Stochastic Stability of Queueing Networks^*

Qian-Yu Tang Pierre L’Ecuyer Département d’IRO, Université de Montréal C.P.6128, Succ. Centre-Ville, Montréal, Québec H3C 3J7, Canada

March 26, 1997

Abstract.

This paper investigates geometric stability and L_p-stability of discrete-time Markov chains associated with closed and open queueing networks with Markovian routing. By geometric stability (resp. L_p-stability) we mean that the chain is regenerative in the Harris-recurrent sense and that the times between the successive regeneration points have a bounded moment generating function (resp. a bounded pth moment). We show that the closed queueing networks are geometrically stable (resp. L_p-stable) if the service times have a bounded moment generation function (resp. a bounded pth moment), and that the open queueing networks are geometrically stable (resp. L_p-stable) if the service times have a bounded moment generating function (resp. a bounded maxfp, 2g-th moment) and the interarrival times have a bounded second moment (resp. a bounded pth moment).

STOCHASTIC LYAPUNOV FUNCTION CRITERIA, STOCHASTIC STABIL- ITY, CLOSED AND OPEN QUEUEING NETWORKS, HARRIS RECURRENT MARKOV CHAINS

AMS 1991 SUBJECT CLASSIFICATION: PRIMARY 60k25, 60J27

*This work was supported by NSERC-Canada grants # ODGP0110050 and # SMF0169893, and FCAR-Québec grant # 93ER1654

1 Introduction

Perturbation analysis and the score function (or likelihood ratio) method are two important sample path-based techniques for sensitivity analysis of stochastic discrete event systems. When these methods are applied to estimate the gradient of a steady-state average over an infinite horizon, the strong consistency of the resulting estimator is usually established under the assumption that the system is regenerative in a wide sense [1], and that the times between the successive regeneration points have a bounded moment generating function or a bounded pth moment for a certain value of p ≥ 1 which depends on the context (see, e.g., [6] and [7]). Similar assumptions are often made to prove the strong consistency and to derive the convergence rates of stochastic approximation algorithms based on those gradient estimators to optimize continuous system parameters; see, e.g., [4, 12, 13, 26]. In [4], for instance, the pth moment (p ≥ 6) of the regenerative cycle length is assumed to be finite. In the stochastic approximation case, the bound on the pth moment or on the moment generating function is typically assumed to hold uniformly with respect to the parameter which is to be optimized, and not only on the regenerative cycle length, but also on the total cost incurred during a regenerative cycle.

Our aim in this paper is to provide mild conditions under which closed and open Markovian queueing networks enjoy those stability properties. We call a random variable exponentially stable (resp., L_p-stable) if it has a bounded moment generation function in a neighborhood of zero (resp., a bounded pth moment). A Harris-recurrent Markov chain (HRMC) is exponentially stable or geometrically stable (resp., L_p-stable) if the lengths of the regenerative cycles are exponentially stable (resp., L_p-stable). (We normally use the word geometric instead of exponential in the discrete-time case.) A HRMC is geometrically ergodic (resp., L_p-ergodic) if it is aperiodic and geometrically stable (resp., L_p-stable). Geometric ergodicity of Harris chains is well-covered, e.g., in [16] and [18]. A closed or open queueing network can be represented as a Markov process with an embedded discrete-time chain X = {X_n, n ≥ 0}, and conditions for this chain to be Harris-recurrent have been given in the literature. In this paper, we say that a queueing network with embedded HRMC X is exponentially stable or L_p-stable if X is so.

Under some assumptions on the routing probabilities, we show that a closed queueing network is geometrically stable if the service times at all nodes are exponentially stable, and L_p-stable if the service times are L_p-stable, for p ≥ 1. For an open queueing network with mutually independent interarrival and service times, we show that the chain is geometrically stable (resp., L_p-stable) if the interarrival times are L_2-stable (resp., L_p-stable) and the service times at all nodes are exponentially stable (resp., L_p-stable if p ≥ 2, L_2-stable if 1 ≤ p ≤ 2).

After these stability results are established, bounding the moments of the total cost incurred during a cycle can be achieved with little additional work. It is also easy to see from our proofs that if the queue evolution depends on a continuous parameter θ and if the stability conditions on the interarrival times, service times, or routing probabilities hold uniformly in θ, then the stability results also hold uniformly in θ, which is what we typically need in the context of stochastic optimization.

The earlier work on this topic goes back to Heyde [9], who gave necessary and sufficient conditions for the geometric stability of a single queue. Borovkov [2] gives sufficient conditions for the geometric stability of a queueing network, but these conditions are more restrictive than ours, and his proof of stability for the open queueing network case assumes a priori that the long-run departure rate of customers from each node is equal to the arrival rate (see page 418 of his paper). In other words, as noted by Meyn and Down [14, p.143], some form of stability has already been assumed before establishing the geometric stability results.

We do not make such an a priori assumption. Our proof relies on the representation of the queueing networks as Harris-recurrent Markov chains. This approach was pioneered by Nummelin [17], who found explicit regeneration points for tandem queues, and was pursued in [22, 23, 24, 25]. Explicit regeneration points are provided in [24] for the closed queueing network and in [25] for the open one. Proofs of L_1-stability are also given in these papers for two-nodes closed and open queueing networks. The proof of [24] for the closed case can be generalized to networks with an arbitrary number of nodes.

Chang, Thomas, and Kiang [3] and Meyn and Down [14] have analyzed the stability of the continuous-time queue length process associated with an open queueing network. They proved different forms of convergence for this process, under different sets of assumptions. Here, we study the embedded discrete-time chain instead.

Before stating our results, we need to recall some definitions and properties of Harris-recurrent Markov chains (HRMCs), which we do in Section 2. In Section 3, we describe the queueing models, express them as continuous-time Markov processes with an embedded Harris-recurrent discrete-time chain, and state our main results relative to the stochastic stability of that chain. The proofs for the closed case are given in Section 4, while the proofs for the open case are in Section 5. Some technical results related to our proofs are collected in appendices.

2 Harris Chains and Stability Properties

The theory of Harris-recurrent Markov chains in the context of queueing networks plays a major role in our approach. In this section, we quickly recall some basic definitions and facts. We refer the reader to [1, 15, 16, 18, 27] for more elaborate coverages.

Let X = {X_n, n ≥ 0} be a Markov chain living on a state space S, a separable metric space with Borel σ-field B(S). Let P_x denote the probability conditional on X_0 = x and E_x the corresponding mathematical expectation. The chain is called Harris-recurrent if there exists a nontrivial σ-finite measure φ on S such that for all A ∈ B(S) with φ(A) > 0 and each x ∈ S, P_x[X_n ∈ A i.o.] = 1, where i.o. means infinitely often. This definition is known to be equivalent to the following: X is called Harris-recurrent, if for some integer m^∗ ≥ 0, number δ^∗ ∈ (0, 1), probability measure ν on B, and measurable set A^∗ ∈ B(S) with ν(A^∗) > 0,

P_x{X_n ∈ A^∗ i.o. } = 1 for all x ∈ S, (2.1)

P_x{X_m� ∈ · } ≥ δ^∗ν(·) for all x ∈ A^∗, (2.2)

where A^∗ is called a small set [18]. From (2.1) and (2.2) it is seen that the set A^∗ is visited i.o. and that whenever such a visit occurs, the state of the chain m^∗ steps later is distributed according to ν with probability at least δ^∗. If A^∗ consists of a single point of S, one can take m^∗ = 0 and δ^∗ = 1. This is regeneration in the “classical” sense, where a single state is visited i.o. a.s. (almost surely).

To define regeneration epochs for the Harris-recurrent chain, one can use the so-called splitting technique: if X_n ∈ A^∗, then with probability δ^∗, n + m^∗ is a regeneration epoch for the chain and X_{n+m}� has distribution ν. This distribution is independent of X_n. Let R_0 = 0 and 0 < R_1 < R_2 < · · · be those regeneration epochs. Then {R_n, n ≥ 1} is a renewal process. Denote the regenerative cycle lengths by σ_i = R_i − R_{i−1}, i ≥ 1, σ_0 = 0. A HRMC X has a unique (up to a multiplicative constant) invariant measure π^∗. If π^∗ is finite, then X is called positive recurrent in which case π^∗ is usually normalized to a probability measure. The positive recurrence of X is equivalent to E[σ_2] < ∞, or sup_{x∈A}� E_x[τ^∗] < ∞, where A^∗ is a small set and τ^∗ = inf{n > 0 : X_n ∈ A^∗}. If X is also aperiodic, then we call X Harris ergodic. It is worth noticing that σ_1 may depend on the initial value X_0 = x, but {σ_i, i ≥ 2} is an i.i.d. sequence.

We say that a random variable X is exponentially stable if E[e^{uX} ] < ∞, ∀ u ∈ [0, u_0] for some u_0 > 0, and L_p−stable if E[X^p] < ∞. We say that a HRMC X is geometrically stable or exponentially stable (resp. L_p-stable) if the regenerative cycle lengths are exponentially stable (resp. L_p-stable), i.e., there is a constant u_1 > 0 such that

E[e^{uσ2} ] < ∞, ∀ u ∈ [0, u_1] (2.3)

(resp. E[σ^p_2 ] < ∞). We say that a queueing network with embedded HRMC X is geometrically stable or L_p-stable if X is. An aperiodic and geometrically stable (resp. L_p-stable) HRMC is called geometrically ergodic (resp., L_p-ergodic). When p = 1, the L_1-stability and L_1-ergodicity coincide with positive recurrence and Harris ergodicity, respectively. We note that geometric stability of a HRMC is equivalent to sup_{x∈A} � E^x

[exp(sτ^∗)] < ∞, ∀ u ∈ [0, u^∗_1], (2.4)

for some small set A^∗ and constant u^∗_1 > 0, where X satisfying (2.4) is called geometrically recurrent in [18] and A^∗ satisfying (2.4) is called a Kendall set in [16].

