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Tensor Networks for ML Learning with Structured Data

Quantum Computing & MLFormal Methods and ML
● Inductive biases in QML.
● Which quantum circuits can’t be simulated 

by Tensor Networks? How are they relevant 
to ML? 

● QML theory: Generalization bounds, benefits 
of depth…

● Learning Quantum Circuit Designs.

● Temporal Graphs Models & Benchmarks
● Learning and designing models for 

sequences, trees, graphs (with TNs but not 
only)

● Spectral Learning of Weighted Automata

● Formal methods to analyze / probe reasoning 
abilities of ML models

● Formal analysis of ML models (benefits of 
depth, separation results)

● Understanding links between NN and formal 
models

● TNs for efficient ML models (PEFT, inference, 
compression, …)

● TNs for interpretable ML models
● TNs for very high-dimensional data
● TNs for multi-modal data
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~CPRNNs~

Maude Lizaire, Michael Rizvi-Martel, Marawan Gamal, Guillaume Rabusseau

RIKEN-AIP - October 2024

A Tensor Decomposition Perspective 
on Second-order RNNs



Tensor Decomposition  

as a tool to 


characterize the 

expressivity of RNNs 


with second-order 

interactions.

R = n

R = Rtyp-max

R = Rmax
CPRNN2RNN

MI RNN

CPBIRNN

R = 0
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Because, 

• Strictly more expressive than RNNs 

• Language Modelling : Learning more 
complex dependencies (e.g. compositional 
semantics). 

• Connection with Tensor Train and 
Weighted Finite Automata (WFA) 
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Reduces the number of parameters:

• 2nd-order term parameterized by CP decomposition 

• Rank of CPRNN = Model hyper-parameter 

• Empirically successful, but no theoretical analysis
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(I. Sutskever et al., Generating text with recurrent neural networks. ICML (2011) )
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Set of functions      mapping  

input sequences to hidden state sequences 

computed by                     of  

rank       and hidden state          
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<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="p6RkhIUNUxDEiRiNBVvYGEEpntE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELp4IGnkksCGzwwATZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0mh0ba/rcza+sbmVnY7t7O7t3+QPzxq6DBWjNdZKEPV8qjmUgS8jgIlb0WKU9+TvOmNKjO/OeZKizB4wEnEXZ8OAtEXjKKR3A7yJ0wqtftqdaq7+YJdtOcgq8RJSQFS1Lr5r04vZLHPA2SSat127AjdhCoUTPJprhNrHlE2ogPeNjSgPtduMj96Ss6M0iP9UJkKkMzV3xMJ9bWe+J7p9CkO9bI3E//z2jH2r91EBFGMPGCLRf1YEgzJLAHSE4ozlBNDKFPC3ErYkCrK0OSUMyE4yy+vksZF0SkVS3eXhfJNGkcWTuAUzsGBKyjDLdSgDgwe4Rle4c0aWy/Wu/WxaM1Y6cwx/IH1+QO2OpIU</latexit>
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="yak4EbADLU+3BR8LdJa8EREQ66U=">AAACO3icbVDLSgMxFM34rPU16tJNsAgVSpkRqeKq6MZllb6grSWTZjqhmcyQZMQy9L/c+BPu3LhxoYhb92baQWrbA4GTc89N7j1OyKhUlvVqLC2vrK6tZzaym1vbO7vm3n5dBpHApIYDFoimgyRhlJOaooqRZigI8h1GGs7gOqk3HoiQNOBVNQxJx0d9Tl2KkdJS17zzLvNtHynPcePH0b1dgO1eoGRhSqvCE6ivoVQB/PN6C7zexNs1c1bRGgPOEzslOZCi0jVf9Ds48glXmCEpW7YVqk6MhKKYkVG2HUkSIjxAfdLSlCOfyE483n0Ej7XSg24g9OEKjtXpjhj5Ug59RzuTMeVsLREX1VqRci86MeVhpAjHk4/ciEGdQhIk7FFBsGJDTRAWVM8KsYcEwkrHndUh2LMrz5P6adEuFUu3Z7nyVRpHBhyCI5AHNjgHZXADKqAGMHgCb+ADfBrPxrvxZXxPrEtG2nMA/sH4+QWQa600</latexit>

h : (x1, . . . ,xT ) 7! (h1, . . . ,hT )

Definition : 

Set of functions      mapping  

input sequences to hidden state sequences 

computed by                     of  

rank       and hidden state          

<latexit sha1_base64="YGZpxLZIiDf6StpOFTczt2OvNlI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSw6jUL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMr/2pUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AAYOjQs=</latexit>

h

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="p6RkhIUNUxDEiRiNBVvYGEEpntE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELp4IGnkksCGzwwATZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0mh0ba/rcza+sbmVnY7t7O7t3+QPzxq6DBWjNdZKEPV8qjmUgS8jgIlb0WKU9+TvOmNKjO/OeZKizB4wEnEXZ8OAtEXjKKR3A7yJ0wqtftqdaq7+YJdtOcgq8RJSQFS1Lr5r04vZLHPA2SSat127AjdhCoUTPJprhNrHlE2ogPeNjSgPtduMj96Ss6M0iP9UJkKkMzV3xMJ9bWe+J7p9CkO9bI3E//z2jH2r91EBFGMPGCLRf1YEgzJLAHSE4ozlBNDKFPC3ErYkCrK0OSUMyE4yy+vksZF0SkVS3eXhfJNGkcWTuAUzsGBKyjDLdSgDgwe4Rle4c0aWy/Wu/WxaM1Y6cwx/IH1+QO2OpIU</latexit>

CPRNNs
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="yak4EbADLU+3BR8LdJa8EREQ66U=">AAACO3icbVDLSgMxFM34rPU16tJNsAgVSpkRqeKq6MZllb6grSWTZjqhmcyQZMQy9L/c+BPu3LhxoYhb92baQWrbA4GTc89N7j1OyKhUlvVqLC2vrK6tZzaym1vbO7vm3n5dBpHApIYDFoimgyRhlJOaooqRZigI8h1GGs7gOqk3HoiQNOBVNQxJx0d9Tl2KkdJS17zzLvNtHynPcePH0b1dgO1eoGRhSqvCE6ivoVQB/PN6C7zexNs1c1bRGgPOEzslOZCi0jVf9Ds48glXmCEpW7YVqk6MhKKYkVG2HUkSIjxAfdLSlCOfyE483n0Ej7XSg24g9OEKjtXpjhj5Ug59RzuTMeVsLREX1VqRci86MeVhpAjHk4/ciEGdQhIk7FFBsGJDTRAWVM8KsYcEwkrHndUh2LMrz5P6adEuFUu3Z7nyVRpHBhyCI5AHNjgHZXADKqAGMHgCb+ADfBrPxrvxZXxPrEtG2nMA/sH4+QWQa600</latexit>

h : (x1, . . . ,xT ) 7! (h1, . . . ,hT )

<latexit sha1_base64="6YyyiZjy81yb3D0O8MWPELCvtLA="></latexit>

ht = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)

Definition : 

Set of functions      mapping  

input sequences to hidden state sequences 

computed by                     of  

rank       and hidden state          

<latexit sha1_base64="YGZpxLZIiDf6StpOFTczt2OvNlI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSw6jUL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMr/2pUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AAYOjQs=</latexit>

h

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="p6RkhIUNUxDEiRiNBVvYGEEpntE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELp4IGnkksCGzwwATZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0mh0ba/rcza+sbmVnY7t7O7t3+QPzxq6DBWjNdZKEPV8qjmUgS8jgIlb0WKU9+TvOmNKjO/OeZKizB4wEnEXZ8OAtEXjKKR3A7yJ0wqtftqdaq7+YJdtOcgq8RJSQFS1Lr5r04vZLHPA2SSat127AjdhCoUTPJprhNrHlE2ogPeNjSgPtduMj96Ss6M0iP9UJkKkMzV3xMJ9bWe+J7p9CkO9bI3E//z2jH2r91EBFGMPGCLRf1YEgzJLAHSE4ozlBNDKFPC3ErYkCrK0OSUMyE4yy+vksZF0SkVS3eXhfJNGkcWTuAUzsGBKyjDLdSgDgwe4Rle4c0aWy/Wu/WxaM1Y6cwx/IH1+QO2OpIU</latexit>

CPRNNs
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="yak4EbADLU+3BR8LdJa8EREQ66U=">AAACO3icbVDLSgMxFM34rPU16tJNsAgVSpkRqeKq6MZllb6grSWTZjqhmcyQZMQy9L/c+BPu3LhxoYhb92baQWrbA4GTc89N7j1OyKhUlvVqLC2vrK6tZzaym1vbO7vm3n5dBpHApIYDFoimgyRhlJOaooqRZigI8h1GGs7gOqk3HoiQNOBVNQxJx0d9Tl2KkdJS17zzLvNtHynPcePH0b1dgO1eoGRhSqvCE6ivoVQB/PN6C7zexNs1c1bRGgPOEzslOZCi0jVf9Ds48glXmCEpW7YVqk6MhKKYkVG2HUkSIjxAfdLSlCOfyE483n0Ej7XSg24g9OEKjtXpjhj5Ug59RzuTMeVsLREX1VqRci86MeVhpAjHk4/ciEGdQhIk7FFBsGJDTRAWVM8KsYcEwkrHndUh2LMrz5P6adEuFUu3Z7nyVRpHBhyCI5AHNjgHZXADKqAGMHgCb+ADfBrPxrvxZXxPrEtG2nMA/sH4+QWQa600</latexit>

h : (x1, . . . ,xT ) 7! (h1, . . . ,hT )

<latexit sha1_base64="6YyyiZjy81yb3D0O8MWPELCvtLA="></latexit>

ht = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)

A C

B

ht�1

xt

1

Definition : 

Set of functions      mapping  

input sequences to hidden state sequences 

computed by                     of  

rank       and hidden state          

<latexit sha1_base64="YGZpxLZIiDf6StpOFTczt2OvNlI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSw6jUL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMr/2pUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AAYOjQs=</latexit>

h

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="p6RkhIUNUxDEiRiNBVvYGEEpntE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELp4IGnkksCGzwwATZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0mh0ba/rcza+sbmVnY7t7O7t3+QPzxq6DBWjNdZKEPV8qjmUgS8jgIlb0WKU9+TvOmNKjO/OeZKizB4wEnEXZ8OAtEXjKKR3A7yJ0wqtftqdaq7+YJdtOcgq8RJSQFS1Lr5r04vZLHPA2SSat127AjdhCoUTPJprhNrHlE2ogPeNjSgPtduMj96Ss6M0iP9UJkKkMzV3xMJ9bWe+J7p9CkO9bI3E//z2jH2r91EBFGMPGCLRf1YEgzJLAHSE4ozlBNDKFPC3ErYkCrK0OSUMyE4yy+vksZF0SkVS3eXhfJNGkcWTuAUzsGBKyjDLdSgDgwe4Rle4c0aWy/Wu/WxaM1Y6cwx/IH1+QO2OpIU</latexit>

CPRNNs

<latexit sha1_base64="qn4u6Qr+FfnWji24cMdDpXYpAVs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSGO2t6MVjLbYW2lA22027dPPB7kYopf/AiwdFvPqPvPlv3LQVVPTBwOO9GWbmBSlnUlnWh1FYWV1b3yhulra2d3b3yvsHbZlkgtAWSXgiOgGWlLOYthRTnHZSQXEUcHoXjK9y/+6eCsmS+FZNUupHeBizkBGstNRslvrlimXWao5bdZBleo5r2Wea2K5n16rINq05KrBEo19+7w0SkkU0VoRjKbu2lSp/ioVihNNZqZdJmmIyxkPa1TTGEZX+dH7pDJ1oZYDCROiKFZqr3yemOJJyEgW6M8JqJH97ufiX181UeOFPWZxmisZksSjMOFIJyt9GAyYoUXyiCSaC6VsRGWGBidLh5CF8fYr+J23HtD3Tu3Er9ctlHEU4gmM4BRvOoQ7X0IAWEAjhAZ7g2Rgbj8aL8bpoLRjLmUP4AePtE0ukjTw=</latexit>

