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Subdivision schemes are based on a hierarchy of knot grids in parameter space. A univariate
grid hierarchy is regular if all knots are equidistant on each level, and irregular otherwise.
We use L-systems to design a wide class of systematically described irregular grid
hierarchies. Furthermore, we give suﬃcient conditions on the L-system which guarantee
that the subdivision scheme, based on the non-uniform B-spline of degree d deﬁned on
the initial knot grid, is uniformly convergent. If n is the number of symbols in the alphabet
of the L-system, this subdivision scheme is deﬁned with a ﬁnite set of masks (at most
nd+1 ) which does not depend on the subdivision step. We provide an implementation of
such schemes which is available as a worksheet for Sage software.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction
The representation of smooth objects (functions, curves or surfaces) is a fundamental problem in computer graphics and
geometric modelling. One eﬃcient representation consists of parametrising the object with a spline expressed in terms of
a B-spline basis. Each polynomial piece of the spline is deﬁned on an interval (or rectangular domain) whose vertices are
called knots; the B-spline basis allows us to associate with the knots in parameter space a set of control points in object
space, whose positions inﬂuence only locally the shape of the object, thus allowing intuitive control.
Subdivision schemes provide an eﬃcient way to draw such smooth objects from given nets of control points and knots,
and a given degree (or bi-degree) for the B-spline basis. These schemes consist of inserting new knots and successively
computing new control nets, each deﬁning the same smooth object. If the successively inserted knots are dense enough
then the control net converges to the smooth object. In practice, a few steps are enough to reach the resolution of a
computer screen.
When the knots deﬁne a regular grid, often assumed without loss of generality to be Z N , where N is the dimension
of the object, the B-spline basis is uniform. If the new knots are inserted at midpoints, the new B-spline basis remains
uniform and the uniform subdivision rules which deﬁne the new control net are the same convex combinations, whatever
the interval length: they depend only on N and on the degree of the B-spline basis. Such uniform subdivision schemes are
the most commonly used.
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In some cases, however, non-uniform subdivision schemes are needed, either to represent objects which cannot be
parametrised with a uniform spline or to deal with knots that do not lie on 2−k Z N (for example in the context of multiresolution analysis with irregular samples). We are interested in the non-uniform case: we propose subdivision schemes for
B-spline parametrised curves with irregular but controlled knot intervals. In this paper we restrict our attention to univariate
schemes (N = 1).
Algorithms for inserting one (Boehm, 1980) or several knots (Cohen et al., 1980; Barry and Zhu, 1992) into intervals
separating non-equally spaced knots have been known for decades. They lead to subdivision schemes with knot sequences
that are possibly completely irregular, and with as many subdivision processes as there are knot intervals in all of the
successive subdivision steps.
The method of Non-uniform Recursive Subdivision Surfaces proposed by Sederberg et al. (1998) starts with irregular
knot intervals and inserts, at each step, one knot at the midpoint of each interval. This is, therefore, bisection with rules
whose coeﬃcients are written as functions of successive interval length, which consequently have to be computed at each
subdivision step, for each vertex.
Recently, algorithms which adapt the eﬃcient reﬁne-and-smooth factorisation, proposed by Lane and Riesenfeld (1980)
for uniform B-splines, to the non-uniform B-splines, have been proposed (Schaefer and Goldman, 2009; Cashman et al.,
2009b). These algorithms deﬁne the subdivision as a single process but they require that exactly one knot be inserted in
every interval.
The algorithm proposed by Schaefer and Goldman (2009) can be generalised to the insertion of more than one knot
in every interval as long as the number of inserted knots is the same whatever the interval within a subdivision step.