Geometric ergodicity is a very strong form of stability. It implies that the distribution of X_n converges to an invariant measure at a geometric rate, as n → ∞. See, e.g., [16, 18, 19] for other equivalent definitions and an extensive analysis of geometric ergodicity.

For the L_p-stability, we have the following equivalent condition; see [20] for the proof.

Proposition 2.1 Let p ≥ 1 be fixed. The chain is L_p-stable if and only if sup_{x∈A} � E^x

[(τ^∗)^p] < ∞, (2.5)

for some small set A^∗.

Checking geometric stability or L_p-stability directly from the definitions or from (2.4) and (2.5) is rarely practical. The following three stochastic Lyapunov function criteria are often easier to verify. The first two are proved, for example, in [11], [16], and [18]. They are usually stated with m = 1, but it is easily seen that the positive recurrence of the m-skeleton chain {X_{nm}, n ≥ 0} implies the positive recurrence of X , and similarly for geometric or L_p-stability.

Proposition 2.2 The chain X is positive recurrent if and only if there is a small set A^∗, a function V : S → [0, ∞), a fixed integer m ≥ 1, and a constant b > 0 such that

E_x[V (X_m)] ≤ V (x) − b, ∀ x ∉ A^∗, (2.6) sup_{x∈A} � E^x

[V (X_m)] < ∞. (2.7)

Proposition 2.3 The chain X is geometrically stable if and only if there is a small set A^∗, a function V : S → [0, ∞), a fixed integer m ≥ 1, and two constants β ∈ (0, 1) and b > 0 such that E_x[V (X_m)] ≤ βV (x) − b, ∀ x ∉ A^∗, (2.8) sup_{x∈A} � E^x

[V (X_m)] < ∞. (2.9)

The next proposition follows from Theorem 5.2.2 of [11], p.116.

Proposition 2.4 For p ≥ 1, suppose that there is a small set A^∗, a constant b > 0, a function V : S → [0, ∞), a fixed integer m ≥ 1, and a function Δ(x) defined on S such that (i) sup_{x∈A} � V (x) < ∞; (ii) P {V (X_m) − V (x) ≤ Δ(x)} = 1, ∀ x ∈ S; (iii) sup_{x∉A}

� E^x Δ(x) ≤ −b; (iv) sup_{x∈S} E_x|Δ(x)|^p < ∞.

Then, the chain X is L_p-stable.

The function V in these propositions is called a test function, or Foster-Lyapunov function, or stochastic Lyapunov function in the literature. In Section 3, we will use these stochastic Lyapunov function criteria to establish stability properties for the closed and open queueing networks.

In simulation and optimization contexts, a cost (or reward) is usually incurred at each step of the process, and one is interested in the stability of the process of cumulated costs. Let {J_n, n ≥ 0} be a stochastic process adapted to the filtration {F_n, n ≥ 0} (i.e., J_n is F_n-measurable for each n), where F_n = σ(X_0, . . . , X_n). Let Z_i = σ_i∑ j=1 J_{Ri}�_{1+j} (2.10)

be the total cumulated cost during the ith regenerative cycle. The following proposition gives stability results for {Z_i, i ≥ 1}. Its proof is in Appendix A.

Proposition 2.5 (i) Suppose that the chain X is geometrically stable and that

sup_{n≥1} E[exp(u_2|J_n|)|F_{n−1}] < ∞ (2.11)

where u_2 > 0 is a constant. Then there is a constant u_3 > 0 such that

sup_{i≥1} sup_{x∈A}

� E^x

[exp(u_3|Z_i|)] < ∞, (2.12)

where A^∗ is a small set defined in (2.1)-(2.2).

(ii) Suppose that for some p ≥ 1, the chain X is L_p-stable and

sup_{n≥1} E[|J_n|^p|F_{n−1}] < ∞. (2.13)

Then, sup_{i≥1} sup_{x∈A}

� E^x

[|Z_i|^p] < ∞. (2.14)

As a special case, suppose that X is a discrete-time Markov chain embedded in a continuous-time Markov process and that the continuous-time process regenerates when the discrete-time process does. If J_n represents the elapsed time in the continuous-time process between the (n − 1)th and nth steps of the discrete-time chains, then Z_i becomes the length of a regenerative cycle for the continuoustime process. The previous proposition gives us sufficient conditions for this length to have bounded moments or a bounded moment generating function. Similarly, if J_n is the cost for the continuous-time process between the times of the (n − 1)th and nth steps, then Z_i is the total cost for that process during a regenerative cycle.

3 The Queueing Models and Main Results

3.1 Closed and Open Networks We consider a Jackson-type queueing network with c FIFO single-server nodes and a single class of customers. The service time of the nth customer at node i is denoted by S_n(i). We assume that {S_n(i), n ≥ 1, 1 ≤ i ≤ c} are mutually independent and that for each node i, {S_n(i), n ≥ 1} are identically distributed with distribution G_i and mean E [S_1(i)]^△= 1/μ_i. To avoid triviality, we assume that G_i(0) < 1, 1 ≤ i ≤ c. We shall consider two different kinds of queueing networks: the closed ones and the open ones.

In the closed network, the total number of customers is fixed at N. Each customer goes from node to node, independently of the others, according to a Markov chain with state space {1, 2, ..., c} and irreducible transition matrix Π^∗ with elements π_{ij}, 1 ≤ i, j ≤ c.

For the open network, there is an exogenous source of arrivals and each customer, after completing its service at node i, leaves the system with probability π_{i0}, 1 ≤ i ≤ c. The transition matrix Π^∗ is thus extended into a (c + 1) × (c + 1) matrix Π, with elements π_{ij}, 0 ≤ i, j ≤ c, such that π_{00} = 1, and the corresponding Markov chain has 0 as a single absorbing state. Thus, every customer will visit at most a finite number of nodes. The exogenous arrival process is a renewal process, independent of the service times, and the times between successive arrivals have distribution F , with mean 1/λ, so λ is the arrival rate. Each arriving customer joins queue i with probability p_i, so the exogenous arrival rate at node i is λp_i. The traffic equations for this system are

λ_i = λp_i + c∑ j=1 λ_jπ_{ji}, 1 ≤ i ≤ c. (3.1)

We assume that at each node i, the traffic intensity ρ_i^△= λ_i/μ_i is less than 1.

In the next subsections, we represent the evolution of both types of queuing systems by discretetime Markov chains. These chains are defined differently for the two types of systems: The jumps occur at service completions in the closed case and at arrival times in the open case.

3.2 Markov Chain Representation for the Closed System For the closed queueing network, let Q_n = (Q_n(1), ..., Q_n(c)) and Y_n = (Y_n(1), ..., Y_n(c)), where Q_n(i) and Y_n(i) are the queue size and the residual service time at queue i, respectively, immediately before the nth service completion (so for each n, at least one of the Y_n(i) is zero). If X_n = (Q_n, Y_n), then X = {X_n, n ≥ 0} is a Markov chain with state space

S^△= {(q_1, . . . , q_c, y_1, . . . , y_c) : 0 ≤ q_i ≤ N and 0 ≤ y_i < ∞ for each i, and q_1 + · · · + q_c = N}.

We introduce the following condition, which is restrictive but similar to that of Theorem 1 in [24].

Assumption (A1) There is a node i_0 such that for all nodes i, π_{ii0} > 0.

Without loss of generality, suppose that i_0 = 1. The successive indices n ≥ 1, for X , at which the N customers are at node 1 and one customer is just leaving node 1, are regeneration points for the Markov chain X . Let R_1 ≤ R_2 ≤ R_3 ≤ · · · be these indices. Formally, R_0 = 0 and R_i = inf{n > R_{i−1} : Q_n(1) = N, Y_n(1) = 0} for i > 0. For any b_0 > 0, define the bounded rectangle

B(b_0) = {(q_1, . . . , q_c, y_1, . . . , y_c) ∈ S : y_i ≤ b_0 for all i}. (3.2)

Under the assumption that π_{ij} > 0 for all i, j, and that the service times have finite expectations, [24] shows that there are three positive constants b_0, m^∗, and δ^∗ such that whenever X_n ∈ B(b_0), the probability that X will regenerate during the next m^∗ steps is at least δ^∗. He goes on to show that the chain X regenerates infinitely often, so it is Harris-recurrent and satisfies (2.1)–(2.2) with A^∗ = B(b_0). His proof still holds if his condition on the π_{ij}’s is replaced by the condition (A1). The following theorem establishes the geometric stability of the Harris chain, under the assumption that the service times are exponentially stable.

Assumption (A2) The service times {S_n(i)} are exponentially stable, that is, there are positive constants a_1 and b_1 such that for all s ∈ [0, a_1] and 1 ≤ i ≤ c,

E [exp(sS_1(i))] ≤ b_1.