R <latexit sha1_base64="iEyJf/L8yelLz8M+NMNtZRf2eaQ=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pPVW9OKxiv2ANpTNdtMu3WzC7kYopf/AiwdFvPqPvPlv3LQRVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6vM79xTqVgs7vQ0oX6ER4KFjGBtpFtRGpQrjl2rO965hxzbWcCQ8/qF51aRmysVyNEclN/7w5ikERWacKxUz3US7c+w1IxwOi/1U0UTTCZ4RHuGChxR5c8Wl87RiVGGKIylKaHRQv0+McORUtMoMJ0R1mP128vEv7xeqsO6P2MiSTUVZLkoTDnSMcreRkMmKdF8aggmkplbERljiYk24WQhfH2K/iftM9v1bO+mWmlc5nEU4QiO4RRcqEEDrqEJLSAQwgM8wbM1sR6tF+t12Vqw8plD+AHr7RNnfI1O</latexit>n<latexit sha1_base64="iEyJf/L8yelLz8M+NMNtZRf2eaQ=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pPVW9OKxiv2ANpTNdtMu3WzC7kYopf/AiwdFvPqPvPlv3LQRVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6vM79xTqVgs7vQ0oX6ER4KFjGBtpFtRGpQrjl2rO965hxzbWcCQ8/qF51aRmysVyNEclN/7w5ikERWacKxUz3US7c+w1IxwOi/1U0UTTCZ4RHuGChxR5c8Wl87RiVGGKIylKaHRQv0+McORUtMoMJ0R1mP128vEv7xeqsO6P2MiSTUVZLkoTDnSMcreRkMmKdF8aggmkplbERljiYk24WQhfH2K/iftM9v1bO+mWmlc5nEU4QiO4RRcqEEDrqEJLSAQwgM8wbM1sR6tF+t12Vqw8plD+AHr7RNnfI1O</latexit>n
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="yak4EbADLU+3BR8LdJa8EREQ66U=">AAACO3icbVDLSgMxFM34rPU16tJNsAgVSpkRqeKq6MZllb6grSWTZjqhmcyQZMQy9L/c+BPu3LhxoYhb92baQWrbA4GTc89N7j1OyKhUlvVqLC2vrK6tZzaym1vbO7vm3n5dBpHApIYDFoimgyRhlJOaooqRZigI8h1GGs7gOqk3HoiQNOBVNQxJx0d9Tl2KkdJS17zzLvNtHynPcePH0b1dgO1eoGRhSqvCE6ivoVQB/PN6C7zexNs1c1bRGgPOEzslOZCi0jVf9Ds48glXmCEpW7YVqk6MhKKYkVG2HUkSIjxAfdLSlCOfyE483n0Ej7XSg24g9OEKjtXpjhj5Ug59RzuTMeVsLREX1VqRci86MeVhpAjHk4/ciEGdQhIk7FFBsGJDTRAWVM8KsYcEwkrHndUh2LMrz5P6adEuFUu3Z7nyVRpHBhyCI5AHNjgHZXADKqAGMHgCb+ADfBrPxrvxZXxPrEtG2nMA/sH4+QWQa600</latexit>

h : (x1, . . . ,xT ) 7! (h1, . . . ,hT )

<latexit sha1_base64="6YyyiZjy81yb3D0O8MWPELCvtLA="></latexit>

ht = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)

A C

B

ht�1

xt

1

Definition : 

<latexit sha1_base64="Vm3LGJrb/dcbsdQcUjBHK6mdMys=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAxCvITdINFj0EtOIYp5QBLC7GSSDJmdXWZ6xbDsyYu/4sWDIl79Bm/+jZPHQRMLGoqqbrq7vFBwDY7zbaVWVtfWN9Kbma3tnd09e/+groNIUVajgQhU0yOaCS5ZDTgI1gwVI74nWMMbXU/8xj1TmgfyDsYh6/hkIHmfUwJG6trHbZ/AkBIRl5Nu3Ab2AHHhtlJJkpw8w1076+SdKfAycecki+aodu2vdi+gkc8kUEG0brlOCJ2YKOBUsCTTjjQLCR2RAWsZKonPdCeevpHgU6P0cD9QpiTgqfp7Iia+1mPfM52To/WiNxH/81oR9C87MZdhBEzS2aJ+JDAEeJIJ7nHFKIixIYQqbm7FdEgUoWCSy5gQ3MWXl0m9kHeL+eLNebZ0NY8jjY7QCcohF12gEiqjKqohih7RM3pFb9aT9WK9Wx+z1pQ1nzlEf2B9/gDgR5i9</latexit>

H2RNN(n)
<latexit sha1_base64="ADB1eMSmJ6d32IcSkJjujuhDzoA=">AAACBXicbVC7SgNBFJ31GeMraqnFYBBiE3ZFomXQJlWIYh6QXcLsZJIMmZ1dZu6KYdnGxl+xsVDE1n+w82+cPApNPHDhcM693HuPHwmuwba/raXlldW19cxGdnNre2c3t7ff0GGsKKvTUISq5RPNBJesDhwEa0WKkcAXrOkPr8d+854pzUN5B6OIeQHpS97jlICROrkjNyAwoEQklbSTuMAeILmtVtO0IE9xJ5e3i/YEeJE4M5JHM9Q6uS+3G9I4YBKoIFq3HTsCLyEKOBUszbqxZhGhQ9JnbUMlCZj2kskXKT4xShf3QmVKAp6ovycSEmg9CnzTOb5Zz3tj8T+vHUPv0ku4jGJgkk4X9WKBIcTjSHCXK0ZBjAwhVHFzK6YDoggFE1zWhODMv7xIGmdFp1Qs3Zzny1ezODLoEB2jAnLQBSqjCqqhOqLoET2jV/RmPVkv1rv1MW1dsmYzB+gPrM8fZZiYgQ==</latexit>

HRNN(n)
<latexit sha1_base64="Xg8wdLrJ3n2rNB9rHpj2wkC45cA=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0GIl7ArEj0GvcSDIYp5QBLC7GSSDJmdXWZ6xbDszYu/4sWDIl79BW/+jZPHQRMLGoqqbrq7vFBwDY7zbS0sLi2vrKbW0usbm1vb9s5uVQeRoqxCAxGoukc0E1yyCnAQrB4qRnxPsJo3uBz5tXumNA/kHQxD1vJJT/IupwSM1LYPmj6BPiUiLibtuAnsAeLrq9tSKUmy8hi37YyTc8bA88Sdkgyaoty2v5qdgEY+k0AF0brhOiG0YqKAU8GSdDPSLCR0QHqsYagkPtOtePxHgo+M0sHdQJmSgMfq74mY+FoPfc90jq7Ws95I/M9rRNA9b8VchhEwSSeLupHAEOBRKLjDFaMghoYQqri5FdM+UYSCiS5tQnBnX54n1ZOcm8/lb04zhYtpHCm0jw5RFrnoDBVQEZVRBVH0iJ7RK3qznqwX6936mLQuWNOZPfQH1ucPqN6ZKw==</latexit>

HMIRNN(n)

Set of functions      mapping  

input sequences to hidden state sequences 

computed by                     of  

rank       and hidden state          

<latexit sha1_base64="YGZpxLZIiDf6StpOFTczt2OvNlI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2m3bpZhN2J0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSw6jUL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0p1SjYJLPSr3U8ISyMR3yrqWKRtz40/mlM3JmlQEJY21LIZmrvyemNDJmEgW2M6I4MsteJv7ndVMMr/2pUEmKXLHFojCVBGOSvU0GQnOGcmIJZVrYWwkbUU0Z2nCyELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AAYOjQs=</latexit>

h

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="p6RkhIUNUxDEiRiNBVvYGEEpntE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELp4IGnkksCGzwwATZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0mh0ba/rcza+sbmVnY7t7O7t3+QPzxq6DBWjNdZKEPV8qjmUgS8jgIlb0WKU9+TvOmNKjO/OeZKizB4wEnEXZ8OAtEXjKKR3A7yJ0wqtftqdaq7+YJdtOcgq8RJSQFS1Lr5r04vZLHPA2SSat127AjdhCoUTPJprhNrHlE2ogPeNjSgPtduMj96Ss6M0iP9UJkKkMzV3xMJ9bWe+J7p9CkO9bI3E//z2jH2r91EBFGMPGCLRf1YEgzJLAHSE4ozlBNDKFPC3ErYkCrK0OSUMyE4yy+vksZF0SkVS3eXhfJNGkcWTuAUzsGBKyjDLdSgDgwe4Rle4c0aWy/Wu/WxaM1Y6cwx/IH1+QO2OpIU</latexit>

CPRNNs

Similarly, we define :

<latexit sha1_base64="qn4u6Qr+FfnWji24cMdDpXYpAVs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSGO2t6MVjLbYW2lA22027dPPB7kYopf/AiwdFvPqPvPlv3LQVVPTBwOO9GWbmBSlnUlnWh1FYWV1b3yhulra2d3b3yvsHbZlkgtAWSXgiOgGWlLOYthRTnHZSQXEUcHoXjK9y/+6eCsmS+FZNUupHeBizkBGstNRslvrlimXWao5bdZBleo5r2Wea2K5n16rINq05KrBEo19+7w0SkkU0VoRjKbu2lSp/ioVihNNZqZdJmmIyxkPa1TTGEZX+dH7pDJ1oZYDCROiKFZqr3yemOJJyEgW6M8JqJH97ufiX181UeOFPWZxmisZksSjMOFIJyt9GAyYoUXyiCSaC6VsRGWGBidLh5CF8fYr+J23HtD3Tu3Er9ctlHEU4gmM4BRvOoQ7X0IAWEAjhAZ7g2Rgbj8aL8bpoLRjLmUP4AePtE0ukjTw=</latexit>

R <latexit sha1_base64="iEyJf/L8yelLz8M+NMNtZRf2eaQ=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pPVW9OKxiv2ANpTNdtMu3WzC7kYopf/AiwdFvPqPvPlv3LQRVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6vM79xTqVgs7vQ0oX6ER4KFjGBtpFtRGpQrjl2rO965hxzbWcCQ8/qF51aRmysVyNEclN/7w5ikERWacKxUz3US7c+w1IxwOi/1U0UTTCZ4RHuGChxR5c8Wl87RiVGGKIylKaHRQv0+McORUtMoMJ0R1mP128vEv7xeqsO6P2MiSTUVZLkoTDnSMcreRkMmKdF8aggmkplbERljiYk24WQhfH2K/iftM9v1bO+mWmlc5nEU4QiO4RRcqEEDrqEJLSAQwgM8wbM1sR6tF+t12Vqw8plD+AHr7RNnfI1O</latexit>n<latexit sha1_base64="iEyJf/L8yelLz8M+NMNtZRf2eaQ=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0i0pPVW9OKxiv2ANpTNdtMu3WzC7kYopf/AiwdFvPqPvPlv3LQRVPTBwOO9GWbmBQlnSjvOh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek6vM79xTqVgs7vQ0oX6ER4KFjGBtpFtRGpQrjl2rO965hxzbWcCQ8/qF51aRmysVyNEclN/7w5ikERWacKxUz3US7c+w1IxwOi/1U0UTTCZ4RHuGChxR5c8Wl87RiVGGKIylKaHRQv0+McORUtMoMJ0R1mP128vEv7xeqsO6P2MiSTUVZLkoTDnSMcreRkMmKdF8aggmkplbERljiYk24WQhfH2K/iftM9v1bO+mWmlc5nEU4QiO4RRcqEEDrqEJLSAQwgM8wbM1sR6tF+t12Vqw8plD+AHr7RNnfI1O</latexit>n



How does increasing the capacity of the 
tensor parameter relate to the 
expressivity of the CPRNN? 

How does the point of saturation in 
tensor space translate in  

function space? 