Cashman et al. (2009a) permit the omission of subdivision of some intervals, but, in order to preserve the locality of the
smoothing steps, they do not support the insertion of more than one knot per interval. Whichever algorithm is considered,
the positions of inserted knots have to be explicitly given at each subdivision step, necessitating the computation of new
coeﬃcients for the rules used at each subdivision step.
Another approach, suggested by Goldman and Warren (1993), considers an aﬃne relationship between the knots of the
initial grid and inserts one knot at a constant barycentric position between each pair of adjacent old knots to preserve the
aﬃne relationship. The same insertion rule is used at each step, and everywhere in the domain.
We propose a framework to describe a wide class of non-uniform subdivision schemes with knot sequences more irregular than uniform or aﬃne bisection (or trisection, etc.), but with a small set of subdivision processes which does not
depend on the subdivision step, and using ﬁxed coeﬃcients that can be computed in advance.
The proposed framework uses context-free L-systems (Herman et al., 1974) to describe the sequences of irregular knot
intervals. The speciﬁcation of uniform schemes for curves (Prusinkiewicz et al., 2002) and surfaces (Velho, 2003), using
L-systems, with the goal of easing implementation, has been done previously, by translating known subdivision procedures
into the rules of a context-sensitive grammar.
In Section 2 we show that an L-system is ideal for the design of interval subdivision descriptors which are based on
lengths of knot intervals rather than on the position of the knots themselves, and which can be used to deﬁne nonuniform B-spline subdivision schemes. We also give details on the computation of the subdivision masks. Not every Lsystem, however, can be used as such an interval subdivision descriptor. For this reason we introduce in Section 3 the
concept of a valid L-system, which yields in particular a convergent non-uniform B-spline subdivision scheme, and we
introduce suﬃcient conditions on the rules for an L-system to be valid.
2. Non-uniform subdivision scheme from L-systems
When knots are inserted, the new control points can be expressed as convex combinations of old control points. These
combinations depend only on the degree of the B-spline and the two successive sequences of knots. The difference between
B-spline subdivision schemes and knot-insertion algorithms is that subdivision inserts many knots at the same time. The
cost of these insertions is reduced due to the fact that the necessary data is shared in the computation of the new control
points. In uniform subdivision, this sharing is observable in the subdivision mask which collects, for a given control point,
the coeﬃcients of its contributions to the subdivided control points. For a subclass of non-uniform subdivision where at
most one knot is inserted in every interval, Cashman et al. (2009a) propose a reﬁne-and-smooth implementation which is
another way of sharing data within the subdivision process.
Our aim is to give a different subclass of non-uniform B-spline subdivision which allows us to deﬁne a ﬁnite set of masks
that remains the same whatever the subdivision step. Our framework remains non-uniform in the sense that the subdivision
rules are not the same everywhere within one subdivision step and may insert different numbers of knots in each interval.
2.1. The L-system as an interval subdivision descriptor
Using an L-system, we describe the subdivision in terms of splitting knot intervals, and we base our formalism on the
lengths of the intervals between the knots rather than the position of the knots themselves.
2.1.1. L-systems
A Lindenmayer system or L-system is a particular kind of rewriting system where the rules are applied greedily to rewrite
as many symbols as possible at each step, whereas usually only one symbol is rewritten at a time. These systems have
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mainly been used to model plants, other organisms, or such things as the buildings in a city, and also to generate images of
a wide class of fractals with a geometric interpretation of strings based on the notion of a LOGO-style turtle (Prusinkiewicz
and Hanan, 1989; Herman et al., 1974). Formally, they are deﬁned by a grammar, which is a tuple G = (Σ, Π, α ) where

