Simulating Weighted Automata with Transformers

(Over both sequences and trees!)
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@ Objective: show sequential reasoning capacities of Transformer
architecture
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Introduction

@ Objective: show sequential reasoning capacities of Transformer
architecture

@ Result on the expressivity of the architecture not learnability!

@ Take the lense of simulation
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What do we mean by simulation?

@ Simulation = showing steps

@ Previous results by Liu et al. introduce this idea for DFA
@ For some DFA A over X:

o Input: we X*

o Output: sequence of visited states

Example of a DFA for multiples of 3 on ¥ = {0,1}
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What do we mean by simulation?

@ Liu et al. showed transformers can simulate DFA up to length T
with Olog T layers (even O(1) in some cases!)
o Notion of shortcuts: shallow transformers w.r.t. T

@ General idea of the theorem

e Input: a DFA and some sequence length T
e Output: a transformer which can simulate the inner working of DFA for
any word of length T

@ Can we do this for more complex models?
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Transformers

Transformer architecture in our construction is similar to the encoder in
the original transformer architecture.

Output probabilities

Decoder

Multi-head
Attention

Encoder

Multi-head
Attention

Masked Multi-head
Attention

(Postons encadng (5 (Femsomswoina D
Embeddings Embeddings

Input sequence Target sequence

Simulating Weighted Automata May 2024 8/30



Transformers

The model is defined as follows

o Input: X € RT*9 where T is sequence length and d is embedding
dimension

@ Self-attention block:
f(X) = softmax(XW oW X )XW\,

o Attention layer fiitn: h copies of f, concatenate the outputs
o Feedforward layer f,,: Simple feedforward MLP
Full L-layer model, with fi : RT*4 — RT*d

fif = fn(ﬂL,Z o Flb) o FL=D) o flL=) o g D) ()

attn mlp attn . mlp attn-
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Weighted Finite Automata

e Weighted Finite Automata (WFA) generalize DFAs by computing a
function over some word w (instead of simply accepting/rejecting)
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Weighted Finite Automata

A weighted finite automaton (WFA) of n states over ¥ is a tuple
A= {(a,{A%},ex, B), where

e «, B € R initial /final weights

e A7 € R™": transition matrix for each o € ¥
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Weighted Finite Automata

A weighted finite automaton (WFA) of n states over ¥ is a tuple
A= {(a,{A%},ex, B), where

e «, B € R initial /final weights

@ A% € R"™": transition matrix for each o € ¥
WFA A computes a function fa : ©* — R:

fa(x)=fa(x1---xt) =a AM... A3 = o AX3
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Weighted Finite Automata

A weighted finite automaton (WFA) of n states over ¥ is a tuple
A= {(a,{A%},ex, B), where
e «, B € R initial /final weights
e A7 € R™": transition matrix for each o € ¥
WFA A computes a function fa : ©* — R:
fa(x) =falxa- x) = a'AM . AXB = AB
Example Consider the following WFA with 2 states on ¥ = {a, b}

Operator Representation

a04 01 a0.1
b 0.1 b 0.1 b0.1 o« - 1.0 A° = 04 0.2
0.0 0.1 0.1
0.6

—(@) _[00] po _[o1 03
“ =loe ~lo1 01

a0.2

b 0.3

f(ab) = 0.4 x 0.3 x0.6+0.2 x 0.1 x 0.6 =0.084

= aTAA
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Simulating WFA

Exact Simulation

Given a WFA A over some alphabet ¥, a function f : ©7 — RT*" exactly
simulates A at length T if, for all x € £ as input, we have f(x) = A(x),
where A(x) = (a’,a"A9 ... o AXT)T
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Simulating WFA

Exact Simulation

Given a WFA A over some alphabet ¥, a function f : ©7 — RT*" exactly
simulates A at length T if, for all x € £ as input, we have f(x) = A(x),

where A(x) = (a’,a"A9 ... o AXT)T
- N
a ‘ \ al A
b alA®Ab
b ==  Transformer = aTACAbAL
a aT A®APAbAC
\ ,/
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Simulating WFA

Approximate Simulation

Given a WFA A over some alphabet ¥, a function f : &7 — RT*"
approximately simulates A at length T with precision € > 0 if for all
x € £T, we have ||f(x) — A(X)||F < .
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Main Results for WFAs

First Theorem: exact simulation:

Theorem 1 Transformers using bilinear layers in place of an MLP and
hard attention can exactly simulate all WFAs with n states at length T,
with depth O(log T), embedding dimension O(n?), attention width O(n?),
MLP width O(n?) and O(1) attention heads.
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Main Results for WFAs

First Theorem: exact simulation:

Theorem 1 Transformers using bilinear layers in place of an MLP and
hard attention can exactly simulate all WFAs with n states at length T,
with depth O(log T), embedding dimension O(n?), attention width O(n?),
MLP width O(n?) and O(1) attention heads.