How do the rank and hidden size 
interplay in controlling the CPRNNs 

capacity?

Nested family in tensor space
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Questions



How does increasing the capacity of the 
tensor parameter relate to the 
expressivity of the CPRNN? 

How does the point of saturation in 
tensor space translate in  

function space? 

How do the rank and hidden size 
interplay in controlling the CPRNNs 

capacity?

Questions

Relations of inclusions 

  

between sets 

<latexit sha1_base64="j6yW42vCvHu4aubwXCRevEjDVpM=">AAACCnicbVBNS8NAEN3Ur1q/qh69RItQUUoiUj0We+mp1GI/oClls93WpZtN2J2IJeTsxb/ixYMiXv0F3vw3btsctPXBwOO9GWbmuQFnCizr20gtLa+srqXXMxubW9s72d29pvJDSWiD+NyXbRcrypmgDWDAaTuQFHsupy13VJ74rXsqFfPFLYwD2vXwULABIxi01MseOh6GO4J5VIl7kQP0AaJyrV6txnG+fmqfiZNeNmcVrCnMRWInJIcS1HrZL6fvk9CjAgjHSnVsK4BuhCUwwmmccUJFA0xGeEg7mgrsUdWNpq/E5rFW+ubAl7oEmFP190SEPaXGnqs7J4ereW8i/ud1QhhcdSMmghCoILNFg5Cb4JuTXMw+k5QAH2uCiWT6VpPcYYkJ6PQyOgR7/uVF0jwv2MVC8eYiV7pO4kijA3SE8shGl6iEKqiGGoigR/SMXtGb8WS8GO/Gx6w1ZSQz++gPjM8fUDeaAA==</latexit>

HCPRNN(R+ 1, n)
<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
<latexit sha1_base64="EHihqYvMh2SVx12VudUwoI0FAuE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUSkeix40GMF+yFtKJvtpF26u4m7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsmjjVDBosFrFuh9SA4AoayFFAO9FAZSigFY6up37rCbThsbrHcQKBpAPFI84oWumha9LQAMJjr1T2Kt4M7jLxc1ImOeq90le3H7NUgkImqDEd30swyKhGzgRMit3UQELZiA6gY6miEkyQzQ6euKdW6btRrG0pdGfq74mMSmPGMrSdkuLQLHpT8T+vk2J0FWRcJSmCYvNFUSpcjN3p926fa2AoxpZQprm91WVDqilDm1HRhuAvvrxMmucVv1qp3l2Uazd5HAVyTE7IGfHJJamRW1InDcKIJM/klbw52nlx3p2PeeuKk88ckT9wPn8AJ0KQrA==</latexit>✓<latexit sha1_base64="k0pYBJgrj8BjSullbG/vfHKElcs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcK9gPbUDbbSbt0s4m7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3nlBpHst7M07Qj+hA8pAzaqz00NVpoNFIfOyVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NLp6QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEzfJ32ukBkxtoQyxe2thA2poszYkIo2BG/x5WXSPK941Ur17qJcu8njKMAxnMAZeHAJNbiFOjSAgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MH9ryRJA==</latexit>(
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. . .
. . .

. . .

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx
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. . .
. . .

. . .

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx

A B x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx
<latexit sha1_base64="bRGtC3QdqhIVXh8rxDowEcid3nc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6sIuq9gHtCFMppN26GQSZiZCCQF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NwtLyyupacb20sbm1vWPu7rVlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk441vMr/zSISkIX9Qk4g4ARpy6lOMlJZc86AfIDXCiCWN1E2urtPK/Sk/cc2yVbWmgIvEzkkZ5Gi65ld/EOI4IFxhhqTs2VaknAQJRTEjaakfSxIhPEZD0tOUo4BIJ5nGT+GxVgbQD4V+XMGp+nsjQYGUk8DTk1lYOe9l4n9eL1b+pZNQHsWKcDw75McMqhBmXcABFQQrNtEEYUF1VohHSCCsdGMlXYI9/+VF0j6r2rVq7e68XL/N6yiCQ3AEKsAGF6AOGqAJWgCDBDyDV/BmPBkvxrvxMRstGPnOPvgD4/MHVa2VGg==</latexit>

HAB(R,n)

SaturationStrict Inclusion
<latexit sha1_base64="LPWCNcsZUmDmMbm6fc8A63DoEYo=">AAACGHicbVDLSsNAFJ34rPUVdelmsAgVpSYi1Y1QdWGXVewD2hAm02k7dDIJMxOhhHyGG3/FjQtF3Hbn3zhps9DWAxcO59zLvfd4IaNSWda3sbC4tLyymlvLr29sbm2bO7sNGUQCkzoOWCBaHpKEUU7qiipGWqEgyPcYaXrD29RvPhEhacAf1Sgkjo/6nPYoRkpLrnna8ZEaYMTiauLG1zdJ8eGEH8ErOK8f29pxzYJVsiaA88TOSAFkqLnmuNMNcOQTrjBDUrZtK1ROjISimJEk34kkCREeoj5pa8qRT6QTTx5L4KFWurAXCF1cwYn6eyJGvpQj39Od6bly1kvF/7x2pHqXTkx5GCnC8XRRL2JQBTBNCXapIFixkSYIC6pvhXiABMJKZ5nXIdizL8+TxlnJLpfK9+eFyl0WRw7sgwNQBDa4ABVQBTVQBxg8g1fwDj6MF+PN+DS+pq0LRjazB/7AGP8ACwmehA==</latexit>

HAB(R,n) = HAB(R+ 1, n)
<latexit sha1_base64="OBukUBWmAcT9sJvOHy48LG2FMr4=">AAACIXicbVDLSgMxFM34rPVVdekmWISKUmZEapdVF3ZZxT6gLSWT3rahmcyYZIQyzK+48VfcuFCkO/FnTNtZaOuBwOGcc8m9xw04U9q2v6yl5ZXVtfXURnpza3tnN7O3X1N+KClUqc992XCJAs4EVDXTHBqBBOK5HOru8Gbi159AKuaLBz0KoO2RvmA9Rok2UidTbHlEDyjhUTnuRFfXce7+TJzglgpdBVrAI14MnDom0slk7bw9BV4kTkKyKEGlkxm3uj4NPRCacqJU07ED3Y6I1IxyiNOtUEFA6JD0oWmoIB6odjS9MMbHRunini/NExpP1d8TEfGUGnmuSU7WVfPeRPzPa4a6V2xHTAShBkFnH/VCjrWPJ3XhLpNANR8ZQqhkZldMB0QSqk2paVOCM3/yIqmd551CvnB3kS3dJnWk0CE6QjnkoEtUQmVUQVVE0TN6Re/ow3qx3qxPazyLLlnJzAH6A+v7Bxi0otc=</latexit>

HAB(R,n) ( HAB(R+ 1, n)

A B x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

<latexit sha1_base64="5mY5PYJellBwbhpDNVp6uXzGuhE=">AAACBXicbVC7SgNBFJ31GeMraqnFYBAsJOyKRBshaGMZxTwgG8LsZJIMmZldZu5KwrKNjb9iY6GIrf9g5984eRSaeODC4Zx7ufeeIBLcgOt+OwuLS8srq5m17PrG5tZ2bme3asJYU1ahoQh1PSCGCa5YBTgIVo80IzIQrBb0r0d+7YFpw0N1D8OINSXpKt7hlICVWrmDu1biAxtAIskgTfEl9iVXfqJO2n7ayuXdgjsGnifelOTRFOVW7stvhzSWTAEVxJiG50bQTIgGTgVLs35sWERon3RZw1JFJDPNZPxFio+s0sadUNtSgMfq74mESGOGMrCdkkDPzHoj8T+vEUPnoplwFcXAFJ0s6sQCQ4hHkeA214yCGFpCqOb2Vkx7RBMKNrisDcGbfXmeVE8LXrFQvD3Ll66mcWTQPjpEx8hD56iEblAZVRBFj+gZvaI358l5cd6dj0nrgjOd2UN/4Hz+AJJcmKE=</latexit>

Rmax = min{n, d}

<latexit sha1_base64="i/Vxib7yxMkUQZyVqx/NrE7N2kE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3pMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7G0jOY=</latexit>

R

. . .
. . .

. . .

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

Intuition : Consider a linear non recurrent model 
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="KfMxlyWigKeiaqbKEHbzJaRqOhE="></latexit>

h(xt,ht�1) = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx

A B x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

<latexit sha1_base64="bRGtC3QdqhIVXh8rxDowEcid3nc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6sIuq9gHtCFMppN26GQSZiZCCQF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NwtLyyupacb20sbm1vWPu7rVlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk441vMr/zSISkIX9Qk4g4ARpy6lOMlJZc86AfIDXCiCWN1E2urtPK/Sk/cc2yVbWmgIvEzkkZ5Gi65ld/EOI4IFxhhqTs2VaknAQJRTEjaakfSxIhPEZD0tOUo4BIJ5nGT+GxVgbQD4V+XMGp+nsjQYGUk8DTk1lYOe9l4n9eL1b+pZNQHsWKcDw75McMqhBmXcABFQQrNtEEYUF1VohHSCCsdGMlXYI9/+VF0j6r2rVq7e68XL/N6yiCQ3AEKsAGF6AOGqAJWgCDBDyDV/BmPBkvxrvxMRstGPnOPvgD4/MHVa2VGg==</latexit>

HAB(R,n)

Intuition : For CPRNNs 
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="KfMxlyWigKeiaqbKEHbzJaRqOhE="></latexit>

h(xt,ht�1) = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)

<latexit sha1_base64="indq5Y8+FFGsiTvvygaeHlVg2TM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRG8GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5NnjM4=</latexit>

?

A C

B

ht�1

xt

1

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx
<latexit sha1_base64="bRGtC3QdqhIVXh8rxDowEcid3nc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6sIuq9gHtCFMppN26GQSZiZCCQF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NwtLyyupacb20sbm1vWPu7rVlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk441vMr/zSISkIX9Qk4g4ARpy6lOMlJZc86AfIDXCiCWN1E2urtPK/Sk/cc2yVbWmgIvEzkkZ5Gi65ld/EOI4IFxhhqTs2VaknAQJRTEjaakfSxIhPEZD0tOUo4BIJ5nGT+GxVgbQD4V+XMGp+nsjQYGUk8DTk1lYOe9l4n9eL1b+pZNQHsWKcDw75McMqhBmXcABFQQrNtEEYUF1VohHSCCsdGMlXYI9/+VF0j6r2rVq7e68XL/N6yiCQ3AEKsAGF6AOGqAJWgCDBDyDV/BmPBkvxrvxMRstGPnOPvgD4/MHVa2VGg==</latexit>

HAB(R,n)

A B x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

Intuition : For CPRNNs 
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Relating Tensor Space to Function Space through Rank
Intuition : For CPRNNs 

<latexit sha1_base64="KfMxlyWigKeiaqbKEHbzJaRqOhE="></latexit>

h(xt,ht�1) = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)
<latexit sha1_base64="j6yW42vCvHu4aubwXCRevEjDVpM=">AAACCnicbVBNS8NAEN3Ur1q/qh69RItQUUoiUj0We+mp1GI/oClls93WpZtN2J2IJeTsxb/ixYMiXv0F3vw3btsctPXBwOO9GWbmuQFnCizr20gtLa+srqXXMxubW9s72d29pvJDSWiD+NyXbRcrypmgDWDAaTuQFHsupy13VJ74rXsqFfPFLYwD2vXwULABIxi01MseOh6GO4J5VIl7kQP0AaJyrV6txnG+fmqfiZNeNmcVrCnMRWInJIcS1HrZL6fvk9CjAgjHSnVsK4BuhCUwwmmccUJFA0xGeEg7mgrsUdWNpq/E5rFW+ubAl7oEmFP190SEPaXGnqs7J4ereW8i/ud1QhhcdSMmghCoILNFg5Cb4JuTXMw+k5QAH2uCiWT6VpPcYYkJ6PQyOgR7/uVF0jwv2MVC8eYiV7pO4kijA3SE8shGl6iEKqiGGoigR/SMXtGb8WS8GO/Gx6w1ZSQz++gPjM8fUDeaAA==</latexit>