• Σ is the alphabet of symbols,
• Π is the set of rewriting rules,
• α is the initial conﬁguration (axiom).
Let Σ ∗ be the set of all words over Σ , and let Σ + be the set of all non-empty words over Σ . The axiom α is assumed
to be a member of Σ + . A rule π ∈ Π is a mapping of a symbol s ∈ Σ to a word s ∈ Σ ∗ , i.e., π : Σ → Σ ∗ . Many extensions
of L-systems have been deﬁned, including context-sensitive or parametrised L-systems.
The concept of subdivision has already been linked with context-sensitive parametrised L-systems in Prusinkiewicz et
al. (2002), Velho (2003). Prusinkiewicz addressed the univariate uniform case, by using a single symbol P in the grammar
to represent a control point, with a parameter v representing its coordinates. The control polygon is then represented by a
word on this symbol, and the rules encode the subdivision stencils. For example, Chaikin’s subdivision for closed curves is
described by a single context-sensitive rule rewriting P as P P with some convenient parameter deﬁning the coordinates,
where the context of P ( v ) is made up of its left neighbour P ( v l ) and its right neighbour P ( v r ):



P ( v l ) P ( v ) P ( v r ) → P

1
4

vl +

3
4

 

v P

3
4

v+

1
4



vr .

Velho extended this model to the bivariate case, replacing the concept of words in Σ ∗ by a concept of mesh with half-edge
structure, and rules on the mesh.
Our formalism describes the subdivision in terms of interval decomposition. Each symbol labels an interval between two
knots, and the context-free L-system rules describe the subdivision of these intervals resulting from the insertion of new
knots.
2.1.2. Principle
The alphabet of our L-system is a set of symbols { A i }ni=1 which are labels associated with knot intervals. Each rule
describes how one labelled interval is split into an ordered sequence of labelled knot intervals:

A i → A i 1 . . . A ir

(1)

where r  1 and each i j , j ∈ {1, . . . , r } is an element of {1, . . . , n}. The axiom of our L-system is the word deﬁned by the
symbols attached to the consecutive knot intervals in the original knot setting. To complete the deﬁnition of such an Lsystem as an interval subdivision descriptor, a length ais must be associated with each symbol A i and each subdivision step
s such that (1) yields

ais =

r


ais+1 .
j

j =1

(2)

One subdivision step corresponds to rewriting the word of the interval sequence, by replacing all symbols simultaneously
by their split versions. Applied to the deﬁnition of a subdivision scheme, this corresponds to knot-insertions in parameter
space. In order to deﬁne a set of masks that does not depend on the subdivision step, we deﬁne one length ai for each
symbol A i and a ratio ρ that depends neither on the interval nor on the subdivision step, and which is used to scale down
all of the interval lengths. Thus, for all labels A i and for all subdivision steps s, ais = ai /ρ s and (2) becomes

ai =

r

1
j =1

ρ

ai j .

(3)

Moreover, in order to get a dense set of knots when the interval subdivision is applied repeatedly, which will be used in
Section 3.1 to show the convergence of the subdivision scheme, we should have ρ > 1.
With this formalism, a uniform bisecting subdivision scheme deﬁnes one label A and one rule A → A A with any positive
length a and the ratio ρ = 2, whereas the non-uniform subdivision schemes proposed by Sederberg et al. (1998) deﬁne, in
general, as many labels A i , as many rules A i → A i A i , and as many lengths ai as edges in the given control polygon, with
the unique ratio ρ = 2.
But not every set of rules allows the existence of lengths {ai } and ratio ρ satisfying (3). Consequently, we introduce
in Section 3 the concept of a valid system. Then, we give suﬃcient conditions for the system to be valid and show how
appropriate lengths {ai } and ratio ρ > 1 can be computed automatically. Note that in our framework, we deﬁne knot-interval
lengths from the rules and not the rules from given lengths of intervals.
In order to show the central idea, we ﬁrst explain how to compute the ﬁnite set of masks from an L-system.
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2.2. Subdivision masks from interval subdivision
Describing knot-interval decomposition with an L-system allows us to generalise the concept of mask to non-uniform
subdivision schemes. The set of subdivision masks is computed from the interval lengths {ai }, the ratio ρ and the degree d
of the spline.
Let { v ks }m
be the set of control points after s subdivision steps. To each control point v ks corresponds a basis function
k=1
B ks whose support is made up of a set of d + 1 consecutive knot intervals. We call the word made up of the labels of these
intervals the domain decomposition cks corresponding to the control point v ks . For brevity, we will often omit the adjective
“domain”, when no confusion is possible. The decompositions of two successive control points are consistent: the ﬁnal d
symbols of one word are identical to the initial d symbols of the following word.
A subdivided control point v ls+1 has a non-zero coeﬃcient in the mask of v ks if the support of B ls+1 is contained in the
support of B ks . Therefore the decomposition cls+1 of v ls+1 is a factor (consecutive subsequence) of cks rewritten using the rules

of the grammar. In addition, the positions of the knots in the knot sequence of v ls+1 can also be deduced from cks up to a

translation, and therefore the inﬂuence of v ks in the computation of v ls+1 can be computed using the classical knot-insertion
algorithm based on the blossom of each polynomial piece of the B-spline proposed by Ramshaw (1989). This is illustrated
in the following subsection.
2.2.1. Example: Fibonacci system
We illustrate this computation of masks with the following L-system as an interval subdivision descriptor. This system
was ﬁrst studied by Leonardo Fibonacci (Levine and Steinhardt, 1986) and will therefore be referred to as the Fibonacci
system. Because it creates tilings with two kinds of intervals, one long and one short, it is convenient to use the interval
labels { L , S } instead of { A 1 , A 2 }.

• Symbols: { L , S }.
• Rules: { L → S L , S → L }.
Associated interval lengths and ratio, satisfying (3), are

• Lengths: ϕ and 1 where ϕ =
• Ratio: ρ = ϕ .

√

1+ 5
2

is the golden ratio.