Theorem 3.1 Under conditions (A1) and (A2), the Markov chain X associated with the closed queueing network is geometrically stable.

Related results have been obtained by Borovkov [2]. He considered the continuous-time process {Q(t), t ≥ 0}, where Q(t) is the number of customer in each queue at time t, and studied the stability of this process under the assumption that either (i) the service time at node 1 is unbounded (G_1(x) < 1 for all x > 0), or (ii) the service times at all nodes i > 1 are not bounded away from zero (G_i(x) > 0 for all x > 0 and all i > 1). These assumptions play a similar role as ours, i.e., they ensure the recurrence of regeneration epochs. Theorem 3.1 still holds if (A1) is replaced by the above conditions (i) or (ii).

With slightly weaker assumptions, we get L_p-stability.

Assumption (A3) The service times {S_n(i)} have bounded pth moments, i.e., sup 1≤i≤c E[S_1(i)^p] < ∞.

Theorem 3.2 Under conditions (A1) and (A3), the Markov chain X associated with the closed queueing network is L_p-stable.

Note that when X regenerates, the continuous-time queue size process {Q(t), t ≥ 0} also regenerates.

3.3 Regenerative Structure for the Open System For the open queueing network, for n ≥ 1, let Q_n = (Q_n(1), ..., Q_n(c)) and Y_n = (Y_n(1), ..., Y_n(c)), where Q_n(i) and Y_n(i) are the queue size and the residual service time at queue i, respectively, immediately before the nth exogenous arrival (that is, at the nth arrival time, but not counting the arriving customer). If X_n = (Q_n, Y_n), then X is a Markov chain with state space S^△= IN^c × [0, ∞)^c.

For any positive constants k_0 and b_0, define the bounded rectangle

B(k_0, b_0) = {(q_1, . . . , q_c, y_1, . . . , y_c) ∈ S : q_i ≤ k_0 and y_i ≤ b_0 for all i}. (3.3)

Sigman [25] has shown that if the service times at all nodes have finite expectation, then the Markov chain {X_n} is Harris-recurrent and there exist positive constants k_0, b_0, m^∗, and δ^∗ such that whenever X_n ∈ B(k_0, b_0), the chain regenerates within the next m^∗ steps with probability at least δ^∗. Therefore, (2.1)–(2.2) are satisfied with A^∗ = B(k_0, b_0). The next theorem establish the geometric stability of the Harris chain under the assumption of exponential stability of the service times and finite variance of the interarrival times.

Assumption (A4) The interarrival-times distribution F has a bounded second moment.

Theorem 3.3 Under conditions (A2) and (A4), the Markov chain X associated with the open queueing network is geometrically stable.

Again, we get L_p-stability under a slightly weaker assumption on the service times, but a slightly stronger condition on the interarrival times.

Assumption (A5) The interarrival times distribution F has a bounded qth moment, where q = max(p, 2).

Theorem 3.4 Under conditions (A3) and (A5) for some p ≥ 1, the Markov chain X associated with the open queueing network is L_p-stable.

The condition (A5) in Theorem 3.4 appears stronger than necessary. This is because the stochastic Lyapunov function criterion in Proposition 2.4 for the L_p-stability is only a sufficient condition. Borovkov [2] and Meyn and Down [14] used the following conditions (B1) and (B2), respectively, on the service times, instead of our condition (A2):

(B1). There are constants b > 0 and β ∈ (0, 1) such that P [S_1(i) > t + b|S_1(i) > t] ≤ 1 − β, ∀ t ≥ 0, 1 ≤ i ≤ c. (B2). There is a constant b > 0 such that E[S_1(i) − t|S_1(i) > t] ≤ b, ∀ t ≥ 0, 1 ≤ i ≤ c. Conditions (B1) and (B2) are equivalent, and either of them implies (A2). We conclude that (A2) is weaker than (B1) or (B2) by providing a counterexample, in Appendix E, which satisfies (A2) but violates (B1) and (B2). Condition (A2) is reasonable for the geometric stability of queueing networks, since Heyde [9] has shown that it is a necessary and sufficient condition on the service times in the case of a GI/GI/1 queue.

4 Proofs of Stochastic Stability for Closed Queueing Networks

In this section we prove Theorems 3.1 and 3.2. Proof of Theorem 3.1:

We construct a test function V that satisfies the conditions of Proposition 2.3, with m = c and A^∗ = B(b_0) for some b_0. Denote:

D_1 = min_{1≤i≤c} S_1(i) and D_2 = max_{1≤i≤c} c∑ j=1 S_j(i).

Choose a_2 ∈ [0, a_1], with a_1 as in (A2), and a positive constant γ_1 < 1, such that E [exp(−a_2D_1)] ≤ γ_1. The assumption G_i(0) < 1 for 1 ≤ i ≤ c ensures that such a γ_1 exists. For x = (q_1, ..., q_c, y_1, ..., y_c) ∈ S, define g(x) = max_{1≤i≤c} y_i (4.1) and V (x) = e^{a2g(x)}. (4.2)

Observe that V (x) ≤ e^{a2b0} for x ∈ B(b_0) and V (x) > e^{a2b0} for x ∉ B(b_0). Define the event A(b_0) = {b_0 < D_1 + D_2}. By (A2), one has

E_x [exp(a_2D_2)I[A(b_0)]] ≤^{c∑}_{i=1}^{c∏}_{j=1} E [exp(a_2S_j(i))I[A(b_0)]] −−−−→_{b0 → ∞} 0.

Choose b_0 large enough so that b^△= e^{a2b0} (γ_2 − γ_1) − 1 > 0 and so that

E [exp(a_2D_2)I[A(b_0)]] ≤ 1. (4.3)

Each residual time Y_c(i) at step c is either one of the new service times generated so far, minus the time since the beginning of that service, or the initial y_i minus the time t^∗_c of the cth jump of the chain. In the first case, one has Y_c(i) ≤ D_2, while in the second case, Y_c(i) = y_i −t^∗_c ≤ y_i −D_1, because there is at least one node where two service completions have occured so far. Therefore, ∀ x ∈ S,

g(X_c) ≤ max(D_2, g(x) − D_1) = (g(x) − D_1) I{g(x) ≥ D_1 + D_2} + D_2 I{g(x) < D_1 + D_2}. (4.4)

For any x ∉ B(b_0), by (4.4) it follows that

E_x[V (X_c)] = E_x[exp(a_2g(X_c))] ≤ E_x[exp(a_2(g(x) − D_1)) I{g(x) ≥ D_1 + D_2}]

+ E_x[exp(a_2D_2) I{g(x) < D_1 + D_2}]

≤ V (x) E_x[exp(−a_2D_1)] + E_x[exp(a_2D_2)I[A(b_0)]] ≤ γ_1V (x) + 1 ≤ γ_2V (x) − (γ_2 − γ_1)e^{a2b0} + 1 = γ_2V (x) − b. This verifies (2.8). By condition (A2), (2.9) follows easily from (4.4). 2 Proof of Theorem 3.2:

We distinguish between the cases p = 1 and p > 1.

(i). For p = 1, we show that the conditions of Proposition 2.2 are satisfied with V (x) = g(x) defined in (4.1), m = c, A^∗ = B(b_0) for some b_0, and b = E[D_1]/2. Condition (2.7) follows easily from (4.4). We now check (2.6). Similar to (4.3), we can choose b_0 large enough so that

E [(D_1 + D_2)I[A(b_0)]] ≤ b. (4.5)

Then, for all x ∉ B(b_0), by (4.5) it follows from (4.4) that

E_x[g(X_c)] ≤ g(x) − E [D_1] + E [D_1I[A(b_0)]] + E [D_2I[A(b_0)]] ≤ g(x) − b. (4.6) (ii). For p > 1, from (4.4) we have

g(X_c) − g(x) ≤ Δ(x)^△= −D_1 + (D_1 + D_2)I{g(x) < D_1 + D_2}.

Under our current assumptions, it is easy to see that

sup_{x∈S0} E_x[|Δ(x)|^p] < ∞.

The desired result follows from Proposition 2.4. 2 5 Proofs of Stochastic Stability for Open Queueing Networks

We now turn to the Markov chain X , where X_n is the state of the open queueing network at time t^−_n , i.e., immediately before the nth arrival epoch t_n. At time t^−_n , we know that an arrival is coming, but we don’t know at which node.

Let T_{s, t}(i) denote the amount of time that node i is busy during the time interval (s, t], 1 ≤ i ≤ c. Let W_t(i) denote the total service time that node i will use to serve all of the customers that are in the network (in any queue or at any node) at time t. Define

W_t = c∑ i=1 W_t(i), the total work in the network at time t. Let Ω^l_{s, t}(i) denote the work to be completed by node i for those customers that join node l after arriving from the exogenous source in the interval (s, t], i.e.,

Ω^l_{s, t}(i)^△= Nt(l)∑ j=Ns(l)+1

M^l_j (i) ∑ k=1 S^l_{j, k}(i),

where N_0(l) = Q_0(l) and N_s(l) is the sum of Q_0(l) and the number of external arrivals to node l during (0, s] for s > 0; M^l_j(i) is the number of times that the jth customer, among those arriving to node l from outside or already at node l at the beginning, visits node i; and S^l_{j, k}(i) is the service time of this customer at its kth visit to node i. Then, Ω_{s, t}(i)^△= ∑c l=1 Ω^l_{s, t}(i) is the total work to be completed by node i, arriving from outside during the time interval (s, t], and

v_n^△= W_{tn} − W_0 = c∑ i=1 (Ω_{0, tn} (i) − T_{0, tn} (i)) (5.1)

is the net change in the total work in the network from time 0 to time t_n. For n ≥ 1, we have

E[Ω_{0, tn} (i)|F_0] = nρ_i/λ, 1 ≤ i ≤ c. (5.2)

We are now in a position to give the following geometric stability results, from which Theorem 3.3 follows.