HCPRNN(R+ 1, n)

A C

B

ht�1

xt

1

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx
<latexit sha1_base64="bRGtC3QdqhIVXh8rxDowEcid3nc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6sIuq9gHtCFMppN26GQSZiZCCQF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NwtLyyupacb20sbm1vWPu7rVlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk441vMr/zSISkIX9Qk4g4ARpy6lOMlJZc86AfIDXCiCWN1E2urtPK/Sk/cc2yVbWmgIvEzkkZ5Gi65ld/EOI4IFxhhqTs2VaknAQJRTEjaakfSxIhPEZD0tOUo4BIJ5nGT+GxVgbQD4V+XMGp+nsjQYGUk8DTk1lYOe9l4n9eL1b+pZNQHsWKcDw75McMqhBmXcABFQQrNtEEYUF1VohHSCCsdGMlXYI9/+VF0j6r2rVq7e68XL/N6yiCQ3AEKsAGF6AOGqAJWgCDBDyDV/BmPBkvxrvxMRstGPnOPvgD4/MHVa2VGg==</latexit>

HAB(R,n)

A B x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
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Relating Tensor Space to Function Space through Rank
Intuition : For CPRNNs 

<latexit sha1_base64="KfMxlyWigKeiaqbKEHbzJaRqOhE="></latexit>

h(xt,ht�1) = �([[A,B,C]]⇥1 h
t�1 ⇥2 x

t +Vht�1 +Uxt + b)
<latexit sha1_base64="j6yW42vCvHu4aubwXCRevEjDVpM=">AAACCnicbVBNS8NAEN3Ur1q/qh69RItQUUoiUj0We+mp1GI/oClls93WpZtN2J2IJeTsxb/ixYMiXv0F3vw3btsctPXBwOO9GWbmuQFnCizr20gtLa+srqXXMxubW9s72d29pvJDSWiD+NyXbRcrypmgDWDAaTuQFHsupy13VJ74rXsqFfPFLYwD2vXwULABIxi01MseOh6GO4J5VIl7kQP0AaJyrV6txnG+fmqfiZNeNmcVrCnMRWInJIcS1HrZL6fvk9CjAgjHSnVsK4BuhCUwwmmccUJFA0xGeEg7mgrsUdWNpq/E5rFW+ubAl7oEmFP190SEPaXGnqs7J4ereW8i/ud1QhhcdSMmghCoILNFg5Cb4JuTXMw+k5QAH2uCiWT6VpPcYYkJ6PQyOgR7/uVF0jwv2MVC8eYiV7pO4kijA3SE8shGl6iEKqiGGoigR/SMXtGb8WS8GO/Gx6w1ZSQz++gPjM8fUDeaAA==</latexit>

HCPRNN(R+ 1, n)

<latexit sha1_base64="KT9pdS8sKGR20xdhRJNUt0jW4aw="></latexit>

HCPRNN(R,n) ? HCPRNN(R+ 1, n)
<latexit sha1_base64="KT9pdS8sKGR20xdhRJNUt0jW4aw="></latexit>

HCPRNN(R,n) ? HCPRNN(R+ 1, n)

<latexit sha1_base64="indq5Y8+FFGsiTvvygaeHlVg2TM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRG8GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5NnjM4=</latexit>

?

A C

B

ht�1

xt

1

<latexit sha1_base64="i/Vxib7yxMkUQZyVqx/NrE7N2kE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3pMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7G0jOY=</latexit>

R

Saturation?Strict Inclusion?

<latexit sha1_base64="f3ayGeGh0C9aS5GZTydBpbce0pU=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSxCvZREpHoRqh70WME+oA1ls920SzebsLuRlpCv4cWv4sWDIh715Ldx08ZX68DCb/8zw8z83ZBRqSzrw5ibX1hcWs6t5FfX1jc2za3tugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwUWab9wSIWnAb9QoJI6Pepx6FCOlpY5p9YttH6m+68XD5ACewq/fWfKN5z84TDpmwSpZ44CzYGdQAFlUO+ZbuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxAPdLSyJFPpBOPL0vgvla60AuEflzBsfq7I0a+lCPf1ZXphnI6l4r/5VqR8k6cmPIwUoTjySAvYlAFMLUJdqkgWLGRBoQF1btC3EcCYaXNzGsT7OmTZ6F+WLLLpfL1UaFymdmRA7tgDxSBDY5BBVyBKqgBDO7AA3gCz8a98Wi8GK+T0jkj69kBf8J4/wRk96Cc</latexit>

h(x) = ABx
<latexit sha1_base64="bRGtC3QdqhIVXh8rxDowEcid3nc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6sIuq9gHtCFMppN26GQSZiZCCQF/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6NwtLyyupacb20sbm1vWPu7rVlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk441vMr/zSISkIX9Qk4g4ARpy6lOMlJZc86AfIDXCiCWN1E2urtPK/Sk/cc2yVbWmgIvEzkkZ5Gi65ld/EOI4IFxhhqTs2VaknAQJRTEjaakfSxIhPEZD0tOUo4BIJ5nGT+GxVgbQD4V+XMGp+nsjQYGUk8DTk1lYOe9l4n9eL1b+pZNQHsWKcDw75McMqhBmXcABFQQrNtEEYUF1VohHSCCsdGMlXYI9/+VF0j6r2rVq7e68XL/N6yiCQ3AEKsAGF6AOGqAJWgCDBDyDV/BmPBkvxrvxMRstGPnOPvgD4/MHVa2VGg==</latexit>

HAB(R,n)

A B x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
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Relating Tensor Space to Function Space through Rank

1)           : maximal CP rank is unknown 

2) Recurrence :              is not “free”  
 

3) Non linearities

<latexit sha1_base64="Rf4kFk7MYrvhJ+IqlaHN7OX1MM4=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSJU0JKIVpcFF7qsYB/QpmUynbRDJw9mbsQS8iVu/BU3LhQRXOnfOGkj1OqBgTPn3Mu99zghZxJM80vLLSwuLa/kVwtr6xubW/r2TkMGkSC0TgIeiJaDJeXMp3VgwGkrFBR7DqdNZ3SZ+s07KiQL/FsYh9T28MBnLiMYlNTTz0odD8PQceP7pAtHxs9vmHRjOLaSw1QJJQSzDvT0olk2JzD+EisjRZSh1tM/Ov2ARB71gXAsZdsyQ7BjLIARTpNCJ5I0xGSEB7StqI89Ku14cl5iHCilb7iBUM8HY6LOdsTYk3LsOaoy3VHOe6n4n9eOwL2wY+aHEVCfTAe5ETfUtWlWRp8JSoCPFcFEMLWrQYZYYAIq0YIKwZo/+S9pnJStSrlyc1qsXmVx5NEe2kclZKFzVEXXqIbqiKAH9IRe0Kv2qD1rb9r7tDSnZT276Be0z2/gUaMA</latexit>

(xt,ht�1) 7! ht

<latexit sha1_base64="eo+V4GkNkv3OPQuV3gpoMKFHa1k=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpKIVJcFF7qsYB/QxjKZTtqhk0mYuVFKzKe4caGIW7/EnX/jpO1CWw8MHM65l3vm+LHgGhzn2yqsrK6tbxQ3S1vbO7t7dnm/paNEUdakkYhUxyeaCS5ZEzgI1okVI6EvWNsfX+V++4EpzSN5B5OYeSEZSh5wSsBIfbuMeyGBkR+ko+w+hVM369sVp+pMgZeJOycVNEejb3/1BhFNQiaBCqJ113Vi8FKigFPBslIv0SwmdEyGrGuoJCHTXjqNnuFjowxwECnzJOCp+nsjJaHWk9A3k3lOvejl4n9eN4Hg0ku5jBNgks4OBYnAEOG8BzzgilEQE0MIVdxkxXREFKFg2iqZEtzFLy+T1lnVrVVrt+eV+vW8jiI6REfoBLnoAtXRDWqgJqLoET2jV/RmPVkv1rv1MRstWPOdA/QH1ucP+vuT2w==</latexit>

ht�1

<latexit sha1_base64="C90NMCy2xCIhz6GPM4MfY9zxulA=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI8BD3qMYh6QrGF2MpsMmZldZno1Ydn/8OJBEa/+izf/xsnjoIkFDUVVN91dQSy4Adf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEU1ankYh0KyCGCa5YHTgI1oo1IzIQrBkMryZ+85FpwyN1D+OY+ZL0FQ85JWClh7tu2gE2glSSUZZ1iyW37E6Bl4k3JyU0R61b/Or0IppIpoAKYkzbc2PwU6KBU8GyQicxLCZ0SPqsbakikhk/nV6d4ROr9HAYaVsK8FT9PZESacxYBrZTEhiYRW8i/ue1Ewgv/ZSrOAGm6GxRmAgMEZ5EgHtcMwpibAmhmttbMR0QTSjYoAo2BG/x5WXSOCt7lXLl9rxUvZ7HkUdH6BidIg9doCq6QTVURxRp9Ixe0Zvz5Lw4787HrDXnzGcO0R84nz9fx5Me</latexit>

Rmax

A C

B

ht�1

xt

1

Intuition : For CPRNNs, non trivial! 

<latexit sha1_base64="KT9pdS8sKGR20xdhRJNUt0jW4aw="></latexit>

HCPRNN(R,n) ? HCPRNN(R+ 1, n)
<latexit sha1_base64="KT9pdS8sKGR20xdhRJNUt0jW4aw="></latexit>

HCPRNN(R,n) ? HCPRNN(R+ 1, n)

<latexit sha1_base64="indq5Y8+FFGsiTvvygaeHlVg2TM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRG8GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5NnjM4=</latexit>

?

<latexit sha1_base64="i/Vxib7yxMkUQZyVqx/NrE7N2kE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3pMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7G0jOY=</latexit>

R

Saturation?Strict Inclusion?
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Relating Tensor Space to Function Space through Rank

Inclusion (easy)

Saturation

Theorem 1 
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Relating Tensor Space to Function Space through Rank

Strict Inclusion (Non trivial!)

Theorem 1 
Inclusion (easy)

Saturation
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

SaturationStrict Inclusion

Strict Inclusion (Non trivial!)