Note that the speciﬁc values of the lengths and of the ratio are determined by the choice of L-system, as will be discussed
in detail in the next section. We take d = 2, and because the intervals are of positive length, it follows that the spline is C 1 .
As an example, for a control point v ks of the decomposition LSL the rewritten decomposition is SLLSL, and the factors

+1
+1
are SLL, LLS, LSL. Let us call the corresponding control points v ls+1 , v ls+
and v ls+
. In terms of knot sequences, the knot
1
2
sequence corresponding to the decomposition LSL is

tks ,

tks +1 ,

tks +2 ,

tks +3 .

The subdivided knot sequence is

tls+1 ,

+1
tls+
,
1

+1
tls+
,
2

+1
tls+
,
3

+1
tls+
,
4

+1
tls+
5

with

tls+1 = tks ,

+1
tls+
= tks +1 ,
2

+1
tls+
= tks +2 ,
3

+1
tls+
= tks +3 .
5

From knot-insertion and the blossom formulation, each new control point can be written as a convex combination of old
control points (Goldman, 1990). More precisely, each control point is given by the blossom p of one of the polynomial
pieces it inﬂuences, evaluated at d consecutive knots:







+1 s +1
= p tls++11 , tks +1
v ls+1 = p tls+
,t
1 l +2



and, using the multiaﬃnity of the blossom,

v ls+1 =

+1
tks +2 − tls+
 tls++11 − tks  s

1  s s
s
p
t
,
t
k k +1 + s
s
s
s p t k +1 , t k +2 .
t k +2 − t k
t k +2 − t k

Using the decomposition information, we have
+1
tks +2 − tls+
= 2ϕ ,
1
+1
tls+
− tks = 1,
1

tks +2 − tks = 2ϕ + 1.
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Fig. 1. Subdivision masks for the C 1 spline (d = 2) based on the Fibonacci system.

Fig. 2. Subdivision of a B-spline with C 2 continuity (d = 3) using the Fibonacci subdivision rules. The blue dashed curve segments are of parametric length S
and the red solid ones L.

Thus, since

ϕ 2 = ϕ + 1, we obtain

v ls+1 = (4 − 2ϕ ) v ks −1 + (2ϕ − 3) v ks .
Similarly, we have
+1
v ls+
= v ks ,
1
+1
v ls+
= (2 − ϕ ) v ks + (ϕ − 1) v ks +1 .
2

We can see that all the control points with an identical decomposition subdivide in the same way, and one mask can
be computed per decomposition. Since the same ratio ρ scales down the interval lengths at every subdivision step, these
masks are the same whatever the subdivision step.
Using this technique for all the decompositions, we obtain the full set of masks shown in Fig. 1. This technique generalises for any choice of d. For example, Fig. 2 illustrates the C 2 Fibonacci scheme with d = 3.
2.2.2. Reducing the number of masks to be computed
The number of decompositions and therefore the size of the full set of masks is nd+1 when n is the number of symbols
and d the degree of the spline.
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Fig. 3. Decomposition graph for the Fibonacci subdivision rules with d = 2 and continuity C 1 . After a small number of subdivision steps, the blue-coloured
decompositions are the only ones that will be used.