Theorem 5.1 Under conditions (A2) and (A4), one has

(i) (2.4) holds with A^∗ = B(k_0, b_0) for sufficiently large k_0 and b_0;

(ii) the queueing network is geometrically stable;

(iii) if X_0 = 0, then lim_{n→∞} E[v_n]/n = 0.

Proof. We prove (i)–(iii) by induction on c. It is known that (i) and (ii) are equivalent. By (ii) and the regenerative structure of the Markov chain X we can prove (iii), i.e., that in the long run, the network processes work at the same rate as it arrives. The proof that (ii) implies (iii) is given in Appendix C. The proof of (i) is relatively easy in the case of c = 1, while in the case of arbitrary c > 1, the proof needs the result (iii) in the last induction.

Define g(s, X_n)^△= E[exp(sW_{tn} )|X_n] = E[exp(s(W_0 + v_n))|F_n], n ≥ 1, (5.3)

where the last equality holds a.s. because the total workload in the system at time t_n has the same distribution conditional on X_n as conditional on F_n. By (5.3), one has

E_x[g(s, X_m)] = E_x[exp(sW_0 + sv_m)] = E_x [exp(sW_0)E[exp(sv_m)|B_0]] , (5.4)

where B_0 = σ{Y_0(i), S^l_{j, k}(i), 1 ≤ k ≤ M^l_j(i), 1 ≤ j ≤ Q_0(l), 1 ≤ l ≤ c, 1 ≤ i ≤ c} represents the information on the residual times and the future service times of all the customers already in the network at time t_0 = 0. To prove (i), we show that the conditions of Proposition 2.3 hold with A^∗ = B(k_0, b_0) for some constants k_0 and b_0, and V (·) = g(s, ·) for some constant s > 0.

We first check (2.9). For any x ∈ B(k_0, b_0) and any fixed m, from (5.1) and (5.4) we derive

E_x[g(s, X_m)] ≤ E_x [ exp ( sW_0 + s c∑ i=1 Ω_{0, tm} (i) )]

≤ E_x exp scb0 + s c∑ i=1 c∑ l=1 k_0+m∑ j=1

M^l_j (i) ∑ k=1 S^l_{j, k}(i)

≤ e^{scb0} c∏ i=1 c∏ l=1 E exp s M^l_j (i) ∑ k=1 S^l_{j, k}(i) k_0+m ,

which gives (2.9) by Lemma B.3 (see Appendix B).

For the moment, we prove (2.8) under the following condition (A6) on the service times. The proof of Theorem 5.1 without Condition (A6) is given in Appendix D.

(A6). There exists a small constant H_0 such that P {S_1(i) ≥ H_0} = 1, ∀ 1 ≤ i ≤ c. Let X_0 = x = (q_1, q_2, ..., q_c; y_1, y_2, ..., y_c). Denote by A_0 the event {t_m < ∑k_0 i=1 S_i(1)} and by A^c_0 the complementary event. If x ∉ B(k_0, b_0), then either max_{1≤i≤c} Q_0(i) > k_0 or max_{1≤i≤c} Y_0(i) > b_0. We prove (2.8) by induction on c, beginning with the case where c = 1.

a). Suppose Q_0(1) > k_0. When A_0 occurs, node 1 is busy during the time interval [0, t_m]. So we have

E[v_m | B_0] = mρ_1/λ − E [T_{0, tm} (1)I[A_0] + T_{0, tm} (1)I[A^c_0]| B_0]

≤ mρ_1/λ − E[t_m | B_0] +E [t_mI[A^c_0]| B_0]

= −m(1 − ρ_1)/λ +E [t_mI[A^c_0]| B_0]

≤ −3 + E [t_mI[A^c_0]|B_0] , (5.5)

if we take m ≥ 3λ/(1 − ρ_1). Now, choose a_0 large enough such that H(x)^△= E[t_mI{t_m ≥ x}] ≤ 1, ∀ x ≥ a_0, and let k_0 ≥ 1 + a_0/H_0. It follows from (A6) that

E [t_m I[A^c_0]|B_0] = E tm I[Ac0] | | | | | k_0∑ i=1 S_i(1)

= H k_0∑ i=1 S_i(1) ≤ H(a0) ≤ 1,

which, together with (5.5), yields

E[v_m|B_0] ≤ −2. (5.6)

Note that

E[exp(sv_m)|B_0]

= 1 + sE[v_m|B_0] + s^2

2 E[v^2_mexp(ξv_m)|B_0]

≤ 1 + sE[v_m|B_0] + s^2 2 E ( m ∑ i=1 Ω_{0, tm} (i) + ct_m )2 exp ( s m∑ i=1 Ω_{0, tm} (i) ) (5.7)

for some ξ ∈ (0, s). By condition (A2) and Lemma B.4 (see Appendix B), we have E ( m ∑ i=1 Ω_{0, tm} (i) + ct_m )2 exp ( s m∑ i=1 Ω_{0, tm} (i) ) < ∞, ∀ s ∈ [0, s1],

for some constant s_1 > 0. Combining (5.6) and (5.7) leads to

E[exp(sv_m)|B_0] ≤ 1 − 2s + s^22 E ( c ∑ i=1 Ω_{0, tm} (i) + ct_m )2 exp ( s c∑ i=1 Ω_{0, tm} (i) )

≤ 1 − s, (5.8)

if s is small enough, which we assume henceforth. Then, by (5.4) and (5.8), since Q_0(1) > k_0, we have E_x[g(s, X_m)] ≤ (1 − s)g(s, x) = (1 − s/2)g(s, x) − (s/2)g(s, x) ≤ (1 − s/2)g(s, x) − s 2 E exp s k_0∑ i=1 S(i) . (5.9)

b). Suppose Y_0(1) > b_0. We choose the same m as in step a). Similar to (5.5), we have

E[v_m|B_0] = mλ ρ_1 − E[t_mI{t_m < b_0}] − E[T_{0, tm} (1)I{t_m ≥ b_0}|B_0] ≤ − m λ (1 − ρ_1) + E[t_mI{t_m ≥ b_0}]

≤ −3 + E[t_mI{t_m ≥ b_0}]

≤ −2 (5.10)

if we choose b_0 large enough so that E[t_mI{t_m ≥ b_0}] ≤ 1. Analogous to (5.7)–(5.9), we can choose the same constant s > 0 as in (5.8) such that

E_x[g(s, X_m)] ≤ (1 − s)g(s, x) ≤ (1 − s/2)g(s, x) − (s/2)E[exp(sb_0)], (5.11)

via the assumption Y_0(1) > b_0.

Let β = 1 − s/2 and b = (s/2) min{e^{sb0} , E[exp(s min_{1≤i≤c} ∑k_0 j=1 S_j(i))]}. Then (2.8) follows from (5.9) and (5.11).

We now proceed with the induction step: we assume that the results of Theorem 5.1 (i)-(iii) hold

for networks with less than c nodes and show that they hold for networks with c nodes. Define g(s, x)

as in (5.3) and let x ∉ B(k_0, b_0). Again, we consider two cases.

a). Suppose max_{1≤i≤c} Q_0(i) > k_0. Without loss of generality we assume that Q_0(1) > k_0. Note that if the event A_0 occurs, node 1 is busy during the entire time interval [0, t_m]. So we have

E[v_m|B_0] = E [ c ∑ i=1 (Ω_{0, tm} (i) − T_{0, tm} (i)) | | | | B0 ]

= E[Ω_{0, tm} (1)] − E[t_mI[A_0]|B_0]

− E[T_{0, tm} (1)I[A^c_0]|B_0] + E [ c ∑ i=2 (Ω_{0, tm} (i) − T_{0, tm} (i)) | | | | B0 ]

≤ mρ_1/λ − E[t_m] + E[t_mI[A^c_0]|B_0] + E [ c ∑ i=2 Ω_{0, tm} (i) | | | | B0 ]

− E [ c ∑ i=2 T_{0, tm} (i)I[A_0] | | | | B0 ] − E [ c ∑ i=2 T_{0, tm} (i)I[A^c_0] | | | | B0 ]

≤ −m(1 − ρ_1)/λ + E[t_mI[A^c_0]|B_0] + c∑ i=2 mρ_i λ − E [ c ∑ i=2 T_{0, tm} (i)I[A_0] | | | | B0 ] . (5.12)

As in Meyn and Down [14], we introduce a slow system with (c−1) nodes, labeled 2, 3, ..., c. Customers

arrive at rate r_i from outside to node i. Customers also arrive from an independent source at rate λ_1,

and each customer arriving from this source joins node i with probability π_{1i}, 2 ≤ i ≤ c, independently

of the others. The initial workload in the slow system is W slow_0 = 0. The traffic equations for this slow system are

λ^′_i = r_i + λ_1π_{1i} + c∑ j=2 λ^′_jπ_{ji}, 2 ≤ i ≤ c. It is easy to see that λ_i = λ^′_i for 2 ≤ i ≤ c.

