluster occupancy
at blocking.

7.2 Implementation considerations
7.2.1 Subsampling the ribs

The correlation between consecutive A-cycles in the backbone can be very significant. In
order to reduce this, it is possible to subsample the A-cycles, and only start a rib for every
kth A-cycle. This greatly increases the amount of work required to simulate the backbone.
However, an A-cycle which is blocked may be very much longer than a “typical” A-cycle,
especially when the load is a small fraction of the number of channels, and so the backbone
is often a small proportion of the simulation time. Moreover, the backbone is shared between
many cells, making subsampling very worth while. Estimating the variance of a ratio can be
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performed following Bratley, Fox, and Schrage (1987), when both numerator and denominator
are sample averages of Markov processes with exponentially decaying covariances, instead of
iid random variables. In this case, if B; = E[Y]/E[T], then the random variable obtained
during the [-th A-cycle:

Z1 = kY1 1{imodk—0y — Bi T

has zero expectation. Here Y; represents the estimate of the numerator obtained from the [-th
rib (of which only one out of k is used) and 7; is the estimate of the cycle length (which we
called T before). Then the estimator obtained with S consecutive A-cycles satisfies:

k S S

. Y Yl modi— 1

Var[B;(S)] = Var <S lel ls{l dk 0}) ~ K, Var (g} :Zl> ’
S Zl:lTl =1

where K is a constant depending on E[T]?, but independent of the sample size S. The optimal
value of & can be obtained by noting that

S
1
Var <§ ; Zl> ~ Ky (k/S)+ K1 /S,

where Ky depends on Var[Y] and K7 depends on B?Var[T]. The covariance term decreases
as S2. On the other hand, A

CcPU[B;(S)] = lr(k/S) + Iy S,
where /1 and [y are the mean lengths of unaccelerated and accelerated A-cycles respectively.
The efficiency (5) is then maximised by setting

Kyly
k=~ . 31
\/ o (31)

These values can be estimated coarsely from a short pilot simulation, which can also serve as
the “warm-up” to achieve steady state. When acceleration

is used, k* is of the order of 10, to within one order of magnitude. Without acceleration, k*
is actually often less than 1, indicating that there may be value in running multiple ribs from
the same point in the backbone.

7.2.2 Choice of quasi-regenerative cycles

When the load, A/, is not negligible, the probability that the cluster will be completely empty
is small. Thus if 6 is too small, like # = 0 as is used for single server queues, then the A-cycles
become unmanageably long. This has several implications. The most obvious result is that the
simulation time increases in proportion. The seriousness of this is to some extent alleviated
by the fact that longer A-cycles produce better estimates of the proportion of time spent in
blocking states within an A-cycle.

The more serious problem with long A-cycles is that the blocking states become a small
proportion of the A-cycles, even given that blocking occurs. The assumption behind the IS
scheme proposed here is that A-cycles in which blocking occurs are rare events, but if blocking
does occur, it does so for a significant proportion of the A-cycle. Thus the system is accelerated
until the point when blocking first occurs, and is then allowed to relax back to finish its A-cycle.
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If A and C are both large, then empty clusters become rarer than blocking, and most A-cycles
contain a period of blocking, reducing the effectiveness of the acceleration.

The length of A-cycles is minimised by maximising the rate of crossing the boundary be-
tween sets A and A’ of the embedded Markov Chain. Since the stationary rate at which the
process crosses from any state with n(¢) = 6 to n(®) = @, + 1 equals the stationary rate at
which it crosses from n(¢) = ; 4+ 1 to n(¢) = @. This rate is state dependent:

AT (6;
7;\(n ), n € S(@Z)
where S(6;) is the subset of the state space S that has n{¢) = ¢ channels busy in cluster C;.

Naturally, one seeks a unique value 6; that maximises this rate, such as a maxmin optimiser. A
simple observation however simplifies this task: for many systems with several cells, for the
regime where both C' and A\ grow, the value of A,, will be nearly constant, and the value that
maximises the numerator is the mode of the stationary distribution (), or 6; ~ >, A;/u
(assuming that blocking does not significantly distort the state distribution, and that the mean
and mode of 7 are very close).

Next, in order to guarantee that L., < 1 when blocking occurs, it was required that 0, < C,
since L., can exceed 1 whenever the number of departures exceeds the number of arrivals
during the acceleration period. Thus we use the value

JeC;

It is possible that in some instances the overall variance can be reduced by using 6; > C,
since the probability of a greater number of departures than arrivals leading to blocking may
be small. This is the subject of ongoing research. There may also be benefit in using values of
0; larger than > .. Aj/p

(but less than C'). Although A cycles become longer, the time spent in the set A’ (n(¢) < 6,)
need not be simulated in the “ribs”, since blocking cannot occur in this case. It must still be
simulated in the backbone to estimate the mean duration of an A-cycle, but this is shared
between all cells.

7.3 Simulation results

The dynamic change of measure was shown to be a.o. for the probability of blocking occurring
within an A-cycle, P(R;), in the case of a single cell. Figure 7 shows the relative efficiency for
the true probability of blocking in this case. As C' increases, the proportion of each time spent
in a blocking state decays, even on those A-cycles which contain blocking. This accounts for
the slight reduction in efficiency as the blocking rate decreases. However, this reduction is very
much smaller than occurs without acceleration.