This size can however be reduced if we consider only the decompositions that can still appear after a few subdivision
steps. Consider the graph whose vertices are the decompositions, with an oriented edge between two decompositions if
the second one appears in the mask of the ﬁrst one (Fig. 3). After a ﬁnite number of iterations, the only useful masks
correspond to decompositions which belong to strongly connected components of this graph or which are reachable from
such components. These last decompositions are the only factors of length d + 1 in the interval sequence after a few steps.
In the case of the Fibonacci scheme, it can be demonstrated that their number is d + 2. Thus, the number of masks which
are still relevant after a few steps is linear in the degree of the spline, rather than exponential. An important reference, for
these and related questions, is Lothaire (2002).
In practice this decomposition graph will be useful if we compute the masks on the ﬂy from a given axiom: only
the masks corresponding to decompositions which belong to a strongly connected component of the graph, or which are
reachable from such a component, need be stored for future use.
2.2.3. Stencils
In uniform subdivision, the subdivision mask collects, for a given control point, the coeﬃcients of its contributions to the
subdivided control points. In the opposite direction, the subdivision stencil collects for a given subdivided control point the
set of coeﬃcients weighting the control points used to compute it. (Note that some authors, especially in cases where there
is no need to refer to what we have called a mask, write “mask” where we have used “stencil”. Our terminology is fairly
standard amongst authors who need both masks and stencils.)
We have seen in the example above how using an L-system as an interval subdivision descriptor allows us to generalise
the notion of mask to non-uniform subdivision while deﬁning one mask per domain decomposition. The notion of stencil,
however, cannot be generalised solely using the domain decomposition. Indeed, for a given subdivided knot decomposition,
the layout of the parents and their weights is not unique, so a unique stencil cannot be computed per decomposition. An
example of a point with non-unique stencil is the one with decomposition LSL shown in Fig. 1.
2.3. Practical implementation
The user provides as input the degree d of the spline, and an L-system containing the set of intervals to be used in the
subdivision scheme, along with their subdivision rules. The L-system is checked for validity: valid lengths {ai } and the ratio
ρ are automatically computed as described in Section 3.
An initial control polygon must be speciﬁed, where each vertex in the control polygon has an associated word made up
of d + 1 symbols. Consecutive words must be consistent, as described in Section 2.2, in order to be interpreted as domain
decompositions. From these initial decompositions and the values of the interval lengths and the ratio, a small number of
subdivision masks can be computed and stored.
When it comes to applying the subdivision mask, for each control point we must locate the subdivided control points
it inﬂuences, and add its contributions using the weights of its mask. This can be done in different ways: details of one
straightforward implementation are given in a worksheet for Sage mathematical software. The link http://www.sagenb.org/
home/pub/3520 provides direct access to the commented code. In particular, boundaries are processed in a simple way,
without any multiple knots: control points which are present in the mask of some existing control points, but with an
insuﬃcient number of parents to fully compute their value, are not computed.
3. Validity of an L-system as an interval subdivision descriptor
As seen in Section 2.1.2, for each rule of the form (1) for which A i can actually occur, the lengths of labelled intervals
and the ratio ρ must satisfy (3). Moreover, in order to show convergence, below, we require ρ > 1. Not every set of rules
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leads to such lengths and ratio. For this reason we introduce the concept of a valid L-system, we give suﬃcient conditions
on the rules for the L-system to be valid, and ﬁnally we discuss uniqueness of the lengths and the ratio for a valid L-system.
3.1. Validity
It is convenient to deﬁne the matrix M = [mi j ]n×n where mi j is the number of A j in the right side of the rule describing
the splitting of A i , and the vector of lengths a = [ai ]n×1 . Eq. (3) can then be written as

ρ a = Ma.

(4)

In other words, an appropriate vector of lengths a and a ratio ρ > 1 should be, respectively, a real and positive eigenvector
and an associated real eigenvalue of the matrix M. This yields the following deﬁnition for a valid interval subdivision
descriptor.
Deﬁnition 3.1 (Valid L-system). An L-system is a valid interval subdivision descriptor if the matrix M has at least one real
eigenvalue ρ > 1 and an associated real and positive eigenvector a.
The lengths and ratio do not depend on the degree d of the spline used for the deﬁnition of a subdivision scheme based
on the L-system. Also, we emphasise that a positive eigenvector has all components strictly positive.
As an example of a valid L-system, consider the Fibonacci system introduced in Section 2.2.1:

• Symbols: { L , S }.
• Rules: { L → S L , S → L }.
The corresponding matrix is



M=

1 1
1 0



and its eigen-elements (ρ , a) are





ϕ,

ϕ
1

   
ψ
, ψ,
.
1

√
1− 5

√

The eigenvalue ψ = 2 < 0 is not appropriate, but the golden ratio ϕ = 1+2 5 > 1, which is the ratio used in Section 2.2.1
along with the entries of its associated eigenvector as interval lengths, provides a valid interval subdivision descriptor.
As an example of an invalid L-system, consider the following:

• Symbols: { A 1 , A 2 }.
• Rules: { A 1 → A 1 A 1 A 2 , A 2 → A 2 }.
The corresponding matrix M deﬁned by the rules is



M=

2 1
0 1



and its eigen-elements (ρ , a) are

    

