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S Low-Rank Regression with Tensor Responses
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Multivariate Regression Higher-Order Low-Rank Regression
» Reduced-Rank Regression extension to the multilinear setting. » Learn f : RY — RP from {(x(") y(™MIN where y(") ~ f(x("). Problem 2. » Comparison of HOLRR with:
» Regression problem with tensor structured outputs. » Linear model: f(x) = W'x (W € R9*P) » RLS: Regularized least squares.

argmin W x4 X = Y|z +~|WIE s.t ranknm(W) < (Ro.--- . Ro) | LRR: Low-rank regression.

i » Ordinary Least Squares: IR %D X+ x0p |
\ ~sun W SIXW _ YI2 (X e RN¥d Y o pNxp - ADMM: Convex relaxation (trace norms) [2, 4].
c reme, - ?,CgRTJD | —YlF (Xe T C ) Algorithm (HOLRR). » MLMT-NC: Nonconvex multilinear multitask learning [4].
= » Greedy: Greedy approach for spatio-temporal forecasting [1].
< = Equivalent to perform p independent linear regressions! Input: X € RN*% 7y ¢ RNxdxx% rank (Ry, Ry, - - - , Rp). i HOPLg' Higher)-lorzgr bartial Ieapst squareps. (5] g (1]
= 1: Uy < top Ry eigenvectors of (XX + 7I)‘1XTY(1)Y(T1)X ' '
time | f,—sun 2 fori=1top do » (left) Synthetic data. (right) Effect of over-estimating the rank.
S | | . - / . 3. U; < top R, eigenvectors on(,-H)YEH) — o1z
» Approximation algorithm rather than convex relaxation. x— { —|rain = x— L,——ran 4 end for 015 ll:ll NS | H 383838
» Fast and efficient algorithm with strong theoretical guarantees. temp, \ £y — temp 5: M« (UJ(XTX + ’Vl)Uo)_1 e 0.14 i moes | | el
' LRR 0.115 -
6: G+ Y x1 M x5 U1T X3 Xpii U; §0.13 | MLMT-NC | g M @222
Tensors How can we capture linear dependencies in the output? 7: return G x4 Ug Xz -+ Xpiq Up " o012 1 THOLRR = o0
» Higher-order generalization of vectors and matrices: ~ Reduced Rank Regression [3]: ot 0.10 0.100
" . 5 ApprOXImatlon Guarantees " 20 30 40 50 60 70 80 90 100 20 30 40 50 60 70 80 90 100
W — arg min HXW — YHF S.t. I’ank(W) § F!) sample size sample size
WcRRI*xp . : : :
\ _ ~ HOLRR is a quasi-optimal algorithm. » Matrix vs. tensor rank regularization.
M c R%*% . o M T < RO1x0xds . g, T // Tensor-valued ReQreSSIon Theorem 2. target ~ HOLRR (3,1,1) HOLRR (3,4, 4) HOLRR (3,8,8)  target  HOLRR (3,1, 1) HOLRR (3, 4, 4) HOLRR (3, 8, 8)
P4 A ]
7 Let WW* be a solution of Problem 2, let VYV be the regression tensor | . s A
d, d, . di x d. 4 " b
~Learn f: R% — R from {(x!”, YU)}T ; where YU ~ f(x("). returned by HOLRR, and let .7 denote the loss function. Then, ‘B w
0or . \,@ A )
: c,e*’ TJW) < (p+1)T(W7). s
@“’" & \\‘” | -s':-'*' ".
. T € R%*%%% can be reshaped C (25 4. 2 3 1\ sun Statistical Guarantees -
: : B
INt0 @ matrix as — ' . .
A A le |c . f >0 56 4s5)rain » HOLRR recovers the low-rank regression (LRR) solution.
T € [R Y1 * 203 ” 18.4 15.2 14.3 temp. T |
T oo eorem 3. . o » Real data: forecasting task