Theorem 1 
Inclusion (easy)

Saturation

?
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

SaturationStrict Inclusion

R = n

R = Rtyp-max

R = Rmax
CPRNN

RNN

CPBIRNN

R = 0

Theorem 1 
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

SaturationStrict Inclusion

R = n

R = Rtyp-max

R = Rmax
CPRNN2RNN

RNN

CPBIRNN

R = 0

Corollary 3
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Relating Tensor Space to Function Space through Rank

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

<latexit sha1_base64="tDd3MxIiMI0GJavfJWgiKcGp3us=">AAACKXicbVBdSwJBFJ21L7Mvq8dehiQwCtmNsJ5C8MUnMckPUJHZ8aqDs7PbzGwgi3+nl/5KLwVF9dofaVZ9KPPAwOGcc5l7jxtwprRtf1qJldW19Y3kZmpre2d3L71/UFd+KCnUqM992XSJAs4E1DTTHJqBBOK5HBruqBj7jQeQivniTo8D6HhkIFifUaKN1E0XcNsjekgJj0qTblSsVMvlSbZ6Lk5xW4WuAi3gfnnmzIlT3XTGztlT4P/EmZMMmqPSTb+2ez4NPRCacqJUy7ED3YmI1IxymKTaoYKA0BEZQMtQQTxQnWh66QSfGKWH+740T2g8VX9PRMRTauy5JhmvrBa9WFzmtULdv+5ETAShBkFnH/VDjrWP49pwj0mgmo8NIVQysyumQyIJ1abclCnBWTz5P6lf5Jx8Ln97mSnczOtIoiN0jLLIQVeogEqogmqIokf0jN7Qu/VkvVgf1tcsmrDmM4foD6zvHz+dpVo=</latexit>

HCPRNN (R,n) ( HCPRNN (R+ 1, n)

<latexit sha1_base64="KNfMsjqAhF++TUyKgkX6lEmTaI0=">AAACJnicbVBNS0JBFJ3Xp9nXq5ZthiQoCHlPwtoUkhvbiElqoCLzxmsOzpv3mpkXyMNf06a/0qaFEdGun9L4sUjtwMDhnHOZe48Xcqa043xbS8srq2vriY3k5tb2zq69t19VQSQpVGjAA/ngEQWcCahopjk8hBKI73Goeb38yK89g1QsEPe6H0LTJ4+CdRgl2kgt+wo3fKK7lPC4MGjF+dLNbblYHJyUz8QpbqjIU6AFPM2mMuOICbTslJN2xsCLxJ2SFJqi1LKHjXZAIx+EppwoVXedUDdjIjWjHAbJRqQgJLRHHqFuqCA+qGY8PnOAj43Sxp1Amic0Hqt/J2LiK9X3PZMcbavmvZH4n1ePdOeyGTMRRhoEnXzUiTjWAR51httMAtW8bwihkpldMe0SSag2zSZNCe78yYukmkm72XT27jyVu57WkUCH6AidIBddoBwqoBKqIIpe0Bsaog/r1Xq3Pq2vSXTJms4coBlYP797xqSM</latexit>

HCPBIRNN (R,n) ( H2RNN (n)
<latexit sha1_base64="kYV3+gsEkw/fNFJyKNlpixchdbw=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoIGWmlOpGKXZTN6UW+4B2KJk0bUMzmSHJCGWYH3Hjr7hxoYgLN+LfmD4WtvXAhcM593LvPW7AqFSW9WMk1tY3NreS26md3b39A/PwqCH9UGBSxz7zRctFkjDKSV1RxUgrEAR5LiNNd1Sa+M1HIiT1+YMaB8Tx0IDTPsVIaalr5mHHQ2qIEYvKcTcqVW/vapVKnKld8HN4vWjmpo7Wu2baylpTwFViz0kazFHtml+dno9Dj3CFGZKybVuBciIkFMWMxKlOKEmA8AgNSFtTjjwinWj6XQzPtNKDfV/o4gpO1b8TEfKkHHuu7pxcK5e9ifif1w5V/8qJKA9CRTieLeqHDCofTqKCPSoIVmysCcKC6lshHiKBsNKBpnQI9vLLq6SRy9qFbOE+ny7ezONIghNwCjLABpegCMqgCuoAgyfwAt7Au/FsvBofxuesNWHMZ47BAozvX2LJoDk=</latexit>

HCPBIRNN (R,n) = H2RNN (n)

<latexit sha1_base64="oXJ8Ml8h7A+Ar6dec/Q/JFU8Y9k=">AAACJXicbVBLS0JBGJ3b0+xltWwzJIFByL0R1iJCcGOLxCQfoCJzx08dnDv3NjM3kIt/pk1/pU2LJIJW/ZXGxyK1AwOHc87HfN9xA86Utu1va2V1bX1jM7YV397Z3dtPHBxWlB9KCmXqc1/WXKKAMwFlzTSHWiCBeC6HqtvPjf3qM0jFfPGoBwE0PdIVrMMo0UZqJW5wwyO6RwmP8sNWdH9XKhSGKXGGGyp0FWgBT/OJXHGSKJ2bTCuRtNP2BHiZODOSRDMUW4lRo+3T0AOhKSdK1R070M2ISM0oh2G8ESoICO2TLtQNFcQD1YwmVw7xqVHauONL84TGE/XvREQ8pQaea5LjhdWiNxb/8+qh7lw3IyaCUIOg0486Icfax+PKcJtJoJoPDCFUMrMrpj0iCdWm2LgpwVk8eZlULtJOJp15uExmb2d1xNAxOkEp5KArlEV5VERlRNELekMfaGS9Wu/Wp/U1ja5Ys5kjNAfr5xcWJKRb</latexit>

HMIRNN (n) ( HCPRNN (R,n)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2

<latexit sha1_base64="/703MYcFXcCAsRPNL7u65Mi5rHA=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiRQCNmNsJ5C8MUeEpP8AFdkdhx1cHZ2nZkNZNl/0kt/pZceioje/DfNqg+pHbhwOOde7r3H8RmVyjSnRmJjc2t7J7mb2ts/ODxKH580pBcITOrYY55oOUgSRjmpK6oYafmCINdhpOmMSrHffCZCUo8/qYlPOi4acNqnGCktddMF20VqiBELy1E3fLivVSpRluegPR4HqAeX3FJ15tYuea6bzph5cwa4TqwFyYAFqt30j93zcOASrjBDUrYt01edEAlFMSNRyg4k8REeoQFpa8qRS2QnnP0XwQut9GDfE7q4gjP170SIXCknrqM743vlqheL/3ntQPVvOyHlfqAIx/NF/YBB5cE4LNijgmDFJpogLKi+FeIhEggrHWlKh2CtvrxOGld5q5AvPF5nineLOJLgDJyDLLDADSiCMqiCOsDgBbyBD/BpvBrvxpfxPW9NGIuZU7AEY/oLuuGiIQ==</latexit>

HMIRNN (n) HCPRNN (R,n)

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="EbqR4y6H3pqTfZw7MZP0D3HsQi8=">AAACLnicdVDLSgMxFM34tr6qLt0Ei1CxlBkRdSktgm6kin1AW0omvdMGM5kxyQhlmC9y46/oQlARt36GmdqFtnogcDjnXHLvcUPOlLbtF2tqemZ2bn5hMbO0vLK6ll3fqKkgkhSqNOCBbLhEAWcCqpppDo1QAvFdDnX3ppz69TuQigXiWg9CaPukJ5jHKNFG6mRPWz7RfUp4fJZ04nKldH51cZHkrwpiF7dU5CrQAm7xP6k9p4BNMNPJ5uyiPQSeJM6I5NAIlU72qdUNaOSD0JQTpZqOHep2TKRmlEOSaUUKQkJvSA+ahgrig2rHw3MTvGOULvYCaZ7QeKj+nIiJr9TAd00yXVuNe6n4l9eMtHfcjpkIIw2Cfn/kRRzrAKfd4S6TQDUfGEKoZGZXTPtEEqpNw2kJzvjJk6S2X3QOi4eXB7mT0qiOBbSFtlEeOegInaAzVEFVRNE9ekSv6M16sJ6td+vjOzpljWY20S9Yn18q+Kaw</latexit>

HCPBIRNN (R,n) ( HCPBIRNN (R+ 1, n)
<latexit sha1_base64="qBb7qftna+QmNDd+J8DMGYKhcRQ=">AAACJXicdVBdSwJBFJ3t0+zL6rGXIQmMRHYjrIcC0Rd7EZP8AJVldhx1cHZ2mZkNZNk/00t/pZcekgh66q80qz6U1oELh3Pu5d57HJ9RqUzz01hZXVvf2ExsJbd3dvf2UweHDekFApM69pgnWg6ShFFO6ooqRlq+IMh1GGk6o1LsNx+JkNTjD2rsk66LBpz2KUZKS3bqpuMiNcSIheXIDkvV4l2tUokytSw/g7fwH/PcykLtJ+1U2syZU8BlYs1JGsxRtVOTTs/DgUu4wgxJ2bZMX3VDJBTFjETJTiCJj/AIDUhbU45cIrvh9MsInmqlB/ue0MUVnKo/J0LkSjl2Hd0Zny0XvVj8y2sHqn/dDSn3A0U4ni3qBwwqD8aRwR4VBCs21gRhQfWtEA+RQFjpYOMQrMWXl0njImflc/n7y3ShOI8jAY7BCcgAC1yBAiiDKqgDDJ7AC3gDE+PZeDXejY9Z64oxnzkCv2B8fQPuu6Jd</latexit>

HCPBIRNN (R,n) = HCPBIRNN (R+ 1, n)

<latexit sha1_base64="Y6fAnGm/UbggxiYY11Ops/cYIBU=">AAACIXicbVBdSwJBFJ3t0+xrq8dehiQwEtmNMF8CyRefxCQ/QJdldhx1cHZ2mZkNZPGv9NJf6aWHInyL/kyz6kOpBy4czrmXe+/xQkalsqxvY2Nza3tnN7WX3j84PDo2T06bMogEJg0csEC0PSQJo5w0FFWMtENBkO8x0vJG5cRvPRMhacCf1Dgkjo8GnPYpRkpLrlns+kgNMWJxZeLG5Vq9Wp1k6zl+Be/hWuvazkHtpl0zY+WtGeAqsRckAxaouea02wtw5BOuMENSdmwrVE6MhKKYkUm6G0kSIjxCA9LRlCOfSCeefTiBl1rpwX4gdHEFZ+rfiRj5Uo59T3cmR8tlLxHXeZ1I9YtOTHkYKcLxfFE/YlAFMIkL9qggWLGxJggLqm+FeIgEwkqHmoRgL7+8Spo3ebuQLzzeZkoPizhS4BxcgCywwR0ogQqogQbA4AW8gQ/wabwa78aXMZ23bhiLmTPwD8bPL2pioR8=</latexit>

HCPRNN (R,n) = HCPRNN (R+ 1, n)

<latexit sha1_base64="EqHZQQuu0GNXVS/v1qsYYqdImuc="></latexit>

L
n,q

�HCPBIRNN (R,n) = L
n+1,q

�HCPBIRNN (R,n+ 1)
<latexit sha1_base64="x4+wz7lC8nLnMH20eQuTn0eG7rY="></latexit>

L
n,q

�HCPBIRNN (R,n) ( L
n+1,q

�HCPBIRNN (R,n+ 1)

R = n

R = Rtyp-max

R = Rmax
CPRNN2RNN

MI RNN

CPBIRNN

R = 0

No inclusion Strict Inclusion

Corollary 4
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<latexit sha1_base64="j6yW42vCvHu4aubwXCRevEjDVpM=">AAACCnicbVBNS8NAEN3Ur1q/qh69RItQUUoiUj0We+mp1GI/oClls93WpZtN2J2IJeTsxb/ixYMiXv0F3vw3btsctPXBwOO9GWbmuQFnCizr20gtLa+srqXXMxubW9s72d29pvJDSWiD+NyXbRcrypmgDWDAaTuQFHsupy13VJ74rXsqFfPFLYwD2vXwULABIxi01MseOh6GO4J5VIl7kQP0AaJyrV6txnG+fmqfiZNeNmcVrCnMRWInJIcS1HrZL6fvk9CjAgjHSnVsK4BuhCUwwmmccUJFA0xGeEg7mgrsUdWNpq/E5rFW+ubAl7oEmFP190SEPaXGnqs7J4ereW8i/ud1QhhcdSMmghCoILNFg5Cb4JuTXMw+k5QAH2uCiWT6VpPcYYkJ6PQyOgR7/uVF0jwv2MVC8eYiV7pO4kijA3SE8shGl6iEKqiGGoigR/SMXtGb8WS8GO/Gx6w1ZSQz++gPjM8fUDeaAA==</latexit>