1
1
, 1,
.
2,
−1
0

This system produces, after s subdivision steps, knot interval lengths equal to 2−s or to 0, and may in fact lead to a
reasonable subdivision scheme, but this question is outside the scope of this paper. As mentioned below, in the conclusion,
relaxation of the positivity constraint will be studied in future work.
Theorem 3.2. If the L-system provided as input is valid, then the sequence of polygonal lines deﬁned by the subdivision scheme
described in Section 2.3 converges uniformly to the B-spline curve.
Proof. Since a and ρ are real and positive, the vector entries can be associated with interval lengths corresponding to
symbols of the L-system, while the eigenvalue corresponds to the ratio between lengths in two successive steps, in the
construction of the degree-d B-spline subdivision scheme described in Section 2.
s
+d+1
the knot sequence after s subdivision steps, ms being the number of control vertices after these
We denote by {tks }m
k=1
subdivisions. The particular treatment of boundaries described in Section 2.3 shrinks the parameter domain but in such a
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s
s
s
way that tds +1 and tm
s +1 remain constant with respect to s. Note that [t d+1 , t m s +1 ] is the interval on which the spline S ,
which is preserved through the subdivision process, is properly deﬁned. Assume that ai is the largest component of a. It
follows that the longest possible interval length at this subdivision step is ai /ρ s . Since ρ > 1, we are sure that after a ﬁnite
number of subdivision steps, the number of knots increases. Moreover, since the intervals are of positive length, the second
derivative S  exists and is piecewise continuous for d > 1.
Then, from Theorem 3.3 in Cohen and Schumaker (1985), there exists an integer S  0 such that


Ls − S  C

ai

2

ρs

S  ,

for all s  S ,

where Ls is a piecewise linear parametrisation of the control polygon after s subdivision steps, C is a constant, and
denotes the uniform norm. This completes the proof. 2

.

3.2. Suﬃcient conditions for validity
The Perron–Frobenius theorem allows us to give useful suﬃcient conditions on the graph of the matrix M in order for
the L-system to be valid. The following deﬁnitions, lemma and theorem can be found in Varga (1962).
Deﬁnition 3.3 (Irreducible matrix). For n  2, an n × n matrix M is reducible if there exists an n × n permutation matrix P
such that



PMP T =

M1,1

M1,2

0

M2,2



,

where M1,1 is an r × r submatrix and M2,2 is an (n − r ) × (n − r ) submatrix, where 1  r < n. If no such permutation matrix
exists, then M is irreducible.
If M is a 1 × 1 matrix, then M is irreducible if its single entry is non-zero, and reducible otherwise.
Deﬁnition 3.4 (Strongly connected graph). The graph G (M) of M = [mi j ]n×n is deﬁned to be the directed graph on n nodes
{ N 1 , N 2 , . . . , Nn } in which there is a directed edge leading from N i to N j if and only if mi j = 0.
The graph G (M) is called strongly connected if for each pair of nodes ( N i , N k ) there is a sequence of directed edges
leading from N i to N k .
Lemma 3.5. The matrix M is irreducible if and only if G (M) is strongly connected.
Theorem 3.6 (Perron–Frobenius). If M = [mi j ]n×n with mi j  0, is irreducible, then

•
•
•
•

the spectral radius ρ (M) is an eigenvalue of M and ρ (M) > 0;
there exists a positive eigenvector associated with ρ (M);
ρ (M) increases when any value of M increases;
ρ (M) is a simple eigenvalue of M.
Further, the Collatz–Wielandt formula, which is true for all non-negative matrices, states that

f (x) =

min

i ∈{1...n}|xi =0

ρ (M) = maxx∈N f (x) where

[Mx]i
xi

and N = {x | x  0 with x = 0}.
A suﬃcient condition for an L-system to be valid is then given by the following theorem. Recall that the outdegree of a
node in a directed graph is equal to the number of directed edges, including possibly a loop back to the node itself, going
out from the node.
Theorem 3.7. If the graph G (M) of the matrix M = [mi j ]n×n of the L-system is strongly connected and if there exists i ∈ {1, . . . , n}
such that N i has outdegree at least 2, then the L-system is valid for deﬁning an interval subdivision descriptor.
Proof. The graph G (M) is strongly connected, so the matrix M is irreducible. From the Perron–Frobenius theorem, the
spectral radius ρ (M) is an eigenvalue and there exists a positive eigenvector a = [ai ]n×1 associated with it. Let us show that
the spectral radius satisﬁes ρ (M) > 1.
Let i be such that the outdegree of N i is at least 2. It follows that
n

j =1

m i j > 1.
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We deﬁne the matrix N = [ni j ]n×n as

ni j =

1,

if mi j = 0;

0,

otherwise.
(s)

(s)

For any integer s ∈ {1, . . . , n}, let Ns = [ni j ]n×n be the matrix N multiplied s times by itself, and similarly for Ms . Then ni j
is equal to the number of paths in the graph G (M) leading from the node N i to the node N j with s directed edges. Since
(s)

(s)

mi j is a non-negative integer we have mi j  ni j .
Since the graph G (M) is strongly connected, there is a sequence of directed edges leading from any node N l to the node
N i . Let s be the number of edges which constitute this path for a given l, and consider only values of s such that s < n. We
have
(s)

nli  1,
(s)

mli  1,
n


(s)

mlk mkj  mi j ,

k =1
n
n 


(s)

mlk mkj 

n


j =1 k =1
n


mi j ,

j =1

( s +1 )

mlj

> 1.