We now reduce the output of node 1 in the original system to obtain a slow system as just

described. Each time a customer leaves node 1, an independent Bernoulli random variable η is drawn,

with P [η = 1] = ρ_1. If η = 1, this customer is routed to node i with probability π_{1i}, 2 ≤ i ≤ c,

otherwise this customer is removed from the system. Let Ωslow_{0, t} (i) and T slow_{0, t} (i) denote the work entering node i and the total busy time at node i in the slow system during the time interval [0, t],

respectively. Then it is easy to verify that there is a constant L^∗_0 > 0 such that

E^[Ωslow_{0, tm} (i)^] ∈ [ m λ ρ_i − L^∗_0, m λ ρ_i + L^∗_0 ] . (5.13)

It is shown in Meyn and Down [14] that T_{0, t}(i) ≥ T slow_{0, t} (i) a.s. for t ≥ 0 if node 1 never empties. We

now continue (5.12) as follows.

E[v_m|B_0] ≤ −mλ (1 − ρ_1) + E[t_mI[A^c_0]|B_0] + E [ c ∑ i=2 (Ωslow_{0, tm} (i) + L^∗_0) | | | | | B0 ]

− E [ c ∑ i=2 T slow 0, tm (i)I[A0] | | | | B0 ]

= m ( − 1 λ (1 − ρ_1) + c m L^∗_0 + 1 mE [ c ∑ i=2 (Ωslow_{0, tm} (i) − T slow_{0, tm} (i)) ])

+ E [ c ∑ i=2 T slow 0, tm (i)I[A c 0] | | | | B0 ] + E [t_mI[A^c_0]|B_0] . (5.14)

For the slow system, we have from the induction hypothesis that 1 mE [ c ∑ i=2 (Ωslow_{0, tm} (i) − T slow_{0, tm} (i)) ] −−−−→ m → ∞ 0. Thus, from (5.14), we can choose m sufficiently large such that

E[v_m|B_0] ≤ −3 + c E[t_mI[A^c_0]|B_0]. (5.15)

As in the case of c = 1, this, with condition (A6), implies that E[v_m|B_0] ≤ −2 for some k_0. Analogous to (5.7)–(5.9), we have

E_x[g(s, X_m)] ≤ (1 − s2 )g(s, x) − s2 E exp s k_0∑ i=1 S_i(1)

, (5.16)

for some s > 0.

b). Now, suppose that max_{1≤i≤c} Y_0(i) > b_0. Without loss of generality, assume Y_0(1) > b_0. Similar to (5.12), we have

E[v_m|B_0] ≤ −mλ (1 − ρ_1) + E[t_mI{b_0 ≤ t_m}] +^{c∑}_{i=2} mλ ρ_i − E [ c ∑ i=2 T_{0, tm} (i)I{b_0 > t_m} | | | | | B0 ] . (5.17)

Introduce a slow system as in a). Similar to (5.14) and (5.15), we obtain

E[v_m|B_0] ≤ m ( − 1 λ (1 − ρ_1) + c m L^∗_0 + 1 mE [ c ∑ i=2 (Ωslow_{0, tm} (i) − T slow_{0, tm} (i)) ])

+ c E[t_mI{b_0 ≤ t_m}|B_0]

≤ −3 + c E[t_mI{t_m > b_0}] ≤ −2, (5.18)

if we choose b_0 sufficiently large and the same m as in a).

As in the case of c = 1, we can choose s > 0 such that

E_x[g(s, X_m)] ≤ (1 − s)g(s, x) ≤ (1 − s2 )g(s, x) − s2 E[exp(sb_0)]. (5.19)

Let β = 1−s/2 and b = (s/2) min{e^{sb0} , E[exp(s min_{1≤i≤c} ∑k_0 j=1 S_j(i))]}. Then by (5.16) and (5.19) we obtain (2.8).

The proof of Theorem 5.1 with Condition (A6) is thus completed. The proof of Theorem 5.1 without this condition is provided in Appendix E.

2 Based on the analysis in the proof of Theorem 5.1, we easily arrive at the following L_p−stability result for the open queueing networks, from which Theorem 3.4 follows.

Theorem 5.2 Suppose that Conditions (A3) and (A5) are satisfied. Then

(i) (2.5) holds with A^∗ = B(k_0, b_0) for sufficiently large k_0 and b_0;

(ii) the queueing network is L_p-stable;

(iii) if X_0 = 0, then lim_{n→∞} E[v_n]/n = 0.

Proof. We use induction on c. As in the proof of Theorem 5.1, the key step is to verify (i). Define

V (X_n)^△= E[W_{tn} |X_n] = E[W_0 + v_n|F_n], n ≥ 0, (5.20)

where the last equality holds a.s.. Then we have

E_x[V (X_m)] = V (x) + E_x[v_m]. (5.21)

We distinguish between the cases p = 1 and p > 1.

(i). Let p = 1. We will show that the conditions of Proposition 2.2 hold with A^∗ = B(k_0, b_0) for some constants k_0 and b_0 and V as just defined. This implies Theorem 5.2 (i). The verification of (2.7) is trivial. To check (2.6), we use the same argument as in the proof of Theorem 5.1. To help the reader, we sketch the proof for c = 1. If x ∉ B(k_0, b_0), then we have either Q_0(1) > k_0 or Y_0(1) > b_0.

a). Let Q_0(1) > k_0. Similar to (5.5), for m ≥ 3λ/(1 − ρ_1), we have

E_x[v_m] ≤ −3 + E tmI{tm ≥ k_0∑ i=1 S_i(1)}

. (5.22)

Let b_2 and k_0 be large enough such that E[t_mI{t_m ≥ b_2}] ≤ 1/2 and E[t_m]P { ∑k_0 i=1 S_i(1) < b_2} ≤ 1/2.

Then, (5.22) gives

E_x[v_m] ≤ −3 + E[t_mI{t_m ≥ b_2}] + E[t_m]P

k_0∑ i=1 S_i(1) < b_2 ≤ −2, (5.23) which, together with (5.21), yields (2.6) with b = 2.

b). Suppose that Y_0(1) > b_0. As in (5.10) we can choose m and b_0 such that

E_x[v_m] ≤ −2. (5.24)

From (5.23) and (5.24), it follows that (2.6) holds in both cases with b = 2. For arbitrary c > 1, to obtain (5.13), our argument assumes that the service times have a bounded second moment.

(ii). For the case p > 1, define Δ(x) = V (X_m) − V (x), where m is chosen as in (i). It suffices to verify the four conditions of Proposition 2.4 and Theorem 5.2 (i) will follow. The first two conditions of that proposition are trivial to verify and we have proved the third one in (i). To check the fourth condition, observe that by (5.1), for x ∈ S, we have

E_x[|Δ(x)|^p] = E_x[|E[W_{tm} − W_0|F_m]|^p]

≤ E_x[|v_m|^p] ≤ E [( c ∑ i=1 Ω_{0, tm} (i) )p] + cE[t^p_m] < ∞. 2 Acknowledgement

We are grateful to L. Guo and his students for providing us the counterexample in Appendix E.

Appendix A

Proof of Proposition 2.5:

By our regenerative scheme, X_{Ri−m}� ∈ A^∗ for i ≥ 2. We only prove (2.12) and (2.14) for i = 1. The proof for arbitrary i works the same way.

(i). By (2.11) and the geometric stability of X , there are positive constants a^∗_1, b^∗_1, and b^∗_2 such that for all s ∈ [0, a^∗_1], sup_{x∈A} � E^x

[exp(sσ_1)] ≤ b^∗_1, sup_{n≥1} E[exp(s|J_n|)|F_{n−1}] ≤ b^∗_2.

(A.1)

One has

E_x [ exp(s

σ_1∑ i=1 |J_i|) ] = E_x [ ∞ ∑ k=1 exp(s k∑ i=1 |J_i|)I{σ_1 = k} ]

= E_x [ ∞ ∑ k=2 ( exp(s k∑ i=1 |J_i|) − exp(s k−1∑ i=1 |J_i|) ) I{σ_1 ≥ k} ] + E_x [exp(s|J_1|)]

≤ E_x [ ∞ ∑ k=2 exp(s k∑ i=1 |J_i|)I{σ_1 ≥ k} ] + E_x [exp(s|J_1|)] .

By (A.1) and Schwarz’s inequality, it follows that for all s ∈ [0, a^∗_1],

E_x [ exp(s| σ_1∑ i=1 |J_i|) ] ≤ b^∗_2 + ∞∑ k=2 √ P_x{σ_1 ≥ k} E_x [ exp(2s k∑ i=1 |J_i|) ]

≤ b^∗_2 + √ b^∗_1 ∞∑ k=2 exp(− a^∗_1 2 k) E_x [ exp(2s k∑ i=1 |J_i|) ] . (A.2)

Notice that

E_x [ exp(2s k∑ i=1 |J_i|) ] = E_x [ exp(2s k−1∑ i=1 |J_i|)E[exp(2s|J_k|)|F_{k−1}] ]

≤ (sup_{n≥1} E[exp(2s|J_n|)|F_{n−1}])E_x [ exp(2s k−1∑ i=1 |J_i|) ]

≤ ( sup_{n≥1} E[exp(2s|J_n|)|F_{n−1}] )k . (A.3) Choosing s^∗_1 ∈ (0, a^∗_1/2), for any s ∈ [0, s^∗_1] and b^∗ > 0, using (A.1) we derive sup_{n≥1} E[exp(2s|J_n|)|F_{n−1}] ≤ sup_{n≥1} (exp(2sb^∗) + E[exp(2s|J_n|)I{|J_n| > b^∗}|F_{n−1}]) ≤ exp(2sb^∗) + sup_{n≥1} E[exp(a^∗_1|J_n|)I{|J_n| > b^∗}|F_{n−1}]exp(−(a^∗_1 − 2s)b^∗) ≤ exp(2sb^∗) + b^∗_2exp(−(a^∗_1 − 2s^∗_1)b^∗). (A.4) Let ε_0, a^∗_2(< s^∗_1) be small enough and b^∗ be large enough such that ρ_0^△= √ 1 + 2ε_0exp(−a^∗_1/2) < 1, b^∗_2exp(−(a^∗_1 − 2s^∗_1)b^∗) ≤ ε_0, e^{2b}�^s ≤ 1 + ε_0, ∀ s ∈ [0, a^∗_2].