/ Transformer Simulation

B AT [aTAc
b 3 ) (@) A“A" aTA®A?

b ki :b{ ASAPAL Readout aTATAbAD

a LIEJ AbA“ ACAPAPAC N al A®AAbAC

\
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Main Results for WFAs

Second Theorem: approximate simulation

Transformers can approximately simulate all WFAs with n states at length
T, up to arbitrary precision € > 0, with depth O(log T), embedding
dimension O(n?), attention width O(n?), MLP width O(n*) and O(1)
attention heads.
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Main Results for WFAs

Second Theorem: approximate simulation

Transformers can approximately simulate all WFAs with n states at length
T, up to arbitrary precision € > 0, with depth O(log T), embedding
dimension O(n?), attention width O(n?), MLP width O(n*) and O(1)
attention heads.

Remark
Notice how in Theorem 2, the size of the construction does not depend
on ¢!
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Main Results for WFAs

Second Theorem: approximate simulation

Transformers can approximately simulate all WFAs with n states at length
T, up to arbitrary precision € > 0, with depth O(log T), embedding
dimension O(n?), attention width O(n?), MLP width O(n*) and O(1)
attention heads.

Remark
Notice how in Theorem 2, the size of the construction does not depend
on ¢!

and let pg be a two-layer MLP with activation function o and parameters © = (W1, Ws). If o € C(R) \ P<a-1,
then for every € > 0, there exists some © € {(W1, W3) | Wi € R™>*N ‘W, € RV*m2} with N = (""jd) such
that || f — pgllec < €.
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Weighted Tree Automata

@ Intuition: Same thing as WFAs but for tree-structured inputs!
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Weighted Tree Automata

Binary Trees
Given a finite alphabet ¥, the set of binary trees with leafs labeled by
symbols in ¥ is denoted by 5. Formally, 75 is the smallest set such that

> C 5 and (tl, t2) € S forall t1,tp € I5.

May 2024 20/30
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Weighted Tree Automata

Weighted Tree Automata

A weighted tree automaton (WTA) A with n states on 5 is a tuple
(a e R", T e R™™ fy, € R"},ex). A WTA A computes a function
fa: 5 — R defined by f4(t) = (e, pi(t)) where the mapping

w: s — R"is recursively defined by

o p(0) =v, forall o € X,
o M((tl, tg)) =T %> /L(tl) X3 M(tg) for all t1,t € Is.
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Weighted Tree Automata

Simulation by a function

Given a WTA A = (o, T, {V, }sex) with n states on J5, we say that a
function £ : (XU {[,]})" — (R")7 simulates A at length T if for all trees
t € Jx such that |str(t)| < T, f(str(t)); = p(7) for all i € Z;.
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Weighted Tree Automata

Simulation by a function

Given a WTA A =

function f: (XU {[,]H)" —
t € J5 such that [str(t)| < T, f(str(t)); =

(o, T, {Vo}sex) with n states on J5, we say that a
(R™)T simulates A at length T if for all trees
w(ri) for all i € Z;.

'WTA States Computatlon Input Tree )
A T x
bb 1 Vb X2 Vp i= /-"bb br—>. a
. a
Lar= T x1 iy 2 Vo =(Hina) a ofvg \&
t = T X1 Va X2 My —-

‘WTA Output

‘\\ |

VA(t (o, pu(t))

[ H(t) Va Hopa oy Vb Vb — Va — —]

‘\f

T

Transformer Simulation

‘ ] L[ str(t)

: ~
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Main Results for WTAs

Theorem 3

Transformers can approximately simulate all WTAs A with n states at
length T, up to arbitrary precision ¢ > 0, with embedding dimension O(n),

attention width O(n), MLP width O(n®) and O(1) attention heads.
Moreover:

@ Simulation over arbitrary trees can be done with depth O(T)

@ Simulation over balanced trees (trees whose depth is of order log(T))
with depth O(log(T)).
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Main Results for WTAs

Transformers can approximately simulate all WTAs A with n states at
length T, up to arbitrary precision ¢ > 0, with embedding dimension O(n),
attention width O(n), MLP width O(n®) and O(1) attention heads.
Moreover:

@ Simulation over arbitrary trees can be done with depth O(T)

@ Simulation over balanced trees (trees whose depth is of order log(T))
with depth O(log(T)).

Remark

In the worst case, the tree is completely unbalanced in which case we
recover the sequential WFA case!
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Depth vs. Length

MSE

Number of Layers

target: 2 states WFA counting 0's in binary strings
theory: log T layers for sequences of length T
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Width vs. #States

T e e e
ol & | [ | I | —8— 2-counting
10 - _'_'T____+"1 ________ l_"f ~
Ei | [ | I | —®— 4-counting
] | [ ] [
' [ ' | | —®— G-counting
§ : i 1 : §+ 8-counting
B g-1 - SO0 SN SR A S SO IO ]
o 10 3 ; "
= E: 1 ]
N 1 1
F 1
L 1
3 I
1072 promgrebe e 3
[i. e
0 10 20 30 40 50 60

Embedding Size

target: k states WFAs counting k symbols in a string
theory: n? width to simulate WFA with n states
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Conclusion

@ We define simulation of weighted automata for sequences and
trees

@ We derive the notion of approximate simulation and how it applies
to transformers

We show that transformers can simulate WFAs with O(log T)
layers

We show transformers can simulate WTAs with O(log T) layers

Our results extend the ones of Liu et al. for DFAs in two directions:
from boolean to real weights and from sequences to trees
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Conclusion

Thank you for listening! :)
Questions?
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