HCPRNN(R+ 1, n)
<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
<latexit sha1_base64="EHihqYvMh2SVx12VudUwoI0FAuE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUSkeix40GMF+yFtKJvtpF26u4m7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsmjjVDBosFrFuh9SA4AoayFFAO9FAZSigFY6up37rCbThsbrHcQKBpAPFI84oWumha9LQAMJjr1T2Kt4M7jLxc1ImOeq90le3H7NUgkImqDEd30swyKhGzgRMit3UQELZiA6gY6miEkyQzQ6euKdW6btRrG0pdGfq74mMSmPGMrSdkuLQLHpT8T+vk2J0FWRcJSmCYvNFUSpcjN3p926fa2AoxpZQprm91WVDqilDm1HRhuAvvrxMmucVv1qp3l2Uazd5HAVyTE7IGfHJJamRW1InDcKIJM/klbw52nlx3p2PeeuKk88ckT9wPn8AJ0KQrA==</latexit>✓<latexit sha1_base64="k0pYBJgrj8BjSullbG/vfHKElcs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcK9gPbUDbbSbt0s4m7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3nlBpHst7M07Qj+hA8pAzaqz00NVpoNFIfOyVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NLp6QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEzfJ32ukBkxtoQyxe2thA2poszYkIo2BG/x5WXSPK941Ur17qJcu8njKMAxnMAZeHAJNbiFOjSAgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MH9ryRJA==</latexit>(
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<latexit sha1_base64="j6yW42vCvHu4aubwXCRevEjDVpM=">AAACCnicbVBNS8NAEN3Ur1q/qh69RItQUUoiUj0We+mp1GI/oClls93WpZtN2J2IJeTsxb/ixYMiXv0F3vw3btsctPXBwOO9GWbmuQFnCizr20gtLa+srqXXMxubW9s72d29pvJDSWiD+NyXbRcrypmgDWDAaTuQFHsupy13VJ74rXsqFfPFLYwD2vXwULABIxi01MseOh6GO4J5VIl7kQP0AaJyrV6txnG+fmqfiZNeNmcVrCnMRWInJIcS1HrZL6fvk9CjAgjHSnVsK4BuhCUwwmmccUJFA0xGeEg7mgrsUdWNpq/E5rFW+ubAl7oEmFP190SEPaXGnqs7J4ereW8i/ud1QhhcdSMmghCoILNFg5Cb4JuTXMw+k5QAH2uCiWT6VpPcYYkJ6PQyOgR7/uVF0jwv2MVC8eYiV7pO4kijA3SE8shGl6iEKqiGGoigR/SMXtGb8WS8GO/Gx6w1ZSQz++gPjM8fUDeaAA==</latexit>

HCPRNN(R+ 1, n)

<latexit sha1_base64="5K5t19SfPmDVxwN2KJVilT7fnbo=">AAACCnicbVBNS8NAEN3Ur1q/qh69RItQUUoiUj0We+mp1GI/oClls93WpZtN2J2IJeTsxb/ixYMiXv0F3vw3btsctPXBwOO9GWbmuQFnCizr20gtLa+srqXXMxubW9s72d29pvJDSWiD+NyXbRcrypmgDWDAaTuQFHsupy13VJ74rXsqFfPFLYwD2vXwULABIxi01MseOh6GO4J5VIl7kQP0AaJyrV6txnG+fiZO7ZNeNmcVrCnMRWInJIcS1HrZL6fvk9CjAgjHSnVsK4BuhCUwwmmccUJFA0xGeEg7mgrsUdWNpq/E5rFW+ubAl7oEmFP190SEPaXGnqs7J4ereW8i/ud1QhhcdSMmghCoILNFg5Cb4JuTXMw+k5QAH2uCiWT6VpPcYYkJ6PQyOgR7/uVF0jwv2MVC8eYiV7pO4kijA3SE8shGl6iEKqiGGoigR/SMXtGb8WS8GO/Gx6w1ZSQz++gPjM8fULOaAA==</latexit>

HCPRNN(R,n+ 1)

<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n)

<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
<latexit sha1_base64="EHihqYvMh2SVx12VudUwoI0FAuE=">AAAB8HicbVBNS8NAEN34WetX1aOXYBE8lUSkeix40GMF+yFtKJvtpF26u4m7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36Hnfzsrq2vrGZmGruL2zu7dfOjhsmjjVDBosFrFuh9SA4AoayFFAO9FAZSigFY6up37rCbThsbrHcQKBpAPFI84oWumha9LQAMJjr1T2Kt4M7jLxc1ImOeq90le3H7NUgkImqDEd30swyKhGzgRMit3UQELZiA6gY6miEkyQzQ6euKdW6btRrG0pdGfq74mMSmPGMrSdkuLQLHpT8T+vk2J0FWRcJSmCYvNFUSpcjN3p926fa2AoxpZQprm91WVDqilDm1HRhuAvvrxMmucVv1qp3l2Uazd5HAVyTE7IGfHJJamRW1InDcKIJM/klbw52nlx3p2PeeuKk88ckT9wPn8AJ0KQrA==</latexit>✓<latexit sha1_base64="k0pYBJgrj8BjSullbG/vfHKElcs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcK9gPbUDbbSbt0s4m7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3nlBpHst7M07Qj+hA8pAzaqz00NVpoNFIfOyVym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NLp6QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEzfJ32ukBkxtoQyxe2thA2poszYkIo2BG/x5WXSPK941Ur17qJcu8njKMAxnMAZeHAJNbiFOjSAgYRneIU3RzsvzrvzMW9dcfKZI/gD5/MH9ryRJA==</latexit>(
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<latexit sha1_base64="X51oqaQwqPvYvo/IZWA+TE51O+0=">AAACCHicbVDLSsNAFJ3UV62vqksXBotQQUoiUl0Wu+mq1GIf0IQymU7boZNJmLkRS8jSjb/ixoUibv0Ed/6N08dCWw9cOJxzL/fe44WcKbCsbyO1srq2vpHezGxt7+zuZfcPmiqIJKENEvBAtj2sKGeCNoABp+1QUux7nLa8UXnit+6pVCwQdzAOqevjgWB9RjBoqZs9dnwMQ4J5XEm6sQP0AeJyrV6tJkm+fi7OutmcVbCmMJeJPSc5NEetm/1yegGJfCqAcKxUx7ZCcGMsgRFOk4wTKRpiMsID2tFUYJ8qN54+kpinWumZ/UDqEmBO1d8TMfaVGvue7pycrRa9ifif14mgf+3GTIQRUEFmi/oRNyEwJ6mYPSYpAT7WBBPJ9K0mGWKJCejsMjoEe/HlZdK8KNjFQvH2Mle6mceRRkfoBOWRja5QCVVQDTUQQY/oGb2iN+PJeDHejY9Za8qYzxyiPzA+fwBjN5mQ</latexit>

HCPRNN(R,n) ?



Interplay between Rank and Hidden Size
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Interplay between Rank and Hidden Size
T 
H 
E 
O 
R 
E 
T 
I 
C 
A 
L 
  

R 
E 
S 
U 
L 
T 
S 

<latexit sha1_base64="dBWWkJx/vRrdz+Yb2qkNB7gvjrw=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMiFQ3QrULXVawF2iHkkkzbWjmQpIRh2EeyI2vIogLi7j1Ocy0U6ytBwJf/v8ccvLbAaNCGsZYy62srq1v5DcLW9s7u3v6/kFT+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOxRLfVbj4QL6nsPMgqI5aKBRx2KkVRST691XSSHthNHSWmGT8kpvIKzW+vXuE5mdJPMNff0olE2JgWXwcygCLKq9/S3bt/HoUs8iRkSomMagbRixCXFjCSFbihIgPAIDUhHoYdcIqx48tkEniilDx2fq+NJOFHnJ2LkChG5tupMVxSLXir+53VC6VxaMfWCUBIPTx9yQgalD9PkYJ9ygiWLFCDMqdoV4iHiCEuVb0GFYC5+eRmaZ2WzUq7cnxert1kceXAEjkEJmOACVMEdqIMGwOAZvIIPMNZetHftU/uatua0bOYQ/Cnt+wcPj6lf</latexit>

y(x) = W(ABx)

. . .
. . .

. . .

<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥n

Intuition : Consider a linear non recurrent model 
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<latexit sha1_base64="dBWWkJx/vRrdz+Yb2qkNB7gvjrw=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMiFQ3QrULXVawF2iHkkkzbWjmQpIRh2EeyI2vIogLi7j1Ocy0U6ytBwJf/v8ccvLbAaNCGsZYy62srq1v5DcLW9s7u3v6/kFT+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOxRLfVbj4QL6nsPMgqI5aKBRx2KkVRST691XSSHthNHSWmGT8kpvIKzW+vXuE5mdJPMNff0olE2JgWXwcygCLKq9/S3bt/HoUs8iRkSomMagbRixCXFjCSFbihIgPAIDUhHoYdcIqx48tkEniilDx2fq+NJOFHnJ2LkChG5tupMVxSLXir+53VC6VxaMfWCUBIPTx9yQgalD9PkYJ9ygiWLFCDMqdoV4iHiCEuVb0GFYC5+eRmaZ2WzUq7cnxert1kceXAEjkEJmOACVMEdqIMGwOAZvIIPMNZetHftU/uatua0bOYQ/Cnt+wcPj6lf</latexit>

y(x) = W(ABx)

. . .
. . .

. . .

<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥n

Intuition : Consider a linear non recurrent model 

A BW x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q
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<latexit sha1_base64="rp8HXJEty/XvUUT0aIfdLpJ5bGk=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBahQimJSPVY9WAPHqrYVmhi2Gy37dLNJu5uhBLyJ7z4V7x4UMSr4M1/47YNoq0PBh7vzTAzzwsZlco0v4zM3PzC4lJ2Obeyura+kd/casogEpg0cMACceMhSRjlpKGoYuQmFAT5HiMtb3A28lv3REga8Gs1DInjox6nXYqR0pKbL9k+Un2MWHyR3Ma8dJfYmAoMf+Ra4sYnp0nxqsT33XzBLJtjwFlipaQAUtTd/KfdCXDkE64wQ1K2LTNUToyEopiRJGdHkoQID1CPtDXlyCfSicdfJXBPKx3YDYQuruBY/T0RI1/Koe/pztGxctobif957Uh1j52Y8jBShOPJom7EoArgKCLYoYJgxYaaICyovhXiPhIIKx1kTodgTb88S5oHZatSrlweFqrnaRxZsAN2QRFY4AhUQQ3UQQNg8ACewAt4NR6NZ+PNeJ+0Zox0Zhv8gfHxDWmBnvg=</latexit>

L
n,q

�HAB(R,n)
<latexit sha1_base64="dBWWkJx/vRrdz+Yb2qkNB7gvjrw=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMiFQ3QrULXVawF2iHkkkzbWjmQpIRh2EeyI2vIogLi7j1Ocy0U6ytBwJf/v8ccvLbAaNCGsZYy62srq1v5DcLW9s7u3v6/kFT+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOxRLfVbj4QL6nsPMgqI5aKBRx2KkVRST691XSSHthNHSWmGT8kpvIKzW+vXuE5mdJPMNff0olE2JgWXwcygCLKq9/S3bt/HoUs8iRkSomMagbRixCXFjCSFbihIgPAIDUhHoYdcIqx48tkEniilDx2fq+NJOFHnJ2LkChG5tupMVxSLXir+53VC6VxaMfWCUBIPTx9yQgalD9PkYJ9ygiWLFCDMqdoV4iHiCEuVb0GFYC5+eRmaZ2WzUq7cnxert1kceXAEjkEJmOACVMEdqIMGwOAZvIIPMNZetHftU/uatua0bOYQ/Cnt+wcPj6lf</latexit>

y(x) = W(ABx)

<latexit sha1_base64="i/Vxib7yxMkUQZyVqx/NrE7N2kE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3pMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7G0jOY=</latexit>

R
<latexit sha1_base64="WJv8ecP3Li/IEQirYEq27H7Q11Q=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD3CSNAg==</latexit>n

<latexit sha1_base64="mCPT5Kw2POTvFTDjWQZmnS376kg="></latexit>

L
n,q

�HAB(R,n) ? L
n+1,q

�HAB(R,n+ 1)

A BW x

1

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

. . .
. . .

. . .

<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥n

Intuition : Consider a linear non recurrent model 



Interplay between Rank and Hidden Size
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<latexit sha1_base64="i/Vxib7yxMkUQZyVqx/NrE7N2kE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3pMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7G0jOY=</latexit>

R
<latexit sha1_base64="WJv8ecP3Li/IEQirYEq27H7Q11Q=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD3CSNAg==</latexit>n

<latexit sha1_base64="mCPT5Kw2POTvFTDjWQZmnS376kg="></latexit>

L
n,q

�HAB(R,n) ? L
n+1,q

�HAB(R,n+ 1)

. . .
. . .