& » Linear model: f(X) = Wei X (W € R%xdixdk) - Training sample {x"),y"}[ ; C R% x R% . CCDS: 17 variables across 125 locations from 1990 to 2001.
Te eR T T . Low-Rank Regression for Tensor Structured Responses: - Regularization parameters: 1 < R < do andy > 0 - Foursquare: check-in records by 121 users in 15 categories
N > WHOLRR c R%*% - HOLRR estimator with rank constraint over 1200 time intervals.
- (Ao, A1) = (R, d1) and ridge parameter ~ . Meteo-UK: 5 variabl ross 16 locations from 1 2000.
Wirlgd?;gdz 2 LW o1 X" Y1) st. rankm(W) < (Ro, Rr, Re) + W, gr € R%*% - | RR estimator with rank constraint R and ridge eteo-Lit: 5 variables across 16 locations from 1960 1o 2000
Nn=
. arameter K-HOLRR
~ For the squared error loss we obtain: P ! Data set ADMM — Greedy - HOPLS — HOLRR = ) (b
A o M / Problem 1. Then, Wyorpr = Wi RR- CCDS 0.8448 0.8325 0.8147  0.8096 0.8275 0.7913
1 A o | . X 5 " < (R A R Foursquare 0.1407 0.1223  0.1224  0.1227  0.1223  0.1226
m, d, m, d, Warﬂgdgp;ﬂdgnw X = Vi s.t rankm(WW) < (Fo, i, ) » HOLRR is statistically consistent. Meteo-UK 0.6140 - 0.625 05971 0.6107 0.5886
<
m, Table: Average RMSE over 10 splits train/test data sets (90%/10%
- i where X € RN*% and Yy € RN*4*% wijth X, = x" and Y,,.. = Y. Theo(:;em + N) < N(0.1) iiid. in R g p | )
S (LRTEES (W N iid. in
) oo N O N(0. 62 jid. in R x>0 Data set MLMTNG ADMM Greedy HOPLS HOLRR  OLRR
T my X Mo M1 X M2 X M3 : s . >€ : ’€ ( O ) l1.G. 1 a1 se eey (pol bf
AMB <R T x1Ax2Bx3CeR Solving the Minimization Problem DWW € ROX %t 4 tensor s.t rankm/(W) — (Ro,--- . Ry) e o SR — Opgsy) (r_)
» For vectors, we note T e,V =T x,Vv' L L , _ . CCDS - . . p 0. | .
! ! » Multilinear rank constraint implies that Problem 1 is equivalent to Y =W e x4 ¢ forall n  [N]. Foursquare - 23335.8733 ;g% 1;.:238 11040.4914 109.4260 109.6617
” - : » Let Wy be the estimator returned by HOLRR with training Meteo UK - 40.23 = 2.12 167 157 1.66
argmlan X 1 XUO X o U1 X3 U, - sz (2) N
Sy pEEelEes et fhe L CI e e J sample {(x(", y") N ., rank parameter (Ry, - - , Rp) and Table: Average running times in seconds

w.rt. G € RAoxRixRe Y, e R Figt UTU; =1for0 <j<2

» Multilinear rank: Theorem 1. Future Works

reqularization parameter v = 0

For given column-wise orthogonal matrices Ug, Uy, Uy the tensor G~ Then, for any ¢ > 0 we have

rank,,(7T") = (R4, A2, A3) & R = rank(T ;) fori=1,2,3 that minimizes (2) is given by im P[|[W* — Whllg > ¢] = 0. » Sample complexity analysis.
. Tucker decomposition: G = x1 (UIX"XUp) U X" x5 UT x5UJ. N=oc » Minimax lower bounds for low rank regression.
Sroblem 1 alent 1 » Generalization bound for the class of functions » Take the tensor structure of the input into account.
— Fropiem 1 1S equivalent 10. :
% q For = {X— W eiX : ranky(W) = (Ro, - . Rp)} . » Extend to other loss functions.
__a R, Y M0 YIE Theorem s SReteronces
_ dy xR dy xR doxR " , References
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