j =1

Since all rows of M contain at least one non-zero value (otherwise it would be reducible) the sum of elements of any row
of Ms does not decrease with s. Therefore, for all l ∈ {1, . . . , n},
n


(n)

mlj > 1.

j =1

Since Mn is non-negative, the Collatz–Wielandt formula states that





ρ Mn  f (1)
with

f (x) =

[Mx]i

min

i ∈{1...n}|xi =0

xi

and 1 the vector with all n entries equal to 1. Therefore,



n





ρ (M)  ρ Mn  min

l∈{1...n}

and

n


(n)

mlj > 1,

(5)

j =1

ρ (M) > 1. As a consequence, the eigen-elements (ρ (M), a) establish the validity of the L-system. 2

A useful corollary may be added to this theorem.
Corollary 3.8. Suppose n  2. If the graph G (M) of the matrix M = [mi j ]n×n of the L-system is strongly connected and if, in at least
one rule, the symbol on the left-hand side is also in the word on the right-hand side, then the L-system is valid for deﬁning an interval
subdivision descriptor.
This corollary can be applied, for example, to the Fibonacci system, with the symbol L in the rule L → S L.
Proof. Let i ∈ {1, . . . , n} be such that A i is a symbol which is in both sides of one of the rules of the L-system. Then a
directed edge loops from the node N i to itself in the graph G (M). Furthermore this graph is strongly connected, and n  2,
so there is at least one edge which goes from N i to another node, which leads to the result. 2
In order to show that strong connectedness of G (M) is not alone suﬃcient for the L-system to be valid, we consider the
following L-system.
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• Symbols: { A 1 , A 2 }.
• Rules: { A 1 → A 2 , A 2 → A 1 }.
The corresponding matrix is



M=

0 1
1 0



and its eigen-elements (ρ , a) are

   


1
1
, −1,
.
1,
−1
1

The graph G (M) is strongly connected, but we do not have ρ (M) > 1.
Next, note that the conditions in Theorem 3.7 are not necessary since the following L-system is valid even though its
graph is not strongly connected.

• Symbols: { A 1 , A 2 }.
• Rules: { A 1 → A 1 A 2 , A 2 → A 2 A 2 A 2 }.
The corresponding matrix is



M=

1 1
0 3



and its eigen-elements (ρ , a) are

     
1
1
1,
, 3,
.
0

2

The second pair of eigen-elements makes the L-system valid.
3.3. Properties of eigen-elements of a valid L-system
We now establish certain uniqueness results, and give an interpretation of the left eigenvector of M.
3.3.1. Uniqueness of the eigenvalue
We show that even without the hypothesis of strong connectedness of G (M), we can make strong statements about the
uniqueness of an eigenvalue that establishes validity.
Theorem 3.9. If (ρ , a) establishes the validity of the L-system, then ρ is unique and equal to the spectral radius ρ (M).
Proof. The matrix M is non-negative, so it can be obtained as the limit of positive matrices. It therefore follows from
the Perron–Frobenius theorem that M has an eigenvalue equal to its spectral radius, and an associated eigenvector with
non-negative components. The transpose M T is non-negative because M is non-negative, and the spectral radii of the two
matrices are the same. We can therefore apply the previous statement to the transpose of M: let s be a non-negative
eigenvector of M T , corresponding to the eigenvalue ρ (M) = ρ (M T ).
We have

s T M = ρ (M)s T .
Since

ρ > 1 is a real eigenvalue of M with a positive eigenvector a, we have

ρ (M)sT a = sT Ma = sT ρ a.
The vector s is not zero, and s is non-negative, so it has at least one positive component, and a is positive. Consequently,
s T a > 0 and ρ (M) = ρ > 1. 2
3.3.2. The right eigenvector
A simple suﬃcient condition for uniqueness of the eigenvector is that the eigenvalue ρ (M) be a simple root of the characteristic equation. In particular, from the Perron–Frobenius theorem, if the graph corresponding to the system is strongly
connected, then the eigenvector is unique.
However, the eigenvector a for a valid system is not necessarily unique, if the graph corresponding to the system is not
strongly connected. For example, consider the L-system deﬁned by
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• Symbols: { A 1 , A 2 }.
• Rules: { A 1 → A 1 A 1 , A 2 → A 2 A 2 }.
The corresponding matrix is



M=



2 0
,
0 2

and any positive vector a is an eigenvector corresponding to the double eigenvalue ρ (M) = 2. This non-uniqueness is also
illustrated by the non-uniform subdivision schemes proposed by Sederberg et al. (1998), which have 2I as matrix, where I
is the identity matrix with as many rows as edges in the initial control polygon. The only eigenvalue is ρ (M) = 2 but the
elements of the eigenvector a are any knot-interval lengths provided by the user.
3.3.3. The left eigenvector
Finally, let us consider the left eigenvector of the matrix M associated with

ρ sT = sT M.