.  .  .

<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥n

Bottleneck R

Intuition : Consider a linear non recurrent model 

.  .  .
<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 R
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 R(n+1)⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥(n+1)

n+1

.  .  .
. . .

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>



Interplay between Rank and Hidden Size
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<latexit sha1_base64="i/Vxib7yxMkUQZyVqx/NrE7N2kE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3pMxDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7G0jOY=</latexit>

R
<latexit sha1_base64="WJv8ecP3Li/IEQirYEq27H7Q11Q=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD3CSNAg==</latexit>n

<latexit sha1_base64="mCPT5Kw2POTvFTDjWQZmnS376kg="></latexit>

L
n,q

�HAB(R,n) ? L
n+1,q

�HAB(R,n+ 1)

1) If q < n        &         2) Non linearities

Intuition : Not trivial (not only for CPRNNs)!

.  .  .
<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 R
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 R(n+1)⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥

. . .
. . .

.  .  .

<latexit sha1_base64="nS1/2JH8xZErlmcv18nQunwwyik=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lsl00g6dTOLMRCgh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce48fc6a043xbC4tLyyurhbXi+sbm1ra9s9tQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zP3mA5WKReJWj2LqhbgvWMAI1kbq2vudEOuBH6SjrMMEmvz89Ca7u+/aJafsjIHmiTslJZii1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOM2KnUTRGJMh7tO2oQKHVHnp+IYMHRmlh4JImic0Gqu/O1IcKjUKfVOZ76hmvVz8z2snOjj3UibiRFNBJoOChCMdoTwQ1GOSEs1HhmAimdkVkQGWmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AKb0mC8=</latexit>

y 2 Rq

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>

h 2 Rn
<latexit sha1_base64="/fQwmpToDt2uu0SAskQ6MzuQpOA=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKR6rLoxmUV+4A2lslk0g6dTMLMRCyh4MZfceNCEbf+hDv/xknbhbYeGDhzzr3ce4+fcKa043xbC4tLyyurhbXi+sbm1ra9s9tQcSoJrZOYx7LlY0U5E7Sumea0lUiKI5/Tpj+4zP3mPZWKxeJWDxPqRbgnWMgI1kbq2vudCOu+H2YPow4TaPLzs5vRXdC1S07ZGQPNE3dKSjBFrWt/dYKYpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtQwWOqPKy8Q0jdGSUAIWxNE9oNFZ/d2Q4UmoY+aYy31HNern4n9dOdXjuZUwkqaaCTAaFKUc6RnkgKGCSEs2HhmAimdkVkT6WmGgTW9GE4M6ePE8aJ2W3Uq5cn5aqF9M4CnAAh3AMLpxBFa6gBnUg8AjP8Apv1pP1Yr1bH5PSBWvaswd/YH3+AJGrmCE=</latexit>

x 2 Rd

<latexit sha1_base64="Ga911GadPCafYObvUN6+Gi4JoMY=">AAACDnicbVA9TwJBEJ3DL8Qv1NJmIyGxInfGoCVqY4lEPhIOyd6yBxv29i67eybkcr/Axr9iY6ExttZ2/hsXuELBl0zy5s1MZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaS0CYJeSg7HlaUM0GbmmlOO5GkOPA4bXvj62m9/UClYqG405OI9gI8FMxnBGsj9YtlN8B65PnJZeoygeaZlzTS+8RkmgVUoUbaL5bsij0DWiZORkqQod4vfrmDkMQBFZpwrFTXsSPdS7DUjHCaFtxY0QiTMR7SrqECmz29ZPZOispGGSA/lCaERjP190SCA6UmgWc6p+eqxdpU/K/WjbV/0UuYiGJNBZkv8mOOdIim3qABk5RoPjEEE8nMrYiMsMREGwcLxgRn8eVl0jqtONVK9fasVLvK7MjDERzDCThwDjW4gTo0gcAjPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCEuJxq</latexit>

A 2 Rn⇥R

<latexit sha1_base64="ZxHqlW2+ERUj6kdCPFxcZQZBYMU=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcaqLIylog+pCZXjOK1Vx4lsB6mK8gUs/AoLAwixMrPxNzhtBmg5kqXjc+7Vvfd4MaNSWda3UVpb39jcKm9Xdnb39g/Mw6OejBKBSRdHLBIDD0nCKCddRRUjg1gQFHqM9L3pde73H4iQNOJ3ahYTN0RjTgOKkdLSyKw5IVITL0hbmUM5XPy8tJPdpx3oKBoSCf1sZFatujUHXCV2QaqgQHtkfjl+hJOQcIUZknJoW7FyUyQUxYxkFSeRJEZ4isZkqClHeo6bzs/JYE0rPgwioR9XcK7+7khRKOUs9HRlvq5c9nLxP2+YqODKTSmPE0U4XgwKEgZVBPNsoE8FwYrNNEFYUL0rxBMkEFY6wYoOwV4+eZX0zut2o964vag2W0UcZXACTsEZsMElaIIb0AZdgMEjeAav4M14Ml6Md+NjUVoyip5j8AfG5w92Kpxh</latexit>

B 2 RR⇥d

<latexit sha1_base64="OilIw6OSOF8RDZaVCem5JxpDwww=">AAACDnicbVC7TsMwFHV4lvIqMLJYVJWYqgShwljBwlgQfUhNqBzXaa06TrBvkKooX8DCr7AwgBArMxt/g9tmgJYjWTo+517de48fC67Btr+tpeWV1bX1wkZxc2t7Z7e0t9/SUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y8uJ377gSnNI3kL45h5IRlIHnBKwEi9UsUNCQz9IG1nLpd49vPTm+wuvccu8JBpLLNeqWxX7SnwInFyUkY5Gr3Sl9uPaBIyCVQQrbuOHYOXEgWcCpYV3USzmNARGbCuoZKYOV46PSfDFaP0cRAp8yTgqfq7IyWh1uPQN5WTdfW8NxH/87oJBOdeymWcAJN0NihIBIYIT7LBfa4YBTE2hFDFza6YDokiFEyCRROCM3/yImmdVJ1atXZ9Wq5f5HEU0CE6QsfIQWeojq5QAzURRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwDXrpyf</latexit>

W 2 Rq⇥n

Bottleneck R

(n+1)

n+1

.  .  .
. . .

<latexit sha1_base64="P9AXMBFIScNbxdZVf94ormOj9So=">AAACA3icbVDLSsNAFL2pr1pfVXe6GSyCq5KIVJdFNy6r2Ac0sUymk3boZBJmJkIJATf+ihsXirj1J9z5N07aLrT1wMCZc+7l3nv8mDOlbfvbKiwtr6yuFddLG5tb2zvl3b2WihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3RVe63H6hULBJ3ehxTL8QDwQJGsDZSr3zghlgP/SAdZi4TaPrz09vs3pgVu2pPgBaJMyMVmKHRK3+5/YgkIRWacKxU17Fj7aVYakY4zUpuomiMyQgPaNdQgUOqvHRyQ4aOjdJHQSTNExpN1N8dKQ6VGoe+qcx3VPNeLv7ndRMdXHgpE3GiqSDTQUHCkY5QHgjqM0mJ5mNDMJHM7IrIEEtMtImtZEJw5k9eJK3TqlOr1m7OKvXLWRxFOIQjOAEHzqEO19CAJhB4hGd4hTfryXqx3q2PaWnBmvXswx9Ynz+Hg5gb</latexit>
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Inclusion (easy)

Bottleneck R

Strict Inclusion (Non trivial!)

<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R
<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="V8jYpGX8x/U+YvMS77Zz49KVk5U="></latexit>

L
n,q

�HCPBIRNN(R,n) = L
n+1,q

�HCPBIRNN(R,n+ 1)
<latexit sha1_base64="lGbGGyX8OXdco3DKXrbr7064s/o="></latexit>

L
n,q

�HCPBIRNN(R,n) ( L
n+1,q

�HCPBIRNN(R,n+ 1)

Theorem 2

Strict inclusionBottleneck R
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<latexit sha1_base64="6ZuvfdFL5EVhvIGzEMeOEHeizwg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjQg8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipIfulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrd3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD2z2M/w==</latexit>n <latexit sha1_base64="92pkz+0f3oZQsDvT10ns0X8veTY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRKR6rKgC5dV7APaECbTaTt0ZhJmJsUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45Ycyo0q77bZXW1jc2t8rblZ3dvf0D+/CoraJEYtLCEYtkN0SKMCpIS1PNSDeWBPGQkU44ucn9zpRIRSPxqGcx8TkaCTqkGGkjBbb9EKR9jvRY8pSjpywL7Kpbc+dwVolXkCoUaAb2V38Q4YQToTFDSvU8N9Z+iqSmmJGs0k8UiRGeoBHpGSoQJ8pP58kz58woA2cYSfOEdubq740UcaVmPDSTeUi17OXif14v0cNrP6UiTjQReHFomDBHR05egzOgkmDNZoYgLKnJ6uAxkghrU1bFlOAtf3mVtC9qXr1Wv7+sNm6LOspwAqdwDh5cQQPuoAktwDCFZ3iFNyu1Xqx362MxWrKKnWP4A+vzB1UtlCQ=</latexit>

Rmax
<latexit sha1_base64="S9trldP/BFCGkpxnlSzJbB5lYlE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwY5kRqS4LunBZxT6gHYZMmmlDk8yQZMQ6DP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq2FxaXlldXSWnl9Y3Nr297ZbakokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC5zv31PpKKRuNPjmHgcDQQNKUbaSL69f+unPY70UPLU+CccPWSZb1ecqjMBnCduQSqgQMO3v3r9CCecCI0ZUqrrOrH2UiQ1xYxk5V6iSIzwCA1I11CBOFFeOkmfwSOj9GEYSfOEhhP190aKuFJjHpjJPKia9XLxP6+b6PDCS6mIE00Enh4KEwZ1BPMqYJ9KgjUbG4KwpCYrxEMkEdamsLIpwZ398jxpnVbdWrV2c1apXxV1lMABOATHwAXnoA6uQQM0AQaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8AW7KV1g==</latexit>

Rtyp�max

<latexit sha1_base64="qkZHcoUYxHF1WDB5CLKqzNUGlkQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSIIYkmCVI8FPXisYD+gjWWz2bRLN5uwuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xNGpbLtb2NldW19Y7O0Vd7e2d3bNw8O2zJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxx9dTv/NIhKQxv1dZQrwIDTkNKUZKSwOz0g8Fwjl/cINJ7vKz4NydDMyqXbNnsJaJU5AqFGgOzK9+EOM0IlxhhqTsOXaivBwJRTEjk3I/lSRBeIyGpKcpRxGRXj47fmKdaCWwwljo4sqaqb8nchRJmUW+7oyQGslFbyr+5/VSFV55OeVJqgjH80VhyiwVW9MkrIAKghXLNEFYUH2rhUdIp6F0XmUdgrP48jJpuzWnXqvfXVQbN0UcJTiCYzgFBy6hAbfQhBZgyOAZXuHNeDJejHfjY966YhQzFfgD4/MH526UTg==</latexit>

n2d

2n+ d� 2

Corollary 4

Corollary 3

Theorem 1

Theorem 1

Theorem 2
<latexit sha1_base64="c01sM1klkIg63UnRItImVdd5SvY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxEfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD67/jN0=</latexit>

R

<latexit sha1_base64="qyi6PG4D09e5gZNg1IxX+2YBW5Y=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL8EieCqJSPVm0YvHCvYDmlA222m7dLOJuxOhhHrxr3jxoIhX/4U3/43bNgdtfTDweG+GmXlBLLhGx/m2ckvLK6tr+fXCxubW9k5xd6+ho0QxqLNIRKoVUA2CS6gjRwGtWAENAwHNYHg98ZsPoDSP5B2OYvBD2pe8xxlFI3WKB55GyoYKRHo5Tj2dBBpQwv24Uyw5ZWcKe5G4GSmRDLVO8cvrRiwJQSITVOu268Top1QhZwLGBS/REJtVtA9tQyUNQfvp9IOxfWyUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAz3sT8T+vnWDvwk+5jBMEyWaLeomwMbIncdhdroChGBlCmeLmVpsNqKIMTWgFE4I7//IiaZyW3Uq5cntWql5lceTJITkiJ8Ql56RKbkiN1Akjj+SZvJI368l6sd6tj1lrzspm9skfWJ8/whCXwA==</latexit>