(A.5)

From (A.2)–(A.5), for all s ∈ [0, a^∗_2] we have sup_{x∈A} � E^x [ exp(s

σ_1∑ i=1 |J_i|) ] ≤ b^∗_2 + √ b^∗_1 ∞∑ k=2 exp(−a^∗_1k/2) · (1 + 2ε_0)^{k/2}

≤ b^∗_2 + √ b^∗_1 ∞∑ k=2 ρ^k_0

≤ b^∗_2 + √ b^∗_1ρ^2_0/(1 − ρ_0).

(ii). Since X is L_p-stable, it is easy to see that sup_{x∈A} � E^x

[σ^p_1] < ∞. (A.6) We will prove that there exists a constant c^∗_p such that sup_{x∈A} � E^x [ ( σ_1∑ i=1 |J_i|)^p ] ≤ c^∗_p( sup_{x∈A} � E^x

[(σ_1)^p])(sup_{n≥1} E[|J_n|^p|F_{n−1}]). (A.7) By the C_r−inequality, we have, for all x ∈ A^∗,

E_x[(

σ_1∑ i=1 |J_i|)^p]

= E_x [( σ_1 ∑ i=1 (|J_i| − E[|J_i| |F_{i−1}]) + σ_1∑ i=1 E[|J_i| |F_{i−1}] )p]

≤ 2^{p−1}E_x [| | | σ_1∑ i=1 (|J_i| − E[|J_i| |F_{i−1}]) | | | | p] + 2^{p−1}(sup_{n≥1} E[|J_n|^p|F_{n−1}])( sup_{x∈A} � E^x

[σ^p_1]). (A.8)

We now estimate the first term on the right hand side of the inequality in (A.8). Let σ^{(n)}_1 = min{σ_1, n}.

We distinguish between the two cases 1 ≤ p ≤ 2 and p > 2.

1). Let 1 ≤ p ≤ 2. By the Burkholder inequality (see, e.g., [8] and [10]) and the C_r−inequality,

there exists a constant c_p such that for all x ∈ A^∗,

E_x | | | | | | σ^{(n)}_1∑ i=1 (|J_i| − E[|J_i| |F_{i−1}]) | | | | | | p ≤ cpEx | | | | | | σ^{(n)}_1∑ i=1 (|J_i| − E[|J_i| |F_{i−1}])^2 | | | | | | p/2

≤ c_pE_x σ^{(n)}_1∑ i=1 |(|J_i| − E[|J_i| |F_{i−1}])|^p

≤ c_pE_x [ σ_1 ∑ i=1 |(|J_i| − E[|J_i| |F_{i−1}])|^p ]

= c_pE_x [ ∞ ∑ i=1 E[(| |J_i| − E[|J_i| |F_{i−1}])|^p|F_{i−1}]I{σ_1 ≥ i} ]

≤ c_pE_x [ ∞ ∑ i=1 (E[|J_i|^p|F_{i−1}] + (E[|J_i||F_{i−1}])^p)I{σ_1 ≥ i} ]

≤ 2c_p ( sup_{n≥1} E[|J_n|^p|F_{n−1}] ) ( sup_{x∈A} � E^x

[σ_1] ) , (A.9)

which gives, by Fatou’s lemma,

sup_{x∈A} � E^x [( σ_1 ∑ i=1 |J_i| )p] ≤ 2c_p ( sup_{n≥1} E[|J_n|^p|F_{n−1}] ) ( sup_{x∈A} � E^x

[σ_1] ) . (A.10)

Combining (A.8) and (A.10) leads to (A.7) with c^∗_p = 2^pc_p + 2^{p−1}, for 1 ≤ p ≤ 2.

2). Let p > 2. By the Burkholder inequality, there exists a constant c_p such that

E_x | | | | | | σ^{(n)}_1∑ i=1 (|J_i| − E[|J_i| |F_{i−1}]) | | | | | | p

≤ c_pE_x σ^{(n)}_1∑ i=1 E[(|J_i| − E[|J_i| |F_{i−1}])^2|F_{i−1}] p/2 + cpEx sup 1≤i≤σ^{(n)}_1 |(|J_i| − E[|J_i| |F_{i−1}])|^p

≤ c_pE_x[(σ^{(n)}_1 sup_{n≥1} E[|J_n|^2 |F_{n−1}])^{p/2}] + c_pE_x [ σ_1 ∑ i=1 |(|J_i| − E[|J_i| |F_{i−1}])|^p ]

≤ c_pE_x[σ^{p/2}_1 ] sup_{n≥1} E[|J_n|^p |F_{n−1}] + c_pE_x [ ∞ ∑ i=1 E[|J_i|^p + (E[|J_i| |F_{i−1}])^p|F_{i−1}}I{σ_1 ≥ i} ]

≤ c_pE_x[σ^{p/2}_1 ] sup_{n≥} E[|J_n|^p |F_{n−1}] + 2c_pE_x[σ_1] sup_{n≥1} E[|J_n|^p |F_{n−1}]

≤ 3c_p( sup_{x∈A}

� E^x

[σ^p_1])(sup_{n≥1} E[|J_n|^p |F_{n−1}]),

which gives, by Fatou’s lemma,

E_x [| | | | σ_1∑ i=1 (|J_i| − E[|J_i| |F_{i−1}]) | | | | p] ≤ 3c_p( sup_{x∈A} � E^x

[σ^p_1 ])(sup_{n≥1} E[|J_n|^p |F_{n−1}]). (A.11)

Then, (A.7) follows from (A.8) and (A.11) with c^∗_p = 2^{p−1}(3c_p + 1) for all p > 2. 2 Appendix B

In this appendix, we will study customers’ routing in the open queueing network defined in Section 2. Let C^1 be a customer that arrives to the system from outside, first visits node I_0, then visits nodes I_1, I_2, .... After visiting a finite number of nodes, this customer will leave the system, since we assume that 0 is the only absorbing state of the transition matrix Π = (π_{ij}, 0 ≤ i, j ≤ c). If C^1 is at node l, then there exists a sequence of nodes i^{(l)}_0 , i^{(l)}_1 , ..., i^{(l)}n_l such that

i^{(l)}_0 = l, i^{(l)}_{nl} = 0, n_l∏ j=1 π_i(l)_j �1^{, i(l)}j > 0, 1 ≤ l ≤ c. Set n^∗ = max_{1≤l≤c} n_l and δ_∗ = min_{1≤l≤c} n_l∏ j=1 π_i(l)_j �1^{, i(l)}j

. (B.1)

Let I_0 = l and define N^l_1 = inf{k : I_k = 0}, (B.2) the number of nodes that customer C^1 visits before departing from the system. By (B.1), we have

P {N^l_1 ≤ k + n^∗|I_k = j} ≥ δ_∗ > 0, for 1 ≤ j ≤ c. (B.3)

Lemma B.1 N^l_1, 1 ≤ l ≤ c are exponentially stable. Proof. By (B.3) we have, for 0 ≤ r ≤ ⌊k/n^∗⌋, P {N^l_1 > k} = P {I_1 ≠ 0, ..., I_k ≠ 0} = P {I_1 ≠ 0, ..., I_{k−n}� ≠ 0}P {I_k ≠ 0, ..., I_{k−n}�_{+1} ≠ 0|I_1 ≠ 0, ..., I_{k−n}� ≠ 0} = P {I_1 ≠ 0, ..., I_{k−n}� ≠ 0}P {I_k ≠ 0, ..., I_{k−n}�_{+1} ≠ 0|I_{k−n}� ≠ 0} ≤ (1 − δ_∗)P {I_1 ≠ 0, ..., I_{k−n}� ≠ 0} ≤ (1 − δ_∗)^rP {I_1 ≠ 0, ..., I_{k−rn}� ≠ 0},

Thus, for k ≥ 1 P {N^l_1 > k} ≤ (1 − δ_∗)^{k/n} �_{−1}

. (B.4)

Choosing s^∗_1 small enough such that e^s�^1 (1 − δ_∗)^{1/n}� < 1, we then obtain that for all s ∈ (0, s^∗_1],

E[exp(sN^l_1)] =^{∞∑}_{k=1} e^{sk}P {N^l_1 = k}

= e^s + ∞∑ k=1 P {N^l_1 > k}(e^{s(k+1)} − e^{sk})

≤ e^s + (e^s − 1) ∞∑ k=1 e^{sk}(1 − δ_∗)^{k/n} �_{−1} < ∞. 2 Recall that M^l_j(i) is the number of times that the jth customer, arriving to node l from outside or already at node l at time t_0 = 0, visits node i. Let I_0 = l and assume that M^l_1(i) is the number of times that C^1 visits node i.