ρ:
(6)

The component s j gives the steady-state value for the number of symbols A j used at each step, and consequently the
steady-state value for the length resulting from the use of the symbol A j , for each j. In fact, suppose that at a particular
step of the subdivision process, the symbol A i appears ni times. At the next step, for each j, these ni symbols will generate
intervals corresponding to A j that have length ni mi j a j /ρ . The total length (resulting from symbols of all types i) associated
m
with symbols A j at the next step is therefore equal to
i =1 ni mi j a j /ρ , and in steady state this must be equal to n j a j . Thus,
the ni deﬁne the components of the left eigenvector s.
It is unlikely that particular methods and their associated axioms will lead to steady-state behaviour in the sense just
for example the Fibonacci system. The left
described, especially (but not only) because the ni must be integral. Consider

eigenvector of M associated with the spectral radius ϕ is s T = 1/ϕ 1/ϕ 2 , and so the system does not exhibit steady-state
behaviour for any choice of axiom, i.e., for any initial choice of symbols L and S.
Although steady-state behaviour is unlikely, the vector s appears in the proof of Theorem 3.9 given above, and it therefore
seems worthwhile to have an interpretation of this vector.
3.4. Example
In this section we illustrate these results, related to the validity of L-systems as interval subdivision descriptors, by means
of a system which permits a ratio ρ as close to 1 as desired. Such a system can be used to create a subdivision which grows
as slowly as desired.
A ratio of this kind can be achieved by introducing a delay in the splitting of most intervals: only one kind of interval
splits at a time, while the others wait in a delay queue. The following L-system, with n  2, creates such a low-growth
subdivision.

• Symbols: { A 1 , A 2 , . . . , An }.
• Rules: { A 1 → An An , A i → A i −1 for all i > 1}.
The corresponding matrix is

The graph G (M) is strongly connected and
1
n

n
j =1 m1 j

= 2 > 1, so this L-system is valid as an interval subdivision descrip-

tor. Its spectral radius is ρ (M) = 2 , where the associated eigenvector is [ai ]n×1 with ai = (ρ (M))n−i . By increasing n, the
ratio can be set as close to 1 as desired.
The example just presented illustrates an extreme case: it was chosen for its transparency. It is clearly possible to
introduce a wide variety of strategies with ratios as close to 1 as desired. Such strategies will be discussed in a later paper.
4. Conclusion
We have described how an L-system can be used as an interval subdivision descriptor if its matrix of rules has an eigenvalue strictly greater than 1 and an associated positive eigenvector. We have provided suﬃcient but not necessary conditions
on the graph of the matrix of rules for the L-system to be valid. Furthermore, if this interval subdivision descriptor describes
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the subdivision of a knot sequence of a non-uniform B-spline of a given degree d, then the well-known knot-insertion rules
produce a non-uniform subdivision scheme that we have shown to be uniformly convergent. We have also shown that this
subdivision scheme is deﬁned by a ﬁnite set of masks (at most nd+1 where n is the number of symbols in the alphabet
of the L-system). Finally we have provided an implementation of such schemes which is available as a worksheet for Sage
software.
In future work we will study more carefully necessary conditions on the L-system for the subdivision scheme to converge. In particular it would be of interest to relax the constraint on the positivity of interval length, and on the uniform
ratio for all interval subdivisions. These generalisations would be useful, for example, in the context of the speciﬁcation
of high-level operations that permit adaptive control of the subdivision process. Furthermore, such non-uniform subdivision schemes generalise to tensor-product subdivision surfaces. Handling extraordinary vertices, however, will require us
to develop analyses and implementations speciﬁc to that case. We will also study the speed of convergence of the nonuniform schemes discussed relative to classical schemes. Finally, the possibility of having subdivision schemes with a ﬁnite
set of rules, a ratio lower than 2, and irregular or pseudo-periodic sampling properties, will be studied in the context of
multi-resolution analysis.
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