Figure 8 shows the relative efficiency of the accelerated and non-accelerated methods for
a seven-cell cellular system, for a range of loads and a range of capacities (normalised by
the load). The ISSC subsamples the A-cycles in the backbone by a factor of £ = 10. The
simulations without acceleration use £ = 1, as the rib A-cycles are shorter and the variance of
the corresponding estimator is higher. These results do not suggest that ISSC is a.o. for network
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Figure 7: Relative efficiency for importance sampling (ISSC), A-cycle framework without IS,
and the simple simulation, all in a single cell.

blocking as C' — oo. However, IS substantially reduces the rate at which the performance
degrades for large C.

The reason for the reduced efficiency is that the acceleration is applied to all cells in a
cluster. For a constant load, as ' increases the (true)

expected cluster occupancy on blocking satisfies E[n(%)|B;]/C — 1, since arrivals at each
cell are independent, and only one clique need be full. However, because the acceleration
is applied to all cells in the cluster, the cells outside the clique which caused blocking are
also filled up. Thus the expected cluster occupancy at blocking under the new measure is
significantly larger than under the original measure. That is, outcomes with a high cluster
occupancy are accelerated too much, increasing the variance.

It seems from Figure 8(a) that the improvement decreases as the load increases. However,
this is largely due to the fact that the rate at which the blocking decreases for increasing C' is
different. Figure 8(b) shows the relative efficiency against the blocking probability. This shows
that the change in slope of the curves is similar over a range of loads. Note that in the range
which is of most interest to engineers, with blocking between 107° and 1072, the acceleration
consistently outperforms the non-accelerated simulation.

Figure 8(b) also includes results for a “simple” estimation scheme, which does not sim-
ulate A-cycles and use (4), but instead simulates only the backbone and simply counts the
proportions of calls which are blocked. This shows a constant factor improvement over the
non-accelerated A-cycles, which is largely due to its ability to estimate blocking over the en-
tire network at once, rather than focusing on a single cell in each A-cycle.

The key advantage of ISSC over the filtered Gibbs sampler is that it can be used even when
the stationary distribution does not have a product form, or the closed form is not know. This
is the case when existing calls cannot be rearranged. Figure 9 shows the performance of ISSC
for a seven cell network when existing calls are not rearranged.
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Figure 8: Relative efficiency for importance sampling (ISSC), A-cycle framework without IS,
and the simple simulation, all in a 7 cell network.
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8 Concluding Remarks

This paper has addressed two aspects of rare events in the calculation of network blocking
probabilities. The first, the rarity of feasible states in acceptance/rejection Monte Carlo tech-
niques, is merely an artifact of a common technique. This is removed by using a MCMC
method, namely the Gibbs sampler. The Gibbs sampler clearly outperform the usual accep-
tance/rejection method and its relative efficiencies grow with problem size and with increasing
load.

The second class of rare events is intrinsic to the problem. It is that blocking is a rare event
when the load is relatively low. To overcome this problem, we implemented the main ideas
of fast simulation using standard queueing-like results under the discrete event framework for
simulation. Next we suggest using this change of measure for the standard clock framework
for simulation, which entails significantly less computational effort.

When dealing with cellular network lay-outs, it may be that some regions of the space
satisfy the conditions for which the MCMC methods are best suited, while other regions may
fall under the rare event framework. We believe that hybrid methods may well prove to be the
most efficient ones in practice.
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A Estimating Variance

Whenever each sample Y is unbiased, their mean Y'(.S) will also be unbiased. However, the
variance of Y (S) may be difficult to estimate when the samples are highly correlated. We
are interested in estimating blocking probabilities. The general simulation framework used
is to simulate some underlying process {X;,k = 1,2,...}, such as a Markov Chain Monte
Carlo (MCMC) process or the birth and death process of Section 2. Then it is possible to
set Y; € {0,1} to be an indicator of X being a blocking state. Some underlying processes
introduce considerable correlation, so that from a point when Y = 0, it may take a long time ¢
before an observation yields a non-zero value for Y;,. In order to calculate a variance of Y (.5)
in the presence of correlation, the batch means method reviewed in Alexopoulos and Seila
(1998) can be used. It is based on regrouping (3 consecutive samples to form a “batch mean”
Y,,s =1,...,S and simulating a total of S batches. The idea is that if 3 is large enough, then
consecutive batch means will be approximately independent and the CLT is applied to these
quantities. An extensive study on the choice of 3, S for accurate estimation of the confidence
interval is provided in Alexopoulos and Seila (1998) and suggests that choosing 5 ~ S may be
optimal.

To alleviate the problem of high correlations of consecutive values,

periodic sampling of the sequence Y could — in principle — be used to reduce the variance
of the estimation. Let ¢ denote the sampling period. Then if {Y;, s = 1,2,...} are unbiased,
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the average of the observations {Y;, k = 1,2, ...} is also unbiased, yielding the estimator:

B
5O Vi (33)
1 kzl )
552 g (34)
1 S
1 Z(Ys -Y(9))?,

where V(S ) is the estimated variance of a single batch mean, Y,, derived from S batches.
For S > 10 the normal approximation gives the approximate confidence interval:

V(S)

CI:Y(S)xziap\/—2. (35)

S

As t grows, it may suffice to consider smaller values of (3, as the samples themselves become

less correlated.
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