Lemma B.2 The M^l_1(i), for 1 ≤ i ≤ c and 1 ≤ l ≤ c, are exponentially stable. Proof. Noticing that M^l_1(i) < N^l_1 for 1 ≤ i ≤ c and 1 ≤ l ≤ c, this follows from Lemma B.1. 2 Lemma B.3 If (A2) holds, then for fixed i, j and l, ∑M^l_j (i) k=1 S^l_{j, k}(i) is exponentially stable.

Proof. Since {M^l_j(i), j ≥ 1} for fixed l and i are i.i.d. random variables, Lemma B.2 implies that M^l_j(i) is exponentially stable, ∀ j ≥ 1, 1 ≤ i ≤ c, 1 ≤ l ≤ c. By condition (A2) and Proposition 2.5 (i), the result follows. 2 Lemma B.4 For fixed m, ∑c i=1 Ω_{0, tm} (i) is exponentially stable.

Proof. From the definition of Ω_{0, tm} (i), we have c∑ i=1 Ω_{0, tm} (i) = c∑ i=1 c∑ l=1 Ω^l_{0, tm} (i) = c∑ i=1 c∑ l=1 Nt_m (l) ∑ j=N_0(l)+1

M^l_j (i) ∑ k=1 S^l_{j, k}(i)

≤ c∑ i=1 c∑ l=1 N_0(l)+m ∑ j=N_0(l)+1

M^l_j (i) ∑ k=1 S^l_{j, k}(i),

which, incorporating with Lemma B.3, gives the desired result. 2

Appendix C

Proof of Theorem 5.1 (iii):

We prove that (ii) implies (iii) in Theorem 5.1. Recall that {X_n, n ≥ 0} is a regenerative process with regeneration points {R_n, n ≥ 1}. Define ν(n) = inf{k : R_k > n}, α(n) = ν(n) − 1, ∀ n ≥ 1. (C.1) For an initially empty system, W_0 = 0. By (5.1) we derive

E[W_{tn} ] = E [ c ∑ i=1 (Ω_{0, tn} (i) − T_{0, tn} (i)) ]

= E [ W_{tRα(n)} + c∑ i=1 (Ω_{tRα(n) , tn} (i) − T_{tRα(n) , tn} (i)) ]

≤ E[W_{tRα(n)} ] + E [ c ∑ i=1 Ω_{tRα(n) , tRν(n)} (i) ] , which means that in order to prove Theorem 5.1 (iii), it suffices to prove that lim_{n→∞} 1 nE[W_{tRα(n)} ] = 0 and lim_{n→∞} 1nE [ c ∑ i=1 Ω_{tRα(n) , tRν(n)} (i) ] = 0. (C.2)

1). Define u^∗_i = c∑ i=1 Ω_{tRi}�_{1 , tRi} (i), ∀ i ≥ 1. We first prove that lim_{n→∞} E[u^∗_{ν(n)}]/n = 0. Since E[σ_2] < ∞, by the Wald equation we can prove

E[u^∗_2] < ∞. By the fact that {u^∗_i , i ≥ 2} is an i.i.d. sequence, it is readily seen that lim_{n→∞} 1 n u^∗_n = 0 a.s., which implies lim_{n→∞} 1 ν(n) u^∗_{ν(n)} = 0 a.s. (C.3)

By (C.3) and the elementary renewal theorem we get 1 n u^∗_{ν(n)} = ν(n) n u^∗_{ν(n)} ν(n) −−−−→ n → ∞ 0 a.s. If we can show that {u^∗_{ν(n)}/n, n ≥ 1} is uniformly integrable, then the assertion follows. By Theorem II.5.1 of Gut [8], we know that {(ν(n)/n)^r, n ≥ 1} is uniformly integrable for any r > 0, which implies the uniform integrability of {(1/n) ∑ν(n) i=1 u^∗_i , n ≥ 1} by Theorem I.6.1 of Gut [8]. Since 1 n u^∗_{ν(n)} ≤ 1 n ν(n)∑ i=1 u^∗_i , the uniform integrability of {u^∗_{ν(n)}/n, n ≥ 1} follows. Thus the second part of (C.2) holds.

2). We now prove that lim_{n→∞}(1/n)E[W_{tRα(n)} ] = 0. Define

u_k = c∑ i=1 (Ω_{tRk}�_{1 , tRk} (i) − T_{tRk}�_{1 , tRk} (i)), ∀ k ≥ 1. Since W_{tRk} and W_{tRk}�_1 have the same distribution for k ≥ 2, and since

W_{tRk} = W_{tRk}�_1 + u_k, (C.4)

{u_k, k ≥ 2} are identically distributed, with E[u_k] = 0. Since {X_{Rn+k}, k ≥ 1} are independent of {X_i, 1 ≤ i ≤ R_{n−1}}, u_k is independent of u_{k−2} for k ≥ 3. From (C.4), we derive

E[W_{tRα(n)} ] = E[W_{tR1} ] + E α(n)∑ k=2 u_k

= E[W_{tR1} ] + E ν(n)+1 ∑ k=2 u_k − E[u_{ν(n)}] − E[u_{ν(n)+1}]

≤ E[W_{tR1} ] + E ν(n)+1 ∑ k=2 u_k + c∑ i=1 (E[T_{tRν(n)}�_{1 , tRν(n)} (i)] + E[T_{tRν(n) , tRν(n)+1} (i)])

≤ E[W_{tR1} ] + E ν(n)+1 ∑ k=2 u_k + cE[t_{Rν(n)+1} − t_{Rν(n)}�_1 ]. (C.5)

We now prove that E[ ∑ν(n)+1 k=2 u_k] = 0. Since E [ ∞ ∑ k=2 |u_k|I{k ≤ ν(n) + 1} ] = ∞∑ k=2 E[|u_k|I{ν(n) ≥ k − 1]] = E[|u_2|]^{∞∑}_{k=2} P {ν(n) ≥ k − 1} = E[|u_2|]E[ν(n)] < ∞,

by the dominated convergence theorem we have E ν(n)+1 ∑ k=2 u_k = E [ ∞ ∑ k=2 u_kI{k ≤ ν(n) + 1} ] = ∞∑ k=2 E[u_kI{ν(n) ≥ k − 1}] = 0. (C.6)

Analogous to 1), we can prove that 1 nE[t_{Rν(n)+1} − t_{Rν(n)}�_1 ] −−−−→_{n → ∞} 0. (C.7)

Using (C.6) and (C.7), it follows from (C.5) that lim_{n→∞}(1/n)E[W_{tRα(n)} ] = 0. 2

Appendix D

In this appendix, we give the proof of Theorem 5.1 without condition (A6). We first introduce a new queueing system, identical to the original system, except that in the new system the service time of the nth customer at node i is defined as ~Sn(i) = max{H0, Sn(i)} ≥ Sn(i), 1 ≤ i ≤ c, n ≥ 1, where H_0 is a small constant such that the load condition in the new system satisfies ~ρi = λ_i E[^~S_1(i)] < 1, 1 ≤ i ≤ c. Note that λ_i, 1 ≤ i ≤ c are defined by (3.1).

Denote by D_n(i) and ~D_n(i) the departure times of the nth customer from node i in the original and the new queueing systems, respectively. Then we have Lemma D.1 D_n(i) ≤ ~D_n(i), 1 ≤ i ≤ c, n ≥ 1. Proof. See, e.g., Foss [1989] and Shanthikumar and Yao [1989]. 2 For the new system, we define ~X_n = ( ~Q_n, ~Y_n), where ~Q_n = ( ~Q_n(1), ..., ~Q_n(c)) is the queue lengths vector and ~Y_n = ( ~Y_n(1), ..., ~Y_n(c)) is the residual times vector at time t^−_n . Let ~W_t(i) be the total service time that node i will use to serve all of the customers that are in the network at time t, and define ~W_t = ∑c i=1 ~Wt(i). Lemma D.2 W_t ≤ ~W_t a.s. for all t ≥ 0.

Proof. By Lemma D.1, those customers that are in the original system at time t should be in the new system at time t, and stay less time in the original system before departure than in the new system. 2 We are now in a position to present the proof of Theorem 5.1 without condition (A6).

Proof of Theorem 5.1:

Since (A6) is satisfied by the new system described previously, Theorem 5.1 holds for the new system. Then there are regeneration points { ~R_i, i ≥ 1} for the Markov chain { ~X_n, n ≥ 0} such that { ~X ~_{Ri+k}, k ≥ 0} are independent of { ~X_k, 0 ≤ k ≤ ~R_{i−2}}, ∀ i ≥ 2, and that sup x∈B(~k_0,~b_0) E_x[e^{s~σ1} ] ≤^~b_3, ∀ s ∈ [0, ~a_3], (D.1)

where ~a_3, ~b_3, ~k_0 and ~b_0 are some constants, ~R_0 = 0, and ~σ_i = ~R_i − ~R_{i−1} for i ≥ 1.