?
(

<latexit sha1_base64="k90ABr0KnuRIXNRkxjfp8UwxHis=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgQUpSpHosevFYwX5Ak5bNZtMu3d2E3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySMKu0431ZhbX1jc6u4XdrZ3ds/KB8etVWcSkxaOGax7AZIEUYFaWmqGekmkiAeMNIJxrczv/NIpKKxeNCThPgcDQWNKEbaSH2PU+Flol+7EKE3HZQrTtWZw14lbk4qkKM5KH95YYxTToTGDCnVc51E+xmSmmJGpiUvVSRBeIyGpGeoQJwoP5tfPbXPjBLaUSxNCW3P1d8TGeJKTXhgOjnSI7XszcT/vF6qo2s/oyJJNRF4sShKma1jexaBHVJJsGYTQxCW1Nxq4xGSCGsTVMmE4C6/vEratapbr9bvLyuNmzyOIpzAKZyDC1fQgDtoQgswSHiGV3iznqwX6936WLQWrHzmGP7A+vwBPtqSXQ==</latexit>

min{n2, nd}

<latexit sha1_base64="V8jYpGX8x/U+YvMS77Zz49KVk5U="></latexit>

L
n,q

�HCPBIRNN(R,n) = L
n+1,q

�HCPBIRNN(R,n+ 1)
<latexit sha1_base64="lGbGGyX8OXdco3DKXrbr7064s/o="></latexit>

L
n,q

�HCPBIRNN(R,n) ( L
n+1,q

�HCPBIRNN(R,n+ 1)

<latexit sha1_base64="Ja14kKB6svTWosq++TYTp4Mt74s="></latexit>

HCPBIRNN(R,n) ( HCPBIRNN(R+ 1, n)
<latexit sha1_base64="6VEaaWT3hPhl7g2GrWFsdRdqf3Q=">AAACMXichVDLSgMxFM3UV62vqks3wSJUlDIjom6UYjd1I7XYB7SlZNK0DWYyQ3JHLMP8khv/RNx0oYhbf8K0dqGt4IHA4Zxzyb3HDQTXYNtDKzE3v7C4lFxOrayurW+kN7eq2g8VZRXqC1/VXaKZ4JJVgINg9UAx4rmC1dy7wsiv3TOluS9vYRCwlkd6knc5JWCkdrqImx6BPiUiKsbtqAnsAaJC6fKqfH0dx9nyodzH5/9kDhyTaqczds4eA88SZ0IyaIJSO/3c7Pg09JgEKojWDccOoBURBZwKFqeaoWYBoXekxxqGSuIx3YrGF8d4zygd3PWVeRLwWP05ERFP64HnmuRodT3tjcS/vEYI3bNWxGUQApP0+6NuKDD4eFQf7nDFKIiBIYQqbnbFtE8UoWBKTpkSnOmTZ0n1KOec5E5ujjP5i0kdSbSDdlEWOegU5VERlVAFUfSIXtArerOerKH1bn18RxPWZGYb/YL1+QUNEajZ</latexit>

HCPBIRNN(R,n) = HCPBIRNN(R+ 1, n)

<latexit sha1_base64="HQpUQUMUcbFx6YjQNX6sJEgmKnA=">AAACLXicfVBNSwMxFMz6WevXqkcvwSIoStkVqV6UQj30JFWsFdpSsmlqQ7PZJXkrlmX/kBf/iggeKuLVv2G27kGtOBAYZuaR98YLBdfgOCNranpmdm4+t5BfXFpeWbXX1q91ECnK6jQQgbrxiGaCS1YHDoLdhIoR3xOs4Q0qqd+4Y0rzQF7BMGRtn9xK3uOUgJE69hlu+QT6lIi4mnTiFrB7iCu1y/PzJNm53Je7+OTfxJ5rMh274BSdMfAkcTNSQBlqHfu51Q1o5DMJVBCtm64TQjsmCjgVLMm3Is1CQgfkljUNlcRnuh2Pr03wtlG6uBco8yTgsfp9Iia+1kPfM8l0cf3bS8W/vGYEveN2zGUYAZP066NeJDAEOK0Od7liFMTQEEIVN7ti2ieKUDAF500J7u+TJ8n1QdEtFUsXh4XyaVZHDm2iLbSDXHSEyqiKaqiOKHpAT2iEXq1H68V6s96/olNWNrOBfsD6+AR1hqeb</latexit>

HCPRNN(R,n) = HCPRNN(R+ 1, n)
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Experiments
How does theory translate to practice?  

i.e. Training with Gradient Descent Optimization
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Experiments
How does theory translate to practice?  

i.e. Training with Gradient Descent Optimization

Task : Language modelling (character level) 

Data : Penn Tree bank 

Models : RNN, MIRNN, CPRNN, 2RNN 

Metric : Bits Per Character (~Perplexity)
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Impact of the Hidden Size
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Fixed Size Comparison
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Rank vs Hidden Size
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Conclusion

• Tensor Decomposition 🤘 

• Formal characterization of Expressivity  

‣ Rank: Tuning parameter (up to saturation) 

• CPRNN = Parameter efficient alternative to 2RNNs 

• CPRNN interpolates RNN and 2RNN 

• CPRNN outperforms RNN and 2RNN

R = n

R = Rtyp-max

R = Rmax

CPRNN2RNN

MI RNN

CPBIRNN

R = 0
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Conclusion

• Tensor Decomposition 🤘 

• Formal characterization of Expressivity  

‣ Rank: Tuning parameter (up to saturation) 

• CPRNN = Parameter efficient alternative to 2RNNs 

• CPRNN interpolates RNN and 2RNN 

• CPRNN outperforms RNN and 2RNN 

• Future work: Depth?

R = n

R = Rtyp-max

R = Rmax

CPRNN2RNN

MI RNN

CPBIRNN

R = 0

Neural Networks Tensor Decomposition

CPRNN

Rank
Hidden 

dimension

Expressivity / Size 

Depth
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Introduction

Objective: show sequential reasoning capacities of Transformer
architecture

Result on the expressivity of the architecture not learnability!
Take the lense of simulation
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What do we mean by simulation?

Simulation = showing steps
Previous results by Liu et al. introduce this idea for DFA
For some DFA A over Σ:

Input: w ∈ Σ∗

Output: sequence of visited states
Example of a DFA for multiples of 3 on Σ = {0, 1}

Simulating Weighted Automata RIKEN-AIP, October 2024 5 / 25



What do we mean by simulation?

Liu et al. showed transformers can simulate DFA up to length T
with O log T layers (even O(1) in some cases!)
Notion of shortcuts: shallow transformers w.r.t. T
General idea of the theorem

Input: a DFA and some sequence length T
Output: a transformer which can simulate the inner working of DFA for
any word of length T

Can we do this for more complex models?

Simulating Weighted Automata RIKEN-AIP, October 2024 6 / 25
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Transformers

Transformer architecture in our construction is similar to the encoder in
the original transformer architecture.
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Transformers

The model is defined as follows
Input: X ∈ RT×d where T is sequence length and d is embedding
dimension
Self-attention block:

f (X) = softmax(XWQW⊤
K X⊤)XWV ,

Attention layer fattn: h copies of f , concatenate the outputs
Feedforward layer fmlp: Simple feedforward MLP

Full L-layer model, with ftf : RT×d → RT×d :

ftf = f (L)
mlp ◦ f (L)

attn ◦ f (L−1)
mlp ◦ f (L−1)

attn ◦ . . . ◦ f (1)
mlp ◦ f (1)

attn.
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Weighted Finite Automata

Weighted Finite Automata (WFA) generalize DFAs by computing a
function over some word w (instead of simply accepting/rejecting)

⇒ Exactly equivalent to Bi-RNN with linear activation function!
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Weighted Finite Automata
A weighted finite automaton (WFA) of n states over Σ is a tuple
A = ⟨α, {Aσ}σ∈Σ, β⟩, where

α, β ∈ Rn: initial/final weights
Aσ ∈ Rn×n: transition matrix for each σ ∈ Σ

WFA A computes a function fA : Σ∗ → R:

fA(x) = fA(x1 · · · xt) = α⊤Ax1 · · · Axt β = α⊤Axβ

Example Consider the following WFA with 2 states on Σ = {a, b}
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Simulating WFA

Exact Simulation
Given a WFA A over some alphabet Σ, a function f : ΣT → RT×n exactly
simulates A at length T if, for all x ∈ ΣT as input, we have f (x) = A(x),
where A(x) = (α⊤, α⊤Ax1 , . . . , α⊤Ax1:T )⊤.

Transformer
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Simulating WFA

Approximate Simulation
Given a WFA A over some alphabet Σ, a function f : ΣT → RT×n

approximately simulates A at length T with precision ϵ > 0 if for all
x ∈ ΣT , we have ∥f (x) − A(x)∥F < ϵ.

Simulating Weighted Automata RIKEN-AIP, October 2024 15 / 25



Main Results for WFAs

First Theorem: exact simulation:

Theorem 1
Theorem 1 Transformers using bilinear layers in place of an MLP and
hard attention can exactly simulate all WFAs with n states at length T ,
with depth O(log T ), embedding dimension O(n2), attention width O(n2),
MLP width O(n2) and O(1) attention heads.

Transformer Simulation
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Main Results for WFAs

Second Theorem: approximate simulation

Theorem 2
Transformers can approximately simulate all WFAs with n states at length
T , up to arbitrary precision ϵ > 0, with depth O(log T ), embedding
dimension O(n2), attention width O(n2), MLP width O(n4) and O(1)
attention heads.

Remark
Notice how in Theorem 2, the size of the construction does not depend
on ϵ!
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Weighted Tree Automata

Simulation by a function
Given a WTA A = ⟨α, T , {vσ}σ∈Σ⟩ with n states on TΣ, we say that a
function f : (Σ ∪ {[[, ]]})T → (Rn)T simulates A at length T if for all trees
t ∈ TΣ such that |str(t)| ≤ T , f (str(t))i = µ(τi) for all i ∈ It .

Transformer Simulation

WTA States Computation

WTA Output

Input Tree
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Main Results for WTAs

Theorem 3
Transformers can approximately simulate all WTAs A with n states at
length T , up to arbitrary precision ϵ > 0, with embedding dimension O(n),
attention width O(n), MLP width O(n3) and O(1) attention heads.
Moreover:

Simulation over arbitrary trees can be done with depth O(T )
Simulation over balanced trees (trees whose depth is of order log(T ))
with depth O(log(T )).

Remark
In the worst case, the tree is completely unbalanced in which case we
recover the sequential WFA case!
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Depth vs. Length

target: 2 states WFA counting 0’s in binary strings
theory: log T layers for sequences of length T
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Width vs. #States

target: k states WFAs counting k symbols in a string
theory: n2 width to simulate WFA with n states
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Conclusion

We define simulation of weighted automata for sequences and
trees
We derive the notion of approximate simulation and how it applies
to transformers
We show that transformers can simulate WFAs with O(log T )
layers
We show transformers can simulate WTAs with O(log T ) layers
Our results extend the ones of Liu et al. for DFAs in two directions:
from boolean to real weights and from sequences to trees
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● I am here for 2 more weeks and happy to chat!
● I am interested in many topics, including (but not limited to):

If you see me at my desk, 
feel free to drop by (I like 
random math questions)!
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● I am here for 2 more weeks and happy to chat!
● I am interested in many topics, including (but not limited to):

If you see me at my desk, 
feel free to drop by (I like 
random math questions)!

Thank you for listening! 
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