Since the regeneration points { ~R_i} occur m^∗ step after { ~X_i} visit B(~k_0, ~b_0), there are at most c~k_0 + m^∗ customers in the new system at time t ~_{Ri} . By Lemma D.1, those customers that have departed from the new system before time t ~_{Ri} should also have departed from the original system. Thus we have X ~_{Ri} ∈ B(c~k_0 + m^∗, ∞), ∀ i ≥ 1. For the original system, define

η_i = inf{k : X ~_{Rζi} �1^{+k}

∈ B(c~k_0 + m^∗, b_0)}, ζ_i = i∑ j=1 η_j, ζ_0 = η_0 = 0, (D.2)

where b_0 is some constant.

Since { ~X ~_{Ri} , i ≥ 1} have the same distribution, {~W_t~_{Ri} , i ≥ 1} are also identically distributed. By Lemma D.2, there is some constant α^∗ such that E[W_{t~Ri} ] ≤ E[^~W_{t~Ri} ] = E[^~W_{t~R1} ] ≤ α^∗, ∀ i ≥ 1, which gives E [ max 1≤j≤c Y ~_{Ri} (j) ] ≤ E c∑ j=1 Y ~_{Ri} (j) ≤ E[W_{t~Ri} ] ≤ α^∗, ∀ i ≥ 1. (D.3) Since { ~X ~_{Ri+k}, k ≥ 0} are independent of { ~X_k, 0 ≤ k ≤ ~R_{i−2}}, the evolution of the new system after t ~_{Ri} is independent of that before t ~_{Ri}�_2 . By the fact that the evolution for the original system after t ~_{Ri} and before t ~_{Ri}�_2 contains less information than that for the new system, respectively, it is seen that {X ~_{Ri+k}, k ≥ 0} are independent of {X_k, 0 ≤ k ≤ ~R_{i−2}}. By (D.2) and (D.3) we have P {η_1 > i} = P {X ~_{R1} ∉ B(c~k_0 + m^∗, b_0), ..., X ~_{Ri} ∉ B(c~k_0 + m^∗, b_0)} ≤ P {X ~_{Ri} ∉ B(c~k_0 + m^∗, b_0)}P {X ~_{R1} ∉ B(c~k_0 + m^∗, b_0), ..., X ~_{Ri}�_2 ∉ B(c~k_0 + m^∗, b_0)} = P { max_{1≤j≤c} Y ~_{Ri} (j) > b_0}P {X ~_{R1} ∉ B(c~k_0 + m^∗, b_0), ..., X ~_{Ri}�_2 ∉ B(c~k_0 + m^∗, b_0)} ≤ α^∗ b_0 P {X ~_{R1} ∉ B(c~k_0 + m^∗, b_0), ..., X ~_{Ri}�_2 ∉ B(c~k_0 + m^∗, b_0)} ≤ δ^∗_0P {X ~_{R1} ∉ B(c~k_0 + m^∗, b_0), ..., X ~_{Ri}�_2 ∉ B(c~k_0 + m^∗, b_0)} ≤ (δ^∗_0 )^{i/2−1}, (D.4)

where b_0 is large enough such that α^∗/b_0 ≤ δ^∗_0 ∈ (0, 1). From (D.4), it follows that η_1 is exponentially stable. By Proposition 2.5 (i) and (D.1), we can prove that ∑η_1 i=1 ~σi is exponentially stable. Let A^∗ = B(k_0, b_0), where k_0 = c~k_0 + m^∗. Then it is easy to see that τ^∗ ≤ ∑η_1 i=1 ~σi and this completes the proof. 2 Appendix E

We give an example which satisfies Condition (A2) but violates Conditions (B1) and (B2), and thus conclude that (A2) is weaker than (B1) or (B2).

We first define a function g(x), x ≥ 0 as follows, where k is a positive integer.

g(x) = 0, ∀ x ∉ ∞⋃ k=1 [k^2 − 1, k^2 + 1];

(x − (k^2 − 1)) 1 k^2 exp ( −a_1(k^2 + 1) ) , if x ∈ [k^2 − 1, k^2],

((k^2 + 1) − x) 1 k^2 exp ( −a_1(k^2 + 1) ) , if x ∈ [k^2, k^2 + 1], ∀ k ≥ 1.

Then it is easy to see that

K^△= ∫ ∞ 0 g(x)d x ≤ ∞∑ k=1 1 2 · 2 · 1 k^2 < ∞. Define a random variable X with density p(x) = g(x)/K. Then

E[e^{a1X} ] = ∫ ∞ 0 e^{a1x}p(x)d x = K^{−1} ∫ ∞ 0 e^{a1x}g(x)d x

≤ K^{−1} ∞∑ k=1 e^{a1(k2+1)} · 1 k^2 e^{a1(k2+1)} < ∞, which implies condition (A2).

We now show that X does not satisfy condition (B1). For any fixed a > 0, define

u(t) = P {X > t + a|X > t} = ∫ ∞ t+a p(x)d x ∫ ∞ t p(x)d x , ∀ t > 0.

Let k be large enough such that 2k > a + 1. Since k^2 + 1 + a < (k + 1)^2 − 1, one has

u(k^2 + 1) = ∫ ∞ k^2+a+1 p(x)d x ∫ ∞ k^2+1 p(x)d x = ∫ ∞ (k+1)^2−1 p(x)d x ∫ ∞ (k+1)^2−1 p(x)d x = 1,

which gives lim sup_{t→∞} u(t) = 1, so (B1) is violated.

References

[1] Asmussen, S. (1987) Applied Probability and Queues. John Wiley and Sons, New York.

[2] Borovkov, A.A. (1987) Limit theorems for queueing networks. Theory Probab. Appl. 31, 413-427.

[3] Chang, C.-S., Thomas., J. A., and Kiang S.-H. (1994) On the stability of open networks: A unified approach by stochastic dominance. Queueing Systems 15, 239-260.

[4] Chong, E. K. P. and Ramadge, P. J. (1994) Stochastic optimization of regenerative systems using infinitesimal perturbation analysis. IEEE Trans. Automat. Contr. 39, 1400-1410, 1994.

[5] Foss, S.G. (1989) Some properties of open queueing networks. Problems Inform. Transmission 25, 241-246.

[6] Glasserman, P. (1991) Gradient Estimation via Perturbation Analysis. Kluwer Academic Pub., Boston.

[7] Glynn, P.W. and L’Ecuyer, P. (1995) Likelihood ratio gradient estimation for stochastic recursions. Adv. Appl. Prob. 27, 1019-1053.

[8] Gut, A. (1988) Stopped Random Walks: Limit Theorems and Applications. Springer-Verlag, New York.

[9] Heyde, C.C. (1964) Two probability theorems and their application to some first passage problem.

The J. of the Austral. Math. Soc. 4, 214-222.

[10] Hall, P. and Heyde, C.C. (1980) Martingale Limit Theory and Its Application. Acad. Press, New York.

[11] Kalashnikov, V.V. (1994) Mathematical Methods in Queueing Theory. Kluwer Acad. Pub., Boston. [12] L’Ecuyer, P. and Glynn, P. W. (1994) Stochastic optimization by simulation: convergence proofs for the GI/G/1 queue in steady-state. Management Sci. 40, 1562-1578.

[13] L’Ecuyer, P. and Yin, G. (1995) Budget-dependent convergence rate of stochastic approximation.

to appear in SIAM J. on Optim..

[14] Meyn, S.P. and Down, D. (1994) Stability of generalized Jackson networks. The Ann. Appl.

Probab. 4, 124-148.

[15] Meyn, S.P. and Tweedie, R.L. (1992) Stability of Markovian processes I: Criteria for discrete-time chains. Adv. Appl. Prob. 24, 542-574.

[16] Meyn, S.P. and Tweedie, R.L. (1993) Markov Chains and Stochastic Stability. Springer-Verlag, New York.

[17] Nummelin, E. (1981) Regeneration in tandem queues. Adv. Appl. Prob. 13, 221-230. [18] Nummelin, E. (1984) General Irreducible Markov Chains and Non-negative Operators. Cambridge Univ. Press, New York.

[19] Nummelin, E. and Tuominen, P.(1982) Geometric ergodicity of Harris recurrent Markov chains with applications to renewal theory. Stochastic Processes and their Applications 12, 187-202.

[20] Nummelin, E. and Tuominen, P.(1983) The rate of convergence in Orey’s theorem for Harris recurrent Markov chains with applications to renewal theory. Stochastic Processes and their Applications 15, 295-311.

[21] Shanthikumar, J.G. and Yao, D.D. (1989) Stochastic monotonicity in general queueing networks.

J. Appl. Prob. 26, 413-417.

[22] Sigman, K. (1988a) Regeneration in tandem queues with multi-server stations. J. Appl. Probab.

25, 391-403.

[23] Sigman, K. (1988b) Queues as Harris recurrent Markov chains. Queueing Systems 3, 179-198. [24] Sigman, K. (1989) Notes on the stability of closed queueing networks. J. Appl. Probab. 26, 678- 682; Corrections. J. Appl. Probab. 27, 735.

[25] Sigman, K. (1990) The stability of open queueing networks. Stoch. Processes and their Appls. 35, 11-25.

[26] Tang, Q. Y. and Chen, H. F. (1994) Convergence of perturbation analysis based optimization algorithm with fixed number of customers period. Discrete Event Dynamic Systems: Theory and Appl. 4, 359-375.

[27] Tweedie, R.L. (1976) Criteria for classifying general Markov chains. Adv. Appl. Prob. 8, 737-771.